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Abstract: In this paper, we introduce a comprehensive theoretical study to obtain an optimal highly
sensitive fluidic sensor based on the one-dimensional phononic crystal (PnC). The mainstay of this
study strongly depends on the high impedance mismatching due to the irregularity of the considered
quasi-periodic structure, which in turn can provide better performance compared to the periodic PnC
designs. In this regard, we performed the detection and monitoring of the different concentrations of
lead nitrate (Pb(NO3)2) and identified it as being a dangerous aqueous solution. Here, a defect layer
was introduced through the designed structure to be filled with the Pb(NO3)2 solution. Therefore, a
resonant mode was formed within the transmittance spectrum of the considered structure, which in
turn shifted due to the changes in the concentration of the detected analyte. The numerical findings
demonstrate the role of the different sequences such as Fibonacci, Octonacci, Thue–Morse, and double
period on the performance of the designed PhC detector. Meanwhile, the findings of this study show
that the double-period quasi-periodic sequence provides the best performance with a sensitivity of
502.6 Hz/ppm, a damping rate of 5.9× 10−5, a maximum quality factor of 8463.5, and a detection
limit of 2.45.

Keywords: quasi-periodic; phononic crystals; acoustic waves; sensors; heavy metal; resonance

1. Introduction

Artificial periodic structures, which demonstrate sound wave propagation, are referred
to as phononic crystals (PnCs). The phononic band gap (PnBG) is considered one of the
PnCs’ most remarkable features due to its ability to confine the propagation of sound waves
through the PnC structures [1,2]. The sustainability of these gaps is frequently investigated
by the mechanical properties of PnCs’ constituent materials [2]. It is worth noting that PhCs
have recently received significant attention due to their ability to control not only the sound
waves but also a broad band of mechanical waves ranging from audible frequency range
(i.e., 1–20 kHz) to THz frequencies [1–3]. Therefore, PnCs have a significant role in a variety
of engineering applications such as temperature sensors, seismic wave reflection, liquid
sensors, heat isolation systems, waveguides, acoustic cloaking, multiplexing systems, filters,
actuators, and acoustic metamaterials’ fabrication [4–6]. More specifically, acoustic sensors,
which incorporate PnCs, provide some innovative designs for detecting and differentiating
between the different chemical and biological components [4,7,8]. In this regard, Aly et al.
proposed a one-dimensional (1D) PnC structure for sensing and detection applications [9].
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Another PnC sensor was proposed by Zubtsov et al. to gauge a water/1-propanol solution’s
concentration [10]. Two weakly coupled point defects in a liquid–solid phononic crystal
were used for sensing liquid concentrations, and a specific example of methanol in ethanol
was examined [11]. Also, the detection of toxic gases based on some PnC designs has
also received considerable attention. For example, Shrouk et al. theoretically proposed
a defected PnC as a specific gas sensor, which was used to detect several toxic gases,
including CH4, O2, CO2, and NH3 [12]. Furthermore, Hadiseh et al. demonstrated the role
of some periodic and quasi-periodic PnC designs as gas sensors for monitoring NH3, CH4,
O2, and CO2 [13]. In addition, Mohamed A. Basyooni et al. conducted an experimental
study for monitoring CO2 concentrations based on nanostructured thin films [14].

Recently, many researchers have directed considerable attention toward the detection
of heavy metal concentrations in freshwater [15]. Notably, the density of heavy metals
is five times higher compared to freshwater. Unfortunately, these elements exhibit vari-
ous detrimental impacts on human health due to the toxicity that is associated with their
bulk density [16–18]. Thus, environmental concerns, as well as health concerns, have
lately increased due to hazardous environmental issues because of heavy metal contamina-
tion [19–21]. The Earth’s crust contains trace amounts of these naturally occurring metals.
Anthropogenic activities like mining, farming, smelting, and industrial processes are often
the source of human exposure [22–25]. After being discharged into the environment, heavy
metals can enter the human body through inhaling and ingestion. These metals may
accumulate in human tissues more quickly than the body can detoxicate them.

Lead and nitrite ions are combined to produce a dangerous chemical substance,
which is referred to as Pb(NO3)2 [26]. It can seriously jeopardize both human and animal
health. Pb(NO3)2 exposure may occur through skin contact, inhalation, or ingestion. Lead
as a dangerous heavy metal may accumulate throughout the body, leading to terrible
impacts on the nervous system, immune system, hematopoiesis, digestive system, kidneys,
reproduction, development, and cardiovascular. Also, carcinogenic compounds can be
produced via the reaction of nitrites with other molecules [20]. Pb(NO3)2 can also cause
learning impairments, behavioral issues, and reduced cognitive function, and it is extremely
harmful to the nervous system, especially in youngsters. Anemia, gastrointestinal diseases,
renal damage, and reproductive and cardiovascular problems could be due to Pb(NO3)2
exposure. To prevent lead nitrite poisoning, lead and its compounds must be strictly
managed to prevent environmental effects [27,28].

In the context of heavy metal detection, it is crucial to accurately and efficiently identify
such substances to prevent their harmful effects. Currently, many existing methods for
detecting heavy metals rely on nanoparticles and intricate designs. Recently, PnC structures
have been introduced to detect the concentrations of heavy metals. For example, PnCs have
been introduced as a demultiplexer for detecting CuSO4, MgSO4, and MnSO4 hazardous
heavy metals in water with concentrations more than 1% [10,29].

Notably, quasi-periodic structures lack translational symmetry and represent a specific
design that falls between periodic and aperiodic structures [30,31]. It displays a certain
form of spatial ordering. Different rules, like the Octonacci, double-period, Fibonacci,
Thue–Morse sequences, etc., can be used to create quasi-periodic structures [32,33].

Because these structures provide omnidirectional band gaps and large photonic and
phononic band gaps, they are more effective compared to the periodic designs. Since it is
easy to fabricate waveguides and cavities in photonic crystals, they are regarded as the
most optimum choice for tuning transmission modes [34]. Even when they are constructed
with smaller sizes, quasi-periodic structures offer a viable option to overcome the difficulty
of creating low-frequency PnBGs compared to periodic or defective structures [35].

Notably, 1D Fibonacci quasi-crystals are a popular type of quasi-crystal that offer an
extra degree of customization for photonic and phononic band gaps. The 1D Fibonacci
quasi-crystals are capable of producing some omnidirectional photonic band gaps. More-
over, the double-period sequence provides the best performance in detection compared to
its counterparts. In addition, quasi-periodic meta crystals are also promising for waveguide
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and cavity creation because of their isotropy and presumed defect insensitivity. Hybrid
structures, in which periodic and aperiodic structures are blended, are useful for fine-tuning
resonance transmission modes [36,37].

Therefore, this study introduces a straightforward and effective design for monitoring
and detecting Pb(NO3)2. This research explores various quasi-periodic sequences to de-
velop an ultrasensitive PnC sensor tailored for measuring heavy metals like Pb(NO3)2 in
low concentrations (i.e., at the ppm scale). The study examines the impact of concentration
on sensor performance and delves into optimizing the ideal quasi-crystal type.

In particular, the irregularities within quasi-periodic structures, stemming from varia-
tions in geometry, material composition, or boundary conditions, can lead to a pronounced
impact on the impedance mismatch compared to the periodic arrangements. The primary
objective of this research is to analyze the slight changes in liquid concentrations, particu-
larly focusing on damped forced responses and spectral assessments. By exploring various
sequences such as Fibonacci, Octonacci, Thue–Morse, and double period, acoustic trans-
mission spectra were graphed to identify the presence of hazardous Pb(NO3)2 solutions.
Through the utilization of the transfer matrix method (TMM) and MATLAB software, the
transmission spectra and numerous performance metrics were computed. The findings
indicate that the double-period quasi-periodic sequence exhibits the highest sensitivity
among the designs.

2. Theoretical Analysis and Design
2.1. Designing the Model

In this subsection, we introduce the designs of two different PnC structures based on
periodic and quasi-periodic arrangements to detect the low concentrations of Pb(NO3)2
heavy metals in water. PnBG and slow modes were utilized to establish the detection
protocols. The acoustic characteristics of the building materials are illustrated in Table 1.
The quasi-periodic design of the 1D PnCs was performed using several sequences like
Fibonacci, Octonacci, Thue–Morse, and double period; nevertheless, the periodic crystal’s
design reflects a regular change in the constructing layers’ sound speed and density. In
simple terms, periodic designs have a predictable and clear repetition, while quasi-periodic
designs feature a more complex and less predictable pattern of repetition. This design
is composed of multilayers, which are designed from epoxy mixed with lead (as seen in
Figure 1a). The analysis section presents an extensive overview of the stacking rules, which
were implemented to generate the quasi-periodic PnC structure. Through the utilization of
the different types of quasi-periodic PnC structures, this study investigates the propagation
of acoustic waves across these sequences to reach the optimal one to act as a heavy metal
sensor. The first formalization of our model design is based on the following factors:

1. The physical properties of lead and epoxy are different. This high acoustic mismatch
enhances the formation of a wide band gap, which in turn makes the location of
resonant modes easier to achieve.

2. The thickness of each unit cell is given by a = d1 + d2, where d1 is the thickness of the
first layer, and d2 is the thickness of the second layer.

3. A transducer to transmit the incident wave is shown on the left-side design in Figure 1,
and a detector is shown on the right side to record the acoustic signal.

4. The phononic crystal sensor can detect and measure the transmission spectra of the
incident wave by utilizing the crystal’s distinctive properties (such as the acoustic
properties listed in Table 1) that interact with the incoming wave. The data provided
in the first table have been reported in other references [38,39].

5. The phononic crystal sensor was analyzed through various steps, such as detecting
the transmission spectra of each proposed quasi-crystal filled with the analyte. This
step was performed to demonstrate the optimum design for achieving excellent
performance. Secondly, by utilizing band gap effects and analyzing the spectral
characteristics of each analyte concentration, the sensor could identify small changes in
heavy metal concentrations by examining the spectral components of the transmitted



Crystals 2024, 14, 925 4 of 17

wave. Lastly, the sensor’s performance was adjusted by computing metrics such
as sensitivity.

Table 1. Mass density and sound speed of the building materials used in the introduced PnC structure.

Material Mass Density ρ × 103 (kg m−3) Sound Speed c (m s−1) Thickness d (µm)

Lead 11.4 1960.12 0.5

Epoxy 1.18 2539.518 0.1

PbNo3 Concentration-dependent Concentration-dependent 0.1
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Figure 1. The proposed sensor’s schematic diagram using several quasi-periodic sequences:
(a) the Fibonacci sequence; (b) the Octonacci sequence; (c) the Thue–Morse sequence; (d) the double-
period sequence.

One of the earlier representations of an aperiodic chain is the Fibonacci sequence [40,41].
An experimental implementation of a Fibonacci structure is accomplished via positioning
A and B, i.e., the two building blocks, where the nth order of this sequence (Sn) is given by
a recursive formula as follows:

Sn = Sn−1Sn−2 (1)

where n ≥ 2.
In the above formula, S0 = B and S1 = A; therefore, the upcoming series is obtained

as S2 = AB, S3 = ABA, S4 = ABAAB, etc. Remarkably, it possesses an unchanged
characteristic under A→ AB and B→ A transformations. When a specific defect layer was
placed between two layers that possess a similar Fibonacci sequence pattern, an aqueous
sensor with a specified defective quasi-periodic PnC structure was produced (see Figure 1a).
After that, the proposed liquid sensor was contrasted with the quasi-periodic PnC structure
of S3 [(S3) (PbNo3 solution) (S3)]. A designated defect layer was thus included in the center
of this design, which would be filled with PbNo3 . Here, the lattice constant of every unit
cell length was obtained by a = d1 + d2, where the thickness of the lead and epoxy in the
first layer and the second layer were 0.5 µm and 0.1 µm, correspondingly.
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As shown in Figure 1b, one of the most important quasi-periodic sequences is the
Octonacci sequence [42], such that the nth order of this sequence (Sn) is given as follows:

Sn = Sn−1 Sn−2 Sn−1 (2)

where n ≥ 3.
To begin with, S1 = B and S2 = A; therefore, S3 = ABA and S4 = ABAAABA. An

aqueous sensor featuring a specific defective structure of quasi-periodic phononic crystals
(PnCs) was created by placing a defect layer between two identical designs that followed
similar Fibonacci sequence patterns. As a result, the S4 series was utilized to differentiate
between the two sequences, with the Octonacci sequence pattern depicted in Figure 1b.

Now, a discussion is provided on how the Sn quasi-periodic PnC structures were cre-
ated using the Thue–Morse sequence, as shown in Figure 1c. The Thue–Morse sequence is
assumed in various ways; however, it can be easily shown that they are interchangeable [43].
To put it simply, the recursive relations are as follows:

Sn = Sn−1S+
n−1 and S+

n = S+
n−1Sn−1 (for n ≥ 1) (3)

Here, S0 = A and S+
0 = B, which are used to deduce the Thue–Morse sequence, and by

utilizing the rules of addition A→ AB and B→ BA, this sequence can also be constructed
in another method. Accordingly, the generations of the Thue–Morse sequence are S0 = A,
S1 = AB, S2 = ABBA, S3 = ABBABAAB, and so on.

The last example illustrated here is a double-period sequence, which is classified as the
newest form of aperiodic chains. It was initially established in studies on laser applications
using nonlinear optical fibers as well as studies on dynamic systems [44]. The nth order of
this sequence is given as follows:

Sn = Sn−1S+
n−1 and S+

n = Sn−1 Sn−1 (for n ≥ 1) (4)

where S0 = A and S+
0 = B. This recursion relationship is slightly comparable to the Thue–

Morse instance. It remains invariant whenever A→ AB and B→ AA are used. Thus, the
generations of the double-period are S0 = A, S1 = AB, S2 = ABAA, S3= ABAAABAB, etc.

2.2. Acoustic Properties of Pb(NO3)2

Many previous studies have investigated the effects of changing Pb(NO3)2 concen-
trations on its acoustic characteristics, including sound speed and mass density [45–47].
Thus, the main relationship between the solution’s concentration and its acoustic properties
was ascertained by analyzing the collected data. The findings indicated that the mass
density of the solution increased linearly as the concentration of Pb(NO3)2 increased. This
is supported by the fitting of the data to the polynomial equation (Equation (5)) [45,47],
which is expressed as follows:

ρ

(
Kg
m3

)
= α + β× C (ppm) + γ× C2

(
ppm2

)
(5)

Here, ρ denotes the mass density, C is the concentration, and α and β and γ denote the
coefficients that result from this fitted relationship. Based on the calculations, the values
of α, β, and γ were found to be 997.54799, 8.2023 × 10−4 and 1.05846 × 10−9, respectively.
Equation (5) depicts a consistent nonlinear relationship, as demonstrated in Figure 2.
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This, in turn, indicates that the solution’s concentration is linearly associated with den-
sity, confirming that the number of dissolved solute molecules grows, which consequently
results in a greater mass per one-unit volume. The experimental data obtained regarding
the sound speed of Pb(NO3)2 were evaluated and fitted to a polynomial fitting equation,
which is illustrated in the following equation [45,47]:

v
( m

sec

)
= σ + ϵ× C (ppm) + δ× C2

(
ppm2

)
(6)

Here, v represents the Pb(NO3)2 speed of sound, C represents its concentration, and σ
and ϵ and δ represent the generated coefficients by the given fitted relationship and were
found to be 1498.00935, −1.88615 × 10−4, and 6.81655 × 10−11, respectively.

As shown in Figure 2, the sound velocity of Pb(NO3)2 increased as its concentration
decreased, which is consistent with the polynomial relationship described by Equation (6).
As displayed in Figure 2, the concentration of Pb(NO3)2 increased, while the sound velocity
decreased, leading to a polynomial fitting that corresponds to Equation (6). A variable-path
interferometer represents an experimental device, which was utilized to study ultrasonic
velocity as an indicator of lead nitrate aqueous solution’s concentration [48–50].

2.3. Theoretical Treatment

Over the last thirty years, the transfer matrix method (TMM) has been used as the most
preferred and efficient approach to theoretically understand the acoustic wave interaction
with the PnC structure. This study aimed to clarify the method used for assessing the
proposed structure’s transmission spectrum while interacting with acoustic waves [51,52].
The method used entailed subjecting a single 1D PnC unit cell to acoustic waves, (see
Figure 1) and computing a generalized equation for the whole framework. Acoustic wave
interaction could only occur through the provided x-axis, and every unit cell was composed
of two layers of lead–epoxy with d1 and d2 layer thicknesses. Thus, the normal incidence
ruling equation for the acoustic wave on the PnC structure is as follows:

∇2γ = Cj
−2

..
γ2 (7)

In the above, γ denotes the displacement potential; Ci =
√

λ+2µ
ρ indicates the acoustic

wave velocity in every layer, i.e., layers of lead and epoxy; λ and µ denote Lamé coefficients;
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and subscript j = 1, 2 denotes the PnC layer’s number. Therefore, Equation (7) can be solved
by using the following method:

γ = Xei(ωt−kjx) + Yei(ωt+kjx) (8)

In the above instance, i2 = −1; k j = ω
√

ρj

Cxxxj reflects the wave number in each single

layer; ρj symbolizes mass density; ω represents the angular frequency; and Cxxx
j is related to

the given elastic strength, which is unchanged for a particular distinct layer, i.e., j. X and Y
are two randomly independent coefficients. The stress components of the incident acoustic
wave along the dimensionless displacement, the stress-related elements that comprise the
incident acoustic wave, and the displacement are determined as follows [51–53]:

σx = λ

(
∂2γ

∂x2

)
+ 2µ

(
∂2γ

∂x2

)
(9)

vx =
∂γ

∂x
(10)

The two-state vectors, which describe the entire propagation of acoustic waves at the
layer’s right/left sides, i.e., the jth layer in the kth unit, are given in the following manner:

V(k)
jL =

{
σ
(k)
xjL, v(k)xjL

}
(11)

V(k)
jR =

{
σ
(k)
xjR, v(k)xjR

}
(12)

The subscripts R and L might symbolize the layer’s right side and its left side, that is,
the jth layer. Thus, the layer’s right/left state vectors as well as the jth layer in the stated
kth unit cell are determined as follows:

V(k)
jR = T′j V

(k)
jL (13)

where T′j refers to a 2 × 2 transfer matrix; the components constitute the following:

T′j(1, 1) = T′j(2, 2) =

[
exp

(
−iqLjxj

)
+ exp

(
iqLjxj

)]
2

(14)

T′j(1, 2) =
iqLj(λ + 2µ) ·

[
exp

(
iqLjxj

)
− exp

(
−iqLjxj

)]
2

(15)

T′j(2, 1) =
i
[
exp

(
iqLjxj

)
− exp

(
−iqLjxj

)]
2qLj(λ + 2µ)

(16)

where qLj= ω a
Clj

is a non-dimensional factor, and CLj is the speed of sound in each layer.

The correlation between the following consecutively state vectors in the specified kth,
as well as (k − 1)th unit cells, is determined with the following formula [53–55]:

V2R
(k) = TkV2R

(k−1) (17)

Thus, Tk is a predetermined transfer matrix that links two-unit cells; it is referred to as

Tk = T2T′1 (18)

Following that, the transmission coefficient’s incident acoustic waves using this PnC
structure are described as follows:

Ue

U0
=

2E0(T11T22 − T12T21)

E0(T11 − EeT21)− (T12 − EeT22)
(19)
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where E0 and Ee refer to Young’s moduli of the two semi-infinite solids at the left/right
structures, whereas Ue and U0 designate the incident and transmitted acoustic wave’s
amplitudes, with Tij determining the elements of the transfer matrix’s T = TnTn−1. . .Tk. . .T1.

3. Results and Discussion
3.1. Comparison Between the Acoustic Spectra of the Different Quasi-Periodic Sequences for
Pb(NO3)2 Solution

In this section, the transmission spectrum of different quasi-PnCs is studied and
calculated by utilizing a filled defect layer with the Pb(NO3)2 aqueous solution in between.
The relationship between the transmittance and the normalized frequency ( f ) is explored,
which is given by the following formula [56]:

f =
ω× a
2π C

(20)

where C is taken as the epoxy speed of sound, which is equivalent to 1160 m
sec . We presume

that the lead, epoxy, and Pb(NO3)2 defect layers’ thicknesses are d1 = 0.5× 10−6 m and
d2 = d f = 0.1× 10−6m, respectively. Figure 3 shows a comparative study of the trans-
mittance spectra of the proposed designed sensor using the four different quasi-periodic
patterns: Fibonacci, Octonacci, Thue–Morse, and double-period sequences. Figure 3a
describes the 1D Fibonacci PnC structure’s ([( S3) (Pb(NO3)2solution) (S3 )]) transmittance
spectrum at two different concentrations of Pb(NO3)2. At a zero concentration of Pb(NO3)2
through the defect layer, the figure shows the presence of a defect mode at a normalized
frequency of 1.71, which is equivalent to 3.3093 GHz. As the defect layer is filled with
the Pb(NO3)2 of concentration = 5000 ppm, the defect mode shifts to a new normalized
frequency = 1.71, which matches 3.30 GHz. Thus, changing the Pb(NO3)2 concentration
led to several changes in the defect layer’s acoustic properties (sound speed and density),
as indicated in Figure 2, which, in turn, led to a position shift in the generated defect
mode. Remarkably, this shift clarifies that the designed 1D Fibonacci PnC sensor provides a
comparatively higher sensitivity of 232 Hz/ppm. Regarding the 1D Octonacci PnC design
in Figure 3b, the transmittance spectrum exhibits a different response compared to that of
the Fibonacci one. Moreover, the transmissivity of the introduced resonant mode starts to
decrease. This response could be due to the change in the path length of the acoustic waves
due to the change in the geometry of the designed sensor. Meanwhile, the resonant mode
shifted from 3.315 GHz to 3.317 GHz due to the change in the Pb(NO3)2 concentration
through the given defect layer (0–5000 ppm), correspondingly. Therefore, the designed
sensor exhibited a sensitivity of 254.3 GHz/ppm. For the Thue–Morse and double-period
sequences, as shown in Figure 3c,d, respectively, the defect modes received new positions.
In addition, the full width of these modes provides relatively large values compared to
those of the Fibonacci and Octonacci sequences. However, the designed 1D Thue–Morse
PnC sensor exhibited a sensitivity of 232 Hz/ppm due to the shift in the frequency of the
resonant mode between 2.377 GHz and 2.378 GHz. In contrast, the 1D double-period PnC
design exhibited a comparatively higher sensitivity of 502.667 Hz/ppm because of the posi-
tion shift in the given defect mode (2.7815 GHz–2.7819 GHz). Consequently, the design for
the 1D PnC sensor in accordance with the double-period sequence represents the optimum
choice for the detection of Pb(NO3)2 and many other liquids. This quasi-periodic sequence,
therefore, exhibits a greater degree of autonomy and adaptability for the characteristics
of the proposed building structure. Additionally, the quasi-periodic designs allow for the
anticipation of the strong resonance modes, which disrupt the periodicity of the structure to
create resonance, and it is more sensitive than other sequences [57,58]. Thus, this sequence
was kept, and its performance analysis was calculated.
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Figure 3. (a) S3 Fibonacci sequence [( S3) (Pb(NO3)2solution) (S3 )]; (b) Octonacci sequence
[( S4) (Pb(NO3)2solution) (S4 )]; (c) Thue–Morse sequence [( S3) (Pb(NO3)2solution) (S3 )];
(d) double-period sequence [( S3) (Pb(NO3)2solution) (S3 )].

3.2. Multi-Concentration Effects of Pb(NO3)2 Aqueous Solution on the Double-Period S3
Quasi-Periodic Crystal

This section provides a detailed account of how the increasing concentration of
Pb(NO3)2 impacts the transmittance of the optimized 1D phononic crystal (PnC) sen-
sor. Figure 4 illustrates the resonance mode shift resulting from incremental concentrations
of the proposed analyte, ranging from 0 to 5000 ppm, including key concentrations like
1000 ppm, 2000 ppm, 3000 ppm, and 4000 ppm. The figure demonstrates a downward shift
in the resonant mode position toward lower normalized frequency values. Specifically,
the defect mode shifts from 2.780 GHz to 2.782 GHz. The analysis reveals that the higher
analyte concentrations induce notable changes in the acoustic properties of the defect
layer. Notably, Figure 2 showcases a substantial decrease in density with rising analyte
concentrations, while the sound speed experiences increments. The sensor’s sensitivity
increased from 5255.18 Hz/ppm to 6689.33 Hz/ppm as the analyte concentration increased
from 0 ppm to 5000 ppm.
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3.3. Sensor Performance Analysis

Finally, this subsection discusses the performance of the 1D double-period PnC sensor
considered in this study. The S3 double-period quasi-periodic structure showed great
sensitivity, which can be the most effective PbNO3 sensor framework based on previous
studies. Meanwhile, some key parameters closely related to establishing how effectively
the suggested sensor works were utilized to analyze the sensing tool’s effectiveness in this
study. These factors were QF for the quality factor, FOM for the figure of merit, and S for
sensitivity. The defect mode properties can considerably influence these parameters and
the sensor’s performance. The position shift in the given resonant mode in response to the
concentration variations describes the sensor’s sensitivity as follows [59,60]:

S = ∆ f /∆x (21)

Therefore, the value of the variable ∆x signifies an alteration in the concentration of
the utilized analyte (PbNO3), whereas ∆ f indicates the resonant peak or the designated
frequency at varying concentrations. The quality factor (QF), a computed performance
measurement, is contingent upon the exact position of the resonance peak [59,60] and is
determined as follows:

QF = fr/ fHBW (22)

where fHBW symbolizes the frequency at half-bandwidth of the resonant peak, and fr
corresponds to the frequency at which it resonates. The intense resonant peaks that
demonstrate the high-quality factor therefore enhanced the resolution of that resonant
frequency. The figure of merit (FOM) parameter shows the sensor’s capability of monitoring
any resonant frequency changes with high precision and efficiency [61,62] and is determined
as follows:

FOM = S/ fHBW (23)

Due to the inverse relationship between the FOM and the frequency at the resonant
peak’s half-bandwidth, the decreased frequency at the resonant peak’s half-bandwidth
resulted in increased FOM. Then, the smallest possible level of concentration or quantity
of a material consistently identified through a specific analytic technique is referred to as
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the limit of detection (LOD). The sensor’s effectiveness is enhanced with a reduced limit of
detection, enabling it to identify extremely low levels [63–65].

LOD = 0.05/FOM (24)

The damping rate, i.e., the most significant indication of efficiency, measures how
sound waves diminish within the planned PnCs, adhering to a specific structural disrup-
tion, in addition to regulating the extent of the sharpness of the resonance-transmitted
peaks [66–69].

ζ = 0.5/QF (25)

By studying the FOM, QF, and the damping rate ( ζ), the results, in general, show that
the S3 double-period quasi-periodic structure symbolizes an effective sensor framework for
detecting the solution of lead nitrate(PbNO3), displaying greater performance and sensi-
tivity. The fabrication of highly sensitive and precise sensing devices may be considerably
influenced by these findings.

Analysis of the Performance of the PbNO3 Sensor

Figure 5a exhibits the effect of the concentration variation on the PbNO3 solution
liquid sensor’s resonance peaks, affecting its sensitivity. As is observed, the resonant modes
change linearly relative to higher frequencies as the concentration of the solution of PbNO3
is higher, which in turn enhances the sensor’s sensitivity. As a result, as shown in Figure 5a,
the recommended PnC sensor design can provide excellent sensitivity and performance
rates at varying concentrations ranging from 0 ppm to 5000 ppm. Whenever the concen-
trations fluctuated between 0 ppm to 5000 ppm, the design that had been implemented
yielded a significantly greater sensitivity (6689.33 Hz/ppm) for the selected quasi-periodic
structure. However, the results revealed a gradual decline while sensitivity increased
to 5255.18 Hz/ppm for the given quasi-periodic structures at 5000 ppm. Consequently,
when contrasted with earlier sensors or designs, the sensitivity of the suggested design
is promising.
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Figure 5b shows how the QF of the proposed design is affected by the rate of damping
of the sound waves. Therefore, it demonstrates that when the PbNo3 solution concentration
was 0 ppm, and the damping rate was at its lowest level of 5.9× 10−5, the greatest QF value
of 8463.5 was obtained. On the other hand, the highest rate of damping of 5.9× 10−5, and its
smallest QF value of 8462.7 was found at 5000 ppm of PbNO3 concentration. The QF, whose
value varied from 8463.508529 to 8462.7, was extremely high considering the difference in
the concentrations of the analyte. Therefore, all the resonant peaks demonstrated a sharp
appearance, incorporating the resolution of frequencies of the newly developed sensing tool.
The inverse correlation between the damping rate and the quality factor is demonstrated.
Lower damping rates led to a lower full width at half-maximum and higher values of QF.
Low damping rates, however, can be a disadvantage since they suggest that the structure is
not capable of absorbing the incoming sound waves as it should be. The recommended
PnC sensor construction differs in several ways in comparison to the 1D PnC generations,
which have been explored in previous investigations [70,71]. The sensor investigated in [70]
performed satisfactorily regardless of the concentrations of NaI–water. In this instance, the
sensor’s sensitivity for a concentration that ranged from 6% to 7% was 1714 Hz, with a
quality factor of 1401 and a FOM of 28. The sensor investigated in [71] exhibited impressive
sensitivity, reaching a value of 1275 Hz. As a result, the FOM could increase to 910. The
sensor was developed into a four-channel demultiplexer that was adjustable and capable
of separating nearby frequencies, each of which is related to the concentration of PbNO3
solution. Based on the findings, it may be claimed that the presented PnC sensor design
is a very attractive option, which can be used for extremely sensitive and reliable sensing
applications. This can be attributed to its sharp resonant peaks and high QF, as well
as the FOM and the LOD of the recommended PnC PbNO3 solution liquid sensor. The
relationship between the PbNO3 solution concentrations and the estimated sensor’s limit
for detection can be observed in Figure 5c. The results demonstrated that the detection limit
dropped from 2.456647399 to 3.127069384 as the PbNO3 solution concentration increased
from 0 to 5000 ppm. When measured against different liquid sensor designs of comparable
shapes and dimensions, the obtained values were deemed to be suitable. Additionally, the
FOM of the sensor was investigated, and the findings revealed a decline in FOM with a
rise in the PbNO3 concentration. The FOM values varied when the analyte concentration
increased from 0 ppm to 5000 ppm, with values ranging from 0.01 to 0.02.

To summarize, Table 2 provides a comparison between the constructed sensors in this
study with similar sensing tools. This study is a comprehensive survey of 1D PnC sensors
and provides different PnC structures based on quasi-period sequences. As illustrated in
Table 2, the proposed sensor in this study has a very high sensitivity in comparison with
similar sensors, making it an efficient sensing tool for the PbNO3 aqueous solution and
other fluidic solutions.
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Table 2. Comparison between the results obtained in this study and previous sensors.

Type of Sensor Sensing
Material

Figure of
Merit Sensitivity Reference

Three-dimensional sensor for the phononic crystal fluidic
sensing tool. NaCl _ (Experimentally)

1.4 ×103 Hz [69]

Two-dimensional biosensor for the detection of NaI based
on the phononic crystal. NaI–water 28 1833 Hz [70]

A liquid sensor is used as a DE multiplexing wave in a
two-dimensional biosensor based on the phononic crystal. Vinegar 910 1275 Hz [71]

One-dimensional glycine sensor based on the
phononic crystal. Glycine 4.2 969, 973 Hz [62]

This research Lead nitrate
Pb(NO3)2

0.020352941 5255.19:6689.33 Hz/ppm

3.4. Comparison with Previous Sensors

Finally, in this section, we compare the most important performance parameters that
determine the sensitivity and figure of merit of the proposed sensor. A comparison of the
parameters obtained in this study with those of previous studies is presented in Table 2.
Abdulkarem et al. thoroughly explored the utilization of periodic and quasi-periodic
one-dimensional (1D)-layered phononic crystals (PnCs) as highly sensitive biosensors for
detecting and monitoring sodium iodide (NaI) solution. Our research exceeds this study in
both the quality factor and detection limit values. Specifically, it revealed a quality factor of
8463.5 with a lower damping rate, underscoring the superior performance of the proposed
sensor compared to the one presented in this study, which has a quality factor of 6947 and
a higher damping rate [39].

Abdulkarem et al. used two PnC designs (periodic and quasi-periodic) to detect CO2
pollution in the surrounding air across a wide range of concentrations (0–100%). Our
research surpasses this study in the quality factor, demonstrating a superior quality factor
of 8463.5. This highlights the significance of the proposed sensor compared to the sensor in
this study, which has a lower quality factor of 280 [68].

3.5. Losses and Damping of the Proposed Sensor

Firstly, we will discuss “the reason for transmission coefficients below 1 at resonance”.
Physically, as is well known, resonance peaks and band gaps result mainly from Bragg’s
law; this is the governing rule in all band gap materials, as constructive interference results
in the formation of stop bands, and destructive interference results in the formation of
passbands. Some resonant peaks or dips may appear due to the high confinement of waves
through specific cavities or defects. These peaks are sometimes called slow modes or
modes with low group velocity; see our previous paper in [71]. These modes physically
result from the coupling between the high resonance in liquid (water in this study) and
evanescent modes in solid materials (Pb and epoxy in this study). Therefore, these peaks
are confined to specific frequency and transmission values. This transmission intensity or
position is determined based on the properties of the analyte material and surrounding
materials. In this regard, acoustic mismatch and acoustic impedance (z = ρv) between
the building materials represent a key factor in Bragg’s law and band formation as each
analyte’s building blocks involving peaks with specific intensity and position are based
on acoustic impedance; indeed, this peak formation is a common result that may even
indicate the presence of losses and attenuation. Surely, losses may affect the position and
more especially the peak intensity. This effect appears clearly in low-dimension structures
(100 nm or smaller) [72]. Based on this view, in our paper, as seen in Figure 4, all peaks had
high intensity (higher than 70%), and their intensities did not differ greatly with changes in
heavy metal concentrations (as the variation is in the ppm scale). Finally, in some designs,
when stacking materials with a higher mismatch (like Pb or silicone and rubber) and other
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liquids, the resonant peaks are confined to values with greater intensity than those reported
in this design for filtering purposes; see reference [13].

Generally, for a compressible Newtonian fluid, the effect of viscosity on wave propa-
gation through a liquid medium is described based on Navier–Stokes equations, which is
given as follows [73,74]:

iωρliqv = −∇p +∇.
(

µ
[
∇v + (∇v)T

]
−

[
2
3

µ− µB

]
[∇.v]

←→
I With v =

j
ωρliq

∇p (26)

where v is the sound speed, and µ and µB are the shear and bulk viscosity, respectively. P is
the acoustic pressure. In the above equations, the thermal effects are ignored as well. In the
current design, all solutions in the defect layer were only water, and there were no changes
in concentration at high levels (%) or type (like honey, milk, or highly viscous liquid).
Therefore, if we assume that the viscosity affects the intensity of the resonance peak, and
hence this intensity decreases, in all cases, the peak intensity does not decrease to a dramatic
value that may change or affect the idea of our paper, as confirmed in reference [72]. In
addition to that, in all heavy metal concentrations, the peak intensity was the same as no
liquid or another type was used in the defect layer, and surely our case here is a special case
for heavy metals in ppm levels specifically. Lastly, concerning changes in the sound speed
with frequency, many previous studies have proved that elastic parameters are stable with
frequency at higher frequencies [73,74]. In this design, we proposed the application of the
GHz regime.

4. Conclusions

The objective of this research was to evaluate the effectiveness of fluidic and aqueous
solutions. Specifically, the lead nitrate Pb(NO3)2 aqueous solution, classified as a fluidic
material, was examined across concentrations ranging from 0 ppm to 5000 ppm. The
core of the detection method relies on tracking the shift in the position of transmitted
resonant peaks within the phononic band gaps. The double-period, Fibonacci, Octonacci,
and Thue–Morse sequences were investigated to obtain the optimal performance of the
sensor. Thus, the findings demonstrated that the double-period PnC, particularly the S3
sequence, represents the most sensitive quasi-periodic sequence. According to the results,
the S3 quasi-periodic PnC structure showed a considerable sensitivity of approximately
502.66 Hz/ppm, which is the highest obtained sensitivity for heavy metal solutions and
biomaterials in a PnC framework. The constructed sensor demonstrated a high-quality
factor (QF) of 8463.508, a figure of merit (FOM) of 2.45, and a damping rate at the lowest
feasible level of 5.9× 10−5. The transfer matrix technique (TMM) was used to theoretically
predict the transmission spectrum of the proposed sequences. The results demonstrate a
simple biosensor design for detecting different liquids and biofluids. The built-in simplicity,
affordability, and the use of easily obtained components are the primary advantages of the
proposed PnC sensor in this study.
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