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Abstract:



Effectively, two-dimensional (2D) closed films exhibiting in-plane orientational ordering (ordered shells) might be instrumental for the realization of scaled crystals. In them, ordered shells are expected to play the role of atoms. Furthermore, topological defects (TDs) within them would determine their valence. Namely, bonding among shells within an isotropic liquid matrix could be established via appropriate nano-binders (i.e., linkers) which tend to be attached to the cores of TDs exploiting the defect core replacement mechanism. Consequently, by varying configurations of TDs one could nucleate growth of scaled crystals displaying different symmetries. For this purpose, it is of interest to develop a simple and robust mechanism via which one could control the position and number of TDs in such atoms. In this paper, we use a minimal mesoscopic model, where variational parameters are the 2D curvature tensor and the 2D orientational tensor order parameter. We demonstrate numerically the efficiency of the effective topological defect cancellation mechanism to predict positional assembling of TDs in ordered films characterized by spatially nonhomogeneous Gaussian curvature. Furthermore, we show how one could efficiently switch among qualitatively different structures by using a relative volume v of ordered shells, which represents a relatively simple naturally accessible control parameter.
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1. Introduction


In recent years, it was demonstrated that topology and curvature could be exploited to nucleate diverse complex patterns in nature [1,2,3]. Of particular interest are topological defects (TDs), which, in isolation, are topologically protected and consequently they cannot be destroyed [4]. They might represent “fundamental particles” of the Standard model (which are from this perspective emergent) if relevant fields represent fundamental entities of nature [5] as first suggested by Skyrme already in 1962 [6]. Note that the first theory on coarsening dynamics of TDs was developed in cosmology in order to explain TDs in the Higgs field of the early universe [7]. Furthermore, recent relativistic simulations imply [8] that negative curvature of the “empty” part of the universe might explain the origin of the so-called “dark energy”. Since these phenomena show remarkable universalities, it is of interest to find appropriate systems where their fundamental behavior can be relatively easily assessed and probed [9,10].



Why are TDs so ubiquitous in nature? The reason behind this is that any continuous symmetry breaking phase transition can be represented by an order parameter field [11] consisting of two qualitatively different components: amplitude field and gauge (also called symmetry breaking or non-hydrodynamic) field. For example, the classical para-ferromagnetic transition is described by the vector order parameter field [image: there is no content], [image: there is no content], where [image: there is no content] plays the role of amplitude (gauge) field. The amplitude measures the degree of ordering in the symmetry broken phase. For given conditions, it possesses a single equilibrium value. On the other hand, the gauge component determines a highly degenerated symmetry breaking choice. Due to the latter fact, TDs can be formed.



The key property of TDs is their discrete topological charge [4,10] [image: there is no content], which is a conserved property. Its quantum character arises due to degeneracy of equilibrium values of a relevant gauge field. In three spatial dimensions, q reveals how many times all possible “orientations” of the gauge field are realized while crossing a closed surface enclosing the defect [10]. In two-dimensions (2D), to which we are restricted in this paper, [image: there is no content] is equivalent [10] to the winding number [image: there is no content].



Of particular recent interest is to understand the impact of curvature and topology on the number and position of TDs. A convenient system for such studies, both from experimental and theoretical perspectives, are numerous effectively two-dimensional soft material [10,11] films, exhibiting some sort of in-plane ordering [11,12,13,14,15]. Typical representative systems are colloidal liquid crystalline (LC) shells [15] and various biological membranes [13,14] composed of anisotropic constituents, or isotropic membranes with adsorbed anisotropic nano-sized complexes (e.g., proteins). We henceforth refer to these orientationally anisotropic effectively 2D (i) open or (ii) closed soft films as (i) ordered films and (ii) ordered shells, respectively. In the case of non-toroidal geometries, ordered shells unavoidable contain TDs due to the Gauss-Bonnet and Poincare-Hopf theorems [16]. According to these theorems, the integrated Gaussian curvature [image: there is no content] over a closed surface exhibiting orientational ordering determines the total topological charge (i.e., the winding number) [image: there is no content] of the system [16]:


[image: there is no content]



(1)







Recently, it has been shown [12] that one can assign the effective topological charge [image: there is no content] to a surface patch [image: there is no content] of an ordered film characterized by its spatially averaged Gaussian curvature [image: there is no content]. In the absence of “impurities” it can be expressed as [image: there is no content] [12]. Here, [image: there is no content] stands for the total charge of “real” TDs within [image: there is no content] and the hypothetical smeared Gaussian curvature charge [12,17] is defined as




[image: there is no content]



(2)





In cases where [image: there is no content] represents a closed surface, it holds true that [image: there is no content], owing to Equations (1) and (2). In this sense, one could say that any closed system is strictly neutral. The neutralization tendency [image: there is no content] [4,17] is presented also in each finite (unclosed) patch of a surface exhibiting spatial non-homogeneities in [image: there is no content], which is referred to as the effective topological charge cancellation (ETCC) mechanism [12]. However, if a neutralization within a patch cannot be achieved via redistribution of existing TDs, it is necessary that a large enough local curvature exists that has the potential to trigger formation of pairs {defect, antidefect} of TDs. Here, defect (antidefect) refers to a topological defect bearing [image: there is no content].



Note that ordered shells could be exploited to nucleate formation of different new materials and even metamaterials. For example, Nelson [15] proposed that colloidal nematic shells (i.e., colloids covered with a thin nematic LC film) immersed in isotropic matrix containing appropriate nano-binders could be organized in periodic configurations (i.e., scaled crystals) analogous to “real” crystals (consisting of atoms). In this analogy, the ordered shells play the role of atoms and TDs determine their valence [15]. Namely, the nano-binders tend to be attached to the cores of TDs due to the defect core replacement (DCR) [18] mechanism. The DCR mechanism is based on the reduction of the defect core penalty by partially replacing an energetically expensive condensation penalty volume with the nano-binder’s volume. In such a way, the nano-binders bind nearby shells together [15], nucleating colloidal crystal growth.



By varying the number and position of TDs within an ordered shell, one could control the symmetry of resulting crystals and consequently the key physical characteristics of crystals. For this purpose, it is of strong interest to find ways to form and control different shapes of ordered shells and consequently tame their valence. Note that, in general, much larger diversity of shell geometries, and consequently symmetries, could be realized in comparison to those existing in atoms. Therefore, scaled crystals formed by ordered shells, exhibiting complex geometries, could in general exhibit qualitatively new symmetries (and consequently new physical properties) not encountered in “real” atom-based crystals.



In this paper, we theoretically analyze the impact of different geometries of ordered films and ordered shells on the number and position of TDs. We first illustrate the efficiency of the ETCC mechanism in predicting the presence of TDs. Next, we demonstrate a relatively simple path to switch among different configurations of TDs in ordered shells by varying a single control parameter.




2. Results


In this section, we demonstrate numerically, using mesoscopic description, how one could relatively easily manipulate shapes of effectively two-dimensional soft system exhibiting in-plane ordering and, consequently, control the predetermined number and position of TDs.



To determine shapes of shells and in-plane orderi ng within these films, we use a mesoscopic modelling, where the system’s properties are described using the curvature tensor [image: there is no content] and the tensor nematic order parameter [image: there is no content]. The Weingarten curvature tensor [image: there is no content] [19] determines the local curvature of a surface [image: there is no content], which is embedded in 3D Cartesian system:


[image: there is no content]



(3)







The unit vectors [image: there is no content] point along the surface principal directions exhibiting principal curvatures [image: there is no content]. The invariants of [image: there is no content] are trace and determinant, yielding the mean local curvature ([image: there is no content]) and the Gaussian curvature ([image: there is no content]), respectively:


[image: there is no content]



(4)







We set that molecules exhibiting nematic orientational ordering are bound to lie in the local tangent plane of the surface and are otherwise unconstrained. The molecules are assumed to be rod-like, exhibiting the so-called head-to-tail invariance. The corresponding local orientational order is described in terms of the 2D tensor order parameter [image: there is no content]. In the diagonal form, it can be expressed as [20]




[image: there is no content]



(5)





Here, the orthogonal unit vectors [image: there is no content] and [image: there is no content] are the eigenvectors of the tensor [image: there is no content], while [image: there is no content] and [image: there is no content] are the corresponding eigenvalues. The lower bound [image: there is no content] corresponds to isotropic local ordering, while the upper bound [image: there is no content] corresponds to rigidly aligned molecules in a small area along the direction [image: there is no content], commonly referred to as the nematic director field.



For numerical convenience, we restrict to axially symmetric surfaces of revolution [image: there is no content] with rotational symmetry about the [image: there is no content]-axis. We parametrize the position vector [image: there is no content] of a generic point lying on [image: there is no content] as


[image: there is no content]



(6)




where [image: there is no content], [image: there is no content], and the unit vectors {[image: there is no content]} determine the Cartesian coordinate system. On the surface of revolution, parallels and meridians are lines of principal curvature. We set that the principal directions (see Equation (3)) {[image: there is no content],[image: there is no content]} point along meridians ([image: there is no content]) and parallels ([image: there is no content]), respectively.



We consider two qualitatively different geometries. First, we study possible defect structures on a catenoid’s [21] surface (see Figure 1) defined by


[image: there is no content]



(7)




where the length [image: there is no content] characterizes a catenoid.


Figure 1. Schematic representation of a catenoid in the Cartesian coordinate system. Meridians and parallels on the catenoid are described by [image: there is no content] and [image: there is no content], respectively, where the [image: there is no content] parametrization is defined in Equations (6) and (7). Color determines the Gaussian curvature [image: there is no content]. The mean curvature [image: there is no content] is zero everywhere on the surface. The arrows indicate the principal directions of [image: there is no content].
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This geometry is interesting for several reasons. Firstly, its mean curvature equals zero everywhere on the surface. In general, surface curvature is energetically expensive. Therefore, such minimal surfaces, characterized by [image: there is no content], often represent natural ”structural attractors” (at least locally). Secondly, the integral of the Gaussian curvature over the catenoid’s surface is a constant, i.e., [image: there is no content]. Therefore, the catenoid’s surface enforces the smeared Gaussian curvature charge [image: there is no content], so TDs bearing the total charge [image: there is no content] should be introduced in order to make the nematic patch neutral ([image: there is no content]). Note that the film shape in catenoids is prescribed and the variational parameter is solely the nematic tensor order parameter.



Next, we consider also cases of ordered shells exhibiting spherical topology, where the shapes of shells are calculated by minimizing the bending elastic energy for a given relative volume [image: there is no content]. Here [image: there is no content] stands for the volume of a film of total surface area [image: there is no content], and [image: there is no content] is the volume of the sphere having the same surface area, where [image: there is no content].



2.1. Ordered Films


To demonstrate the adequacy of the effective charge cancellation mechanism, we first consider open ordered films. As a testing ground, we chose a catenoid. We show that by squeezing the catenoid’s neck, four TDs bearing [image: there is no content] are formed in order to compensate the smeared Gaussian curvature charge [image: there is no content] localized at the neck. Numerically calculated order parameter textures are shown in Figure 2. In column (a), we depict the catenoid’s shape. Its neck is gradually squeezed on passing downwards. In the case shown in the first row, the curvature and the related nematic elastic distortions are relatively weak. Consequently, it holds [image: there is no content] where [image: there is no content] denotes the catenoid’s surface. The nematic order parameter exhibits relatively weak spatial variations, see Figure 2b. The corresponding nematic director profile [image: there is no content] is homogeneous in the [image: there is no content] plane as shown in Figure 2c. Therefore, [image: there is no content] is aligned along parallels of the catenoid. In the Cartesian coordinates, this corresponds to concentric circles centered at the origin of the [image: there is no content]-axis.


Figure 2. The nematic ordering on catenoid films. (a) Catenoid’s shapes with the superimposed color code determined nematic order parameter. (b) The nematic order parameter variation in the [image: there is no content] plane. (c) [image: there is no content] spatial variation in the [image: there is no content] plane. 1st row : [image: there is no content]; 2nd row : [image: there is no content], 3rd row: [image: there is no content]; [image: there is no content] is the nematic correlation length.
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In the case shown in the 2nd row of Figure 2, elastic distortions at the neck are relatively strong and nematic ordering is almost melted at the neck area (Figure 2b, 2nd row) , where the distortions are the largest. However, the local curvature is still not strong enough to trigger the formation of TDs and the nematic director field is still aligned along the parallels.



When the critical condition is met, four [image: there is no content] defects are created at the neck in order to compensate the smeared Gaussian curvature charge. The resulting structure exhibits zero effective topological charge and is in this sense neutral. Representative configurations are depicted in the 3rd row of Figure 2. At the center of the cores of TDs, the nematic order parameter is melted (Figure 2b, 3rd row). The characteristic nematic director profile of defects is well visible in the 3rd row of Figure 2c. In the Cartesian coordinates, this profile corresponds to parallel alignment of [image: there is no content] in the regions relatively far from the neck.




2.2. Ordered Shells


Next, we consider ordered shells where both surface geometry and degree of nematic ordering are varied. We demonstrate that one can efficiently switch between qualitatively different configurations simply by varying the relative volume [image: there is no content] of a shell.



Using our simple modelling, one can obtain three qualitatively different geometries of shells by varying [image: there is no content], which is presented in Figure 3. These structures are commonly referred to as stomatocytes, oblates and prolates [22,23,24]. In Figure 3, they are depicted with black, red and blue color, respectively. Each class of shapes is stable at a certain range of the reduced volume values. Stomatocytes are globally stable for [image: there is no content], prolates for [image: there is no content], and oblates exist in the interval [image: there is no content].


Figure 3. Stability diagram of qualitatively different closed shell shapes, calculated within the spontaneous curvature model for different values of the reduced volume [image: there is no content]. The bending energy of shells is given in units [image: there is no content], where [image: there is no content] describes the energy calculated for [image: there is no content].
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Note that all the structures in Figure 3 exhibit the spherical topology. According to the Gauss-Bonnet and Poincare-Hopf theorems, such structures bear the total topological charge [image: there is no content] in order to neutralize the whole shell. For [image: there is no content], shells are spherical and the Gaussian curvature is spatially independent ([image: there is no content], where [image: there is no content] is the radius of the sphere). Consequently, a sphere typically hosts four [image: there is no content] TDs residing at the vertices of a hypothetical tetrahedron inscribed within the sphere in order to maximize the mutual separation among TDs [19,20,25].



On decreasing [image: there is no content], different patches, characterized by different spatially averaged Gaussian curvature [image: there is no content], become apparent. Consequently, the positions and even the number of TDs are changing. Established configurations of TDs tend to neutralize each patch according to the ETCC mechanism. Typical spatial variations of [image: there is no content] in stomatocytes, oblates and prolates are shown in Figure 4.


Figure 4. Typical [image: there is no content] spatial variation in stomatocyte ([image: there is no content], depicted with black color), oblate ([image: there is no content], depicted with red color), and prolate ([image: there is no content], depicted with blue color) structure. The total length of representative profile curves equals to [image: there is no content], while [image: there is no content] stands for the radius of the sphere with the same surface area as the surface of the investigated shape.
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In the first regime ([image: there is no content]), the shells adopt prolate-type shapes where bumps exhibiting progressively bigger positive Gaussian curvatures form at the poles (see Figure 4). Therefore, in each pole region it roughly holds [image: there is no content], while the equatorial regime is characterized by [image: there is no content]. Consequently, to neutralize each patch, four [image: there is no content] TDs are attracted to the poles as illustrated in Figure 5.


Figure 5. Orientation ordering profile calculated on a prolate ordered shell. Left side: superimposed nematic director field and order parameter profile [image: there is no content] in the [image: there is no content] plane. Right side: the shell’s shape with the corresponding order parameter profile is presented from different perspectives. Positions of topological defects (TDs) are denoted with capital letters. The calculations were performed for [image: there is no content], [image: there is no content].



[image: Crystals 07 00153 g005]






Within the parameter window [image: there is no content], oblate structures are formed (see Figure 6). For these structures, positive Gaussian curvature exhibits a pronounced maximum at the equatorial ring (Figure 4). This maximum acts as a strong attractor for TDs. Consequently, four [image: there is no content] TDs assemble in the equatorial region.


Figure 6. Typical orientational ordering profile on an oblate ordered shell. Left side: superimposed nematic director field and order parameter profile [image: there is no content] in the [image: there is no content] plane. Right side: the shell’s shape with superimposed order parameter profile presented from different perspectives. Topological defects are denoted with capital letters. Parameters: [image: there is no content], [image: there is no content].
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For [image: there is no content], stomatocyte shapes are formed (Figure 7). These structures possess the neck, where [image: there is no content] (see Figure 4). The local elastic distortion is strong enough to enable the formation of two additional pairs {defect, antidefect}, bearing topological charges [image: there is no content]. Consequently, stomatocytes typically host eight TDs, where the total topological charge remains [image: there is no content], i.e., the structure is neutral. The two [image: there is no content] TDs are localized at the neck in order to partially screen [image: there is no content]. On the other hand, the six TDs bearing [image: there is no content] are distributed in the regime where [image: there is no content].


Figure 7. Typical orientational ordering profile exhibited by stomatocyte shapes. Left side: superimposed nematic director field and order parameter profile [image: there is no content] in the [image: there is no content] plane. Right side: shell’s shapes with superimposed order parameter profiles presented from different perspectives. Topological defects are denoted with capital letters. Parameters: [image: there is no content], [image: there is no content].
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3. Discussion


Of our interest was to identify a relatively simple and “natural” way to vary shapes of ordered shells and to predict the number and position of TDs within the resulting configurations. A possible future application based on such systems might be scaled crystals [15,25,26,27,28]. Namely, different configurations of TDs on ordered shells, immersed in an isotropic host, are expected to nucleate self-assembling into periodic structures exhibiting different symmetries and, consequently, quantitatively or even qualitatively different physical properties [15].



Firstly, we demonstrated that, for a given geometry, one could relatively reliably predict the number and position of TDs. For this purpose, the effective topological charge cancellation [12] mechanism can be used. Its predicting power works well in the cases where the so-called intrinsic geometry contributions [1,2,3,29] are dominant in the free energy terms coupling geometry and orientational ordering. The ETCC mechanism is useful for the geometries that possess surface patches exhibiting significantly different characteristic Gaussian curvatures. We illustrated its efficiency on an open catenoid [21] geometry, where topology does not require the presence of TDs. Our simulations reveal that if a catenoid’s neck is squeezed enough, so that the local curvature is strong enough to nucleate the formation of pairs {defect, antidefect}, four [image: there is no content] TDs appear at the neck in order to compensate the local negative Gaussian curvature. Note that the accompanying four [image: there is no content] TDs are not visible in equilibrium structures (see Figure 2, 3rd row) because the catenoid’s surface is “open”.



Afterwards, we considered ordered shells of spherical topology. We were changing the geometry of shells by varying the relative volume [image: there is no content]. Namely, decreasing [image: there is no content] enables switching among three qualitatively different shapes, referred to as oblates, prolates and stomatocytes [22]. Such structures are among others observed in biological membranes [14,22,23,24], where [image: there is no content] could be relatively easily varied by changing the osmotic pressure of a system. Furthermore, in biological membranes there are several different origins of in-plane ordering [12]. In our simulations, stability ranges of different structures are as follows: oblates are stable within the window [image: there is no content], prolates for [image: there is no content], and stomatocytes for [image: there is no content]. For parameters used in our study, prolate and oblate structures possess four TDs, each bearing [image: there is no content], tending to be assembled in the regions exhibiting relatively high positive Gaussian curvature. Consequently, in prolates, TDs are assembled near the poles and in oblates at the equatorial region. On the other hand, in stomatocytes, a relatively narrow neck exhibiting negative Gaussian curvature is formed. The curvature there is strong enough to nucleate two pairs of {defect, antidefect} = {[image: there is no content]}. Therefore, the resulting structure has eight TDs carrying the total topological charge equal to two. The two antidefects are localized within the neck in order to compensate for relatively strong local negative Gaussian curvature. The remaining six TDs, bearing [image: there is no content], are distributed in the remaining part of the structure which exhibits [image: there is no content]. Relative position of TDs in these regions is dominated by mutual repulsion among TDs because [image: there is no content] exhibits relatively weak spatial variations.



Our work is illustrative and demonstrates a possible way of varying shapes and, consequently, configurations of TDs. Note that, in real configurations, elastic anisotropies [26,27,28] of relevant elastic constants and extrinsic [2,3,29,30,31] geometric terms might play an important role in the positioning of TDs. In our modelling, we considered only the so-called intrinsic free energy curvature terms. However, as illustrated in [3,21,29], in general, extrinsic curvature terms are also present. The intrinsic terms penalize in-plane distortions of ordering which are independent of embedding of a 2D manifold in 3D. On the other hand, the extrinsic terms penalize out-of-plane distortions which are sensitive to 3D embedding. Despite the fact that both contributions have common origin (i.e., curvature) their effect on TDs is, in general, contradicting. Namely, the intrinsic terms favor assembling of TDs in regions exhibiting strong curvature. On the other hand, the extrinsic terms act as a local ordering field tending to align an orientational ordering either (depending on values of extrinsic elastic constants) along the maximal or minimal principal curvature direction. The relative role of extrinsic terms increases with the difference [image: there is no content]. Therefore, they are absent for cases [image: there is no content]. For example, this is realized in a sphere. In the case of catenoids, it holds [image: there is no content]. In our simulations, we considered only intrinsic terms. Consequently, in catenoids TDs are created at the catenoid’s neck for strong enough curvature. However, if extrinsic terms are present, their field-like alignment tendency is most effective exactly at the neck. Consequently, on increasing the extrinsic term strength TDs would be expelled from the neck region. This was demonstrated in [21] where a simple nematic director field description was employed. The competition of these contradicting ordering mechanisms is the focus of our future paper.




4. Methods


We express the total free energy functional of the ordered soft film surface [image: there is no content] as [image: there is no content]. The free energy density[image: there is no content] consists of surface bending [image: there is no content], order condensation [image: there is no content], and intrinsic elastic [image: there is no content] term. Here, we took into account only the most essential terms needed to describe the phenomena of our interest. Note that, in general, the so-called extrinsic elastic contribution also exists, but is discarded in this study. We express the densities as [12,20]:


[image: there is no content]



(8)








[image: there is no content]
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[image: there is no content]
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Here [image: there is no content], [image: there is no content], [image: there is no content] and [image: there is no content] are material parameters. The bending ([image: there is no content]) and intrinsic ([image: there is no content]) elastic constants are positive, and the orientational ordering exists for positive values of [image: there is no content] and [image: there is no content].



In the eigenframe of [image: there is no content], tensor [image: there is no content] can be parametrized as [20]


[image: there is no content]



(11)




where [image: there is no content] and [image: there is no content] are scalar order parameters and [image: there is no content], see Equation (5).



For simulation purposes, we introduce scaled and dimensionless quantities. We introduce material-dependent order parameter correlation length [image: there is no content] and geometrically imposed length [image: there is no content]. The former estimates the distance on which a local perturbation in order parameter relaxes on a flat surface. The quantity [image: there is no content] describes some characteristic geometrically imposed length in the system, i.e., it equals to the radius of the sphere with the same surface area as the surface of the investigated shell. Furthermore, we introduce the parameter [image: there is no content] that determines the bulk equilibrium value of order parameter in flat geometries. With this in mind, we introduce the scaled order parameter ([image: there is no content]), the scaled curvature tensor ([image: there is no content]), and we measure all length in units of [image: there is no content]. The resulting dimensionless free energy density ([image: there is no content]) reads


[image: there is no content]



(12)







In case of catenoids, the geometry of ordered films was prescribed. In case of ordered shells, we first minimized the Helfrich curvature contribution (the first term in Equation (12)) for a prescribed value of v. For a given geometry, we then calculated the nematic ordering by minimizing the free energy potential with respect to [image: there is no content].







Acknowledgments


We would like to acknowledge the support from National Science Center grant No 2015/19/B/ST3/03122 and the grants of the Slovenian Research Agency (ARRS) No. P–0232 and P1–0099.




Author Contributions


S.K. initiated this study; S.K., A.I and L.M. developed the theoretical model; L.M. and P.K. developed and performed the numerical simulations; W.G. developed the numerical procedure for the calculation of shapes; A.I. amended the numerical procedures; S.K., L.M. and P.K. wrote the paper.




Conflicts of Interest


The authors declare no conflict of interest. The founding sponsors had no role in the design of the study; in the collection, analyses, or interpretation of data; in the writing of the manuscript, and in the decision to publish the results.




References


	1. 
Bowick, M.; Nelson, D.R.; Travesset, A. Curvature-induced defect unbinding in toroidal geometries. Phys. Rev. E 2004, 69, 041102. [Google Scholar] [CrossRef] [PubMed]

	2. 
Napoli, G.; Vergori, L. Extrinsic curvature effects on nematic shells. Phys. Rev. Lett. 2012, 108, 207803. [Google Scholar] [CrossRef] [PubMed]

	3. 
Selinger, R.L.B.; Konya, A.; Travesset, A.; Selinger, J.V. Monte Carlo studies of the XY model on two-dimensional curved surfaces. J. Phys. Chem. B 2011, 115, 13989–13993. [Google Scholar] [CrossRef] [PubMed]

	4. 
Mermin, N.D. The topological theory of defects in ordered media. Rev. Mod. Phys. 1979, 51, 591. [Google Scholar] [CrossRef]

	5. 
Hobson, A. There are no particles, there are only fields. Am. J. Phys. 2013, 81, 211–223. [Google Scholar] [CrossRef]

	6. 
Skyrme, T.H.R. A unified field theory of mesons and baryons. Nucl. Phys. 1962, 31, 556–569. [Google Scholar] [CrossRef]

	7. 
Kibble, T.W. Topology of cosmic domains and strings. J. Phys. A Math. Gen. 1976, 9, 1387. [Google Scholar] [CrossRef]

	8. 
Giblin, J.T.; Mertens, J.B.; Starkman, G.D. Departures from the Friedmann-Lemaitre-Robertston-Walker cosmological model in an inhomogeneous universe: A numerical examination. Phys. Rev. Lett. 2016, 116, 251301. [Google Scholar] [CrossRef] [PubMed]

	9. 
Zurek, W.H. Cosmological experiments in condensed matter systems. Phys. Rep. 1996, 276, 177–221. [Google Scholar] [CrossRef]

	10. 
Lavrentovich, O.D. Topological defects in dispersed words and worlds around liquid crystals, or liquid crystal drops. Liq. Cryst. 1998, 24, 117–126. [Google Scholar] [CrossRef]

	11. 
Palffy-Muhoray, P. The diverse world of liquid crystals. Phys. Today 2007, 60, 54–60. [Google Scholar] [CrossRef]

	12. 
Mesarec, L.; Góźdź, W.; Iglič, A.; Kralj, S. Effective Topological Charge Cancelation Mechanism. Sci. Rep. 2016, 6, 27117. [Google Scholar] [CrossRef] [PubMed]

	13. 
MacKintosh, F.C.; Lubensky, T.C. Orientational order, topology, and vesicle shapes. Phys. Rev. Lett. 1991, 67, 1169. [Google Scholar] [CrossRef] [PubMed]

	14. 
Zimmerberg, J.; Kozlov, M.M. How proteins produce cellular membrane curvature. Nat. Rev. Mol. Cell Biol. 2006, 7, 9–19. [Google Scholar] [CrossRef] [PubMed]

	15. 
Nelson, D.R. Toward a Tetravalent Chemistry of Colloids. Nano Lett. 2002, 2, 1125–1129. [Google Scholar] [CrossRef]

	16. 
Kamien, R.D. The topological theory of defects in ordered media. Rev. Mod. Phys. 2002, 74, 953–971. [Google Scholar] [CrossRef]

	17. 
Vitelli, V.; Turner, A.M. Anomalous coupling between topological defects and curvature. Phys. Rev. Lett. 2004, 93, 215301. [Google Scholar] [CrossRef] [PubMed]

	18. 
Karatairi, E.; Rožič, B.; Kutnjak, Z.; Tzitzios, V.; Nounesis, G.; Cordoyiannis, G.; Kralj, S. Nanoparticle-induced widening of the temperature range of liquid-crystalline blue phases. Phys. Rev. E 2010, 81, 041703. [Google Scholar] [CrossRef] [PubMed]

	19. 
Rosso, R.; Virga, E.G.; Kralj, S. Parallel transport and defects on nematic shells. Contin. Mech. Thermodyn. 2012, 24, 643–664. [Google Scholar] [CrossRef]

	20. 
Kralj, S.; Rosso, R.; Virga, E.G. Curvature control of valence on nematic shells. Soft Matter 2011, 7, 670–683. [Google Scholar] [CrossRef]

	21. 
Mbanga, B.L.; Grason, G.M.; Santangelo, C.D. Frustrated order on extrinsic geometries. Phys. Rev. Lett. 2012, 108, 017801. [Google Scholar] [CrossRef] [PubMed]

	22. 
Mesarec, L.; Fošnarič, M.; Penič, S.; Kralj-Iglič, V.; Kralj, S.; Góźdź, W.; Iglič, A. Numerical study of membrane configurations. Adv. Condens. Matter Phys. 2014, 2014, 373674. [Google Scholar] [CrossRef]

	23. 
Biscari, P.; Napoli, G. Nonlinear shape perturbations induced by vesicle inclusions. Mol. Cryst. Liq. Cryst. 2005, 434, 271–279. [Google Scholar] [CrossRef]

	24. 
Seifert, U.; Berndl, K.; Lipowsky, R. Shape transformations of vesicles: Phase diagrams for spontaneous-curvature and bilayer-coupling models. Phys. Rev. A 1991, 44, 1182–1202. [Google Scholar] [CrossRef] [PubMed]

	25. 
Vitelli, V.; Nelson, D.R. Nematic textures in spherical shells. Phys. Rev. E 2006, 74, 021711. [Google Scholar] [CrossRef] [PubMed]

	26. 
Seč, D.; Lopez-Leon, T.; Nobili, M.; Blanc, C.; Fernandez-Nieves, A.; Ravnik, M.; Žumer, S. Defect trajectories in nematic shells: Role of elastic anisotropy and thickness heterogeneity. Phys. Rev. E 2012, 86, 020705. [Google Scholar] [CrossRef] [PubMed]

	27. 
Liang, H.L.; Schymura, S.; Rudquist, P.; Lagerwall, J. Nematic-smectic transition under confinement in liquid crystalline colloidal shells. Phys. Rev. Lett. 2011, 106, 247801. [Google Scholar] [CrossRef] [PubMed]

	28. 
Lopez-Leon, T.; Koning, V.; Devaiah, K.B.S.; Vitelli, V.; Fernandez-Nieves, A. Frustrated nematic order in spherical geometries. Nat. Phys. 2011, 7, 391–394. [Google Scholar] [CrossRef]

	29. 
Napoli, G.; Vergori, L. Surface free energies for nematic shells. Phys. Rev. E 2012, 85, 061701. [Google Scholar] [CrossRef] [PubMed]

	30. 
Kralj-Iglič, V.; Babnik, B.; Gauger, D.R.; May, S.; Iglič, A. Quadrupolar Ordering of Phospholipid Molecules in Narrow Necks of Phospholipid Vesicles. J. Stat. Phys. 2006, 125, 727–752. [Google Scholar] [CrossRef]

	31. 
Iglič, A.; Slivnik, T.; Kralj-Iglič, V. Elastic properties of biological membranes influenced by attached proteins. J. Biomech. 2007, 40, 2492–2500. [Google Scholar] [CrossRef] [PubMed]





















© 2017 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license ( http://creativecommons.org/licenses/by/4.0/).







nav.xhtml


  crystals-07-00153


  
    		
      crystals-07-00153
    


  




  





media/file8.jpg
£

10

08

05

o.s

o2

oo

o4 o6 o8 10

02

0l(27)





media/file11.png
1.0

A s i e e e S S e ]
LSS B . e, e, e, e, T, e
f/7/1/777788 N N N NN NN
11111118 RN A NN ANAANE
TEEE . Y A VAN NSE
B \
XX VAN _u“vvvyy.
ANAMNNANY N et ] fJ Il
™ORN NN N N A Y S S 717
e e e e e S S S S )
lllllllll B e s
“““““ — - i
T T T T T T T T T T i i e et et e ——— — — — —
TP R T N ——— S
s LSS L e eSS NSy
fFL 10410 08 B N N NN NAA
THSE RS R\ \ A\ A
r Y111 o T T O T O T ¢
EEEEEE
b (R VR N T, __“_vvv“v-
NN NN T A
N . N R s S S S S S
R, i g iy oy S _\\\\\\\\\.
0 o o
o o o

0.8 1.0

0.6

0.4

0.2

0.0

ol (2 )





media/file6.jpg
s/L






media/file1.png





media/file13.png
e e A T e
P M M T Ty T e Ty T T Ty 7Y
:If;lr!;.......f...../////..
fffff B \ \ \ T
..... W) )|
- — ¥ | ,
| R I i S N G
— e — — — L g P P P P P P 8
—— e, S, S, Yy, Y, B A
—— e . P, M, e, T, B S S S S A T e pm o
e — N S S/ e — — — — - I
e A\\3 e/ /78 BN N\t
/¥ P\ \ \ ¥ B / /[ | TN \ \ \ )
| T\ \ \ § B! | [ ] T\ o\
LT\ \ AN ___~____~w~,~
BT R ] 1) _
N Nt ) \ Y R S
////,,,__ B\ A\ Al /7
v_ N \ A\ B 774
— | B E\\\D e "
o o0 © < =~ o
— o O g o o s}

0.8

0.4 0.6
ol (2 )

0.2

0.0





media/file10.jpg
o2
oo

0.4

22 &4






media/file7.png





media/file12.jpg
ol (27)






media/file9.png
1.0

T T o e e
P T T o il o Pl P Pl o P P P o i
.\...\..\\\.\.\.\l\..\.\..\\\\...\\\

i g i il B i i il B i B i i

S R R S B T e R e
et it (i g g B (i g gt g g

— e i i i i il i i i i i i i -

0! (27)

\
\
\
\
\
\
\
\
\
\
\
\
\
\
\

0.4

P e e e
o o
- S it il ittt il it it ¥

e i i i i i i i i i i

2

— o o

0

[r— T T v T . .
= 0 © <, N S
— o B . o o o

1/8





media/file5.png
| | | | | | | |
5 v=0.7 2Bl =
prolates
4 - -
- stomatocytes -
\ oblates
.
1 =
0 | | | | | ] | ! |
0.1 02 03 04 05 06 07 08 059






media/file3.png
(c)

S22 1
S\
e\
S\
S .
~X 7 " | .
© o
~—— U
S I “\\\\@'
g MW |
N /IS ;
NN g .
TN
-1
-1 0
@lrc
SSTTIZ777 1
\\\\\\\“\“‘%ﬁ\\mumm,;g///////
& X\ ZZ
SN
4*;5\))\‘\\\\““".",”5{,’,’,_’,,% ‘ .
© -
b 0)
w (¥
S S
TIWWNNNSS .
IR
//] \\\{\\\Q\““\\\\\\ = - -0.5
LIS
-1
el 0 :
@it

72777

N

-
=

NN 7
\\\Q.\\\\\\“H"IIIII”////

S

ST

‘l' ""’I’,’”y/ f(/.é"" c<=<)

Q\h
NN !

S\

o
s

S A W nm“"’
NN S

s/a

%ﬁ}i
)
Y

B —

N2

—\

NN S
2 AN s
NN _05 175
f o
-1 ///4.75:_.:?:\
-1

T —— T

— -






media/file4.jpg
v=0.7
prolates

stomatocytes

v=09 A

oblates






media/file0.jpg





media/file2.jpg
©

(b)






