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Abstract: The reverse addition process in anti-solvent crystallization is safer and more
efficient than sieving when dealing with energetic compounds. A new mathematical
model has been developed to understand the crystal size mechanism during the reverse
addition of solvent in a binary system. This model incorporates droplet dynamics, distri-
bution moments, and mass balance constraints. It can be used to predict the appropriate
crystal size for designing explosive recipes with a desired particle size distribution to
maximize energy output. The model was validated by conducting reverse-addition crystal-
lization of sodium chloride in a deionized water/ethanol binary system at temperatures
ranging from 10 to 50 degrees Celsius. The predicted results closely matched the experi-
mental findings, which were confirmed using a Laser Particle Size Analyzer and Electron
Microscope Scanning.

Keywords: continuous crystallization of energetic compound; model predictions of anti-solvent
crystallization; diffusion of droplet dynamics; distribution moment with mass balance

1. Introduction
The size distribution of crystals (CSD) not only significantly influences the bioavail-

ability of a drug (e.g., dissolution rate, delivery efficiency, shelf-life) and the effectiveness
of downstream processes (e.g., filtration, drying, tablet production) [1–4], but also has a
significant impact on the density of explosive formulations, which affects the energy output
in a warhead. However, it is difficult to predict CSD using a process model because of
its stochastic and complex kinetic nature with many factors such as initial concentration,
supersaturation, temperature, flow pattern, etc. [1,5,6]. Researchers have been exploring
innovative technologies to control the nucleation crystallization rate in order to predict and
achieve a satisfactory particle size distribution for both inorganic and organic compounds.
These technologies include ultrasonic technology [7], plug flow crystallizers [8], membrane
crystallization [9], quasi-emulsion solvent diffusion (QESD) [10–13], supercritical technol-
ogy, jet crystallization [14], seeding [15,16], mixed suspension mixed product removal
(MSMPR) crystallizers [17], and computational fluid dynamics coupled with population
balance equation (CFD-PBE) [14], among others. However, the hazardous nature of ener-
getic compounds, including their heat and mechanical sensitivity, can make it challenging
to control their crystalline morphology and crystal size distribution (CSD) during contin-
uous crystallization [18–22]. Additionally, it is difficult to quickly obtain large quantities
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of powders within a specific size range (0–100 µm) through sieving, as this process is
time-consuming and laborious. To address the requirements of continuous crystallization,
it is imperative to develop a crystallization technique and theory for energetic compounds
that yield a narrow crystal size distribution and small crystal size.

The anti-solvent crystallization involves two mixing methods: positive addition and
reverse addition. In positive addition, the anti-solvent is added drop by drop to the
solvent, while, in reverse addition, the solvent is added to the non-solvent. The reverse
addition method, similar to the QESD method, produces small crystals with a narrow
size distribution [23–26]. Unlike the QESD method, which requires the maintenance of
emulsion droplets using surfactants or a third solvent, reverse-addition crystallization
occurs inside a droplet. The crystal size growth could be limited by the size of the droplet,
and it is influenced by the diffusion behavior between the solvent and antisolvent until the
supersaturation is depleted [27,28].

The mathematical model of the reverse-addition method is inspired by two crystalliza-
tion research studies and involves preparing three different kinds of size distributions (2–10,
18–25, 45–60 um) of the LLM-105 crystal, which is an insensitive energetic compound. One
study by R. Peña examines the kinetic relationship between primary crystals and agglom-
eration in droplets using the population balance model for application in the simulation
and optimization of a spherical crystallization system [29]. However, this study does not
explore the influence of temperature on crystal size in the reverse-addition binary system.
The other study explores droplet diffusion behavior between solvent and anti-solvent to
calculate supersaturation (crystallization force). The mathematical model described in this
paper focuses on reverse addition. It provides a droplet diffusion model coupled with the
moments of the distribution and a mass balance constraint.

2. The Establishment of Mathematical Models
2.1. Prelude to the Mathematical Model

In our previous work, we were able to easily prepare three different size distributions
(2–10 um, 18–25 um, 45–60 um) of LLM-105 crystals (Figure 1). We achieved this through
reverse addition in the sulfuric acid/water binary system, with changing crystallization
temperature. Our research indicates that the size of the LLM-105 crystals increases as
the temperature of the binary system increases through reverse addition. We particularly
found that, when ice water is chosen as the anti-solvent, the crystal granule size becomes
extremely small. Also, when the (sulfuric acid/distilled water) binary system is changed
to the (DMSO/water) system, the crystal form changes to a thin rod-shaped one. Further-
more, as the temperature of the system increases, the size of the rod-shaped crystal also
increases (Figure 2).

The crystal structure of LLM-105 changes from a polyhedron to a regular hexagonal
shape when the temperature increases (as shown in Figure 1d). This suggests that the
crystals likely grew in the solvent droplets, as the crystallization environment can influence
crystal growth behavior. It is believed that the solvent disappears when it comes into
contact with the anti-solvent due to droplet diffusion. This concept is similar to the QESD
method, where particles can coalesce and grow larger as the binary system diffuses, while
the ‘droplet’ can be sustained for some time. As a result, a model incorporating the
droplet concept, coupled with moments of the distribution and mass balance constraint, is
established and presented in the following section.
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Figure 2. Needle-like crystal size changing with increasing temperature.

2.2. Mechanism Analysis and Mathematical Model Establishment

The crystal forms and grows quickly due to a rapid increase in concentration in the
droplets when they are mixed with a different solution. It takes only a short time for the
crystals to spread throughout the solution. The time it takes for the crystals to form is the
same as the time it takes for the two solutions to mix. The QESD method suggests a model
where each saturated solution drop acts as a tiny crystal maker, controlling the size of the
crystals. This leads to the proposal of a reverse-addition crystallization model to better
understand this type of crystal formation and to explain why reverse addition can produce
small and uniform crystals and why crystal size increases with temperature.

Before establishing the model, let us first put forward some assumptions:

(1) Each dripping droplet is spherical. When the spherical droplet completely enters the
anti-solvent, the solvent could diffuse. At this time, crystallization begins to occur.

(2) The solvent diffusion time in each droplet is the same as the time used for crystal
growth, and the crystal nucleus growth time is ignored.

(3) No secondary nucleation occurred in each drop of solution.
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(4) The supersaturation as the driving force for crystal growth keeps a constant value
when crystal will occur in each solvent droplet.

(5) The crystal growth rate is only related to the temperature and supersaturation.

To better understand the model, see Figure 3 below.
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The crystal population density, n (number of crystals per unit size per unit volume of
the system) is defined by the following:

lim
∆L→0

∆N
∆L

=
dN
dL

= n (1)

where ∆N is the number of crystals in the size range ∆L per unit volume.
A population balance in a system of a droplet volume V for a time interval ∆t and size

range ∆L = L2 − L1 is as follows:

n1GV1∆t = n2GV2∆t + Rn∆L∆t (2)

where R is the droplet diffusion volume per unit time, G the crystal growth rate, and n the
average population density. At a constant temperature, G is a constant. As ∆L → 0

d(nV)

dL
= −Rn

G
(3)

Defining the V is independent of crystal size, i.e., dV/dL = 0, and τ is the whole of
time of droplet diffusion τ = V/R. Then, the following is true:

dn
dL

= − n
Gτ

(4)

Which, on integration, gives the following:

n = n0 exp(−L/Gτ) (5)

The quantity n0 is the population density of nuclei (zero-sized crystals). So, we obtain
the relationship of the n (crystal population density) and L (crystal size). Then we will use
the method of moment to find the relationship between mass and size.
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First, the zeroth moment of the distribution can be expressed as follows:

N =
∫ L

0
ndL = n0Gτ[1 − exp(−L/Gτ)] (6)

N represents the number of the crystals, and L(L → ∞) , N = NT , NT = n0Gτ.
NT represents all of the number of the crystals.
Thus, the first moment can give the cumulative length. The second moment gives the

surface area. The third moment gives the mass. These can be expressed as follows:

β =
∫ L

0
nLdL (7)

A = χ

∫ L

0
nL2dL (8)

M = αρC

∫ L

0
nL3dL (9)

where β is the cumulative length, A the surface area, and M the mass. χ is a surface shape
factor. Analogously, α represents a volume shape factor, and ρC is the crystal density.

Next, integrating (9) can give the following equation:

M = 6n0αρC(Gτ)4(1 − exp(Gτ)− L
Gτ

exp(
−L
Gτ

)− 1
2

L2

(Gτ)2 exp(
−L
Gτ

)−−1
6

L3

(Gτ)3
exp(

−L
Gτ

)) (10)

For L → ∞ , M = MT can give the following

MT = 6αρCn0(Gτ)4 (11)

MT represents the total mass of all the number of the crystals. We acknowledge that
the whole of the system of the droplet satisfies the conversation of mass; so, for a given
∆L = L2 − L1, we can obtain ∆M = M2 − M1. When ∆L → 0 , differentiating (9) can give
us the following:

dM = αρCnL3dL (12)

Formula (12) represents the mass of crystals dM in a given size range dL. So, the mass
fraction in ∆L = L2 − L1 is dM

MT
. Therefore, the relationship between mass and size is given

by the following:
M(L)

dL
=

nL3

6n0(Gτ)4 (13)

Importing the Formula (5), Equation (13) becomes the following:

M(L)
dL

=
exp(−L/Gτ)L3

6(Gτ)4 (14)

When taking the extremum of (14), i.e., (M(L)/dL)′ = 0, it represents the most part of
crystalline mass that occupies the total crystal mass of the entire droplet, the corresponding
crystal diameter of which is LD. So, it can give the following:

LD = 3Gτ (15)

We already know the τ is the whole of the time of droplet diffusion. Then, we build
the diffusion equation to find the time τ. We have assumed that the droplet is spherical.
In the case of droplet diffusion, the rate of diffusion of the poor solvent is related to the
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concentration gradient, dc/dx. On a spherical surface, the distance r from the center
represents x. So, it can give the following

dn
dt

= 4πr2D
dc
dr

(16)

Symbol D is the diffusion coefficient. We assume that, at any instant, dn/dt will be a
constant. Thus, Formula (16) may be integrated to give the following:

4πD
∫ C2

C1

dc =
dn
dt

∫ r2

r1

dr
r2 (17)

dn
dt

=
4πD(c2 − c1)

1
r1
− 1

r2

(18)

If c1 = c∗ (droplet concentration) at r1 = r (the radius of the droplet) and c2 = c = 0
(diffusion into a pure solvent) at r2 = ∞. To keep the dimensions the same, then we use
the following:

dn
dt

= −4πrDc∗ =
dr
dt
(

4πr2

ν
) (19)

dr
dt

= −Dνc∗

r
(20)

r2 = r2
0 − 2Dνc∗t (21)

where ν is the molar volume of liquid and r0 is the droplet radium at time t = 0. The time
(r = 0) for the droplet perfect diffusion is given by the following:

t =
r2

0
2Dνc∗

(22)

In this way, we can obtain the whole time of droplet diffusion.

G = kg∆ca exp(−E/RT) (23)

where G is crystal growth rate, ∆c supersaturation, E activation energy for crystal growth,
R universal gas constant, T temperature, and kg and α are the growth rate coefficients.

Combining Equations (15), (22) and (23) will give the relationship the temperature T
and the dominant size of the crystals LD.

LD =
3kg∆ca exp(−E/RT)r2

0
2Dνc∗

(24)

So far, the model has been established. Except for temperature, which is a variable, all
the other parameters are constants.

2.3. Experiment
2.3.1. Materials

(1) The main materials include a φ3 mm silicone tube, a peristaltic pump, a beaker, a
Buchner funnel and vacuum filtration device, a small reactor, a set of stirring devices,
and two sets of heating devices (ovens);

(2) The test instruments include a scanning electron microscope (Nano SEM 450, Nova)
and a laser particle size analyzer (MS2000, Malvern);

(3) The experiment reagents include deionized water, anhydrous ethanol (analytically
pure 99.9%), and NaCl (analytically pure).
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2.3.2. Experiment Methods

A saturated salt solution with a concentration of 36 g/100 g was prepared at a temper-
ature of 20 ◦C. We then conducted the experiment under different temperature conditions
(10 ◦C, 20 ◦C, 30 ◦C, 40 ◦C, 50 ◦C) taking into account the fact that the boiling point of
anhydrous ethanol is 78 ◦C. The solvent was added drop by drop into the anhydrous
ethanol, dividing the solution into five groups. We used a peristaltic pump to achieve the
reverse addition, dripping the solvent at a rate of 100 µL/min through a φ3 mm silicone
tube as shown in Figures 4 and 5. We maintained consistent temperatures for the solvent
and anti-solvent during the crystallization process. Once the dripping was complete, the
product was filtered using a Buchner funnel and then dried in an oven for several hours. A
small portion was taken for SEM measurement and particle size distribution analysis. The
results obtained are shown in Table 1.
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Table 1. Details of the experiment.

NO. Concentration g/g (Water) Dripping Droplet
Velocity µL/min Agitation Rate rpm/min Temperature

◦C

1 0.36 100 500 10
2 0.36 100 500 20
3 0.36 100 500 30
4 0.36 100 500 40
5 0.36 100 500 50
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3. Result
The particle size distribution of the sodium chloride prepared by reverse addition

and tested in the laser particle size analyzer under different temperature conditions is
shown in Figure 6 and Table 2. It is obvious that the particle size increases with the increase
in temperature during the crystallization process through the detection of particle size
analysis and the observation of SEM.
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Table 2. Details of the size distribution of sodium chloride.

NO. D10/µm D50/µm D90/µm D32/µm Span

1 1.257 7.279 14.012 3.738 1.752
2 1.651 8.745 20.601 4.220 2.161
3 1.687 11.517 24.690 4.745 1.997
4 4.822 15.637 32.965 6.814 1.799
5 7.495 19.480 39.669 9.131 1.653

The electron microscope images at 20 ◦C and 50 ◦C, respectively, were compared
in Figure 7 to show more clearly that the crystal of sodium chloride prepared by reverse
addition had a uniform particle size and a good appearance.
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Crystals are generally around 3~5 um at 10 ◦C, and sodium chloride crystals are
generally 7~10 um at 50 ◦C. Combining Equation (24) with the parameters in Table 3
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verifies the accuracy of the mathematical model. The D32 of the measured particle size
distribution by the laser particle size analyzer is very close to the calculated values LD by
the model under different temperature conditions, as shown in Figure 8.

Table 3. The value of the parameter in the model.

Parameter [units] Description Value

ν [m3/mol] The molar volume of liquid 1.8 × 10−5

c∗ [mol/m3] Droplet concentration 55.6 × 103

D [m2/s] Diffusion coefficient 2 × 10−9

kg [m/s] Growth rate constant 7.1150 × 10−5

α [-] Growth rate order 1.079
E [kJ/mol] Activation energy for growth 1.9023
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4. Discussion
Researchers have focused on studying the changes in the properties of crystal products

and their effects on subsequent operations, but they have rarely investigated the main
factors affecting particle size using the anti-solvent method. This mathematical model com-
bines the particle size balance equation and the droplet diffusion equation to establish the
relationship between the dominant crystal size and temperature. While the model cannot
replicate real-world situations, it can still provide a suitable explanation for crystallization
behavior through analysis. This approach is particularly feasible for controlling the size
of small crystals of energetic compounds and heat-sensitive substances. In this model,
various assumptions about crystalline conditions are made, and supersaturation is treated
as a constant due to the limitations of existing technology in measuring the rapid changes
in supersaturation resulting from the swift diffusion between solvents and anti-solvents.
Additionally, it is unrealistic to assume that droplet diffusion begins only after the droplet
has completely entered the solvent. Crystallization actually begins when the solvent droplet
comes into contact with the anti-solvent through droplet-occurring diffusion. However, it
is evident that crystallization is caused by the diffusion behavior between the solvent and
the anti-solvent, rather than occurring after the solution has been fully mixed.

The crystallization mechanisms differ significantly between the positive addition
and reverse addition directions, even though they are opposite. When using reverse
addition, the crystallization process is similar to that of micro-crystallization. This means
that the growing crystals flow out of the droplet at the same time as the solvent and anti-
solvent rapidly diffuse, causing the crystals to grow rapidly until the droplet diffusion
ends. This leads to a narrow particle size range due to the very short diffusion time.
On the other hand, predicting the crystal size distribution within the solution using a
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simple mathematical model is not possible during positive addition due to the complex
crystallization behavior in the solvent. Moreover, the mathematical model assumes that no
secondary nucleation occurs.

The assumption contributes to a narrow grain size range for two reasons. First, the
short droplet diffusion time makes it challenging for secondary nucleation to occur within
such a brief period. Second, secondary nucleation often occurs in crystallization systems
containing larger particles. According to the model, the crystal’s particle size is related
to the diffusion rate between the solvent and the anti-solvent. A slower solvent diffusion
results in larger crystal sizes, while faster diffusion leads to smaller crystal sizes. This
provides a theoretical basis for adjusting the diffusion rate between the solvent and the
anti-solvent by adding a third substance (solvent or reagent) to produce crystals of different
sizes from emulsion droplets.

It is not reasonable to consider the diffusion coefficient as a constant because it
varies with temperature. As the temperature increases, the droplet diffusion coefficient
also increases. Although it simplifies the calculation and amplifies the temperature’s
effect on particle size, setting the coefficient as a constant in the model is not accurate.
Equation (24) shows that a larger diffusion coefficient inhibits crystallization size. One
specific scenario to consider is when a substantial amount of heat is generated upon contact
between the solvent and the anti-solvent, such as with concentrated acid and water. The
impact of this scenario is crucial for accurately preparing particles of different sizes.

The physical meaning of the value of LD in the model represents the diameter of the
main crystal in the group of crystal particles formed in the droplet, and it also implies the
spherical nature of the crystal formed in the droplet. The calculation method for D32 is
provided in Equation (25) as follows:

D32 = 100/(( f 1/(D1 + f 2/(D2 + f 3/(D3 + f 4/(D4+)......))))) (25)

where Di indicates the average particle size of the ith particle size interval and fi indicates
the percentage of the ith particle size interval.

Therefore, it is not difficult to understand the relationship between the physical
meaning represented by D32 and the LD. It could also explain why the values of LD are
numerically close to those of D32 as shown in the experimental results. However, the
value of LD cannot be considered as the average value of crystals produced by droplet
crystallization. Therefore, comparing numerical sizes is meaningless. It is important to be
able to predict the average crystal size produced in droplets based on the LD calculation.
Although the average crystal size produced by reverse addition cannot be accurately
calculated, the correctness of the crystallization model hypothesis could be demonstrated
by experimental data that closely matches the value predicted by the calculation, as well as
by the crystallization phenomenon encountered in previous work.

5. Conclusions
This paper proposes a mathematical model for predicting the size of crystals formed

during droplet crystallization. The model is based on an experimental phenomenon involv-
ing the preparation of different small-size energetic compounds under varying temperature
conditions using the anti-solvent method of reverse addition. NaCl is used to crystallize in
the ionized water/anhydrous ethanol system to validate the model and examine how tem-
perature affects particle size. The model’s validity is confirmed by comparing the average
size D32 measured by a laser particle analyzer to the size LD calculated by the mathematical
model. The model illustrates that droplet diffusion behavior influences crystal size based
on three factors: droplet size, crystallization temperature, and the diffusion coefficient of
the solvent and anti-solvent. This model can serve as a theoretical guide for utilizing emul-
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sion droplet crystallization methods and crystallization technology to control small-size
energetic compounds with a narrow particle size distribution and good appearance.
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