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Abstract: We theoretically investigate a metal-to-insulator transition in artificial two-dimensional
(2D) crystals (i.e., metasurfaces) of tightly coupled closed-ring resonators. Strong interaction between
unit resonators in the metasurfaces yields the effective permittivity highly dependent on the lattice
spacing of unit resonators. Through our rigorous theory, we provide a closed form of effective
permittivity of the metasurface and reveal that the permittivity possesses a Lorentzian-type resonant
behavior, implying that the transition of the effective permittivity can arise when the lattice spacing
passes a critical value.

Keywords: effective medium description; metasurface; metamaterials; metal-to-insulator transition

1. Introduction

Metal-to-insulator transition is an essential physical phenomenon in crystal solids as it
results in drastic changes in electrical and optical responses of materials [1–3]. In artificial
crystals, such as three-dimensional metamaterials and two-dimensional metasurfaces, the
notion of transition can be extended in the context of an effective medium theory. It was
shown that artificial assemblies of subwavelength unit resonators can exhibit either metal
or insulator phases [4,5] during light–matter interaction. Hyperbolic metasurfaces [6–8]
that utilize both metal and insulator phases for separate principal axes are now at the
core of various applications [9–12], realizing unprecedented optical properties. Moreover,
in high-density metasurfaces, the transition is shown to be controllable by the coupling
strength between unit resonators [13,14].

Likewise, owing to its importance, the metal-to-insulator transition in metasurfaces
has been investigated in various structures. However, despite such extensive studies,
detailed physical accounts (i.e., physical interpretations of the effective phase and the tran-
sition condition) have not been intensively made yet. More importantly, understanding of
the underlying physics of the phase transition is still desired to capture an intuitive picture
of the transition and for further development of relevant applications. In this paper, we
consider metasurfaces with tightly coupled resonators and show that the metal-to-insulator
transition arises in metasurfaces depending on the strength of coupling. In particular, we
make a rigorous analysis on a model metasurface composed of closed-ring unit resonators
and provide accurate and physically intuitive criteria for the transition. When resonators
are capacitively coupled to each other with a deep subwavelength lattice spacing, we find
that the metal-to-insulator transition occurs when the lattice spacing exceeds a critical
value. We also clarify the underlying physical mechanism of the phase transition in terms
of light transmission in metasurfaces through two competing transmission channels.
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2. Theoretical Model

The phase of a metasurface can be expressed in terms of its effective permittivity
and permeability. These effective parameters are governed by the interaction of light
with constituent resonator elements. For tightly coupled resonators, the conventional
effective medium approaches used with dilute metasurfaces, such as the Maxwell Garnett
theory, do not apply [15]. Here, we make a rigorous coupled-mode theory calculation to
derive effective parameters for dense metasurfaces. Consider an exemplary metasurface
composed of subwavelength rectangular ring resonators, as shown in Figure 1. Resonators
are spaced periodically with gap sizes gx and gy in the x- and y-directions.
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Figure 1. Schematic of a metasurface consisting of rectangular closed-ring resonators of perfect
electric conductors. The incident is an x-polarized plane wave impinging upon the metasurface
normally. c(1) and c(2) denote the two dominant light channels in the metasurface.

To simplify the problem, we assume that the rectangular rings are made of a perfect
electric conductor (PEC) with side lengths a, b (a < b) smaller than the wavelength λ of
the incident light. For tightly coupled resonators with narrow gaps gx, gy � λ, nearby
resonators can interact with each other through charges induced by incident light [16].
These capacitive interactions open a highly efficient transmission channel through the gap
(channel c(2)) mediated by the funneling process [17,18]. Together with the channel c(1)

through the open rectangular hole region, the gap channel c(2) determines the phase of
the metasurface. To determine the transition analytically, we adopt the coupled-mode
theory [19,20]. For an x-polarized electric field incident normally onto the metasurface
(region II, −h/2 < z < h/2) as illustrated in Figure 1, magnetic fields in regions I (z < −h/2)
and III (z > h/2) can be expanded in terms of quantized diffracted waves of orders m and n:

→
H I = Z−1

0

[
ŷeik0(z+ h

2 ) +
∞
∑

m,n=−∞

→
Rmne−iχmn(z+ h

2 )+iφmn

]
→
H I I I = Z−1

0

∞
∑

m,n=−∞

→
T mneiχmn(z− h

2 )+iφmn ,
(1)

where Z0 ≡ (µ0/ε0)1/2 is the free-space impedance, ϕmn ≡ αm(x − a/2) + βn(y − b/2),
αm ≡ 2πm/dx, βn ≡ 2πn/dy, χmn ≡

(
k2

0 − α2
m − β2

n
)1/2, and k0 ≡ 2π/λ. Inside the meta-

surface region II, we treat the rectangular hole region and gap region separately. In the gap
region, we note that the x-polarized electric field barely couples to the gap region parallel
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to the x-axis (−w < x < a + w, b + w < y < b + w + gy) due to the strong cut-off condition.
Subsequently, we neglect electromagnetic (EM) waves inside this gap region and consider
only the remaining gap c(2) (a + w≤ x≤ a + w + gx). In the rectangular region c(1) (0 ≤ x ≤ a,
0 ≤ y ≤ b), we make a single-mode approximation and consider only the fundamental
waveguide mode [20]. This allows for writing the EM waves inside the metasurface as

→
E
(1)

I I =
(

sin
(πy

b

)(
A1eik1z + B1e−ik1z

)
, 0, 0

)
,
→
H

(2)

I I =
(

0, Z−1
0

(
A2eik0z + B0e−ik0z

)
, 0
)

, (2)

with k1 ≡
(
k2

0 − π2/b2)1/2. The remaining field components can be obtained from
Maxwell’s equations. By applying continuity boundary conditions of tangential EM fields at

two interfaces z =±h/2, all the undetermined coefficients Aj, Bj,
→
T mn ≡

(
Tx,mn, Ty,mn, Tz,mn

)
,

and
→
Rmn ≡

(
Rx,mn, Ry,mn, Rz,mn

)
can be fixed. Specifically, one can readily show that the

continuity of Ey at two interfaces (z = ±h/2) and the divergencelessness of the magnetic
field give constraints such that [20]

Rx,mn = − αm βn
α2

m+χ2
mn

Ry,mn, Rz,mn = βnχmn
α2

m+χ2
mn

Ry,mn,

Tx,mn = − αm βn
α2

m+χ2
mn

Ty,mn, Tz,mn = − βnχmn
α2

m+χ2
mn

Ty,mn.
(3)

Then, the continuity conditions of Ex at two interfaces can be simplified as

1−
∞
∑

m,n=−∞

(
k0χmn

α2
m+χ2

mn
Ry,mneiφmn

)
= sin

(πy
b
)(

A1e−ik1h/2 + B1eik1h/2
)

(on c(1))

= A2e−ik0h/2 + B2eik0h/2 (on c(2))

= 0 (otherwise),

(4)

and

∞
∑

m,n=−∞

(
k0χmn

α2
m+χ2

mn
Ty,mneiφmn

)
= sin

(πy
b
)(

A1eik1h/2 + B1e−ik1h/2
)

(on c(1))

= A2eik0h/2 + B2e−ik0h/2 (on c(2))

= 0 (otherwise).

(5)

Now, the inverse Fourier transform of Equations (4) and (5) gives rise to

δm0δn0 − k0χmn
α2

m+χ2
mn

Ry,mn = Qmn

[
A1e−ik1h/2 + B1eik1h/2

]
+ Q̃mn

[
A2e−ik0h/2 + B2eik0h/2

]
,

k0χmn
α2

m+χ2
mn

Ty,mn = Qmn

[
A1eik1h/2 + B1e−ik1h/2

]
+ Q̃mn

[
A2eik0h/2 + B2e−ik0h/2

]
.

(6)

Here, δmn is the Kronecker delta. Qmn and Q̃mn are vector dependencies between ex-
ternal diffracted waves and internal waveguide modes in two channels, and are defined as

Qmn ≡
1

dxdy

∫ a

0

∫ b

0
dxdy sin

(πy
b

)
e−iφmn , Q̃mn ≡

1
dxdy

∫ a+w+gx

a+w

∫ dy

0
dxdye−iφmn . (7)

Equation (6) gives the relationship between the waveguide modes in the metasurface
and the diffracted waves in the free space. In particular, we note that the zero-th order
transmission and reflection coefficients can be written as

Ty,00 = 2ab
dxdyπ

[
A1eik1h/2 + B1e−ik1h/2

]
+ gx

dx

[
A2eik0h/2 + B2e−ik0h/2

]
,

Ry,00 = 1− 2ab
dxdyπ

[
A1e−ik1h/2 + B1eik1h/2

]
− gx

dx

[
A2e−ik0h/2 + B2eik0h/2

]
.

(8)

The results so far are obtained from the continuity of the tangential components of
the electric fields at two interfaces. In order to fix the undetermined coefficients A1,2 and
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B1,2, the same procedure can be applied to the continuity of the magnetic fields. After a
straightforward calculation, one can find that A1,2 and B1,2 can be obtained from a matrix
equation C = M−1G, where a 4 × 4 matrix M is defined by

M ≡


e−ik1

h
2

(
W1,1 +

k1
k0

)
eik1

h
2

(
W1,1 − k1

k0

)
e−ik0

h
2 W1,2 eik0

h
2 W1,2

eik1
h
2

(
W1,1 − k1

k0

)
e−ik1

h
2

(
W1,1 +

k1
k0

)
eik0

h
2 W1,2 e−ik0

h
2 W1,2

e−ik1
h
2 W2,1 eik1

h
2 W2,1 e−ik0

h
2 (W2,2 + 1) eik0

h
2 (W2,2 − 1)

e−ik1
h
2 W2,1 e−ik1

h
2 W2,1 eik0

h
2 (W2,2 − 1) e−ik0

h
2 (W2,2 + 1)

, (9)

with two column vectors CT ≡ (A1, B1, A2, B2) and GT ≡ (π/8, 0, 2, 0), where T denotes the
transpose. Wj,l is the light-channel coupling factor given by

Wj,l ≡
2− δj2

S
(
c(j)
)
dxdy

∞

∑
m,n=−∞

α2
m + χ2

mn
k0χmn

(∫
c(j)

dxdyu(j)
y eiφmn

)(∫
c(l)

dxdyu(l)
y e−iφmn

)
. (10)

Here, S(c(j)) is the cross-sectional area of the channel c(j) in the x − y plane, and
u(1)

y ≡ sin(πy/b) and u(2)
y ≡ 1 are the waveguide mode profile. When the ring resonators

are in a deep subwavelength scale, the coupling factors can be approximately written as

W1,1 ≈ 8ab
π2dxdy

+ i
4ad2

y
k0πb3dx

, W2,2 ≈ gx

(
1

dx
+ i k0

π Ω
)

,

W1,2 ≈ 4gx
πdx
− ig2

x
4k0
aπ2 Ω̃, W2,1 ≈ 2ab

πdxdy
− igx

2k0b
π2dy

Ω̃,
(11)

where

Ω ≡ ln
(

2gxπ
dx

)
− 3

2 ,

Ω̃ ≡
[
ln
(

2π(w+gx)
dx

)
+ 2w

gx
ln
(

2π(w+gx)
dx

)
+ w2

g2
x

ln
(

w+gx
w

)
− 3w

gx
− 3

2

]
.

(12)

The deep subwavelength thickness of the metasurface allows for approximating
Equation (9). By expanding up to linear terms of k0h and k1h, we finally arrive at simplified
zero-th order transmission and reflection coefficients that are necessary to define the
effective parameters:

Ty,00 ≈ F + iσ, Ry,00 ≈ 1− F + iσ,

F ≡ 1
πη

[
2ab

dxdyπ (−πW1,2 + 4W2,2 − 2ik0h) + gx
dx

(
πW1,1 − iπ k2

1h
2k0
− 4W2,1

)]
,

σ ≡ k0h
(

4ab
dxdyπ2 +

gx
2dx

)
, η ≈W1,1W2,2 − iW1,1

k0h
2 − iW2,2

k2
1h

2k0
−W1,2W2,1.

(13)

3. Retrieval of Effective Indices of the Metasurface from Transmission and
Reflection Coefficients

The main idea of defining the effective indices is to replace the inhomogeneous
structures by unstructured homogeneous media by keeping the scattering properties
unchanged. Since the near and far fields in unstructured media are exactly the same, the
homogenization is usually done by matching the far-field scattering properties, which is
valid only for the structures having subwavelength periodicity. The retrieval methods of
effective indices are introduced in various literatures. Here, we follow the scheme present
in [21]. In terms of transmission and reflection coefficients, T and R, the effective refractive
index and impedance can be written as [21].
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ne f f =
1

k0h
arccos

(
1 + T2 − R2

2T

)
, Ze f f =

√√√√ (1− R2)
2 − T2

(1 + R2)
2 − T2

. (14)

Since we assume that the metasurface is made of PEC and the lattice constant is smaller
than the incident wavelength, the system is lossless, and only zero-th order diffracting
waves can reach the far field. We note that this constraint allows a further simplification of
Equation (14). One can readily show that the transmission and reflection coefficients in the
complex plane are orthogonal to each other when the media are lossless:

Re(T)Re(R) + Im(T)Im(R) = 0. (15)

Together with energy conservation, |T|2 + |R|2 = 1, one can find that the relation(
1 + T2 − R2)/2T = Re(T)/|T|2 holds. Consequently, Equation (14) can be reduced as

ne f f =
1

k0h
arccos

(
Re(T)

|T|2

)
, Ze f f =

√√√√ Re(R)−|R|2

Re(R)+|R|2
. (16)

Replacing T and R in Equation (16) with Ty,00 and Ry,00 yields the effective index and
impedance of the metasurface. For instance, let us examine the refractive index. By putting
Equation (13) into

∣∣Ty,00
∣∣2+∣∣Ry,00

∣∣2 = 1 , one can find that
∣∣Ty,00

∣∣2 can be approximated as
Re(F) + 2Im(F)σ. This gives a significantly simplified form of the refractive index:

ne f f =
1

k0h arccos
(

Re(Ty,00)

|Ty,00|2
)
≈ 1

k0h arccos
(

Re(F)
Re(F)+2Im(F)σ

)
= 1

k0h arccos
(

1− 2Im(F)σ
Re(F)+2Im(F)σ

)
= 1

k0h arccos
(

1− 2Re(η)σ
Im(η)+2Re(η)σ

)
.

(17)

In the last step in Equation (17), we used the fact that Re(−πW1,2 + 4W2,2) = 0 and
Re(πW1,1 − 4W2,1) = 0 from Equations (11) and (13). Note that σ is real-valued and very
small when h, gx � a, b. Equations (16) and (17) clearly show that there is a singularity
at Ty,00 = 0 = Re(F) + 2Im(F)σ. One can find that this singularity corresponds to the
transition point at which the effective refractive indices change from real (imaginary)
to imaginary (real), and that the absolute value of Im(F)σ/(Re(F) + 2Im(F)σ) is always
smaller than 1 except when it is very close to the singularity. This allows for approximating
Equation (17) such that

ne f f ≈
1

k0h

√
4Re(η)σ

Im(η) + 2Re(η)σ

(
1 + O

(
σ2
)
+ . . .

)
. (18)

The validity of this approximation is shown in Figure 2. However, note that Equation
(18) holds the same singularity with Equation (17), implying that the transition condition
in Equation (17) is still valid in Equation (18). By putting all geometric parameters in
Equations (11) and (13) into Equation (18) and keeping up to the linear terms of gx/Γ
and h/Γ, where Γ is one of all other geometric parameters much larger than gx and h, we
arrive at

ne f f ≈

√
8ad2

y

hk2
0dxb3π

√
Ω− πh/2gx

πh/2gx −Ω− π2d3
y/k2

0b4dx
. (19)
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Depending on structural parameters, this index is either pure imaginary or real,
thereby representing the metal and insulator phases, respectively. When structural param-
eters are varied continuously, we observe that the change of refractive index from pure
imaginary to real, or metal-to-insulator transition, occurs when the denominator passes
zero, or when the gap size gx exceeds the critical value gt, which is determined by

hπ

gt
− 2 ln

(
2πgt

dx

)
=

λ2d3
y

4dxb4 − 3. (20)

This is a condition for the phase transition with a critical lattice spacing. We point out
that the same condition can be derived from the vanishing transmission, Ty,00 = 0. In the
transition condition in Equation (20), gt is determined only implicitly. For convenience, we
re-express the transition condition in terms of the critical frequency ωt for given gap sizes
gxy such that

ωt ≡
πdyc0

b2

√
dy

2dx

(
hπ

2gx
− ln

(
2gxπ

dx

)
+

3
2

)−1/2
(21)

where ωt = 2πc0/λt, c0 is the speed of light in a vacuum, and λt is the gap-size-dependent
transition wavelength. Then, Equation (19) can be simplified in terms of transition frequency:

ne f f ≈

√
8ad2

yc2
0

dxb3hπ

√
1

ω2
t −ω2

0
. (22)

Note that Equation (22) is valid when gx, h� dx, dy < λ. In the same manner, explicit
calculation also shows that the effective impedance in Equation (16) can be approximated as

Ze f f ≈
√

8ahb5

c2
0π3dxd4

y

√
ω2

t −ω2
∗
, (23)

and effective permittivity and permeability of the metasurface by

εxx
e f f ≈

c2
0πd3

y

hb4
1

ω2
t −ω2

, µxx
e f f ≈

8ab
π2dxdy

. (24)
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We note that the effective permittivity possesses a Lorentzian-type resonant behavior.
We also note that similar expressions for ε

yy
e f f and µ

yy
e f f can be obtained with x, y interchanged.

Figure 3 shows the wavelength- and gap-dependent effective permittivity of the
metasurface. One can clearly see that, for a fixed wavelength, the phase transition can be
controlled by varying gap size at a deep subwavelength scale. We point out that our theory
successfully resolves the extraordinarily high refractive index in [4]. We also note that the
effective permeability is independent of gap size agreeing with the result in [22].
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Figure 3. (a) Analytically calculated wavelength- and gap-dependent effective permittivity of a metasurface of a = b,
w = 0.01a, h = 0.01a. (b) The upper panel shows a cross-cut spectrum of effective permittivity (purple) and permeability
(blue) at gx = 0.005a. The cut line is shown in (a) as a dotted line. The bottom panel shows corresponding effective
refractive indices.

4. Discussion
4.1. The Origin of the Metal-to-Insulator Transition: Macroscopic Channel Competition

So far, we discussed the gap-size-dependent metal-to-insulator transition based on the
far-field transmission and reflection coefficients. One of the main advantages of using the
coupled-mode theory is that the theory provides the full descriptions of the electromagnetic
field distribution near the metasurface, allowing understanding of how the transition is
related to the macroscopic near-field features. Specifically, one can rewrite the far-field
transmission coefficient in Equation (8) as

Ty,00 =

(∫
c(1)

dxdy +
∫

c(2)
dxdy

)
ExI I(x, y)

dxdy
. (25)

We previously discussed that the transition condition can be also obtained by letting
Ty,00 = 0. This means that, from Equation (25), the phase transition occurs when the
transmissions of the Ex fields in two channels cancel each other out. To be specific, we first
evaluate the integral over the c(1) channel, averaging Ex on a unit lattice. This gives rise to
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E(1)
x ≡

∫
c(1)

ExI I
dxdy

dxdy|z=0 ≈
2abω2

πdxdy
×
(
ω2 −ω2

t
)
− iα(

ω2 −ω2
t
)2

+ α2
, (26)

where α ≡ πd3
yω2/2b4k0 > 0. Comparing with Equation (24), we find that the sign of

Re
(

E(1)
x

)
is opposite to that of the effective permittivity and vanishes at the transition

frequency, whereas Im
(

E(1)
x

)
does not vanish. For the second channel c(2), one can find that

an explicit calculation yields the same trend except for the overall sign change. Therefore,
the metal-to-insulator transition condition can be restated in terms of lattice-averaged
electric field components by

Re
(

E(1)
x

)
= Re

(
E(2)

x

)
= 0, Im

(
E(1)

x

)
+ Im

(
E(2)

x

)
= 0. (27)

On the other hand, the magnetic field components in each channel can be writ-
ten as H(1)

yI I ≈ 4Z−1
0 sin(πy/b)/π and H(2)

yI I ≈ Z−1
0 with negligible imaginary. Conse-

quently, the total energy flux through the metasurface, equivalent to the z-component

of the time-averaged Poynting vector
〈→

S
〉
≡ Re

(→
E ×

→
H
∗)

/2, can be simplified as

〈Sz〉 ≈ Re(Ex)Hy/2. This gives rise to an intuitive criterion for the metal and insula-
tor phases of a metasurface through〈

S(1)
z

〉
> 0,

〈
S(2)

z

〉
< 0, εe f f < 0 for metal,〈

S(1)
z

〉
< 0,

〈
S(2)

z

〉
> 0, εe f f > 0 for insulator.

(28)

This is one of our main observations. The effective phase becomes metal when incident
light transmits through the evanescent channel c(1); otherwise, it becomes insulator. This
means that the effective phase follows the characteristic of the channel through which
incident light passes. Therefore, the phase transition is a result of the competition between
those light channels to admit the incident light.

4.2. Test of the Validity of the Effective Parameters

In order to check the validity of our theory, we examined light transmission through
multilayered metasurfaces, as shown in Figure 4. The metasurfaces, samples 1 and 2, are
made of rectangular rings as depicted in Figure 1 with a = b, dx = dy = d, and gx 6= gy.
Sample 2 is the 90-degree rotated version of sample 1. Both samples 1 and 2 are designed
to exhibit strongly anisotropic optical responses in x- and y-directions and to have opposite
signs in the effective permittivities in a particular spectral range (the pink-colored regions
in Figure 4). The spacing between each layer is kept as d/2π to allow two neighboring
metasurfaces to interact with each other via only zero-th order waves. Note that the

momentum of the first-order diffracted wave is given by χ01 = χ10 =
(

k2
0 − (2π/d)2

)1/2
.

Therefore, for a deep subwavelength periodicity d, the longest penetration depth for the

diffracted wave is approximately given by
(

k2
0 − (2π/d)2

)−1/2
≈ d/2π. This spacing is

required to use the same effective permittivities in both single- and multilayered systems.
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Figure 4. (a) Schematic of two metasurfaces, 1 and 2, and corresponding effective permittivities
where gx = 0.0025a, gy = 0.0188a, h = 0.03a, and d = 1.0375a. (b) FDTD-calculated transmission
spectrum (solid line) through the 1-2-1 layer with x-polarized incident light and (c) with y-polarized
incident light. Dotted lines are the spectrum obtained from the transfer matrix scheme applied to
multilayered homogeneous slabs possessing effective permittivities corresponding to (a).

Shown in Figure 4b,c are the transmission spectra of x- and y-polarized incident
lights, respectively, through the 1-2-1 layered system. For the numerical calculations by
implementing inhomogeneous 2D metasurfaces, we used the finite-difference time-domain
(FDTD) method. In the colored spectral range, our system effectively becomes a metal–
insulator–metal (M–I–M) or I–M–I multilayered system depending on the polarization. In
Figure 4b, we can see a peak in the colored region that corresponds to resonant tunneling
through two metallic barriers, and another peak at a longer wavelength that originates
from the Fabry–Perot resonance. With an incident light rotated as shown in Figure 4c, two
peaks appear in the colored regions. These peaks also correspond to resonant tunneling,
which appear in negative-permittivity media as demonstrated in [23]. For comparison,
we calculated the transmission spectra through multilayered homogeneous slabs possess-
ing corresponding effective permittivities. We note that all transmission spectra are in
good agreement.
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5. Conclusions

In conclusion, we theoretically demonstrated metal-to-insulator transition in meta-
surfaces that can be controlled by the lattice spacing of the unit resonators. Through
analytic calculations on the model metasurface, we rigorously defined the critical gap size
gt at which the transition occurs. Additionally, by seeking the macroscopic details of the
electromagnetic waves in the proximity of the metasurface, we defined quantitative criteria
for the phase transition. Our theory demonstrates that drastic changes in optical responses
can emerge from the interactions between unit resonators, an observation that is essential
for the engineering of metasurfaces with tightly coupled unit resonators for deformable,
reconfigurable, and functionalized metamaterials aiming for ultra-high-sensitive optical
responses and dynamic manipulation of their effective properties.
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