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Abstract: In this study, we measured the Compton scattering spectra of Al, Ag and Au metals
changing the harmonic order of X-rays from an undulator. The width of the Compton scattered
X-ray spectrum changed depending on the harmonic order of X-rays. This indicates that Compton
scattering spectra shape reflects a momentum perpendicular to the traveling direction in Hermite–
Gaussian (HG) light.

Keywords: Compton scattering; optical vortex; Hermite–Gaussian (HG) light; synchrotron radiation;
undulator

1. Introduction

Since the establishment of electromagnetism at the end of the 19th century, it has been
known that light generally has angular momentum, and that the spin angular momentum
(helicity) of light corresponds to the polarized state. Allen pointed out that laser light
with a Laguerre–Gaussian (LG) mode, which possesses a helicoidal wave-front surface
around the propagation axis, has an orbital angular momentum [1]. Furthermore, it has
been discovered that a phenomenon in which the light with an LG mode gives a rotational
motion to an object [2]. This LG light is associated with the orbital angular momentum
of light. After this discovery, it has been considered that the angular momentum of light
consists of the spin angular momentum and the orbital angular momentum.

The orbital angular momentum of light has already been widely studied in laser
physics. The orbital angular momentum of the LG wave function represented in the
cylindrical coordinate system is a quantum number of this light.

The Hermite-Gaussian (HG) light is associated with the Cartesian coordinate system,
and is in a conjugate relationship with the LG light as a linear combination. Both HG light
and LG light are characterized by having momentums perpendicular to their traveling
direction [1].

The wave function of HG light in the Cartesian coordinate system shows that the
“number of nodes” of light is a good quantum number, and the momentum perpendicular
to the traveling direction of light is quantized. The LG light, which is often called optical
vortex, has been studied in laser physics and in synchrotron radiation research, among
others. Theoretical and experimental studies have reported that X-rays generated as
synchrotron radiation would generate an optical vortex [3–5]. Sasaki et al. reported that
the synchrotron radiation with a circularly polarized component from the undulator has an
optical vortex represented by LG light, and the linearly polarized light from the undulator
has a “node” represented by HG light [6].

Recently, Nairat et al. showed that the initial angular momentum carried by the
incident photon beam transfers to the scattered beam in Compton scattering process from
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the energy–momentum conservation laws [7]. Furthermore, Maruyama et al. reported
theoretical calculations of a Compton scattered X-ray spectrum with LG and HG light, and
pointed out that the Compton scattered X-ray spectrum depends on the number of nodes
of HG light, which reflects the momentum perpendicular to the traveling direction of the
quantized light [8,9].

In this study, we measure Compton scattered X-ray spectra to detect the momentum
perpendicular to the traveling direction, which reflect the number of nodes of HG light of
an undulator.

2. Compton Scattering between X-rays and Electrons

If we consider Compton scattering between X-rays and electrons, we get the following
equations from the momentum conservation and energy conservation.

p + }k = p′ + }k′ (1)

|p|2

2m
+ }ω =

|p′|2

2m
+ }ω′ (2)

where p denotes an electron momentum in a material. p’ denotes a momentum of a recoiled
electron. h̄k and h̄ω denote an incident photon momentum and energy. h̄k′ and h̄ω′ denote
a scattered photon momentum and energy. From Equations (1) and (2), we get

}ω′ = }ω− }2|K|2

2m
+

}pK
m

(3)

where K = k − k′. If we consider momenta of electrons, p1 = (p1x, p1y, p1z) and p2 = (p2x,
p2y, p2z), in a material, we get

}ω′1 = }ω− }2|K|2

2m
− }p1K

m
and }ω′2 = }ω− }2|K|2

2m
− }p2K

m
(4)

Therefore

}(ω′1 −ω′2) =
}(p2 − p1)K

m
(5)

From Equation (5), we can understand that the full width of half maximum (FWHM)
of the observed Compton scattered X-ray spectrum is therefore proportional to the FWHM
of the electron momentum distribution of the material.

If we consider that the HG light has the momentum perpendicular to the traveling
direction of the quantized light, ∆k, h̄k in Equation (1) can be replaced by h̄ (k + ∆k).
Therefore Equation (5) for the HG light can be expressed by

}(ω′1HG −ω′2HG) =
}(p2 − p1)(K + ∆k)

m
(6)

}(ω′1HG −ω′2HG)

}(ω′1 −ω′2)
=

(p2 − p1)(K + ∆k)
(p2 − p1)K

= 1 +
(p2 − p1)∆k
(p2 − p1)K

(7)

For the scattering angle of 90◦ with the scattering plane perpendicular to the linear
polarization vector, as discussed in Materials and Methods later, ∆k is perpendicular to K.
If we choose the z-axis along to K in momentum space, Equation (7) can be expressed by

}(ω′1HG −ω′2HG)

}(ω′1 −ω′2)
=

(p2 − p1)(K + ∆k)
(p2 − p1)K

= 1 +
|∆k|

(
p1x or y − p2x or y

)
|K|(p1z − p2z)

(8)

For an isotropic material such as a polycrystal metal, Equation (8) becomes

}(ω′1HG −ω′2HG)

}(ω′1 −ω′2)
=

(p2 − p1)(K + ∆k)
(p2 − p1)K

= 1 +
|∆k|
|K| (9)
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Because we can regard as |K| ≈
√

2|k| for the scattering angle of 90◦, we can estimate
the momentum perpendicular to the traveling direction in the HG light from the analysis
of a full width at half maximum (FWHM) of a Compton scattered X-ray spectrum.

3. Materials and Methods

In this paper, we detect the spectral change of Compton scattered X-rays due to
the momentum perpendicular to the traveling direction in the HG light. Measurements
were performed on SPring-8 BL37XU [10] with linearly polarized X-rays emitted from the
undulator with a polarization vector in the horizontal plane. Figure 1 shows observed
X-ray intensities, which are monochromatized to 114 keV by a Si 333–Si 511 double crystal
monochromator, with changing undulator gaps as an example. By changing the undulator
gap, a HG mode with a given harmonics number was chosen. In the present experiment,
we used X-rays with 18, 19, 20, or 21st harmonics number (order of light) of the undulator.
The emitted X-rays were monochromatized to 100 keV (energy width ∆E/E = 2 × 10−5) by
a Si 333–Si 511 double crystal monochromator, and irradiated on the sample. The center
part of the X-ray was selected by a slit (0.5 mm × 0.5 mm) at the front end (30 m from the
light source point). Figure 2 shows the experimental layout. Compton scattered X-rays
were detected by a Ge solid state detector with a scattering angle of 90◦. The scattering
plane was set perpendicular to the linear polarization vector in the present experiment
(90◦, geometry in Figure 2).

Figure 1. Observed X-ray intensities, which are monochromatized to 114 keV by a Si 333–Si 511 double crystal monochro-
mator, with changing undulator gap. We can adjust the emission peak of a harmonics number of generated X-rays by tuning
the undulator gap.
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Figure 2. Experimental setup. Incident X-rays (come from the right) with horizontal polarization irradiates a sample.
Scattered X-rays are detected with a scattering angle of 90◦. The scattering plane is perpendicular to the linear polarization
vector (H. pol.), which is shown as 90◦.

Polycrystalline metals of Al, Ag and Au were measured as samples, because their
electric state is described as a nearly free electron model and regarded as the isotropic
electron momentum distribution system. The Compton scattering X-ray spectra were
measured for Ag and Al with an 18, 19, 20, or 21st harmonic order, and Au with an 18 or
21st harmonic order of undulator. The measurements were performed at room temperature.

4. Results and Discussions

Figure 3a shows the Compton scattering spectra of Ag and Al samples for the incident
X-ray with an 18, 19, 20, and 21st harmonic order of undulator. Although the spectral shapes
depend on the sample clearly, dependences on the harmonic order of undulator are not
clear, as shown in Figure 3a. Therefore, we performed analysis for the Compton scattered
X-ray spectra by superimposing two Gaussian fittings. Figure 3b shows an example of
fitting results for Al samples of the 21st harmonic order of the undulator. We call the broad
FWHM, which corresponds to a momentum distribution of the core electrons, Width_1
(broad), and the narrower FWHM, which corresponds to a momentum distribution the
valence electrons, Width_2 (narrow) [11]. Figure 4a shows the harmonic order dependence
of Width_1 (broad) and Width_2 (narrow) for Al, Ag and Au. Here, we focus on Width_1
(broad) of Al and Width_2 (narrow) of Al, Ag and Au to avoid BG contributions such
as lead fluorescence. The dependences on the harmonic order of undulator for Width_1
(broad) and Width_2 (narrow) are small. However, we seem to catch oscillations of Width_1
(broad) and Width_2 (narrow), as shown in Figure 4a.
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Figure 3. (a) Compton scattered spectra for Al and Ag. (b) An example of two Gaussian fitting of a Compton scattered X-ray
spectrum for A1, 21st harmonic order of undulator. Circle: experimental, Red: Width_1 (Broad). Blue: Width_2 (Narrow).
Bold: Fitting result (Width_1 + Width_2).

Figure 4. (a) Dependence on harmonic order of undulator for FWHMs of Compton scattering spectra (Width_1 (broad) and
Width_2(narrow)). The estimated errors are about 0.6%, which is within the dot size (b) normalized values of the FWHMs
in (a). The typical errors are shown for Width_2(narrow) of Al. The error of average is also shown.

In order to highlight the oscillations of the half-width, the half-widths are normalized
by an average value among the four half-widths of harmonic orders of the undulator, as
the following.

Normalized Width_n = (Width_n)/(Width_n_Ave) (10)

where n = 1 or 2. Width_n_Ave denotes the average value of Width_n among the four half
widths of harmonic orders of the undulator.

Figure 4b shows the Normalized Width_n obtained from Equation (10) for Al, Ag
and Au. The oscillation behaviors of Normalized Width_n are observed in Figure 4b. The
oscillation behaviors show that the normalized Width_n increases on the odd harmonic
orders of the undulator, and decreases on the even harmonic orders of the undulator.
This behavior may come from the difference in the node of HG light. The difference
of Normalized Width_n between the odd and even order is about 0.01 (1%) on average.
Since a momentum perpendicular to the traveling direction in the HG light is reflected
by an FWHM of a Compton scattered X-ray spectrum, as discussed in Equation (10), the
dependence on the harmonic orders of the undulator for the normalized Width_n can be
ascribed to difference of the momentum perpendicular to the traveling direction in the
HG light. The order of the value of momentum perpendicular to the traveling direction is
estimated to be 1% of the momentum of the incident X-rays.
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5. Conclusions

We measured Compton scattering spectra of simple metals, changing the harmonic
orders of the undulator. The FWHM of Compton scattered X-ray spectrum depends on the
harmonic order of the undulator. The order of the value of momentum perpendicular to
the traveling direction is estimated to be 1% of the momentum of the incident X-rays.

This indicates Compton scattering spectra analysis is a candidate to study HG light in
high energy X-ray regions.
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