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Abstract: The paper focuses on the development of the method to estimate the mean characteristics of the
atmospheric turbulence. Using an approach based on the shape of the energy spectrum of atmospheric
turbulence over a wide range of spatial and temporal scales, the vertical profiles of optical turbulence are
calculated. The temporal variability of the vertical profiles of turbulence under different low-frequency
atmospheric disturbances is considered.
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1. Introduction

The efficiency of a number of astronomical instruments depends on the integral quantities of
atmospheric turbulence and on the vertical distribution of the characteristics of turbulent fluctuations of
wind speed and air refractive index. Ground-based astronomical telescopes are equipped with adaptive
optics systems to achieve the diffraction-limited images. The development of modern adaptive optics
systems to correct the optical distortions in a few planes of optical conjugation requires information on the
turbulence in individual atmospheric layers, its thickness and heights. The design of a multiconjugated
adaptive optics systems should be based on the simulation of light propagation in the turbulent atmosphere.
To simulate, one needs to know the vertical profiles of wind speed V(z) and the structure constant of the
air refractive index fluctuations C2

n(z) estimated for long time intervals. The vertical turbulence profiles
(V(z) and C2

n(z)) make it possible to determine the statistics affecting the quality of the astronomical
images as well as estimate residual errors for corrected wavefront.

There are methods to estimate the vertical profiles of the characteristics of the optical turbulence.
These methods include the measurements of turbulent characteristics (turbulent fluctuations of the air
temperature and wind speed) or development of approaches to parameterize the optical turbulence [1–4].
To estimate turbulent characteristics, models based on calculations of vertical gradients of wind speed and
air temperature are used. In this case, the distance between the nodes along the vertical direction is often
large. For example, the approach based on vertical gradients of air temperature and wind speed as well as
the outer scale of turbulence can be used for mid-latitudes. Despite numerous attempts to describe the
global distribution of the Fried radius (or seeing), it is obvious that, in the equatorial region, such method
to calculate the characteristics of optical turbulence does not work. Namely, the calculated values (seeing)
are an order of magnitude lower than those observed [5].

The paper considers the problem of determination of the vertical profiles of the turbulent
characteristics averaged over long time intervals (∼several years) using the spectral method. The basis
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of the spectral method is the stability of the shape of a statistically averaged (over an ensemble of states)
energy spectrum of atmospheric turbulence in a wide range of spatial and temporal scales.

It is known that the formation of large-scale (synoptic) inhomogeneities often observed in the earth’s
atmosphere is due to the development of the baroclinic instability mechanism. The proposed energy
exchange schemes between different spectral ranges, as well as measurement data of vertical shifts of the
horizontal component of wind speed, indicate a significant contribution of the “baroclinic” source to the
formation of micrometeorological turbulence. With knowledge of the shape of the spectrum as well as the
dependence of the spectral density of turbulent fluctuations on the frequency in different ranges, one can
estimate the average energy characteristics of turbulence at different altitudes using the amplitudes of
low-frequency atmospheric disturbances.

2. Data and Method to Estimate the Average Energy Characteristics of Turbulence Using the
Amplitudes of Low-Frequency Atmospheric Disturbances

To recover the vertical C2
n(z) profiles, we use reanalysis data. There are several global datasets with

medium spatial and temporal resolution to compensate the lack of direct measurements for the selected
region. The wide used datasets are NCEP/NCAR (National Center for Enviromental Prediction/National
Center for Atmospheric Research), NCEP/DOE, ERA-15, ERA-40 and ERA-Interim. The differences
between the datasets are small, but can be significant when analyzing small changes in the meteorological
characteristics.

To calculate the characteristics of the low-frequency atmospheric disturbances, we have used air
temperature data from the NCEP/NCAR reanalysis data set, which is the result of assimilation of
measurement data. The data assimilation system uses a 3D-variational analysis scheme, with 28 sigma
levels in the vertical and a triangular truncation of 62 waves, which corresponds to a horizontal resolution
of approximately 200 km [6]. The NCEP/NCAR dataset covers the period from 1948 to the present,
and data are available every 6 h or four times per day (12:00 a.m., 6:00 a.m., 12:00 p.m. and 6:00 p.m. UTC).
At the Sayan Solar Observatory site, the air temperature values at 17 isobaric levels (1000, 925, 850, 700,
600, 500, 400, 300, 250, 200, 150, 100, 70, 50, 30, 20, 10 hPa) have been used. To estimate the average energy
characteristics of the low-frequency atmospheric disturbances, we have chosen the region limited by 50 N
from the south, 52.5 N from the north and 100 E from the west, and 102.5 E from the east.

According to [7], we have calculated the air temperature dispersions in the spectral range from
8.3 × 10−3 1/h to 4.2 × 10−2 1/h for different altitudes in the atmosphere. The calculated values of the air
temperature dispersions correspond to the spectral range of large atmospheric inhomogeneities generated
due to the baroclinic instability mechanism.

In the free atmosphere, the structure constant of the air refraction index fluctuations C2
n has been

calculated using the following formula based on the energy spectrum [7,8]:

C2
n(z) =

(
AP(z)

< T >2 (z)

)2

·
E( fL, z)exp

(
−3
(

ln ft
fL

)
− 5

3

(
ln fl

ft

))
0.125

· f 5/3
l , (1)

where A = 80 × 10−60/hPa, P is the atmospheric pressure, < T > is the averaged air temperature, fL is
the low frequency in the synoptic range, ft is the transition frequency from the spectrum slope “−3” to
“−5/3”, and fl is the high frequency in the micrometeorological range. The power spectral density of the
air temperature fluctuations E( fL, z) is determined by the formula [7]:

E( fL, z) =
a( ft, fL)σ

2
T(τ)

fL
, (2)
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where coefficient of proportionality a( ft, fL) ∼ 0.3, and the air temperature dispersions are calculated
from the detrended time series of the air temperature. This approach gives underestimated values of
the isoplanatic angle. In order to take into account the changes in the spectrum slope in the transition
region between the mesoscale interval and the range of small-scale turbulence, we suggest using a new
expression to calculate C2

n(z):

C2
n(z) =

(
AP(z)

< T >2 (z)

)2

·
E( fL, z)exp

(
−3
(

ln ft
fL
+ ln ftm

ft L

)
− 5

3

(
ln fl

ftm
+ ln ftm

ft

))
0.125

· f 5/3
l , (3)

where ft is frequency of transition from “−3” spectrum slope in the synoptic range to “−5/3” slope
in the mesoscales, and ftm and ftL are the frequencies in the transition micrometeorological region.
The obtained formula is based on the approach [7] and refined shape of the turbulence spectrum (Figure 1).
Schematically, the frequencies of the energy spectrum used in the modification of the spectral method are
shown in Figure 1. PSD is the power spectral density of the turbulent fluctuations. Figure 1 is the result of
the generalization of the turbulence spectrum including synoptic scales, mesoscales, transitional interval,
and micrometeorological range [7,8].
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Figure 1. The scheme of the energy spectrum of the atmospheric turbulent flow. The frequencies are
shown by fL, ft, ftL, ftm, fl . The dimensionless frequencies and power spectral density of the air temperature
fluctuations are shown along the horizontal and vertical axes (in logarithmic scales).

The use of the dependence of the power spectral density on the frequency f−3 is based on the results
of the analysis of measurement data [8]. It has been shown that energy of the turbulence is significantly
reduced in the transition range of scales (from ∼ 60 m to ∼ 600 m) [8].

3. Results

Using Equation (3), the averaged structure constants of the air refractive index fluctuations on
the standard isobaric surfaces have been calculated from reanalysis data. The constants C2

n on the
standard isobaric surfaces have been calculated for three regimes: weak turbulence (r0 = 8.3 cm),
moderate turbulence (r0 = 4.5 cm) and strong turbulence (r0 = 3.3 cm, r0 = 3.8 cm). Figure 2 shows the
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averaged vertical profiles of the structure constant of the air refraction index fluctuations in conditions of
weak turbulence (r0 = 8.3 cm), moderate turbulence (r0 = 4.5 cm) and strong turbulence (r0 = 3.3 cm,
r0 = 3.5 cm) at the Sayan solar observatory site. The horizontal axis represents the altitudes above the
observatory level and the vertical axis represents C2

n values in logarithmic scale. The vertical profiles are
averaged for the period from 1 January 1988 to 31 December 2018.
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Figure 2. The vertical profiles of the structure constant of the air refraction index fluctuations at the Sayan
solar observatory site. The vertical profiles correspond to different intensities of the atmospheric turbulence
along light of sight.

In the atmospheric surface layer, the values of C2
n were calculated from measurements using an

automatic meteorological system. Fried radius values for selected atmospheric conditions have been
estimated using the Equation (4):

r0 =

0.423k2secα

H∫
0

C2
n(z)dz

−3/5

, (4)

where α is the zenith angle, k = 2π/λ, λ is the wavelength of the light, and H is the height of the upper
boundary of the “optically active" atmosphere. Calculations are performed for λ = 0.5 µm. Large values
of the Fried radius correspond to the low intensity of the turbulence, and vice versa.

Analysis of the vertical changes in the optical turbulence at the site of the Sayan Solar Observatory
shows that the energy constant C2

n decreases with height. The most developed turbulence is observed in
the atmospheric boundary layer, and averaged values of C2

n vary from 5 × 10−16 m−2/3 to 8 × 10−15 m−2/3

(individual values may differ by more than an order of magnitude). In addition, an atmospheric layer
with intense turbulence is observed in the vertical profiles obtained for different atmospheric conditions
at a height of about 10 km above the astronomical observatory. It can also be noted that deformations
of vertical profiles at the individual heights are often observed under conditions of intense atmospheric
turbulence along the line of sight (with decreasing Fried radius). This may be due to the peculiarities of
the development of turbulence as well as mountain waves in complex relief.
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The obtained vertical profiles C2
n are in agreement with the data of direct optical measurements at the

site of the Sayan solar observatory. The calculated averaged values of the Fried radius for the nighttime
from the measurements of the differential monitor of image motion, as well as measurements of image
motion in the daytime in the optical scheme of the Automated Solar Telescope are consistent with the
spectral estimates obtained in this paper.

In addition, the plausibility of vertical profiles is confirmed by estimates of the isoplanatic angles
calculated by the formula [9]:

θ0 =

(
2.91

(
2π

λ

)2
sec8/3 α

∫ H

0
C2

n(z)z
5/3dz

)−3/5

, (5)

where α is the zenith angle, z is the height, λ is the light wavelength, and H is the height of the upper
boundary of the “optically active” atmosphere. The values of θ0 are very sensitive to turbulence in the
upper layers of the “optically active” atmosphere (z5/3). Small deviations in C2

n estimates in the upper
layers can lead to a change of the isoplanatic angle by several arc sec. At the same time, the calculated
values of averaged isoplanatic angle are 0.82, 0.92, 1.09, 2.10 arc sec for r0 = 3.3, 3.8, 4.5, 8.3 cm, respectively.

4. Conclusions

The spectral method to calculate the characteristics of the optical turbulence by the amplitudes of
low-frequency variations of the air temperature has been improved. The method allows for estimating
the values of the structure constant of the air refraction index fluctuations more accurately: the calculated
values of the isoplanatic angle by the spectral method are close to the values estimated from the
images (∼1.0–2.0 arc sec). The calculated values of isoplanatic angle are 0.82, 0.92, 1.09, 2.10 arc sec
for r0 = 3.3, 3.8, 4.5, 8.3 cm, respectively.

Although the method takes into account wind speed when estimating the scale fL [7], the wind
regime can affect the accuracy of the estimates. This effect is due to deformations of the spectra of the
fluctuations of the air temperature and wind speed under different atmospheric conditions. In the paper,
we took into account that the slope of the energy spectrum in the free atmosphere changes in the spectral
range from ∼60 m to ∼600 m [8]. Taking into account this range, we estimate the spectral power density
of small-scale fluctuations more accurately (by 20–30%).

Vertical profiles of C2
n have been obtained at the site of the Sayan solar observatory for a different

Fried radius. The vertical profile for r0 = 8 cm can be used to optimize both classical adaptive optics
systems and multi-conjugated systems for image correction under good astrooptic conditions when the
adaptation efficiency is maximum.
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