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Abstract: This review presents the recent advances in the search for thermoelectric (TE) materials,
mostly among intermetallic compounds and in the enhancement of their TE performance. Herein,
contemporary approaches towards improving the efficiency of heat—electricity conversion (e.g., en-
ergy harvesting and heat pumping) are discussed through the understanding of various emergent
physical mechanisms. The strategies for decoupling the individual TE parameters, as well as the
simultaneous enhancement of the TE power factor and the suppression of heat conduction, are
described for nanoparticle-doped materials, high entropy alloys, and nanowires. The achievement
of a superior TE performance due to emergent quantum phenomena is discussed for intermetallic
chalcogenides and related systems (e.g., strong and weak topological insulators, Weyl and Dirac
semimetals), and some of the most promising compounds within these classes are highlighted. It
was concluded that high-entropy alloying provides a methodological breakthrough for employing
band engineering methods along with various phonon scattering mechanisms towards significant
TE efficiency improvement in conventional TE materials. Finally, topological semimetals and mag-
netic semimetals with several intriguing features, such as a violation of the Wiedemann-Franz law
and outstanding perpendicular Nernst signals, are presented as strong candidates for becoming
next-generation TE quantum materials.

Keywords: thermoelectric; quantum materials; high entropy alloys; nanowires; topological
insulators; semimetals

1. Introduction

Materials science and condensed matter physics are the primary driving forces for the
discovery and understanding of next-generation green and renewable energy materials
demanded by the 21st Century. Thermoelectric (TE) materials offer potentially significant
contributions in this matrix by recycling waste heat. Over the past decades, it has become
clear that if TE devices are to expand beyond their currently limited niche markets, next-
generation materials exploring unconventional electronic and/or thermal phenomena need
to be designed, discovered, and optimized. In this context, we highlighted the current
research focus towards the discovery and development of novel quantum TE materials, as
well as the strategies for the performance enhancement of these materials in TE devices.

TE devices can harvest waste heat from the Sun, industrial machines, automobiles,
and even from our bodies, converting it into useful electricity. In addition, TE devices
have many advantages, such as a good reliability, fast response, and low noise [1-3].
A primary goal of the research and development in TE materials is the enhancement of
their efficiency in heat +— electricity conversion, which is quantified by the material’s
figure of merit ZT = S20T/ (ke + «1). This is a dimensionless parameter where S, 0, x, and
x1, are the thermopower, electrical conductivity, electronic thermal conductivity, and lattice
thermal conductivity, respectively (all of which are temperature-dependent quantities).
TE materials are basically those capable of transforming heat into useful electric energy
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by using the Seebeck effect or reversing the heat flow by applying a voltage using the
Peltier effect.

The direct conversion of thermal to electrical energy (the Seebeck effect) can be un-
derstood with the help of a schematic (Figure 1) based on the equation for conductivity
(Equation (1), discussed in the next section). The charge flows due to the temperature
differences between the higher temperature (“hot”) and lower temperature (“cold”) sides of
n-type (electrons as majority carrier) and p-type (holes as majority carriers) semiconducting
materials are shown in the (a) and (b) panels, respectively. The schematic of the energy
bands and the plot for the density of states Fermi function f(e) with carrier energy (¢) are
overlapped for convenience and are not on the same scale. Near the Fermi level (ef) in
the n-type semiconductors, the hot side will have a higher number of occupied energy
states (compared to the cold side) and/or states with higher energy above the bottom of
the conduction band (). Thus, more electrons will flow from the hot to the cold side in
the n-type semiconductors. Conversely, near er in the p-type semiconductors, the cold side
has a higher number of occupied energy states and/or states with higher energy below
the top of the valence band (ey), so more electrons will flow from the cold to the hot side
(equivalent to the holes flowing from the hot to the cold side).
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Figure 1. Schematic of the charge flow due to the temperature difference between the higher tempera-
ture (“hot”) and lower temperature (“cold”) sides of (a) an n-type semiconductor with electrons as the
majority carrier and (b) a p-type semiconductor with holes as the majority carriers. The energy band
diagram and the distribution of the density of states (DOS) are overlapped for visual representation.

Similarly, if we apply a potential difference across a material, there will be a shift in ef
along its sides and electrons will flow from the higher er side to the lower ef side. These
moving charges will transfer heat with an energy level equal to the difference between the
highest occupied level and the Fermi level er. This phenomenon is known as the Peltier
effect. Essentially, these two separately identified physical phenomena lead to electrical
energy generation and reverse the flow of heat (TE cooling), respectively.
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Anideal TE material should have a large S, which is usually the case of semiconductors,
a high ¢ as found in good metals, and a low « as found in glasses. In its most concise
representation, an ideal TE material may be identified as a “phonon-glass, electron-crystal”
(PGEC), as proposed by Slack [4]. The ZT parameter should be as large as possible because
it is directly related to the material’s thermodynamic conversion efficiency at the operating
temperature range Ty—T¢ [5,6], whose maximum value (#,44y) in a TE device is given by

Equation (1).
14+ ZT0e —1

1T 2Ty g+ T .

avg T Ty
where 7 is the Carnot efficiency; Tc and Ty are the cold- and hot-side temperatures,
respectively; Toppg = (Tc + Th)/2; and ZT gy, is the dimensionless TE figure of merit of the
material at Tyye. Competitive TE applications not only require a high peak ZT but also
require a high ZT,,, in a wide temperature range [1,2]. Thus, further improvement of the
peak ZT/ZT,y is inevitable. The main hurdle in improving the device performance is that
the three physical quantities S, ¢, and «, are interdependent solid-state quantities derived
from the same electronic free energy. Therefore, the optimization of one often degrades
another (or both others). For example, improving the electronic conductivity with dopants
leads to a simultaneous increase in the electronic contribution of the thermal conductivity
via the Wiedemann—-Franz (WF) law «x = ¢LT (where L is the Lorenz number). Nevertheless,
several applications (Figure 2) using the current level of efficiency were conceived and
implemented to a certain extent [7].
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Figure 2. Various applications of thermoelectric materials as energy generators/converters [reprinted
with permission of Ref. [7] and Wiley materials, Copyright (2016) John Wiley and Sons].

The ZT values for the bulk materials currently in commercial use are in the range of
0.8-1.1 [3] and represent an energy conversion efficiency of approx. 10% in the final device.
The widespread use of TE devices in various areas would require a ZT of at least two [1,8].
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From the commercial perspective, in comparison to the price of solar and wind power
(less than US$1/watt), the minimum cost of TE devices at approx. US$50/watt for mid-
temperature range (500-800 K) power generation [9-11] is not yet competitive. For most
applications, it represents another crucial factor that needs to be considered in addition to
its overall efficiency [12]. Therefore, the ZT should be maximized [11], ideally aiming for at
least ZT = 4 if TE devices are to become competitive with fossil fuel engines [8].

The recent TE research demonstrates outstanding progress, with quite encouraging ad-
vances [13-18]. Using a big data survey, a golden Seebeck coefficient range of 200-230 nV/K
for TE semiconductors with lattice thermal conductivities of 0.4-1.5 W/m-K [19] was
established. Peak ZT values close to 2.5 were achieved for some TE materials, due to
a simultaneous enhancement of the power factor (PF) S?cand a significant reduction in the
k1. Theoretically, the latter cannot be reduced below a minimum (amorphous limit) [20],
implying a threshold for ZT improvement using nano-structuring and other means for xy
suppression. In contrast, the manipulation of the PF for improvement has no theoretical
limit, offering a wide vista for achieving a higher ZT [21]. We can divide the strategies for
ZT enhancement into three subgroups: (i) an increase in the PF (S%0); (ii) a reduction in the
xr; and (iii) a simultaneous enhancement in the PF and reduction in the xy. These strategies
rely on decoupling the electronic and phonon sub-systems through various methods and
are explained in the following sections by exploring the individual TE parameters.

2. Strategies to Improve the TE Parameters
2.1. Enhancement of the PF (S°)

The transport coefficients are given by the solutions of the Boltzmann equations

(Equations (2)—(4)) [22].
c=¢e / de(%ﬁ) X(e) ()

S= TZ/de(—?{j) Y(e)(e—eF) ©)]

k= [z [ae(-L) e —er?] @
of

where ¢ is the electron charge, (f %) is the Taylor expansion for the change in the density

of states near er in the energy range of ¢ and ¢ + de, and X(¢) is the transport distribution
function (TDF) [22] given by the following.

£(e) = Y o(e — e(k)) (K)o (k) ©)

Here, the summation is over the first Brillouin zone, where vy (k) is the group velocity
of the carriers with wave vector k in the direction of the applied field, T(k) is the carrier
lifetime, and (k) is the dispersion relation for the carriers. If many bands contribute to the
transport process, the summation is extended to all the bands [22]. Let us consider the case
of parabolic bands, in which the transport distribution is simplified to the following.

Z(e) = g(e)T(e, T)ox(e)’ (6)

where g(¢) is the density of states (DOS). In bulk (3D) semiconductors, g(e) with a spin
degeneracy factor of two is generally given by the following.

%\ ¥2
g3p(e) = 877(7;) (e—ec)” )

where m" is the DOS effective mass of the charge carrier and # is the Planck constant.
Using these equations, we can understand the relevance of the basic TE factors, such as
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the m’, carrier concentration (1), carrier mobility (y), and their influence on the PF. For
example, ¢ is higher in metals due to a higher carrier concentration. However, it is also
responsible for a higher x, and, since (¢ — er) will be very small for metals, leads to a poor
S (Equation (3)). The optimum performance (peak PF value) is obtained for heavily doped
bulk semiconductors with 7 to the order 101°-10%! em—3 [23].

With respect to the carrier scattering mechanisms, it is clear from Equation (5) that the
carrier relaxation time (7) and its energy dependence 7(¢) are other parameters through
which ¢ and S can be manipulated. The carrier mobility y represents the relaxation time 7,
which is related to its average T, as shown in Equation (8).

et
p== 8)
Therefore, y has a direct impact on ¢ through T (Equations (2) and (5)), and 7(e) can

be approximately expressed in the following form.
7(e) = 1€, )

where T and r are the constants for the given scattering mechanism. The dependence of the
PF on the scattering parameter r can be understood through the following relation [24,25].

2
2y o £ KB® [er—e 5
Sro = T +lr+5) (10)

which implies that larger r values lead to higher peak PFs. In semiconductors,
r=—1/2,1/2, and 3/2 for the acoustic phonon scattering, optical phonon scattering, and
impurity scattering, respectively. The high scattering rates of the carriers can be achieved
by introducing ionized /magnetic impurities as additional scattering centers [26-29].

On the other hand, it is inferred from Equation (10) that a lower effective mass m’ is
beneficial for the PF, albeit through a complicated effect. A large m" and a low 7 cause an
increase in 1 and o but a decrease in S (and vice versa). Rigorously, however, the " in S and
the m" in ¢ are not the same [30,31], so the former is termed the Seebeck effective mass (ms")
and the latter expressed as .. These two effective masses are related through the effective
valley degeneracy (Ny) and the effective carrier pocket anisotropy (K) [1ms" = (N, K)?/3m."].
The relation between both effective masses is discussed extensively in Refs. [30,31]. The
strategies that manipulate S show that a higher ms" is beneficial, whereas the routes that
manipulate o show that a lower m,." is beneficial. However, the manipulation of one (o or S)
must not affect the other adversely. Similarly, a higher S value can be achieved through
rapid changes in the TDF (Equation (5)) around er due to the manipulation of either g(¢) or
7. One strategy for using these structures is to design materials with g(e) that deviates from
the €2 dependence. Particularly, a é-function-like TDF can be approximated if there is
a drastic change in g(¢) around er. A notable example is the concept of resonant state doping,
in which a resonance in the DOS is achieved using chemical doping [18,32-34].

Most of the band structure engineering strategies, such as the quantum confinement
of carriers, valley degeneracy, and band resonance, are based on manipulating these
parameters and balancing them for an optimum PF. Similarly, carrier modification schemes
such as carrier energy filtering, carrier pocket engineering, and modulation layer doping,
manipulate the PF by altering ¢ and S. These schemes have been compiled in seminal
reviews [23,25,34-36]. Apart from ¢ and S, thermal conductivity « is another parameter
whose minimization leads to an enhanced ZT, which we will discuss in next section.

2.2. Reduction in the k.

Thermal conductivity is the sum of the electronic and lattice contributions (x = %, + ).
k. cannot be limited without the undesirable effect of limiting o (unless practical violations
of the WF law can be found). However, by minimizing «y, the ZT has been found to
improve significantly. In fact, « is the only independent parameter of the TE figure of
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merit. In crystalline solids, thermal energy combined with the interactions between atoms
produces vibrations around their equilibrium positions, leading to quantized vibrational
waves with various frequencies. The quanta of these waves, termed phonons, propagate
heat through the lattice. The phonon dispersion relation, connecting the phonon wave vector
(kpn) with its angular frequency (w;;;) fundamentally determines the phonon transport
and the resultant lattice thermal conductivity (x). In the simple case of a 1D single-atom
harmonic chain with an atomic mass M, the phonon dispersion relation is given by the

following [37].
F\ . (mkp
(Uph —2< M) Sln(2kC> (11)

where F and k. are the force constant and cut-off phonon wave vector, respectively. Fun-
damentally, the phonon transport can be manipulated through changes in either the M or
F, and materials with a large M but a small F tend to show a low x;. Various mechanisms
have been developed to reduce x; by changing the phonon dispersion through such ma-
nipulation, and can be broadly categorized into intrinsic and extrinsic approaches. Rattling
modes in clathrates [26,38], soft localized vibrations [39], strong lattice anharmonicity [40],
liquid-like ions [41], and low sound velocity [42] are promising intrinsic mechanisms.
Point defects [18,43,44], dislocations [45-47], nano-inclusions/nano-precipitates [17,48],
strain [49], and interfaces [48,50] are promising extrinsic mechanisms for achieving an
ultra-low (glass-like) x;. Both approaches usually focus on the minimization of the phonon
relaxation time Ty;. In a conventional crystalline solid, the dependence of the x; on Ty 18
given as following.

1 1
KL = 3 Cosly, = ECvgrph (12)

where C is the specific heat capacity, v; is the sound velocity, and [, is the phonon mean
free path. These parameters and 7, specifically, are phonon frequency dependent [51].
Therefore, by exploring the various mechanisms for phonon scattering, x; can be minimized.
The phonon scattering rates (Tph_l) as a function of the phonon frequencies corresponding
to various scattering mechanisms are shown in Figure 3 [35]. For example, atomic point
defects (formed by elemental substitution, removal, or insertion) introduce modifications
in F through lattice strains and/or a change in M, which are effective for scattering short-
wavelength phonons.

Nano-sized precipitates/inclusions can significantly scatter medium-wavelength
phonons. Mesoscaled grains can scatter phonons of all wavelengths but are more ef-
fective for long-wavelength phonons [35,48,52]. The schemes for the «; reduction are
detailed in other publications [35,36,53].

Many recent reports [40—42,54,55] have used the above-mentioned intrinsic and ex-
trinsic approaches for low «1, by changing M or F. We will summarize the advances that
involve new strategies, and which are also applicable to other materials. For example,
when M is constant, anharmonic lattice vibrations correspond to an anharmonicity in
F at non-equilibrium atomic positions, which work as a dynamic strain [49]. This leads
to fluctuations (broadening) in wy;, at a given k,;, which accelerates the change rate of
the phonon distribution function and, therefore, enables a shorter relaxation time for
the phonons [54]. Using static lattice strains, a remarkable x;, reduction was achieved in
Nag g3Eug,035n 02Pbg o Te. A high ZT was realized, which was largely derived from the
x, reduction [49]. A broadening phonon dispersion was found in crystalline solids with
weakly bonded heavy constituent elements, leading to a shorter relaxation time for the
phonons and a low «y [42]. Similarly, both liquid-like ions (weak chemical bonds) and

a low-sound velocity [vs o< 4/ %] indicate a small force constant [41,42].
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Figure 3. Schematic of the frequency dependence of the phonon scattering rates (Tr;}) for various
scattering mechanisms. Higher scattering rates lead to a lower lattice thermal conductivity xp,
[reproduced from Ref. [35] with permission under a Creative Commons Attribution license, Copyright
(2016), Springer Nature and J. Yang et al.].

2.3. Simultaneous Enhancement of the PF and Reduction in the xp

We now discuss some powerful strategies which work for various TE materials,
although not for all. A first example is the formation of composites with superparamagnetic
nanoparticles in the filled skutterudite CoSb3 26] and in Bi,Tes [56,57]. Such nanoparticles
allow for the manipulation of electron and phonon transport at nanometer and mesoscopic
length scales [26,58]. The superparamagnetic behavior (magnetized nanoparticles similar
to a paramagnet under an external magnetic field) lead to three kinds of thermo-electro-
magnetic effects [26]. (i) A charge transfer from the magnetic inclusions to the matrix phase
(material) leading to interface band bending (Figure 4a) due to their different electronic
structures. This results in the emergence of a carrier energy filtering effect at the interfaces
between the matrix and the nanoparticle (Figure 4b); (ii) In comparison with electron
scattering in a ferromagnetic state (Figure 4c), a multiple scattering of electrons occurs
similar to the Kondo effect due to superparamagnetic fluctuations (Figure 4d), leading to
an increased magnitude of the scattering parameter r. (iif) Enhanced phonon scattering as
a result of both the magnetic fluctuations and the nanostructures. The enhancement in r is
derived from two aspects: carrier energy filtering and carrier multiple scattering. However,
if the work function of the matrix is smaller than the nanoparticles, the carrier filtering
doesn’t occur, as evidenced in the case of Biy Tes [56].

Another example of the combination of suppressed xj, high ¢, and large S was
achieved in the filled skutterudite CoSbz [59] through coexisting, multi-localization trans-
port. The enhancement of » induced by carrier multiple scattering resulted in a large S value,
while a significant decrease in x}, was derived from phonon-localized resonant scattering
induced by in-filler rattling. The charge transfer from the filler provided a high ¢ due to
accelerated electron movement.
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Figure 4. (a) Interface band bending due to the charge transfer from the magnetic inclusions to the
matrix phase. (b) Low electron energy filtering due to band bending at the xCo/Bag 3Ing 3C04Sb1,
interfaces. (c) Single scattering due to the ferromagnetic state. (d) Multiple scattering of electrons due
to the superparamagnetic state of the co-nanoparticles [reprinted with permission of Ref. [26] and
Springer Nature, Copyright (2017) Springer Nature].

The superparamagnetic Ni nanoparticles (Ni-NPs) were incorporated into the BiyTe; 7Se 3
matrix using a low-temperature and high-pressure sintering method. A 32% increase in
the ZT compared to the BiTe; 7Sep 3 matrix was observed, reaching 1.1 at 360 K for the
Ni/BipTey 7Sep 3 nanocomposites. An improvement in TE performance of the nanocom-
posite was attributed to an increase in ¢ due to the charge transfer from the Ni-NPs to the
matrix, the enhancement in S from electron multiple scattering, and the reduction in xy
caused by phonon scattering at the heterointerface [57].

Similarly, discordant [15] and variable [60] ion doping in PbSe was found to improve
the TE performance through the simultaneous improvement of the PF and x; . The peculiar
behavior of the Cu ions in the PbSe-Cu system provided extra charge carriers as the
temperature increased, which guaranteed an optimized carrier concentration over a wide
temperature range. The vibration of the Cu atoms around the interstitial sites of PbSe led
to a reduction in xj, at high temperatures [60]. For Hg-alloyed PbSe, experiments have
shown a significant increase in the Seebeck coefficient due to band convergence. It was
observed that the Hg?* cations sat at an off-centered (discordant) position within the PbSe
lattice. The DFT calculations indicated that off-centering played an active role in lowering
the thermal conductivity, resulting in a ZT of 1.7 at 970 K [15].

Although these powerful strategies work for certain compounds, they cannot be
generalized. However, high-entropy alloying and size reduction (nanowires) constitute
promising strategies for the simultaneous enhancement of the PF and x;, reduction, which,
at least in principle, may work for all TE materials. We will, thus, discuss these two
approaches in the next section as well as the topological systems that have shown great
potential as next-generation quantum TE materials.

3. Potential Quantum Materials
3.1. High-Entropy Alloying of Thermoelectric Materials

The concept of high-entropy alloys (HEAs) [61-68] has opened a new platform for
designing next-generation materials and could significantly improve the performance of
existing materials. HEAs typically refer to solid solutions in which more than five principal
elements, each in an equal molar ratio, compete for the same crystallographic site [61-63].
This approach is also known as multi-(principal elements) alloying or equimolar alloying.
The high entropy of mixing created due to the presence of several elements overcomes the
enthalpy of mixing at the melting temperature, possibly leading to solid solution formation
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and eliminating phase segregation [63,68]. For the alloy system, the Gibbs free energy of
mixing can be expressed as follows.

AGmix = AI_Imix - TASmix (13)

where AG,,;, is the Gibbs free energy of mixing, AH,,;, is the enthalpy of mixing, AS,,;,
is the entropy of mixing, and T is the absolute temperature. It is clear from Equation (13)
that, if AH,,;, is kept constant, a higher entropy of mixing will lead to a lower Gibbs free
energy and result in a more stable alloy system. The schematic of a solid solution is shown
in Figure 5. However, this is not always true. Defining T}, as the average melting point
of the alloy system, if the ratio T,;AS,,ix/ AHix is larger than the unity, the effect of the
mixing entropy is greater than that of the enthalpy of mixing at the melting temperature,
so the high-entropy phase tends to form. Theoretically, as long as the ratio is greater than
the unity, even three elements might form HEAs. The more elements in an equimolar HEA,
the higher the entropy of mixing. However, the amount of each element should be higher
than 5 at% [61].

Single solid solution
000000000000

Q00000000000 \ |
00000000 0Q00 f
200000000000 . \ ;
000000000000 M’

000000000000
900000000000
900000000000
000000000000
900000000000
000000000000

Free energy

Concentration

s3]

Figure 5. Formation of a single-solid solution when three alloying elements (represented by the green,

orange, and blue spheres) are mixed in equal proportions. Some of the other possible reactions that

can also occur (not shown in the figure) include spinodal decomposition and multiple solid solutions

[reprinted with permission from Ref. [68] and Springer Nature, Copyright (2019) Springer Nature].

For a random alloy system with m components, the configurational entropy of inter-

mixing is given by the following.

m
ASyix = —R)Y ¢ilng; (14)
1

where R is the gas constant, c; is the molar content of the ith component , and AS,,;, is the
maximum when the components are equimolar. For a Z component, the equimolar system
entropy AS,,;y is given by the following [63].

()0 ()u(3) o ()m(3)] -sm)-smr oo

High-entropy effects increase the number of elements and their solubility limit, pro-

viding leverage for designing new materials with emergent properties. Entropy has been
identified as a gene-like performance indicator for TEs [69] and works as an effective guide
to greatly improve the TE performance, using either a significantly suppressed «p, to its
theoretical minimum value and/or enhancing the crystal structure symmetry to yield large
Seebeck coefficients. Four core effects associated with HEAs [61,62] are also pertinent to
enhance the TE performance of materials and are described as follows.

(@)

High-Entropy Effects: High entropy of mixing tends to form body-centered cubic
(bee), face-centered cubic (fcc), or hexagonal (hicp) structures. Simple cubic struc-
tures are more likely to feature high band degeneracy and, hence, a high PF [61-64].
A higher symmetry leads to larger Seebeck coefficients due to an increase in the DOS
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close to the Fermi level. Generally, the compounds with a high crystal symmetry
and the valley extrema located at non-I' low-symmetry points in the Brillouin zone
possess a high valley degeneracy N, [23,70], as in the cases of Bi;Tes, SnTe, PbTe,
and Mg,Si [23,70-74]. The increase in N, was already reported by the band structure
calculations, via changing the symmetry of the tetragonal chalcopyrite system from
a non-cubic to a pseudo-cubic structure [72]. Through entropy alloying, the rhombo-
hedral structure of PbGeSnTes changed to a cubic structure of PbGeSnCdxTes,« [75].
Similarly, the monoclinic structure of CuySe changed to hexagonal in the cases of
CuySps5Tegs, CuxSpsSeps, and CupSeq/3Ter /351,53 [69]. With an increasing crystal
lattice symmetry, the S values increased significantly (Figure 6). On the other hand,
the high entropy of mixing also tended to extend the solubility limits of the alloying
elements. This provided leverage to manipulate the band structure through the for-
mation of resonant levels. The synergistic band engineering of the resonant levels and
band convergence could also be achieved, which was beneficial for larger ZT g

(b)  Sluggish Diffusion Effects: The presence of several elements caused some phases to
have low diffusion kinetics, which facilitated the in-situ formation of nano-precipitates
and nano-inclusions. As discussed earlier, nanostructures can lead to a reduction in
k1. Acharya et al. recently reported that distorted nanostructures enhanced the TE
performance of HEA chalcopyrite [76].

(c) Severe Lattice Distortion Effects: With several elements in the unit cell, more point
defects are created and, due to extensive ionic mass and size mismatches, x; can be
minimized. This was realized using entropy alloying in (Cu/Ag)(In/Ga)Te; [69],
in the pseudo-ternary compound (SnTe) .5« (SnSe)«(SnS)x [77], and in ZrCoSb-based
half-Heusler alloys [78].

(d) The Cocktail Effect: The presence of multi-constituent elements can lead to the im-
provement of certain properties. For example, the mechanical strength was signifi-
cantly improved in Cuy.yAgyTe1.2:SxSex [79]. Novel phenomena may also emerge,
which is why recent condensed matter research focused on HEAs in various other
areas, such as superconductivity, hydrogen storage, magnetism, and shape memory
alloys, among others [66].

It is evident from Equation (13) that the stability of a phase is determined by the con-
tributions from both the enthalpy and the entropy of mixing. The equimolar composition
possesses the highest entropy, but not necessarily the lowest enthalpy. Therefore, it is not
necessarily a solid solution phase [64]. Thus, increasing the number of elements may also
lead to the formation of other undesired phases [63,64]. To minimize the enthalpy (the
internal strain energy), other factors based on the Hume-Rothery rule should be considered,
such as the atomic radius, similar structure formation, and approximate electronegativity.
A solubility parameter ¢ has already been identified to account for the enthalpy and atomic
solubility of multicomponent materials [69]. Based on this parameter, high-entropy-alloyed
multicomponent phases have been synthesized [69,80].

It is also worth noting that a high entropy doesn’t guarantee a high ZT [66-68,80], as
was observed in case of HEA Sng 25Mny 25Geg 25Pbg 25Te [69]. This is possibly because SnTe
already crystallizes in a cubic (Fm-3m) structure, so the high entropy effect of improving
the crystal symmetry by alloying for the PF enhancement is less effective. This was also the
case for (Cu/Ag)(In/Ga)Te, [69].

Similarly, high-entropy alloying for a x7, reduction is not very effective in compounds
that already possess a low «;. For example, Cu,Se possesses a k1, close to the theoretical
minimum «,,,, thus no significant decrease in x;, can be achieved [69]. However, with
an enhanced solubility limit due to adding suitable elements, severe lattice distortion was
attained and a xj lower than «,,;, was reported in Ref. [80]. Additionally, with an expanded
phase space, multi-principal element alloying (MPEA) could be performed for the PF
optimization. For example, an improved PF using band convergence caused by enhanced
Mn solubility was obtained in Sng 555Geg 15Pbg g75Mng 275 Te [81]. Another factor that can
affect the TE performance is the number of alloying elements, because the increased mass
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and strain fluctuations degrade the carrier mobility y. Therefore, the number of elements
should be optimized in a particular high-entropy-alloyed TE material so that any adverse
effect on y can be well compensated by the TE performance-enhanced entropy effects, such
as a higher carrier concentration and band convergence.

300
(Cu/Ag)(In/Ga)Te>
250 Y ¢ Y Tetragonal
®
200 1 ® ®
% 150 Cux(S/Se/Te)
<
100 1
Monoclinic
50 1
w
v
0.0 0.2 0.4 0.6 0.8 1.0 1.2

Configurational Entropy AS (R)

Figure 6. Changes in the monoclinic structure of Cu;Se to hexagonal structures of CuSg5Tegs,
Cu,Sp 55€0.5, and CuySeq /3Teq /351 /3 using entropy alloying, leading to a significant increase in the
thermopower with an increasing crystal lattice symmetry [recreated with permission of Ref. [69]
copyright (2017), John Wiley and Sons].

Recent research demonstrated that entropy effects lead to impressive enhancements
in the TE performance of several materials [75-89]. For example, a high peak ZT value
of ~1.52 at 823 K and an average ZT value of ~1.0 from 323 to 823 K were obtained in
Gag 025(5n0.25Pbg 25Mng 25Gep 25)0.975 Te. [81]. The increased configurational entropy, caused
by the inclusion of various elements at the cationic (Sn**) site, led to an enhanced phonon
scattering and a strongly suppressed «y. Similarly, a strong lattice distortion caused by the
large difference in the atomic radii of Ag, Mn, Ge, and Sb in AgMnGeSbTe; HEA resulted
ina x;, as low as 0.54 Wm~! K~ at 600 K [82]. The TE performance of AgMnGeSbTey was
further enhanced by the precipitation of AggsGeTeg (cocktail effect), which acted as extra
scattering centers for the holes with low energy and phonons with medium wavelengths.
This simultaneous optimization yielded a peak ZT of 1.27 at 773 K and an average ZT of
0.92 (400-773 K) in AgMnGeSbTes;—(1 mol% AggGeTeg).

The configurational entropy-driven pseudo-binary diagram AgBiSe;-PbSe was estab-
lished recently [83]. The entropy effects simultaneously ensured the phase stability and
maximized the ZT for the (AgBiSe;);.,(PbSe)y solid solutions. Similarly, the high-entropy-
alloyed Pbg g9Sbg 0125n0.15eg5Teg 255025 demonstrated an entropy-driven structural sta-
bilization, ensuring the well-maintained electrical transport properties [84]. The large
strains from the severely distorted lattice provided strong scattering for the heat-carrying
phonons, contributing to an ultra-low x7, and a consequent realization of a high ZT. For the
high-entropy-alloyed metal chalcogenide Ag 25Pbg 50Big2550.40S€0.50Teo.10, Smix reached
2.00R, which exceeded the ideal value of Spyix = 1.79R for single-site alloying with six dif-
ferent elements [85,86]. However, research on (CuAgInGa)g sTep, (CuAg)o 5(AlGaln); /3Tep
and (CuAg)o5(ZnGeGaln) 55Te; indicated that simply pursuing the highest configuration
entropy in TE materials cannot guarantee an improvement in the TE performance [90].
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We conclude this section by emphasizing that high-entropy alloying disrupts the
synthesis parameters that can significantly improve the TE properties. Although there
have been many recent innovative advances and newly discovered materials, the synthesis
parameters of the materials have remained unchanged for a few decades. The conventional
selection rules of material composition were generally limited to small percentages of
doping or alloying with one or two elements in the parent compounds. In this regard,
high-entropy alloying provides a methodological breakthrough towards designing next-
generation TE materials. The efficacy of the extended solubility limits provides a larger
phase space for compositional alteration, and thus TE performance optimization. Improved
TE materials may be engineered by adding new elements based on their formation energy
and their ability to form similar structures.

3.2. Nanowires of Conventional TE Materials

Theoretically, nanowires (NWs) possess superior TE (electronic and thermal) prop-
erties compared to those of their bulk counterparts. Taking advantage of the intrinsic
small size of NWs, TE devices can be manufactured using suitable processes both at single-
NW and bulk scales. In this section, we will describe the various investigations on NWs
composed of TE materials. The consideration of NWs for TE applications was largely
inspired by the idea of quantum confinement proposed by Dresselhaus and Hicks [91,92],
who investigated the PF and ZT of cylindrical Bi NWs through detailed calculations [93].
Later, NWs along with superlattices of quantum dots were synthesized [94-97] and calcula-
tions were conducted [98]. In 2003, a “suspended microbridge device”-based individual
NW measurement technique was described [99]. Since then, TE studies of NWs have
flourished and the ZT of individual NWs have been evaluated for several materials, such
Big 54 Teg.46 [100] and CrSi, [101]. However, these studies found that the nanowire ZT values
did not improve with respect to their bulk counterparts. The probable reason behind this
was a modest reduction in x since a short [, is inherent to bulk chalcogenide and silicide
materials. Hochbaum et al. [102] reported a significant improvement in the TE performance
of individual rough Si NWs compared to bulk Si, reaching a ZT = 0.6 due to a 100-fold
reduction in k. Around the same time, Boukai et al. [103] also reported a ZT ~ 1 at 200 K for
horizontally arrayed Si NWs. These Si NW arrays were produced using a different method
from that of Ref. [102]. One major factor that became noticeable for ZT enhancement was
the surface roughness and a further increase in ZT was expected by optimizing the doping
and roughness conditions [104,105]. The ZT of the vertically oriented Si NW arrays at 300 K
were found to be 0.11 [106] and 0.49 [107].

Improvements in the TE properties of these NWs were basically due to a reduction
in k1, resulting from phonon confinement. A higher ZT was achieved in NWs of relatively
large diameters [108,109] through the combination of an inherently short /,;, and a high
PFE. This indicated that the size effect on the thermal transport was not very effective on
materials that possess an inherently shorter [, [103,110-113]. No significant improvement
was found in the individual NWs of materials that already present good bulk TE properties,
such as BipTez [108-111], CsSnlz [108], Bi/Te [109], InSb [112], PbTe [113], Big 5Sb1 5Tez [114],
Sip73Gego7 [115], InSb [116], SnTe [117], and SnSe [118].

The other parameter which may hinder ZT in NWs is the low carrier mobility y,
because of the trap states and defects. Liang et al. [119] demonstrated an enhancement
in the ZT of PbSe NWs by improving the carrier mobility with thermal annealing. Lee
et al. reported a peak ZT of 0.46 at 450 K [114] for individual Sig73Geg 27 NWs and a ZT of
0.21 at room temperature. They found that the point defect scattering was more important
than the NW diameter [120]. The collectively reported data for NWs demonstrated that,
although the reasons may differ, size reduction is effective for achieving a higher ZT. It
is true that a large enhancement in ZT has not yet been observed. Nevertheless, these
concepts have led to several breakthroughs towards the understanding and enhancement
of PFs in several TE materials.
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New concepts, such as modulation doping in core shell heterostructures and inhomo-
geneous doping, have been implemented to boost the PF in NWs [25,121]. By using such
concepts, new structures are being fabricated. For example, Davila et al. [122] produced
vertically grown p-type and n-type silicon nanowires on two different substrates, which
were added to fabricate a TE device (Figure 7a,b). They selectively grew highly dense and
ordered arrays of Si NWs in a hexagonal shape (Figure 7c,d). Earlier, Yang et al. fabricated
TE nanogenerators using Sb-doped ZnO individual nanobelts [123], whose ZT was found
to reach 0.13. The power output of the TE generator constructed using a single nanobelt
was ~1.94 nW under a temperature difference of 30 K around room temperature. Recently,
an integrated macroscale TE chip of 1.0 x 2.0 cm? in size and composed of CdSSe nanowires
was reported to be an excellent TEG [124]. A high Seebeck coefficient of -152.4 uV /K and
an average output voltage of 10.8 mV were reported. More interestingly, the output voltage
was greatly elevated to 45 mV upon illumination by white light due to the photogener-
ation of additional carriers. Additionally, in organic-inorganic interfaces composed of
PEDOT:PSS shells with Te cores, a simultaneous « reduction and PF enhancement was
reported [125]. For the hybrid nanowire with the smallest diameter of 42 nm, the ZT values
of 0.18 at 300 K and 0.54 at 400 K were achieved, where the latter was claimed to be the high-
est ZT value for the hybrid material. Recently, flexible thermoelectric materials have been
synthesized, comprising BiyTes [126] and Sb,Te3 [127] nanocrystals anchored /deposited
on a single-walled carbon nanotube (SWCNT) network. For the Bi;Tes-coated SWCNT,
an in-plane «y, as low as 0.26 W/K-m was achieved, originating from a strong phonon
scattering effect with a maximum ZT of 0.89 at 300 K [126]. In the Sb,Te;-coated SWCNT,
a maximum PF of 59.5 uW/(m-K?) was achieved, which was 4.7 times higher than the
normal SWCNT film [127]. Similarly, the best performing flexible nanocomposite films
of BiyTes nanoplates and SWCNTs were also recently prepared [128]. These results il-
lustrated the potential of these nanostructures and by using them as macroscale flexible
thermoelectric chips, useful electric energy can be generated.
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Figure 7. Schematic of (a) the fabrication of a TE device using (b) p-type and n-type silicon nanowires
on two different substrates. (c) SEM image of the hexagonal TE elements (top and bottom structures).
(d) Selectively grown, highly dense, and ordered arrays of Si NWs [reprinted with permission from
ref. [122] under a Creative Commons Attribution license 3, Copyright (2015), IOPScience].
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3.3. Topological Materials

Apart from the quantum size effects in conventional semiconductors, the recent TE
research interest has been significantly focused on new types of quantum materials [e.g.,
Topological Insulators (TIs), weak TIs, Weyl, magnetic Weyl and Dirac semimetals] char-
acterized by their nontrivial electronic topology. The recent experimental and theoretical
studies [129-134] on semimetal WP, and ZrTes nanostructures revealed a violation of the
WEF law, which could lead to the realization of a large ZT in topological materials. Future
TE research will certainly need to be focused on such materials due to their significant and
tunable quantum properties. Some excellent reviews are already available [135-138]. Here
we will discuss the role of topological materials as TEs and the recent advances.

3.3.1. Topological Insulators

Topological insulators (TIs) are quantum materials that insulate the interior but feature
a conducting surface or edge states that are topologically protected [139,140]. Such TIs
offer a new route for designing high-performance TE devices [129-136,141-144]. In fact,
some of the key concepts for designing a good TE material and a TI are quite similar. An
optimum PF can be achieved using narrow band gap materials, whereas « can be reduced
using a combination of atoms with large and small atomic masses. Similarly, in Tis, the
inverted band structure is combined with a narrow band gap. A TI material must have
strong spin—orbit coupling, whose occurrence increases with the increasing atomic mass.
Therefore, it is not a coincidence that TI compounds, such as tetradymites M;X3[138], where
M is a group V element (usually Bi or Sb) and X is a group VI element (Te, Se or S), are
also well-established TE materials, e.g., BipTe3, SbyTes, and BiySes [70,135,141,145-147]. All
TIs with a bulk band gap and highly conductive and robust gapless surface states exhibit
excellent TE properties. However, the reverse doesn’t always follow, and some good TE
materials are topologically trivial, such as PbTe [139,147]. Notwithstanding, the Sn-doped
PbTe compounds (Pb.SnxTe), which exhibit a good TE performance [148], were found to
be topological crystalline insulators [149,150].

Although there is close relationship between the topological and TE properties, the
positioning of er differs in both materials. In TE materials, for the high-performance bulk
transport properties, er should be generally located at the edge of either the conduction
or the valence bands. In TIs, it is important to shift er to the Dirac point, so that the
topological surface-state transport dominates and the contribution from the bulk state is
suppressed [137]. However, Xu et al. [142] predicted an “anomalous Seebeck effect” in 2D
TIs, even though ¢r is located near the conduction band when the relaxation time in the
surface states (7s) is much higher than that of the bulk states (1), Ts » Tp. They showed
that the surface-state transport could outweigh the bulk-state transport and the ZT could
be significantly larger than the unity by optimizing the geometric size. This indicated that
the topological surface state-dominated transport properties could provide a new way for
designing high performance TE devices.

Recently, theoretical calculations by Baldomir and Failde [151] predicted that a new
class of topological materials, with topological indices higher than one (7 > 1), could
exceed the ZT = 4 level required for mainstream competitive TEs. For the edge states, the
calculated [151] purely topological contribution to the figure of merit was as follows.

23 T
ZTm =vn 16
I 30(3) (16)
where 713 is the Berry phase of the nontrivial material, v counts the number of singularities,
7 =11is the first Chern number (which takes into account the whole topology of the Brillouin
zone for the TI), and {(3) is the Riemann zeta function of dimension three. This contribution
to the ZT is zero in the case of topologically trivial materials. The expression was obtained
considering only . and under ideal conditions. Even though it is probable that, in practice,
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the transport constraints may diminish the efficiency of such materials, this result provided
a path towards the further improvement of ZT in TIs.

3.3.2. Weak Topological Insulators

A weak Tl is a quantum state of matter that is equivalent to a stack of 2D TI layers
with an even number of Dirac cones on the side surface [140,152-154]. The surface states of
a weak TI are robust even under strong time-reversal (TR) invariant disorders [155], leading
to a superior electronic transport. Weak TIs generally form a layered structure consisting of
stacks of topologically nontrivial 2D quantum spin Hall (QSH) layers and topologically
trivial/nontrivial normal insulator (NI) layers along a specific direction [140,152-155].
These NI layers play a critical role in hindering the phonon propagation, thereby leading to
an ultra-low % near room temperature [39,152]. Since weak TIs can be tuned to achieve an
intrinsically ultra-low « together with a decoupled electronic transport, high-performance
TE materials can be designed using weak TIs; examples of which are BijsRhzlg [152],
BiSe [39], and Bi,Tel [152,156].

3.3.3. Dirac and Weyl Semimetals

Dirac [157,158] and Weyl [159-162] semimetals are relatively new classes of topologi-
cal materials. These are gapless systems, since the conduction and valence bands touch
linearly close to er. Several such materials have been reported, including NbAs [159],
NbP [160-163], Cd3As; [164-168], TaAs [169,170], Bij_,Sby [171,172], GdPtBi [173], and
MoTe; [174]. In Dirac semimetals, the Dirac cone is degenerate, and both the time-reversal
and inversion symmetries are preserved [157,158]. When one of these symmetries is broken,
Weyl states emerge [175]. In momentum space, the band touching point splits into a pair of
separated Weyl nodes with opposite chirality, leading to poor ¢ and S. This limitation can
be overcome by changing the longitudinal Peltier configuration to the transverse Etting-
shausen configuration, with the assistance of a magnetic field. Therefore, the ambipolar
transport can be turned into a TE performance enhancer rather than a suppressor. The
Ettingshausen configuration in semimetal Mg,Pb has led to a much higher specific heat
pumping power in the temperature range of 10-100 K [176]. The chiral symmetry can
be violated at the quantum level when a magnetic field is applied in parallel either to an
electric field (chiral anomaly) [158,173,176-178] or to a temperature gradient (gravitational
anomaly, which is named since this anomaly originated in strong gravitational fields). These
quantum anomalies induce an electrical /heat current which increases alongside an increas-
ing magnetic field, leading to increased TE transport coefficients S, o, and «, [177,179]. The
existence of the chiral anomaly has been experimentally confirmed in semimetals using the
anomalous Hall effect (AHE) and chiral magnetic effect (CME) [158,173,177,180].

A large transverse TE voltage (the Nernst effect) was found to appear in semimetals when
a magnetic field was applied perpendicular to the temperature gradient [168,176,181-196].
The voltage was generated from electrons and holes and was deflected towards opposite
transverse directions by the Lorentz force. The schematic of the thermopower generation
from various phenomena are shown in Figure 8. The semimetals usually displayed a very
high negative electrical magnetoresistance, thus providing another way to improve the
PF under a magnetic field, potentially by two orders of magnitude. Liang et al. reported
a Nernst thermopower of ~150 uV /K at 7.5 T in the Dirac semimetal Pbg 775n 235e [181].
Later, a large and non-saturating thermopower in the Dirac and Weyl semimetals subjected
to a quantized magnetic field was theoretically predicted by Skinner and Fu [197]. Wang
et al. reported the TE properties of the single-crystalline Dirac semimetal Cd3As, under
magnetic fields and the ZT reached 1.1 at 350 K under a field of 7 T [187]. Similarly,
a large Nernst signal was reported in CdsAs; [168], leading to a higher Nernst figure of
merit ZTy ~ 0.5 at room temperature in a relatively small field of 2 T. Wang et al. reported
amaximum ZT of 1.24 at 450 K in a magnetic field of 9 T in a study of Cd3As; single crystals
with various carrier concentrations [188]. Recently, a significantly large Nernst signal was
reported in WTe; with a maximum 7000 pV /K at 11.3K and 9 T [185]. The Ettingshausen
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signal reached up to 5 x 107> KA~!m at 23.1 K and 9T [185]. Earlier, Zhu et al. reported
a value of approx. 3800 uV/K at 3.66 Kand 17 T [189]. The theoretical calculations predicted
very good ZT values of 0.82 and 0.50 along the c direction for p-type NbP and NbAs,
respectively, at an optimal carrier concentration [190]. Earlier, for polycrystalline NbP [191],
an unsaturated value of the Nernst thermopower of approx. 90 uV/Kat 9 T and 136 K was
attained, which was comparable to the conventional S of the TE materials. Remarkably,
a large Nernst thermopower (617 uV/K at 14 T and 14 K) was achieved in polycrystalline
Mgz, 5 BioMng o5 [186]. The Nernst thermopowers at a given temperature and field of some
promising semimetals, such as the Dirac semimetal Cd3As; [168], Mgy.33Pb [176], type-II
Weyl semimetal WTe, [185,189], Pb1_«SnySe [181], NbP [190,191], (Zr, Hf)Tes [193-195],
TbPtBi [196], Mg3.sBiaMng 25[186], and YbMnSb, [198] are listed in Table 1.
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Figure 8. The schematic of the thermopower generation with (a) the Seebeck effect in normal
materials, (b) the Nernst effect in topological semimetals, and (c) the anomalous Nernst effect in
magnetic semimetals with a spontaneous magnetization M.

Table 1. Nernst thermopower reported for various semimetals at given temperatures and magnetic fields.

Semimetals Crystal Structure/ Temperature (K) and Nernst Thermopower References
Space Group Magnetic Field (Tesla T) (LV/K)
CdsAs; Pnma 250K,2T ~126 [168]
Mgy 33Pb Fm-3m 30K, 10T ~195 [176]
Pbg 7750 .235e Pm-3m 300K,75T 150 [181]
11.3K,9T 7000 [185]
WTe, Pnm?2
3.66K,17 T ~3800 [189]
Mgs .5 BiaMng.o25 Pm31 14K, 14T 617 [186]
(polycrystalline)
NbP 141md 109K,9T 800 [190]
NbP
(polycrystalline) I41md 136 K,9T 90 [191]
145K, 6T ~440
ZrTes Cmcem 110K, 14T 1350 [193,194]
HfTes Cmcem 100K, 4T 600 [195]
. 300K,135T 214
ToPtBi F-43m 150K, 135 T 251 [196]
YbMnSb, P4/nmm 120k, 14T 40 [198]

Another intriguing property that could lead to a large ZT in semimetals is the violation
of the WF law. The Lorenz ratio (L = x./0T) is the universal constant L = k./0 = 7%k*>/3¢?
for a given temperature where e is the charge of an electron. The figure of merit can
then be rewritten as ZT = S? /(L + ¢Txp). In semimetals, the electronic transport is due to
electron—-hole scattering, which leads to a more strongly relaxed thermal current than the
electrical current. Suppressing the energy distribution of the conduction electrons with
other carriers (holes) will decrease x, and, hence, decrease the ratio of x./0 [134]. Thus, L
decreases depending on the screening length of the Coulomb interaction. Takahashi et al.
studied the transport coefficients of semimetals considering the impurity, electron-hole,
and intra-band scatterings [133]. They showed that the TE coefficient of semimetals with
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electron-hole scattering contained contributions beyond the relaxation time approximation
in the transport theory, and S was largely enhanced.

The recently discovered topological ferromagnets (magnetic Weyl semimetals), such
as CopMnGa [199,200] and Co35n;S, [201-203], have shown good TE properties under
magnetic fields. These materials possess a large Berry curvature near er [204]. The materials
with large coercive fields (H.) are candidates for observation of the Nernst effect at a zero
field, since the remnant magnetization could work as an effective internal magnetic field.
Therefore, similar to ferromagnets, these materials would also display a transverse voltage
response under a thermal gradient, known as the anomalous Nernst effect (ANE) [205,206].
The schematic of the thermopower generation using the ANE is shown in Figure 8c. Single-
crystalline Co3Sn,S, exhibited a maximum anomalous Nernst thermopower value of
3 uV/K at 80 K at the zero field, which was not sufficient for application, but significantly
high considering its magnetic moment of only 0.89 up/f.u. [202]. New, hard, magnetic
topological materials with high Curie temperatures could suffice for this purpose. A room
temperature anomalous Nernst signal of 2.1 uV/K (300 K, 1.5 T) was recently reported in
Fe35n2 [207]

Another class of semimetals, known as topological nodal line semimetals (TNLSs),
have been predicted as potential TE materials [208]. The combined effect of highly dis-
persive Dirac bands and regular bands led to a tenfold increase in the PF. The Dirac
bands of YbMnSb, apparently provided a low resistivity along the direction in which
they were highly dispersive. On the other hand, the density of the states provided by
regular bands led to an S value exceeding 160 uV/K at 300 K. The asymmetry in the
electronic band structures of semimetals, such as the disparities in the band effective mass
and valley degeneracy between the conduction and valence bands, plus the accompany-
ing electron-to-hole weighted mobility ratio (asymmetry in electron and hole mobilities),
were responsible for their TE performance [209]. Such asymmetries were observed in vari-
ous semiconductors [210] and are expected to occur in additional semimetals, providing
a broad scope to establish high-performance quantum TE materials.

3.4. Nanowires of Topological Materials

It is expected that thin films and NWs of conventional TE materials will exhibit an im-
provement in their TE properties due to band structure manipulation. Xu et al. showed that
the surface-state transport could outweigh the bulk state and the ZT could be significantly
larger than the unity by optimizing the geometric size [142]. Their theoretical calculations
also showed that a large ZT could be achieved in a TI NW when the Fermi surface was near
the surface band gap [143]. A gap in the surface states could be opened when the thickness
of a 3D TINW is less than the penetration depth of the surface states [58,211,212]. The TE
transport parameters can be enhanced by these surface-state narrow gaps that are analo-
gous to the usual narrow gap semiconductors. These theoretical concepts can be verified by
conducting transport experiments on TI thin films and nanowires. However, BiyTes, BiySes,
and Sb,Tes with an increasing surface-to-volume ratio (i.e., reduced dimensions) have
shown poor TE properties due to the appearance of a more metallic character [213-215].

An anomalous sign of S was theoretically predicted [142] and then experimentally ob-
served [216] in (Bi;_,Sby),Tes thin films. Recent ab initio calculations claimed that ZT = 10
was achievable for single-layer TI ZrTes nanoribbons [134]. The dramatic difference in
the relaxation time between the backscattering-free in-gap topological edge states and the
bulk states introduced several unusual TE phenomena, particularly an anomalous Seebeck
effect [134,142,216] and a WF law violation [134,141]. Figure 9 shows the schematic dia-
grams of the (a) normal and (b) anomalous Seebeck effects. It can be seen from Equation (4)

that the reduced S (ek;ef) is proportional to the dimensionless differential conductivity

(DDC) (—%) Y (e), where the average is very close to er for metals and lead to an S

value that is smaller than the unity [134]. However, the anomalous Seebeck effect could be
realized as a result of the long relaxation time of the topological states (75 » T},) below the
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(a) Normal Seebeck Effect
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conduction band minimum (CBM). The much stronger scattering of the bulk-state carriers
than that of the surface-state carriers effectively work as a carrier energy filtering, leading to
a suppressed carrier transport around er. The computational work on six quintuple-layer
BiySes thin films [141] predicted a relaxation time in the order of hundreds of femtoseconds
for the topological surface states, which was two orders higher in magnitude than that of
the bulk states, which could then lead to a large anomalous Seebeck effect. On the other
hand, the WF law violation was also predicted since the law connects the heat and charge
transport of electrons in solids. Figure 9c shows a schematic for a normal metal DDC
profile. In TI nanostructures, the DDC profile could be severely distorted (Figure 9d) due
to the large difference in the carrier scattering intensity between the in-gap surface states
and the bulk states, leading to small value of x,. This can lead to a significant violation of
the WF law while maintaining a good TE performance through the in-gap surface states
carriers [134,141].

WF Law Violation
(d)

Figure 9. Schematics of (a) the reduced Seebeck coefficient in metals is less than unity because
average of dimensionless differential conductivity (DDC) is very close to e (normal Seebeck effect);
(b) the calculated relaxation time for the topological surface states (LLS), is two orders higher in
magnitude than that of the bulk states (SLS), leading to a large reduced Seebeck coefficient resulting
anomalous Seebeck effect; (c) the normal metal DDC profile; and (d) the severely distorted DDC
profile of TI nanostructures leads to large difference in the carrier scattering intensity between the LLS
and the SLS, causing WF Law violation. [reprinted from with permission from Ref. [134], Copyright
(2019), Elsevier].

The recent theoretical calculations proposed that thin films of TNLSs are promising TE
materials [217]. When they are close to ef, the drumhead surface states of these materials
result in a peculiar DOS structure, which can lead to a large and non-vanishing Seebeck
coefficient. Unlike typical semiconductors, the surface states are robust against a disorder
in the bulk, thus «x; can, in principle, be reduced without a significant loss in the PF.
A ZT greater than 13 for a five-layer film was reported, with the possibility of easily tuning
the chemical potential by applying a gate voltage to the film, so the maximum ZT may
be experimentally accessible. Furthermore, Ag,S was suggested as a candidate for the
realization of these theoretical predictions [217].

We can conclude from these sections on TI-based TE materials that, although the topo-
logical surface state-dominated TE transport properties are very challenging (for requiring
an ideal system with well-modulated er), the most recent experimental observations within
new classes of Tls are encouraging [185,186,189]. The improvement of the TE performance
requires a simultaneous enhancement of the PF and a reduction in ;. The calculations
showed that by introducing disorder and defects in quintuple layers of BiyTe; [218] and
controlling the geometric sizes in 2D TIs [144], the relative contributions of the electrons
and phonons can be tuned for their optimum TE properties. Topological semimetals with
a linear sharp-band dispersion could be excellent materials for achieving a high transverse
Nernst thermopower [185].
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4. Summary and Outlook

We presented a state-of-the-art quantum manipulation of thermoelectric (TE) materials
for their performance enhancement. A simultaneous enhancement of the TE power factor
and the suppression of the thermal conductivity can achieve competitive figures of merit
ZT. In this regard, high-entropy-alloy (HEA)-based TE materials and nanowires (NWs)
of TE materials have great potential to produce more efficient TE devices. The experi-
mental band engineering methods and quantum confinement of the carriers/phonons
have been instrumental for the NW TE performance. Considering the inherent challenges
associated with NWs, an impressive TE performance has been achieved so far. Similarly,
next-generation TE materials may be designed using HEAs, which can provide a method-
ological breakthrough for simultaneously employing band engineering methods alongside
various phonon scattering mechanisms. Despite the challenging synthesis parameters of
such materials, the extended solubility limit of elements provides a larger phase space for
compositional alteration, and thus TE performance optimization. It can also be concluded
that quantum materials, such as topological insulators (TIs) and their nanowires, can es-
tablish a solid foundation for revolutionizing TE research. Nontrivial topology materials
with topological indices higher than the unity can surpass ZT = 4. The ab initio calculations
showed that the Wiedemann-Franz law can be violated in topological semimetals and
TI nano ribbons and also that ZT = 10 is achievable for single-layer nanoribbons of TIs.
Topological semimetals with characteristics similar to that of WTe; (linear sharp-band dis-
persion) could be excellent materials for achieving a high transverse TE performance, and
further theoretical and experimental studies should be performed. Topological magnetic
semimetals, with asymmetry in the electronic band structures, provide a broad scope for
prospecting novel, high-performance quantum TE materials as well.

The outlook for the next years is quite promising since a large and active community of
researchers is currently involved worldwide. Breakthroughs in materials discovery/design,
novel emergent phenomena, and performance benchmarks are continuously being achieved.
For example, a giant ANE was found in the intermetallic compounds Fe3;Ga and FesAl
at room temperature [219]. The reported anomalous Nernst coefficients were as high as
~6 nV/K and ~4 uV /K, respectively, which are comparable to the topological magnetic
semimetal CopMnGa [199]. The ANE originates from the Berry curvature of the conduction
electrons near the er that may be designed using nodal points and lines in momentum
space. High-throughput computational research is now capable of helping to identify such
materials, which optimizes, accelerates, and reduces the costs of these advances. Recently,
Zhou et al. [220,221] found that an artificial hybridization of the Seebeck effect into the
anomalous Hall effect enabled a transverse thermopower generation in a closed circuit
comprising thermoelectric and magnetic materials. They demonstrated experimentally, us-
ing Cop,MnGa/Si hybrid materials, that the Seebeck-effect-driven transverse thermopower
could reach several orders of magnitude higher than the ANE-driven thermopower. Novel
approaches with magnetic materials are likely to become of great significance for heat-
driven electrical energy generation and spin caloritronics. Searching for materials near
room temperature remains of great interest for TE-driven cooling.

A great deal of synergetic theoretical and experimental research is still demanded to
achieve both a fundamental understanding and a high-performance of TE devices. The
energy materials research community looks forward to continued efforts to materialize
current claims and to break new ground in TE research with this promising class of
quantum materials.
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