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Abstract: In this paper, we investigate the relationship between GaN exciton energy and
temperature by using high-quality, strain-free GaN epilayers. Traditional models, such as
Varshni’s model and the Bose–Einstein model, are primarily based on empirical fitting and
give little or no consideration to electron–phonon interactions, which prevents them from
accurately calculating GaN exciton energy over a wide temperature range. Considering the
interaction of electrons and phonons, we use singular functions, linear functions and power
functions to express the phonon density of GaN, and then 2BE, singular-linear, power-law-
delta, and power-law-v models are proposed. All of them provide results that are more
consistent with actual measurements compared to traditional models. Among them, the
singular-linear model summarizes the contributions of acoustic and optical phonons. The
error associated with the singular-linear model is smaller than that of the 1BE and Varshni
models across nearly the entire temperature range. Therefore, the singular-linear model is
a better choice.

Keywords: GaN; exciton energy; temperature; modes

1. Introduction
In recent decades, many groups have studied the relationship between the energy

bands of semiconductor materials and temperature [1–7]. These studies provide valuable
insights into the dependence of the energy band on temperature, which is a crucial prereq-
uisite for accurately understanding the optical and electrical properties of semiconductor
materials. For these traditional materials, such as Si, Ge, GaAs, InP, etc., many groups
have systematically studied the dependence of their exciton energy on temperature and
have achieved great results [8–14]. However, over the years, in the field of wide bandgap
semiconductor materials, particularly GaN, has faced challenges in obtaining high-quality
GaN samples due to the lack of effective preparation methods. As a result, the systematic
study of GaN materials has been limited by the presence of high defects, resulting in unclear
findings regarding some of its intrinsic properties, including the relationship between the
GaN bandgap and temperature. In recent years, fortunately, the rapid development of
MBE and MOCVD growth technologies and the fabrication of GaN freestanding substrate
have enabled us to produce high-quality GaN, which provides the material basis for our
research on GaN [15].

Group III nitrides represented by GaN have a wide range of applications in optoelec-
tronics and power electronics [16–20]. Owing to its superior material properties such as
high electric breakdown field, high chemical stability, and high mobility, GaN has been
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extensively utilized in high-frequency and high-power devices, particularly those operat-
ing under elevated temperatures [21,22]. Therefore, establishing an accurate correlation
between the bandgap width of GaN and temperature is crucial for device design. In this
process, the electron–phonon interactions in GaN become the primary factor affecting
the bandgap width. This study is based on measurement results from high-quality GaN,
comparing various phonon models to derive the best relationship.

In typical measurements, the bandgap is determined by measuring the energy of band
edge excitons. Several studies have already been conducted on the relationship between
the exciton energy and temperature. To describe the behavior of exciton energy with tem-
perature, it is widely accepted that exciton energy exhibits a quadratic dependence at low
temperatures and a linear relationship at high temperatures [23,24]. In recent years, some
groups have found that excitonic energy exhibits new behavior at low temperatures [25–27].
At a low temperature of 4 K, it has been found that the exciton energy of silicon is mathe-
matically related to the temperature raised to the 4th power. For the factors that affect the
exciton energy of semiconductor materials at ultra-low temperatures, many groups have
conducted detailed investigations and achieved some results [28].

Some groups have also studied the dependence of GaN exciton energy on temperature
with the traditional models, such as the Varshni and the Bose–Einstein models [29–33].
However, the fitting results are not satisfactory because traditional empirical models, which
typically consist of only three empirical parameters, fail to account for the underlying
physical mechanisms. This limitation can lead to inaccuracies in the predicted behavior of
exciton energy as a function of temperature. As a result, there is a need for more compre-
hensive models that incorporate relevant physical principles, especially electron–phonon
interactions, to better describe the relationship between exciton energy and temperature,
particularly in a wider temperature range. Although the phonon models and density of
states in GaN have not been fully studied, we can conduct various calculations based on
existing research results to obtain a model that best fits the measurement results. In this
paper, we consider electron–phonon interactions and, based on various phonon calcula-
tion models, employ singular functions, linear functions, and power functions to express
the phonon density of GaN. Specifically, we propose the 2BE model, single-linear model,
power-law delta model, and power-law-v model. The error of almost all electron–phonon
interaction models is smaller than that of the Varshni model over nearly the entire tempera-
ture range. This suggests that the newly proposed electron–phonon interaction models can
more accurately study the dependence of GaN exciton energy on temperature compared to
traditional models.

2. Experiments
To obtain an accurate value for the band edge luminescence energy, it is essential

to eliminate material defects, internal strain, and other factors that may affect the energy
of the band edge. Therefore, high-quality GaN epitaxial materials are indispensable.
In this work, we use 400 µm thick freestanding GaN substrates to realize high-quality
and strain-free GaN epilayers using metal–organic chemical vapor deposition (MOCVD).
Trimethylgallium and NH3 were used as Ga and N sources, respectively. H2 was the carrier
gas. The reactor pressure was maintained at 200 Torr. Before growing the GaN epilayer,
high temperature annealing was performed to clean the GaN substrate surface in NH3

and H2 mixed ambient at 1050 ◦C. Since there is no mismatch between the substrate and
the epilayer, we can directly grow the GaN epilayer at 1020 ◦C after the surface cleaning
up to 4 µm thick. However, for the GaN layer grown on sapphire substrate, it requires
a buffer layer to overcome the mismatch between the GaN and sapphire. A 20 nm GaN
buffer layer must first be grown at 520 ◦C on the sapphire substrate. Then, the buffer layer
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is recrystallized when the temperature ramps to 1050 ◦C. After the recrystallization, the
normal GaN epilayer can be grown up to 4 µm thick. Although we keep the major growth
conditions same as those for the GaN substrate, high-density dislocations can be generated
by the growth mode on the sapphire substrate, resulting in broader XRD peaks.

As shown in Figure 1a,b, the high-resolution XRD measurement results show that the
crystal quality of the GaN epilayer grown on the freestanding GaN substrate (GaN/GaN)
show a great improvement. It is well known that normal GaN grown on a sapphire substrate
shows dislocation densities as high as 109/cm2 [34]. As a comparison, for a normal GaN
layer grown on a sapphire substrate (GaN/sapphire), the full width at half maximum
(FWHM) of the (0002) diffraction peak is more than 400 arc seconds, and it is more than
600 arc seconds for the (10–11) diffraction peak. However, for the GaN layer grown on the
GaN substrate, the FWHM is only 62 arcseconds and 42 arcseconds for the corresponding
diffraction peaks. The GaN/GaN sample shows extremely low dislocation density—as low
as 105/cm2—as calculated from the high-resolution XRD results. Furthermore, the Raman
scattering measurement (not shown here) proves that the GaN layer grown on the GaN
substrate is totally strain free. The Hall measurement shows very low unintentional doping
concentration as low as 1015/cm3 in the high-quality GaN epilayer.
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Figure 1. Comparison of crystal quality between GaN/sapphire and GaN/GaN by high-resolution 
XRD measurement. (a) (0002) ω scan, (b) (10−11) ω scan. 

We performed PL measurement from 10 K to 250 K. The PL measurements are carried 
out through a 0.75 m monochromator with a high resolution about 0.01 nm in 400 nm 
(about 0.078 meV), and a low-temperature sample stage cooled by a Helium Closed Cycle 
Cryostat with a temperature accuracy within ±1 degree. The excitation source is a He-Cd 
laser with 325 nm, which can be focused to a small area of about 10 µm in diameter. Be-
cause the dislocation density of 105/cm2 is equivalent to an average distance of 30 microm-
eter between two adjacent dislocations, the focus spot area is dislocation free with high 
possibility. The PL spectrum of the GaN/GaN sample is shown in Figure 2. From this, the 
variation curve of the actual GaN band edge exciton energy as a function of temperature 
(E-T curve) can be obtained. 

Figure 1. Comparison of crystal quality between GaN/sapphire and GaN/GaN by high-resolution
XRD measurement. (a) (0002) ω scan, (b) (10−11) ω scan.

We performed PL measurement from 10 K to 250 K. The PL measurements are carried
out through a 0.75 m monochromator with a high resolution about 0.01 nm in 400 nm
(about 0.078 meV), and a low-temperature sample stage cooled by a Helium Closed Cycle
Cryostat with a temperature accuracy within ±1 degree. The excitation source is a He-Cd
laser with 325 nm, which can be focused to a small area of about 10 µm in diameter. Because
the dislocation density of 105/cm2 is equivalent to an average distance of 30 micrometer
between two adjacent dislocations, the focus spot area is dislocation free with high pos-
sibility. The PL spectrum of the GaN/GaN sample is shown in Figure 2. From this, the
variation curve of the actual GaN band edge exciton energy as a function of temperature
(E-T curve) can be obtained.
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Figure 2. The temperate-dependent PL spectrum of the GaN/GaN sample. 
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3. Calculations and Models
3.1. Early Models
3.1.1. Varshni’s Model

In studies of semiconductor exciton energy and temperature, we must mention the
earliest fitting equation, known as Varshni’s formula. This formula serves as an approximate
model for the two behavioral models proposed by Varshni for the Eg-T curve at low and
high temperatures [24,35]. Since its introduction, it has become the most widely used fitting
formula for the relationship between energy bands and temperature in semiconductors.
The equation is as below:

Eg(T) = E0 −
α × T2

β + T
(1)

In Equation (1), the parameter E0 represents the exciton energy at 0 K, and the param-
eter α is the energy band contraction coefficient at high temperature, or the slope of the
fitted line at high temperature. The fitting result of the parameter β is widely considered
to be related to the Debye temperature of the material studied. In the study of GaAs, the
fitted parameter β represents its Debye temperature.

We begin by using Varshni’s model to conduct fitting studies on our data. The fitting
results are shown in the solid black line in Figure 3a. We can see that the fitting results
exhibit significant deviations across various temperature ranges. Specifically, the fitted
values are higher than the experimental data in the temperature range below 40 K and
lower in the temperature range from 40 K to 120 K. The energy deviations are shown
in Figure 3b. This type of deviation is not a random error; therefore, it should not be
attributed to measurement or fitting errors, but rather, it reflects a systematic error related
to the underlying mechanism. Another indication is that as we see the fitting parameters
in Table 1, the fitting result of α is 19, and the apparently abnormal number of β is as
high as 2509. However, by comparing past fitting results of Varshni’s formula to GaN, we
find that there is a wide range of distribution of the fitting parameter α and β, and even
negative numbers that are difficult to explain in terms of physical principle. In the study of
traditional narrow bandgap semiconductor materials, Varshni’s formula has demonstrated
exceptional performance, but it is notably inadequate for wide bandgap semiconductor
materials like GaN. Therefore, Varshni’s mode is not a suitable model to study the energy
of GaN excitons. The reason for this is mainly that its mathematical expression is overly
simplistic and does not take into account the characteristic parameters of GaN material. It
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only contains three parameters that have no actual physical significance, which makes it
insufficient to adequately characterize the behavior of GaN excitons at both low and high
temperatures.
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Table 1. Parameters from different models.

Equation E0 (eV) α (eV/K) β/θ (K) θ2 (K) P/r/ω Kθ (meV) R2

(1) 3.4789 19 2509 216.2 0.996
(2) 3.47716 3.52 325.94 27.99 0.993
(4) 3.47779 5.7 138 645 0.211 0.9995
(6) 3.478 5.7 478.96 0.46559 41.238 0.9997
(7) 3.47809 18 1581 2.24 136.124 0.9996
(8) 3.47825 5.8 711 0.465 0.9996

3.1.2. Bose–Einstein Model (1BE Model)

Starting with the Bose–Einstein model, Vina proposed another alternative model. The
fit is as follows [35,36]:

Eg(T) = EB − aB

1 +
2

exp
(

θ
T

)
− 1

 ≡ Eg(0)−
αθ

2

(
coth

(
θ

2T

)
− 1
)

(2)

Another version of this formula can be obtained from Equation 2 × (exp(x)− 1)−1 =(
coth

( x
2
)
− 1
)
. The bandgap limit at T = 0 is given by Eg(0) = EB − aB, where α = 2aB/θ

is the contraction coefficient of the limit bandgap; and θ represents the effective phonon
temperature, which is related to the average frequency of the acoustic branch and the
optical branch by κT = hω. Compared to the Varshni model, it at least introduces the
physically meaningful concept of phonon temperature, albeit only as an average effect.

However, the results in Figure 3a (red dashed line) indicate a noticeable deviation
across all temperature ranges, which is also evident in Figure 3b. The fitting result of
the BE model in the temperature section before 40 K tends to be constant because when
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T ∆→ 0, there is a mathematical expression
(

exp
(

θ
T

)
− 1
)−1 ∆→ 0. So, this model is clearly

unreasonable at low temperatures.
The model performs well in the temperature range above 110 K because its physical

parameters hold certain physical significance. As a result, the fitting parameters are more
reasonable than those in the Varshni formula. However, even so, the formula proposed by
Vina is still inadequate for describing the relationship between the exciton energy of GaN
and temperature. These results indicate that it is necessary to start with the correct physical
mechanisms, select parameters with physical significance, and establish a mathematical
model to study the relationship between exciton energy and temperature in GaN.

3.2. Novel Model

Both the Varshni model and the Bose–Einstein model are empirical models that lack a
consideration of physical mechanisms, which makes their models have poor applicability
in wide bandgap materials. It has been known that the energy band shifts with temperature
due to the following two main factors: thermal expansion of the lattice and the interaction
between electrons and phonons. Generally, the contribution from thermal expansion is
relatively minor, allowing us to overlook it, while the interaction between electrons and
phonons is the primary influencing factor [8,37].

From this point of view, a group has proposed the following primitive integration [38]:

Eg = EB −
∫

dε f (ε)
(

1
2
+ n(ε, T)

)
= Eg(0)−

1
2

∫
dε f (ε)

(
coth

( ε

2KT

)
− 1
)

(3)

where ε is energy and n(ε, T) is the average number of phonons or the probability of
occupying phonons in the energy ε. f (ε) ∝ D(ε)× ρ(ε),D(ε) is the coupling coefficient
of electron phonon interaction which is often summed up as a constant, and ρ(ε) is the
density of phonon states. For different semiconductor materials, it is important to properly
mathematically represent the phonon density of states. Unfortunately, this remains unclear
for GaN.

3.2.1. Singular Model (2BE Model)

A plausible approach for estimating the density of phonon states in GaN materials is to
employ singular functions for generalization. When we use a singular function to express
the phonon density of its acoustic phonons and optical phonons, that is, f (ε) ∝ Cδ(ε− ε0),
the integral result is the Bose–Einstein model of (2). But the above fitting result of (2) is not
good. Then, when we use two singular functions, δ(ε− ε1) and δ(ε− ε2), we represent
the phonon density at the low energy end and the high energy end, respectively. That
is f (ε) ∝ Cδ(ε− ε1) + Dδ(ε− ε2), substituting the original approximate integral result
as follows:

E(T) = E0 − α

 ωθ1

exp
(

θ1
T

)
− 1

+ (1 − ω)
θ2

exp
(

θ2
T

)
− 1

 (4)

We call this the 2BE model. In Equation (4), E0 represents the bandgap energy at 0 K; α

represents the high energy band shrinkage factor; θ1 and θ2 represent the effective phonon
temperature of the acoustic branch and the optical branch, respectively; and ω, 1 − ω

represents the acoustic branch and the optical Branches contribute to the band offset.
It can be seen from Figure 4a that the fitting curve of the 2BE model is closer to

the experimental data than to the 1BE model. The error analysis and comparison of the
illustration also shows that the error of the 2BE model is smaller than that of the 1BE model
in almost the entire temperature range, and the range of energy error dispersion is smaller.
There is no obvious system deviation. The fitting parameters θ1 and θ2 are 138 K and 645
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K, respectively. It can be concluded that the effective energy of the acoustic phonon is
11.9 meV and the energy of the optical phonon is 55.6 meV. These are closer to the actual
energy of the GaN phonons, although there are still some differences. The ω is 0.211, which
means that in the variation in exciton energy of GaN with temperature, optical phonons
play a major role. Better fitting patterns, smaller fitting errors, and fitting parameters with
reasonable physical meanings indicate that the 2BE model demonstrates good performance
in GaN E-T curve analysis.
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3.2.2. Linear Model

In addition to singular functions, we can use a linear function to mathematically
express the density of phonon states, such as (ε) ∝ Cε, substituting the original integral
formula, and the integral approximation result as follows:

Eg(T) = Eg(0)−
αθ

2
×

 4

√
1 +

π2

6
×
(

2T
θ

)2
+

(
2T
θ

)4
− 1

 (5)

In Equation (5), Eg(0) represents the energy of excitons at 0 K. α represents the
contraction coefficient of the energy band at high temperature, and θ represents the effective
phonon temperature. The result of fitting using Equation (5) is shown in Figure 5. The
fitted result is not very good. From the perspective of the entire fitting temperature range,
there is a relatively large error, and the magnitude of the parameters we fit out also fail to
represent the physical meaning. Therefore, simply using a linear function to summarize
the density of the phonon states of GaN does not achieve the desired fitting effect.

3.2.3. Power-Law Model

Typically, the density of state distribution is unlikely to be linear, while a power
distribution is more representative of actual conditions. In fact, the power functions are
often used to describe the phonon density of semiconductor materials. We describe the
density of the phonon states of GaN materials by constructing different power functions,
then perform a mathematical derivation and use the resulting integral formula to fit the
experimental data.
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of the linear model, and the black circles indicate the error of 1BE. 
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(a) Power-law-delta model

The density of the phonon states of GaN is described in the form of f (ε) ∝ Cε

(ε0−ε)δ ,

where 0 < δ < 1, ε0 represents the cutoff energy, and the integration result in the energy
range greater than ε0 is zero. We derive the integral approximation result for this equation
as follows:

Eg(T) = Eg(0)−
αθ

2
×

 4

√
1 + 2r ×

(
2T
θ

)2
+

(
2T
θ

)4
− 1

 (6)

In Equation (6), r = (1−δ)
(2−δ)

π2

6 . Eg(0), α, θ in the formula has the same physical meaning
as before. Using Equation (6) to fit the experimental data, the fitting pattern of Figure 6 is ob-
tained. It can be seen from the figure that the fitting data are closer to the experimental data.
R2 values as high as 0.9997 also mean that the fit is very successful. The effective phonon
temperature of 478.96 K and the phonon energy of 41.238 meV are also in the reasonable
energy range of the GaN phonon. This shows that the model can successfully perform
mathematical analysis for the exciton energy of GaN and can obtain fitting parameters with
reasonable physical meaning.

(b) Power-law-v model

In addition to the power function constructed above, we can also try to describe the
phonon density of GaN in the form of f (ε) ∝ Cεν. When certain conditions are satisfied,
the integral approximation result can be expressed as follows:

Eg(T) = Eg(0)−
αθ

2
×

 p

√
1 +

(
2T
θ

)p
− 1

 (7)

Among them, p = ν + 1, and the condition to be satisfied is that p is less than 2.5.
Eg(0), α, θ have the same physical meaning.

The fitting result is shown in Figure 7. Obviously, the fitting effect is relatively good.
From the fitting parameters, although the R2 value of 0.996 is appropriate and the p value
satisfies the approximate condition, the fitted α, θ values are all too large, especially the
effective phonon temperature θ, which is as high as 1581 K and indicates a phonon energy



Crystals 2025, 15, 137 9 of 14

of 136 meV. Thus, the fitted result does not represent the actual physical state of GaN, and
the Cεν description of the phonon density of states does not provide a good picture of the
actual phonon density of GaN.
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Figure 6. (a) Results obtained by fitting the experimental data to the power-law-delta model. The
black dots represent the experimental data actually measured, and the solid red lines represent the
fitted curves. (b) Error comparison between the fitted data and the experimental data for 1BE and
power-law-delta model. The ordinate represents the difference between the experimental data and
the fitted data. The red squares indicate the error of the power-law-delta model, and the black circles
indicate the error of 1BE.
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Figure 7. (a) Power-law-v model fitted to experimental data. The black dots represent the experimen-
tal data actually measured, and the solid red line represents the fitted curve. (b) Error comparison
between the fitted data and the experimental data for 1BE and power-law-v model. The ordinate
represents the difference between the experimental data and the fitted data. The red squares indicate
the error of the power-law-v model, and the black circles indicate the error of 1BE.

3.2.4. Singular-Linear Model

Although neither the singular function nor the linear function is sufficient to describe
the phonon density of GaN individually, we can still improve them. We can fully utilize
their respective rationality and combine them to describe the phonon density of GaN.
Take f (ε) ∝ α

kb

(
w ε

ε0
+ (1 − w)ε0δ(ε − ε0)

)
as an example, where the first term represents

the low-end contribution of the acoustic phonon and the second term represents the
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contributions of the acoustic phonon of the high-energy end and the optical phonon. The
approximate integration results are expressed as follows:

Eg(T) = Eg(0)− αθ0
2 ×

[
ω
2 ×

(
4

√
1 + π2

6 ×
(

4T
θ0

)2
+
(

4T
θ0

)4
− 1

)
+ (1 − ω)×

(coth( θ0
2T )− 1)

] (8)

where Eg(0), α has the same physical meaning. The effective phonon temperature is

represented by
(

1 − 1
2 ω
)

θ, where ω represents the weight of the contribution.
It can be seen from Figure 8 that its fitting effect is good. ω = 0.465, indicating that the

phonon contribution at the low energy end is lower compared with the 0.211 contribution
weight of the 2BE model, which is slightly larger. Nevertheless, it still shows that the high
energy terminator plays a major role. From θ = 711 K, the effective phonon temperature is
546 K, and the effective phonon energy is 47 meV. This is within the range of high-energy
and low-energy phonons. This shows that the singular-linear model can be applied in the
exciton study of GaN materials.
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Figure 8. (a) Resulting plot of a singular-linear model fitted to the experimental data. Black dots 
represent the experimental data actually measured. The solid red line represents the fitted curve. 
(b) Error comparison between the fitted data and the experimental data for 1BE and singular-linear. 
The ordinate represents the difference between the experimental data and the fitted data. The red 
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4. Discussion 

Figure 8. (a) Resulting plot of a singular-linear model fitted to the experimental data. Black dots
represent the experimental data actually measured. The solid red line represents the fitted curve.
(b) Error comparison between the fitted data and the experimental data for 1BE and singular-linear.
The ordinate represents the difference between the experimental data and the fitted data. The red
squares indicate the error of the singular-linear model, and the black circles indicate the error of 1BE.

4. Discussion
The precise experimental measurements and comparisons with various model fittings

allowed us to find a mathematical model that properly examined the relationship between
GaN exciton energy and temperature. Basically, there are two types of behavioral patterns
of exciton energy with temperature. At low temperatures, Eg(T) → Eg(0)− 1

2 × E′′
g (0)T2

exhibiting quadratic behavior, and Eg(T) → Hg − αT at high temperatures, exhibiting
linear behavior, where Hg, α, Eg(0), E′′

g (0) characterize two behavior patterns as four inde-
pendent variables. Of course, more parameters with physical and mathematical significance
are better for establishing models. But more importantly, building a model needs to be
based on effective physical mechanisms, and the fitting parameters need to have physical
meaning and be consistent with known ranges.

The physical mechanism of bandgap narrowing is primarily driven by electron–
phonon interactions. By utilizing the electron–phonon spectral function, which describes
the relationship between electrons and phonons, we can flexibly conduct theoretical analy-
ses of the temperature dependence of the bandgap Eg(T) in GaN structures. However, the
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key lies in finding an appropriate form of the electron–phonon spectral function that can
effectively describe the phonon density of states in GaN materials. This choice will directly
influence the expression and understanding of the physical mechanism of the bandgap
narrowing in GaN materials.

The Varshni model’s physical assumptions lack a solid physical foundation. The
results indicate that at low temperatures, the model underestimates the temperature depen-
dence of the GaN bandgap, leading to an overall overestimation of the fitted data. At high
temperatures, it overestimates the temperature dependence of the bandgap, increasingly
deviating from physical reality. This is reflected in the model’s predictions for the GaN
bandgap energy, which diverge further from experimental measurements as the tempera-
ture rises. Therefore, this model is not suitable for studying the temperature dependence of
the GaN bandgap.

The Bose–Einstein model (1BE) considers part of the physical reality. However, its
overly simplistic mathematical formulation leads to an exaggerated estimation of the
temperature dependence of the GaN bandgap at low temperatures. As a result, the fitting
results of this model exhibit a systematic underestimation of experimental data in the
low-temperature region below 40 K. Moreover, throughout the entire temperature range
we investigated, the model shows recurring systematic deviations. Therefore, this model is
also not suitable for studying the temperature dependence of the GaN bandgap.

The 2BE model takes into account the division of the GaN phonon spectrum into high-
energy and low-energy segments, using two singular functions to represent the density of
states at the low and high energy ends of the phonon spectrum. This approach aligns more
closely with the actual phonon density of states in GaN. The fitting curve of the 2BE model
is also better matched to the experimental data. Throughout the entire temperature range
of the study, the error of the 2BE model is smaller than that of the 1BE model, and the errors
are uniformly distributed across both positive and negative ranges, with no significant
systematic bias.

The linear electron–phonon spectral function of the linear model does not accurately
describe the phonon density of states in GaN. This model not only deviates from the exper-
imental observations in its mathematical estimation of the temperature dependence of the
GaN bandgap but also yields fitting parameters that exhibit unrealistic physical inferences.

Although the power-law model of the electron–phonon spectral function can effec-
tively predict the experimental data on the temperature dependence of the GaN bandgap
in its physical fitting images, its limitation lies in the assumption that the effective phonon
energy primarily influencing the temperature dependence of GaN is 136.124 meV from
power-law-v model. This effective phonon energy significantly exceeds the edge energy
of the GaN phonon spectrum, which is about 95 meV, and clearly does not align with the
physical realities of GaN. The power-law-delta model avoids this problem and implies the
significance of the delta function. Therefore, while the power-law model performs well
in terms of fitting, it has considerable deviations in terms of physical interpretation and
the practical significance of its effective parameters, suggesting that we need to be more
cautious when analyzing the phonon characteristics of GaN by the models.

The combined model of linear functions and singular functions utilizes linear function
forms to represent the density of states of transverse acoustic phonons and long-wavelength
longitudinal acoustic phonons, while singular function forms are used to characterize the
optical phonons and short-wavelength longitudinal acoustic phonons. The conclusions
drawn from fitting the temperature dependence of the GaN bandgap using this approach
are more reliable.

In addition, the thermal expansion of the lattice is a problem that we need to consider.
The thermal expansion of the lattice is mainly caused by the longitudinal acoustic phonons.
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If one fitting model does not consider the role of longitudinal acoustic phonons, it is not
appropriate. However, our combined model of linear functions and singular functions has
included the influence from all phonons; the fitting process also includes the influence of
lattice thermal expansion. Therefore, we do not need to additionally consider the influence
of lattice thermal expansion.

Figure 9 shows the comparison of the error between the fitting results of Equations (1),
(2), (4)–(8), and the experimental data at different temperatures. The error analysis shows
that the errors of 2BE, power-law-delta, power-law-v, linear model, and singular-linear
models are smaller than that of the 1BE and Varshni models in almost the entire temperature
range. Compared to all forms of density of state representation, we believe that the 2BE
and singular-linear models can more accurately indicate the competitive contributions of
various phonons to the temperature dependence of the GaN bandgap.
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(1), (2), (4)–(8), and the experimental data at different temperatures. The error analysis 
shows that the errors of 2BE, power-law-delta, power-law-v, linear model, and singular-
linear models are smaller than that of the 1BE and Varshni models in almost the entire 
temperature range. Compared to all forms of density of state representation, we believe 
that the 2BE and singular-linear models can more accurately indicate the competitive con-
tributions of various phonons to the temperature dependence of the GaN bandgap. 
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Figure 9. Comparison of the error between the fitting results of Equations (1), (2), (4)–(8), and the 
experimental data at different temperatures. The ordinate represents the difference between the ex-
perimental data and the fitted data. 

Figure 9. Comparison of the error between the fitting results of Equations (1), (2), (4)–(8), and the
experimental data at different temperatures. The ordinate represents the difference between the
experimental data and the fitted data.

5. Conclusions
Based on the measurements of high-quality GaN materials, we utilized 2BE, power-

law-delta, power-law-v, and singular-linear models for fitting, and concluded that the
electron–phonon interaction plays a decisive role in the temperature dependence of the
exciton energy at the band edge of GaN. A comparison of the fundamental physical
mechanisms and the fitting results reveals that the model which fully takes into account
the various phonon interactions is a better choice. Many studies have shown that phonon
characteristics have a significant impact on the thermoelectric properties of semiconductor
devices under various operating conditions. The theoretical results based on electron–
phonon interactions are of profound significance for the design of semiconductor devices.
This research indicates that we can utilize the combined singular-linear model to analyze
the relevant phonon characteristics, which will enable us to infer unknown phonon spectra
and the distribution of phonon modes in other materials or physical structures. This will
help us gain a more comprehensive understanding of the close relationship between these
phonon characteristics and optoelectronic properties, providing theoretical support for the
optimization and performance enhancement of new materials.
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