
Citation: Cheng, J.; Liang, S.; Chu, Y.

Thermal Regulation of the Acoustic

Bandgap in Pentamode Metamaterials.

Crystals 2024, 14, 992. https://

doi.org/10.3390/cryst14110992

Academic Editor: Luis M.

Garcia-Raffi

Received: 23 October 2024

Revised: 15 November 2024

Accepted: 15 November 2024

Published: 17 November 2024

Copyright: © 2024 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

Article

Thermal Regulation of the Acoustic Bandgap in
Pentamode Metamaterials
Jing Cheng 1, Shujun Liang 2 and Yangyang Chu 2,*

1 Engineering Training Center, Zhengzhou University of Light Industry, Zhengzhou 450001, China;
2019069@zzuli.edu.cn

2 College of Software Engineering, Zhengzhou University of Light Industry, Zhengzhou 450001, China;
liangsj@zzuli.edu.cn

* Correspondence: chuyang@zzuli.edu.cn

Abstract: This study used the finite element method to investigate the acoustic bandgap (ABG)
characteristics of three-dimensional pentamode metamaterial (PM) structures under the thermal
environment, and a method for controlling the PM ABG based on external temperature variation
is also proposed. The results indicate that the complete acoustic bandgap can be obtained for a PM
in the thermal environment, which makes the PM combine the bandgap characteristics of phononic
crystals. More than that, the bandwidth and locations of ABGs can be effectively manipulated by
controlling the temperature. Considering the softening effect of thermal stresses, the ABG gradually
moves to lower frequencies as the temperature increases. Based on this, different degrees of ABG
tunability can be achieved by changing the thermal environment to propagate or suppress acoustic
waves of different frequencies. This work provides the possibility for PMs to realize intelligent
regulation of the bandgap.

Keywords: acoustic bandgap; petamode metamaterial; thermal environment; bandwidth

1. Introduction

Phononic crystals are artificial periodic composite materials or structures with the
unique property of prohibiting the propagation of elastic waves within certain frequency
ranges [1,2]. Furthermore, if the unit configuration of phononic crystals is designed to the
sub-wavelength scale through artificial microstructure design, the propagation of elastic
waves can be modulated through the local resonance effect, which is accompanied by
some novel effects that natural materials do not possess; this kind of structural material
is referred to as acoustic metamaterials. Due to its unique physical properties, it has
promising applications in the fields of acoustic absorption [3,4], sound stealth [5,6], acoustic
communication [7], and other fields.

PM is a novel acoustic/elastic metamaterial structure suggested by Milton and
Cherkaev [8], which is gradually becoming known by its solid structural features and
fluid properties. PMs have advantages such as broadband effectiveness, solid mor-
phology, and diverse selection of matrix media, and the effective parameters of PMs
depend on their substrate parameters and microstructure geometry, which can be ad-
justed simultaneously or independently to change their effective parameters. Therefore,
the equivalent parameters of a PM can be changed by designing the microstructure
and changing the size or shape of the microstructure. Norris [9] theoretically analyzed
the feasibility of PMs for acoustic cloaks. Chen [10] designed an aluminum-based PM
acoustic metasurface invisibility cloak using a hierarchical optimization algorithm and
performed acoustic–solid coupling numerical simulations of the microstructure, which
confirmed its broad low-frequency acoustic stealth performance. The conventional PM
is a diamond-type structure consisting of 16 double-cone elements, which exhibit good
symmetry. Such PM structures have only single-mode regions where compression waves
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are propagated and shear waves are suppressed, and there is no complete acoustic
bandgap. In previous studies of phononic crystals, the degeneracy of energy bands
at high symmetry points in the Brillouin region could be removed by reducing lattice
symmetry [11]. Wang et al. [12] broke the symmetry of the structure by introducing
geometrical perturbations in a PM, and a complete phonon bandgap was obtained in
addition to the single-mode frequency region. In this way, such PMs not only have an
anisotropic elastic modulus but also possess the bandgap characteristics of phononic
crystals. Based on the principle of local resonance, a PM composed of composite materi-
als was proposed and investigated [13], which offers the possibility for PMs to be used
for low-frequency acoustic wave modulation. Zou et al. [14] proposed several novel
curved PMs by modifying the straight sides of conventional PMs with curves and fur-
ther improved the bandgap characteristics of the proposed PM through multi-objective
optimization research. Zhao et al. [15] designed a unique underwater multiphase mi-
crostructure that can simultaneously operate the wavefront and sound absorption, which
can significantly improve acoustic stealth capability.

Previous studies obtained the complete phonon bandgap by introducing structural
perturbations into the PM structure to break the symmetry of the original structure and then
widening and changing the complete phonon bandgap by increasing the asymmetry [16].
But for a given PM structure, once the structure is molded, its acoustic properties are
virtually unchangeable. Moreover, how to obtain a complete phonon bandgap without
changing the PM structure and effectively regulating it has not been studied yet. In
addition, it is worth mentioning that PM structures are used in thermal environments
taking into account the thermal effect, which changes the elastic constants of the materials,
causes thermal deformation of the structure, and generates thermal stresses, bringing
unprecedented challenges to the study of vibration and noise reduction control methods in
thermal environments.

To obtain tunable bandgap structures, many smart materials such as piezoelectric [17–19],
contact [20], conformationally altered [21], flexural [22,23], and thermal [24–27] constituting
acoustic metamaterials have gained the attention of many scholars at home and abroad.
Therefore, with the idea of intelligent materials, the bandgap characteristics of PMs can be
adjusted by temperature change, thus providing the possibility of bandgap tunability of PMs
without changing the structure.

This article aims to utilize the thermal environment to obtain and manipulate the
bandgap in PM structures. The main reasons for the generation of bandgap are discussed.
Considering the softening effect of thermal stresses, the bandgap properties of the lattice
structure at different temperatures are calculated by the finite element method. Changing
the thermal environment to propagate or inhibit the sound waves of different frequencies
provides some references for the acoustic modulation of PM structures and the intelligent
control of bandgaps.

2. Band Structure of a PM in the Thermal Environment

In this paper, a composite PM (CPM) structure based on the PM structure proposed by
Kadic [28] is considered to study its effect on the band structure in the thermal environment.
The CPM structure is composed of 16 double-cone elements, each pair of cones being
interconnected by a wide diameter D to constitute a double-cone unit. The double-cone
units are interconnected by contacts at their narrow diameters d, forming a face-centered
cubic structure with lattice constant a, as illustrated in Figure 1. The height of a double-cone
unit can be expressed as H =

√
3a/4. In this paper, the structural parameters are fixed as

a = 37.3 mm, D = 3 mm, d = 0.55 mm, and h = 0.04H. The PM structure consists of two
different materials: aluminum (gray area) and silicone rubber (black area). The material
parameters used in this paper are shown in Table 1. Since aluminum is a temperature-
dependent material, its parametric model can be expressed as [29]:

P = P0

(
P−1T−1 + 1 + P1T + P2T2 + P3T3

)
(1)
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with a degree of freedom of 187,341, a maximum cell growth rate of 1.5, a curvature reso-
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the calculation results. By scanning the wave vector k along the first irreducible Brillouin 
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Table 1. Material parameters of the PM. 

Material 
Yong’s Modulus, E 

(Pa) 
Mass Density, ρ 

(kg/m3) Poissom’s Ration, ν 
Thermal Expansion 
Coefficient, α (1/K) 

Aluminum E1 2730 0.352 α1 
Silicon rubber 1.37 × 105 1300 0.464 5.9 × 10−4 

Table 2. Aluminum material characteristic coefficients with temperature. 

Material P−1 P0 P1 P2 P3 
E (Gpa) 0 200 −4.5853 × 10−3 1.0498 × 10−5 −8.3375 × 10−9 
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The band structure of the PM at 40 °C was calculated, as illustrated in Figure 2b. For 
comparison, the PM at room temperature (i.e., 20 °C, with no temperature field applied) was 
also calculated, as demonstrated in Figure 2a. Only the first 20 orders of dispersion curves are 
plotted. It is observed that at room temperature, only the single-mode frequency region of the 
PM exists and there is no complete acoustic bandgap that can suppress all acoustic wave trans-
mission. As illustrated in Figure 2b, the band structure of the PM is relatively compressed in 
the thermal environment compared to the room environment. In addition, a complete acoustic 
bandgap (light yellow region) is obtained in the frequency range from 861.9 to 1113.0 Hz, in 
which all acoustic waves can be isolated. Thus, by varying the temperature, it has not only the 
single-mode bandgap characteristics but also the low-frequency ABG properties of locally res-
onant phononic crystals. In the range of single-mode bandgaps, the PM has fluid properties. 
In thermal environments, all acoustic waves cannot be transmitted over the complete ABG, 
and the PM has acoustic isolation properties. 

Figure 1. Schematic illustration of the PM structure.

Table 1. Material parameters of the PM.

Material Yong’s Modulus, E (Pa) Mass Density, ρ
(kg/m3) Poissom’s Ration, ν Thermal Expansion

Coefficient, α (1/K)

Aluminum E1 2730 0.352 α1
Silicon rubber 1.37 × 105 1300 0.464 5.9 × 10−4

Table 2 lists P0, P−1, P1, P2, and P3 for the temperature coefficients, and T (K) is the
temperature field. The temperatures considered for the calculations in this paper are not
high, so the other material parameters are set as constants during the calculations.

Table 2. Aluminum material characteristic coefficients with temperature.

Material P−1 P0 P1 P2 P3

E (Gpa) 0 200 −4.5853 × 10−3 1.0498 × 10−5 −8.3375 × 10−9

A (1/K) 0 15.416 × 10−6 1.6175 × 10−3 −4.5283 × 10−7 0

Using 3D CAD software to establish a coordinate system with the center of the face-
centered cubic lattice as the coordinate origin, the single-cell model was constructed based
on the above geometric parameters. Then, the band structure of the PM was numerically
analyzed using the finite element method. The model was established, and Bloch periodic
boundary conditions were applied. A free tetrahedral mesh to partition the primitive
cells, with a degree of freedom of 187,341, a maximum cell growth rate of 1.5, a curvature
resolution of 0.6, and a narrow region resolution of 0.5, was used to ensure the convergence
of the calculation results. By scanning the wave vector k along the first irreducible Bril-
louin zone high symmetry point (ΓXWLΓK) to solve the elastic dynamics equation, the
eigenfrequencies were calculated.

The band structure of the PM at 40 ◦C was calculated, as illustrated in Figure 2b. For
comparison, the PM at room temperature (i.e., 20 ◦C, with no temperature field applied)
was also calculated, as demonstrated in Figure 2a. Only the first 20 orders of dispersion
curves are plotted. It is observed that at room temperature, only the single-mode frequency
region of the PM exists and there is no complete acoustic bandgap that can suppress all
acoustic wave transmission. As illustrated in Figure 2b, the band structure of the PM is
relatively compressed in the thermal environment compared to the room environment. In
addition, a complete acoustic bandgap (light yellow region) is obtained in the frequency
range from 861.9 to 1113.0 Hz, in which all acoustic waves can be isolated. Thus, by
varying the temperature, it has not only the single-mode bandgap characteristics but also
the low-frequency ABG properties of locally resonant phononic crystals. In the range
of single-mode bandgaps, the PM has fluid properties. In thermal environments, all
acoustic waves cannot be transmitted over the complete ABG, and the PM has acoustic
isolation properties.
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It is clear from the figure that a complete acoustic bandgap appears when only thermal 
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3b. However, the coupling is of limited significance, probably due to the small change in 
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stress plays a major role in influencing the band structure as a key factor in the generation 
of bandgaps when temperature is not too high. 
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Figure 2. The band structure of the PM at (a) room temperature and (b) at 40 ◦C.

3. Analysis of Factors Affecting Bandgap Generation

Then, the reasons why the PM obtains a complete acoustic bandgap in the thermal
environment were analyzed. For elastic structures, each part of the elastomer in the thermal
environment generally expands with increasing temperature. In addition, the thermal
environment can change the material properties of the structure and can also cause thermal
deformation of the structure, resulting in thermal stresses. Therefore, the effect of combined
thermal stress and temperature-dependent material properties on the band structure of
the PM was explored. The band structure was investigated separately for three different
cases, i.e., at room temperature, considering only thermal stresses, and the coupling effect
of thermal stresses with temperature-dependent material, as shown in Figure 3. The band
structure of PM at 40 ◦C is very different from that at room temperature. It is clear from the
figure that a complete acoustic bandgap appears when only thermal stresses are considered.
Moreover, the influence of coupling effects slightly reduces the frequency values compared
to considering only thermal stress effects, as shown in Figure 3b. However, the coupling
is of limited significance, probably due to the small change in the elastic modulus of
aluminum as the temperature rises to 40 ◦C. Therefore, thermal stress plays a major role
in influencing the band structure as a key factor in the generation of bandgaps when
temperature is not too high.
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Figure 3. The band structure of the PM is affected by different factors. (a) Band structures. (b) Local-
ized diagrams of the two bands. The red curve indicates the bandgap structure at room temperature.
Pink dotted lines indicate that only thermal stresses are affected at 40 ◦C. The blue dotted line
indicates the influence of both thermal stresses and thermally variable materials at 40 ◦C.

4. Bandgap Manipulation by the Thermal Environment
4.1. Distribution of Thermal Stresses in the PM

Thermal stress is the main factor affecting the band structure, and its distribution in the
PM structure was further analyzed. When the temperature changes, the PM is subjected to
external confinement effects and mutual restraining effects between the internal constituent
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structures, expansion cannot occur freely, and thermal stresses will be generated. Figure 4
shows the thermal stress distribution of the PM at 40 ◦C. It can be observed that the normal
stress in the x-direction is much greater than the shear stress component. The fact that
silicone rubber is softer and less stiff than aluminum material prevents the expansion of
the aluminum from being hindered, resulting in normal stresses concentrated mainly in
the aluminum structure. However, the shear stresses arise mainly at the interface between
them due to the mismatch in their thermal expansion, whereas the shear component of the
thermal stresses is zero in a homogeneous isotropic material.
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Figure 4. The thermal stress distribution of the PM in 40 ◦C. Unit: N/m2. (a) Normal thermal stresses
in the x-direction. (b) Shear thermal stresses.

4.2. Effect of Thermal Stress on the Band Structure

Figure 5 illustrates the band structure of the PM subjected to thermal stress at different
temperatures, and the three colored curves in the figure are the band structures in different
thermal environments. It can be easily seen that there is a complete acoustic bandgap
in the band structure, and all the band curves show a downward trend with increasing
temperature. According to the stress distribution in Figure 4, the normal thermal stress is
negative, while the shear thermal stress has not only positive but also negative values, but
its magnitude is much smaller than the normal thermal stress. This will reduce the stiffness
of the PM structure, causing the band curve to shift towards low frequencies. The bandgap
frequency range varied from 935.9–1190.3 Hz (30 ◦C) to 775.7–1027.4 Hz at 50 ◦C. Thus,
thermal stresses can modulate the ABG.
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From the vibration theory, the modal parameters of the PM can be obtained with the
below formula. (

K − ω2M
)

U = 0 (2)
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where K is the total structural stiffness matrix, M is the mass matrix, and U is the vibration
mode vector. When the PM structure is in a thermal environment, the variation in the
mass matrix M is ignored, while the influence of thermal stresses induced by the thermal
environment on the stiffness matrix needs to be considered. Therefore, the total stiffness
matrix K of the PM under thermal environment conditions can be written as:

K = KT + Kσ (3)

where KT is the structural stiffness matrix and Kσ is the thermal stress stiffness matrix.
In Equation (3), matrix KT is associated with the physical properties of the PM. The

thermal stress stiffness matrix Kσ has a close relationship with the thermal stress form in
the PM. When the thermal stress Kσ is positive, the natural frequency of the structure tends
to increase, and, on the contrary, the intrinsic frequency moves to lower frequencies.

From Figure 4a, it can be seen that the thermal stress at 40 ◦C is negative and hence
the eigenfrequency converges to decrease, which is in accordance with the trend of the
bandgap structure with temperature in Figure 5. Therefore, the bandgap structure of the
PM can be effectively regulated by temperature.

It is noteworthy that in Figures 2b, 3a and 5, zero-frequency bands appear in the
low-frequency bands as thermal stress is applied. This is because the structural stiffness of
the PM is less than the additional negative thermal stress stiffness under the wave vector
condition in the central Brillouin zone, resulting in the stiffness matrix becoming indefinite.
In addition, the corresponding imaginary frequencies also appear in the zero-frequency
bands. Figure 6 depicts the band structure of the imaginary frequency and real wave
number at different temperatures. As the temperature increases, the amplitude of the
imaginary frequency increases. Usually free-wave transmission is considered only when
the wave vector is real, and the occurrence of imaginary frequencies may be related to
the attenuation of free fluctuations [30]. In addition, reference [31] shows that a larger
imaginary frequency amplitude implies a larger free fluctuation attenuation and narrower
bandgap, which is consistent with the research conclusion of this paper.
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4.3. The Bandgap Manipulation by the Thermal Environment

Then, the thermal environment effect on the ABG characteristics of PM was investigated.
Figure 7 displays the variation in the ABG with temperature. The calculations show that both
the upper and lower bound frequencies of the ABG drift to lower frequencies as tempera-
ture increases. The frequency range of the bandgap decreases from 972.6 Hz–1236.8 Hz to
253.5 Hz–384.4 Hz as the temperature increases from 25 ◦C to 80 ◦C.
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In addition, Figure 7 shows the variation in the bandgap width with temperature. The
bandwidth gradually decreases from 264.2 Hz to 130.9 Hz as the temperature changes from
25 ◦C to 80 ◦C. It should be notable that the ABG is more insensitive to temperature at
higher frequencies, and it disappears at 82 ◦C. The bandwidth decreases slightly as the
temperature increases from 25 ◦C to 75 ◦C. However, as the temperature rises from 75 ◦C
to 82 ◦C, the bandwidth drops dramatically from 222 Hz until it disappears. This may be
the result of localized instability caused by the thermal buckling effect on the PM structure
when the temperature is too high. These results show that when using a PM for vibration
and wave propagation control in the thermal environment, temperature changes can be
utilized to efficiently modulate the bandwidth and achieve control of the bandgap position
and opening/closing.

5. Conclusions

In this study, the variation in the band structure and the ABG for a PM in the thermal
environment are investigated by numerical methods. The simulation results show that the
PM obtains a complete acoustic bandgap when the temperature changes, exhibiting the
bandgap characteristics of phononic crystals. The effects of the changing factors on the
band structure in thermal environments are further investigated, and the results show that
thermal stress is the main factor in the generation of the bandgap. Considering the thermal
stress, the lower and upper frequencies of the complete bandgap will move to the lower
frequency as the temperature rises, and the bandgap will be narrowed until it disappears.
The research results in this paper can guide the design of PM vibration and noise reduction
in thermal environments and can also be used to flexibly control and direct underwater
acoustic waves, which is promising for applications in marine communications.
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