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Abstract

:

The abundance of ions within the ionosphere makes it an important region for both long range and satellite communication systems. However, characterizing the complexity in the ionosphere within the equatorial region of Abuja, with geographic coordinates of 8.99° N and 7.39° E and a geomagnetic latitude of −1.60, and Lagos, with geographic coordinates of 3.27° E and 6.48° N and a dip latitude of −1.72°, is a challenging and daunting task due to the intrinsic and external forces involved. In this study, chaos theory was applied on data from both an HF Doppler sounding system and the Global Navigation Satellite System (GNSS) for the characterization of the ionosphere over these two tropical locations during 2020–2021 with respect to the quality of high-frequency radio signals between the two locations. Our results suggest that the ionosphere at the two locations is chaotic, with its largest Lyapunov exponent values being greater than 0 (  0.011 ≤ λ ≤ 0.041  ) and its correlation dimension being in the range of   1.388 ≤  D 2  ≤ 1.775  . Furthermore, it was revealed that there exists a negative correlation between the state of the ionosphere and signal quality at the two locations. Using transfer entropy, it was confirmed that the ionosphere interfered more with signals during 2020, a year of lower solar activity (sunspot number, 8.8) compared to 2021 (sunspot number, 29.6). On a monthly scale, the influence of the ionosphere on signal quality was found to be complicated. The results obtained in this study will be useful in communication systems design, modelling, and prediction.
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1. Introduction


The Earth’s ionosphere refers to a region of the atmosphere extending from about 50 km to 1000 km consisting of a high concentration of ions and free electrons in sufficient quantity to affect the propagation of radio waves. In this region, neutral atoms absorb solar radiation, resulting in the formation of charged particles [1]. The presence of free electrons within the ionosphere makes the region an important one for radio signal transmission and reception. The ionosphere allows for the propagation of radio waves beyond the theoretical line of sight by refracting signals over longer distances across the world. Satellite-to-earth communication signals have to pass through the ionosphere, where they experience delay. This delay is the largest source of error and uncertainty for single-frequency communication systems [2]. The ionosphere interacts with the neutral atmosphere through internal and external processes, resulting in complex nonlinear processes [3].



The total electron content (TEC) is the main ionospheric parameter that has an overbearing influence on communication and navigation systems. The TEC, which is an important by-product of all forms of space-dependent GNSS data, is the number of electrons in an imaginary tube with a cross-sectional unit area that extends from a GNSS satellite to a GNSS receiver. The TEC can be used to monitor the ionosphere and provide an overall description of it [4]. The TEC is measured in units of   10 16   electrons per square meter in area, where   10 16   electrons/m2 = 1 TEC unit [5]. The value of the TEC along the signal path is


  T E C =  ∫  R e c e i v e r   S a t e l l i t e    N e   d s  



(1)




where   N e   is the electron density along the signal path.



Doppler frequency shift (DFS) measurements have been an age-long technique for monitoring the ionosphere. The DFS is estimated from the energy spectra of received signals. Ref. [6] reported that the DFS quasi-periodic variations observed in their work are due to the passage of traveling ionospheric disturbances associated with acoustic-gravity waves (AGW) at the height of the F-layer of the ionosphere, and they concluded that DFS measurements can be an effective diagnostic tool for the analysis of ionospheric disturbances. According to Boldovskaya [7], Doppler frequency shift measurements are of considerable interest because they reveal short-term variations in the ionization of the ionosphere rather than time-averaged values. These short-term variations have critical implications for the propagation of HF radio waves through the medium. Several researchers have investigated the response of ionospheric DFS to selected space weather events, such as geomagnetic activities, solar flares, irregularities, and meteorological events. For example, [8,9,10,11,12,13]). López-Urias et al. [14] examined ionospheric disturbances during x-class solar flares (2021–2022) using GNSS data and wavelet analysis. Their study investigated a novel approach for detecting solar influences on the ionosphere. Similarly, Sergeeva et al. [15] studied solar flare effects observed over Mexico during 30–31 March 2022. Their investigation highlighted very interesting results from the solar flare effect at lower and higher ionospheric heights. DFS observations are particularly useful for detecting and monitoring traveling ionospheric disturbances and short-period gravity waves (GWs) in the ionosphere [16]. Of interest is the possibility of utilizing Doppler shift measurements to investigate the complex interactions between the vertical total electron content (VTEC) and DFS.



Studying the ionosphere requires an approach that is robust to the complex nature of the region. Nonlinear dynamics and chaos theory tools are particularly well-suited for the analysis of complexity in the ionosphere. Chaos is defined as the aperiodic long-termed behavior in a deterministic system that exhibits sensitive dependence on initial conditions [17]. Considering how the state of the ionosphere at the current time step does not determine its condition in another time step, it is intuitive to consider nonlinear approaches in the study of the ionosphere. First, most of these techniques do not consider the probability distribution of the time series. Second, these tools are robust to outliers, which are frequent in the ionosphere. Third, their measures give a better description of the system than other linear approaches. The Lyapunov exponent, for example, is a quantity that characterizes the average stretching or shrinking of phase space in a specific direction. It is negative, zero, and positive for dissipative, conservative, and chaotic systems, respectively. This approach has been used in many fields, including atmospheric physics and geospace [18]. Chaos theory has been used to investigate nonlinear processes in the ionosphere in different regions of the world [19,20,21,22,23]. There is varied use and application of the term nonlinearity. Generally, it implies a more advanced concept compared to linearity. This is true for nonlinear optimization and nonlinear waves. The use of “nonlinear” in this paper has a completely unique and different concept. We use it in terms of chaos theory, where the dynamics of a system are sensitive to initial conditions. This entails using analyses such as the Lyapunov exponent and correlation dimension. Similar concepts, applications, and definitions can be seen in other publications [24,25]. We examined the scenario where we can analyze a time series in phase space to ascertain whether stochastic or chaotic processes govern its dynamics.



The ionosphere is used to propagate long-range terrestrial communication, but it also causes delays in satellite-to-ground communication systems. However, there has been no data-driven analysis of such a connection in the literature. There exist nonlinear tools for the investigation of causality between two signals. Fuwape et al. [26] used nonlinear tools to unveil the connection between rain and signal attenuation, which was not evident from correlation studies. In a similar approach, the connection between large-scale oscillations revealed weak relationships using nonlinear approaches [24]. The influence of external connections, such as teleconnections and solar activity, has been explored using a nonlinear causality approach [27]. Exploring these nonlinear connections at different timescales allows for an investigation of the role of solar activity on the ionosphere–radio signal relationship. The idea of “nonlinear interaction” implies that the relationship between two variables (VTEC and DFS) is more than linear. For example, the connection between the two can be a quadratic representation or a more general relationship. Linear approaches cannot determine this type of connection; hence, we need to investigate the nonlinear interactions. Consider the effect of the ionosphere on radio signals. This effect varies depending on several factors, including the time of day, ionosphere state, tropospheric weather, and so on. We can assert the existence of a nonlinear interaction between these effects if we can mathematically summarize them as a nonlinear equation.



From the foregoing reasons, the intrinsic and external influences make the ionosphere a complex system. It is of interest to ionospheric scientists due to the numerous complexities associated with it [28]. High-latitude stations or short time periods in the tropics have been the focus of most studies on complex structures. There is a need to study the long-term evolution and complexities of the ionosphere in the tropical region. Furthermore, the evolving interaction of the ionosphere with signal quality at different time scales will be of interest to the scientific community. Predicting the behavior of the ionosphere on space and time scales has continued to attract attention due to the crucial role it plays in our everyday lives. The goals of this study are to (1) determine the level of complexity in both the ionosphere and signal quality and (2) find the complex interactions (if there are any) between VTEC and the DFS between Abuja and Lagos using some nonlinear tools.




2. Methodology


2.1. Data and Study Area


HF Doppler systems are important tools used to understand the ionosphere–thermosphere system at low latitudes. The HF Doppler system used in our research consists of a transmitter located at Abuja (ABU; geographic coordinates: 7.39° E, 8.99° N; dip latitude: −1.37°) and a receiver stationed in Lagos (LAG; geographic coordinates: 3.27° E, 6.48° N; dip latitude: −1.72°). Figure 1 presents a schematic diagram of the experimental setup, while the precise locations of the transmitter and receiver within Nigeria are shown in Figure 2. The system operates at a frequency of 6.957 MHz. The transceiver in Abuja consists of an ICOM 718, a stable reference oscillator (OCXO 32 MHz), a terminated folded dipole antenna (Diamond WD330), a Raspberry Pi 3B (Rpi), and a PC monitor, while the receiver in Lagos consists of a digital receiver (WiNRADiO WR-G313i), a stable external reference oscillator, an active loop antenna, and a personal computer. More details about the instrument setup can be found in [29]. Doppler sounding is one of the best-known means of observing the bottomside ionosphere. It is based on the transmission of a stable sine wave at a frequency of several MHz that reflects from the ionosphere, roughly at the height where its frequency f matches the local plasma frequency,   f p  . The reflection is exactly at   f =  f p    for a vertically propagating ordinary wave. The Doppler shift,   f D  , in a received signal may be expressed as the time derivative of the phase path of the radio signal [30]:


   f D  = − 2  f c   d  d t    ∫ 0  Z R    ( n . d r )  = − 2  f c   ∫ 0  Z R     δ n   d N   ·   δ N   d t   · d r  



(2)




where c is the speed of light, n is the real part of the refractive index for electromagnetic waves, N is the electron (plasma) density, and ZR is the height of reflection.



The observational data had a significant number of missing values, which may affect the integrity of the results. Hence, gridded GNSS TEC data from NASA (https://cddis.nasa.gov/Data_and_Derived_Products/GNSS/atmospheric_products.html, referred to as NASA data) for the two locations during the period under review were also considered. Data validation was carried out to determine the reliability of the gridded data using linear regression and correlation analysis. The seasonal analysis employed in this study was adapted from [31]. The seasons were as follows: December solstice, or D season (November, December, January, and February); March equinox (March and April); June solstice, or J season (May, June, July, and August); and September equinox (September and October).



Linear regression analysis is used to determine the response of a dependent variable (y) to another variable called the independent variable (x). It is assumed that a linear relationship between x and y exists in the form


  y = m x + c  



(3)




where m and c are the slope and intercept, respectively. For a model that mirrors the observational data, there is a one-to-one correspondence with a slope value of 1 and an intercept of 0 on the y-axis.



A correlation analysis gives the level of the linear relationship between two variables. In this study, the Pearson correlation was considered. It is defined as


  r =   ∑  (  x i  −  x ¯  )  ∑  (  y i  −  y ¯  )     ∑   (  x i  −  x ¯  )  2  ∑   (  y i  −  y ¯  )  2      



(4)




where   x i   and   y i   are the observational and model data, respectively. Correlation values close to   + 1   indicate agreement between the observational and model data.




2.2. Complex Measures


Dynamical measures, such as Lyapunov exponents, were developed for equation-governed systems. Takens [32] proposed an algorithm to reconstruct a time series in one dimension to N dimensions using phase space reconstruction. The delay vectors   x n   are obtained as    x n  =  (  x n  ,  x  n − τ   ,  x  n − 2 τ   , ⋯ ,  x  n − ( d − 1 ) τ   )   , where  τ  and d are the time delay and embedding dimensions, respectively. In this study, the methods of mutual information and false nearest neighbors were used to determine the optimal time delay [33] and embedding dimensions [34], respectively. Mutual information is defined as


  I  ( τ )  = −  ∑  h = 1  j   ∑  k = 1  j   P  h , k    ( τ )  ln    P  h , k    ( τ )     P h   P k     



(5)




where   P x   represents the probability of finding a value in the x interval and    P  h , k    ( τ )    is the joint probability. The optimal time delay is taken as the first minimum value of   I ( τ )  .



Consider two points in the phase space, P(i) and P(j). The embedding dimension is the normalized distance   R i   between the   ( m + 1 ) t h   embedding coordinate of the point P(i) in the m-dimensional embedding space and its nearest neigbhour P(j) using the expression


   R i  =    |   x  i + m τ   −  x  j + m τ    |    ∥ P ( i ) − P ( j ) ∥    



(6)




The optimal embedding dimension is chosen as the embedding dimension for which the false nearest neigbhor is zero.



In this study, a dynamic (Lyapunov exponent) and metric (correlation dimension) approach were used to evaluate chaos in the time series. The Lyapunov exponent algorithm proposed by [35] was used because of its robustness to noise and efficiency over a small sample size.



To estimate the largest Lyapunov exponent, the time series is embedded in the phase space as an   m × n   matrix consisting of the elements    X i  =  [  x i  ,  x  i + J   , … ,  x  i + ( m − 1 ) J   ]   , where J and m are the time delay and embedding dimension, respectively. The closest neigbhor   x j   to the point   x i   is determined using the Euclidean distance. For a chaotic system, the divergence (div) (   d i   ( k )   ) between   x  i + k    and   X  j + k    will follow the power law


   d i   ( k )  = c  e  λ k    



(7)




where  λ  is the Lyapunov exponent. An estimate of the system complexity can be determined from the correlation dimension. It is determined using [36]’s method. Here, the correlation function   C ( r )   is defined as


  C  ( r )  =  lim  N → ∞    2  N ( N − 1 )    ∑  i , j = 1  N   H ( r − |   x i  −  x j   | )   



(8)




where   H ( )  , r, N, and   | · |   are the Heaviside function, radius, number of points, and distance between the two vectors, respectively. The correlation dimension (  D 2  ) can be estimated from the scaling relationship between   C ( r )   and r as


  C  ( r )  ≈ α  r  D 2    



(9)




where  α  is a constant. A finite fractional value of the correlation dimension is indicative of a chaotic system.




2.3. Linear and Dynamical Coupling


To investigate the relationship between the VTEC and DFS, two approaches, linear and nonlinear, were considered. The linear approach assumes a linear relationship between the two variables. However, it fails if other forms of relationship exist, such as a quadratic relationship. To determine if there are relationships beyond linear between the two variables, a nonlinear metric called the transfer entropy (TE) was considered. The Pearson correlation (Equation (4)) was used to investigate the linear relationship. Granger causality is the most common indicator for investigating causality between two time series. However, in the presence of nonlinearities and in the context of a nonlinear system, it is not sufficient. Transfer entropy is an information theory-based measure of time-directed information transfer between jointly dependent processes that detects causality in the presence of nonlinearities.



Transfer entropy is a model-free approach to determining causality in time series. It is defined as:


  T E = ∑ P  (  Y  i + 1   ,  Y ′  ,  X ′  )  log   P (  Y  i + 1   |  Y ′  ,  X i  )   P (  Y  i + 1   |  Y ′  )    



(10)




where    Y ′   = (   Y 1  , ⋯ ,  Y i   ) and   p ( · )   is the joint probability. TE assumes the stationarity of data; hence, the data were detrended using the first difference,    x  i + 1   −  x i   , to achieve stationarity. It is obtained from the difference between two successive values. This approach also removes the temporal correlation and reduces the impact of extreme values on the data without a significant impact on the dynamical structure of the system. A non-zero value of TE implies that VTEC influences DFS in some way, while a zero value means there is no influence at all. The TE values obtained in this study were implemented using the algorithm by [37].



We have presented the main experimental setup in Figure 1, and the Doppler shift has been described appropriately as the time derivative of the phase path of the radio signal with the relevant equations. The estimated DFS from the energy spectra of the received signal, which provide critical information about the conditions of the bottomside ionosphere, were compared with GNSS data. However, due to the significant number of missing values from the observation data, the GNSS TEC data from NASA for Lagos and Abuja were considered after data validation. To determine the level of complexity in both the ionosphere and signal quality, the dynamic measures (Lyapunov exponents) and metric (correlation dimension) were used. Meanwhile, transfer entropy (TE) and the Pearson correlation were used to investigate the nonlinear and linear relationships between VTEC and DFS, respectively.





3. Results and Discussion


3.1. Ionospheric Conditions


It has been established that the total electron content (TEC) is a good parameter to monitor and provide an overall description of the ionosphere over any location [4,38]. In this work, due to the paucity of data in the region under investigation, it became necessary to use gridded data obtained from the NASA webpage (https://cddis.nasa.gov/Data_and_Derived_Products/GNSS/atmospheric_products.html, website accessed on 23 November 2023). The available observational data from ground-based GNSS stations were compared with the gridded data (Figure 3). We obtained slope values of 0.93 and 0.91 for Lagos and Abuja, respectively. This shows that 0.93 and 0.91 units in the observational data correspond to 1 unit in the model data. This shows that the NASA model data adequately represented the observational data. The correlation values of 0.92 obtained at both locations further confirmed this. This is in agreement with other studies that have validated a couple of modeled VTEC data with observational data [39,40]. Due to its good performance, the present work considered the NASA model’s VTEC data. The TEC’s time series plots are presented in Figure 4, while the seasonal variation in DFS is shown in Figure 5. Figure 6 and Figure 7 show the ionosphere’s condition during the study period.



The ionospheric TEC displays the signature diurnal and seasonal patterns, as observed in Figure 6 and Figure 7. The figures show that the TEC has higher values during the daytime compared with nighttime values at the two stations and across the months. Generally, and under normal quiet conditions, the ionospheric TEC values generally increase from their minimum at the pre-sunrise time of 0600 h UT in all the seasons and reach their maximum value during 1200 h and 1400 h UT. These diurnal variations have been attributed to extreme ultraviolet flux, geomagnetic activity, equatorial electrojets, and local atmospheric conditions in the thermosphere [41,42].



Also, the figures display a conventional semiannual seasonal variation pattern, where TEC values are greater at the equinoxes and lower at the solstices. Eyelade et al. [31], citing previous works, explained that the seasonal variation of ionospheric TEC over nine Nigerian stations, which included Lagos and Abuja, could be due to any or a combination of the following: seasonal changes in atmospheric composition [43,44,45], changes in atmospheric turbulence, inputs from atmospheric waves, and variations in geomagnetic activities [46], among others. It is pertinent to acknowledge that the condition of the ionosphere and its variability over the stations of interest have been discussed by Eyelade et al. [31], and the references therein.




3.2. Complex Measures


We conducted a nonlinear analysis on both VTEC data and DFS to assess the complexity and predictability of the systems. We also computed the time delay and embedding dimensions to evaluate the complexity measures. The statistics (time delay, embedding dimension, Lyapunov exponents, and correlation dimension) are shown in Table 1. We obtained a time delay value of 17 for VTEC measurements at both Lagos and Abuja. We observed a time delay of 8 for the DFS in 2020 and 2020–2021 and a time delay of 10 in 2021. The time delays observed for other locations include   τ = 40   for a mid-latitude location during 2001 and 2008 [19] and   τ = 2   for four months in 2008 at a high-latitude station [47]. The value obtained for VTEC in this study is close to the values of   τ = 16   reported over the 120° E meridian between 1996 and 2004 [20] and   τ ≥ 18   reported by [21] at Indian stations of Agatti (geomagnetic latitude 2.38 N), Mumbai (geomagnetic latitude 10.09 N), and Jodhpur (geomagnetic latitude 18.3 N).



The embedding dimension m was also evaluated for the VTEC signals and DFS using the method of false nearest neighbors (Table 1). It was observed that the VTEC values at the two locations had identical embedding dimensions during 2020 and throughout the 2020–2021 period. However, in 2021, Lagos and Abuja obtained values of 18 and 6, respectively. This suggests a significant dynamical variation in 2021 at both locations. The values of embedding dimensions obtained in this study were found to be higher than those reported in other regions of the world [20,21,47]. Variations in location, data considered, dynamics of the study areas, and study methods may account for these differences. The embedding dimensions for the DFS varied between 10 and 11 for the three time periods under consideration.



A positive largest Lyapunov exponent is indicative of chaos in the system. The inverse of the largest Lyapunov exponent is typically used as the system’s predictive horizon. In Figure 8, the linear fit to Equation (7) is shown for both VTEC and DFS. It was observed that the linear fits for the VTEC signals showed positive slopes, which is not obvious in the DFS. The statistics for the fit, which represents the largest Lyapunov exponent, are presented in Table 1. The largest Lyapunov exponent values of 0.031, 0.021, and 0.035 were observed for VTEC in Lagos during the 2020, 2021, and 2020–2021 periods, respectively, while values of 0.011, 0.033, and 0.041 were reported for VTEC in Abuja during the same time period. These values are lower than reported values of 0.3369 [20], 0.22 [23], and 0.1 [22] but higher than 0.0045 [21]. However, they were found to be in the range of 0.023 [47]. A direct consequence of the largest Lyapunov exponent is the prediction horizon for the system, which is the inverse of the Lyapunov exponent. From the results obtained, the prediction horizon for VTEC in Lagos was 32, 48, and 29 h in the periods of 2020, 2021, and 2020–2021, respectively. The prediction horizon in Abuja was estimated to be 90, 30, and 24 h during the periods of 2020, 2021, and 2020–2021, respectively. The Doppler shift frequency in an HF radio signal (DFS) was found to have a negative exponent in 2020 and 2020–2021, while a low positive value (≈0) was obtained for 2021. This suggests that the dynamics of the DFS are not chaotic. It is opined that DFS is a stochastic system. The state of the ionosphere is important, not only for understanding our solar system, but also for various aspects of our existence, including communications and weather systems. A short prediction horizon implies that it is impossible to make long-term predictions about the ionosphere; hence, it reduces our ability to plan for its effect on our communication and weather systems. It also implies that the ionosphere is a dynamic system with rapidly evolving states.



In Figure 9, the slope (  D 2  ) of Equation (9) for the parameters is presented with the statistics shown in Table 1. It can be observed that all the parameters observed showed non-integer values of   d 2  . Specifically,   d 2   was found to be in the range   1.553 ≤  d 2  ≤ 1.775   in Lagos. Since   d 2   gives an indication of the number of variables required to model a system, it follows that VTEC in Lagos can be captured as a two-dimensional system. It could be inferred that, due to the closeness of values, the dynamics observed over the 2020–2021 period are driven by the dynamics of the VTEC during 2020. This could also be observed in their respective Lyapunov exponent values. In Abuja, there is a range of   1.388 ≤  d 2  ≤ 1.610  , which implies that the dynamics of the VTEC at this location can be described by two variables. The correlation dimension values obtained in this study were found to be lower than those reported in other studies. Specifically, the estimation of the correlation dimension for the VTEC in other locations across the world yielded values of 2.78 [19], 3.6 [20], 2.74 [21], and 2.8–3.5 [22]. The differences in results could be attributed to our location of choice, period of observation, and length of time for which data were considered.



The dynamics of geospace have been of interest to scientists because of their importance in space infrastructure, satellite communication signals, and terrestrial weather. Several studies have demonstrated that complex structures, not linear regimes, govern activities in different layers of geospace. This is due to the mixing of gases, coupling between different layers, and several driving forces acting differently across the layers of geospace. It has been shown that chaotic dynamics exist in the magnetosphere [18], stratosphere [48], mesosphere [49], and ionosphere [19]. The implication of chaotic dynamics in geospace is that long-term prediction of the system is difficult. The state of the ionosphere is very important due to its huge impact on earth’s satellite radio communications and the attendant effects of satellites domiciled in the region, as well as their associated space-dependent services. The short prediction horizon implies that the predictability of the ionosphere is only guaranteed for a short term. It also implies that the ionosphere is a dynamic system with rapidly evolving states, which requires effective monitoring and periodical forecasting. The results obtained in this study are in agreement with those reported for other regions of the world. We have shown that the ionosphere is a chaotic system at two locations within Nigeria. Our results showed a prediction horizon between 24 and 90 h for the VTEC at the two locations, while at least two variables were needed to describe their dynamics. The change in the DFS of signals as they pass through the ionosphere was also investigated and found to be non-chaotic.




3.3. Linear and Dynamic Coupling


There is a change in the DFS as radio waves propagate through the ionosphere. We employed two approaches, linear and nonlinear, to investigate the relationship between the change in the DFS of a signal originating from one point on earth and its reflection by the ionosphere at another point. Table 2 shows the statistics for both correlation and transfer entropy measures for different time epochs considered in this study. We observed negative correlations between VTEC measurements and DFS at the two locations under consideration. We found similar correlation values for the two locations. The strongest negative correlation was observed in 2021, while the weakest correlation was reported in 2020. This implies that an increase in ionospheric activity at the two locations corresponds to a decrease in the change in the DFS at the receiving end. A similar analysis was carried out using the nonlinear transfer entropy. Our transfer entropy analysis showed that there was a strong relationship between the VTEC and DFS in 2020–2021 compared to the other two time frames. Across the years, a stronger connection was observed between VTEC and DFS in 2020 compared to 2021 in the two locations. Also, values of transfer entropy were found to be higher in Abuja compared to Lagos, whereas the correlation coefficient was slightly higher in Lagos compared to Abuja. While the values of transfer entropies were close in the two locations, there were sufficient differences to discriminate the coupling, which was not obvious in the correlation analysis. The year 2020, with a mean sunspot number (Rz) of 8.8, had a stronger transfer entropy than 2021, a year with high solar activity (Rz = 29.6).



The relationship between VTEC and DFS was also considered on a monthly scale using the correlation (Figure 10 and Figure 11) and transfer entropy (Figure 12 and Figure 13) at the two locations. In Figure 10, correlation values showed a weaker relationship between VTEC and DFS during the months of April to August for the periods 2020, 2021, and 2020–2021. The values were largely negative at the two locations, except in the month of April, where a positive value was obtained. Furthermore, Figure 11 and Figure 13, respectively, show the seasonal variation in the correlation values and transfer entropy between the VTEC and DFS. The summer (June) solstice has a higher correlation than the other seasons. This shows that an increase in ionospheric activity corresponds to a decrease in the DFS. The correlation was observed to be stronger in the year with higher solar activity (2021), but weaker in 2020. Replicating the analysis using transfer entropy yielded another scenario, as presented in Figure 11 and Figure 12. The influence of VTEC on DFS was different in 2020 compared to 2021 in both Lagos and Abuja. In 2020, there was little or no influence in most months of the year except June (Abuja), July (Lagos), September, and October. Figure 11 shows that the DFS of the propagated radio signal is more impacted by variability in the ionosphere, as captured by the VTEC in the solstitial months of June/July at Abuja/Lagos and the September equinox at the two locations. The seasonal effects in the ionospheric processes have been discussed by several authors using different parameters and techniques; see, for example, [31] and the references therein. Generally, the influence was weaker in 2020 compared to the other two periods under consideration in both Lagos and Abuja. In 2021 and 2020–2021, there was an identical increase in influence at both locations from January to April. Beyond April 2020 and May 2021, the influence declined towards December. It can be inferred from the correlation and transfer entropy analysis that the VTEC has little or no influence on the DFS in the months of May through July during the combined period of 2020–2021.



The linear relationship between VTEC and DFS measurements suggests that an increase in VTEC will cause a decrease in DFS measurements. When there is an increase in the total electron content within the ionosphere, there are more electrons for the signals to interact with. This interaction causes the degradation of signals. However, the correlation analysis does not suggest direct causality between the VTEC and DFS. The transfer entropy provided a conclusive argument that changes in VTEC cause significant changes in DFS. By exploring the probability distribution space of both variables, it was concluded that changes in VTEC cause changes in DFS.





4. Conclusions


Chaos theory has evolved over the past few decades due to improved techniques, the robustness of its processes, and the application of the results. There have only been a few attempts to apply chaos theory to the study of the ionosphere. This study extends the work of previous authors by considering two tropical locations close to the equator over a period of two years in relation to the quality of the HF radio signals transmitted between the two study areas. Our results showed that the VTEC at the two locations had the same embedding dimension in both locations for all the periods under consideration. Using both Lyapunov exponent and correlation dimension measures, we conclude that the dynamics of the VTEC at the two locations are chaotic in nature. However, the signal quality between these two locations was found to be a stochastic process. The influence of the ionosphere on propagated HF radio signals between the two locations was investigated using transfer entropy and correlation analysis. A negative correlation was observed at the beginning of the year, which weakened during the middle of the year, predominantly during the June solstice, before returning to a negative correlation towards the end of the year. The use of correlation measures in this study is for comparison with other nonlinear measures while taking into consideration the strength of the correlation values. Our discussion highlights the weakness of the correlation values themselves. However, the transfer entropy analysis revealed a weak nonlinear relationship between the two variables in January. This increased to a peak in April during the 2021 and 2020–2021 periods. Transfer entropy provides direct evidence that the VTEC influences radio signals in the ionosphere. This causality was observed to change during different months of the year. This means that when there are changes in the ionosphere, there is a corresponding change in the signal that passes through it. Thus, the state of the ionosphere is important for radio communication. The observed linear and nonlinear relationships between the ionosphere and signal quality at the two locations can be incorporated into communication planning for high-frequency radio systems at both annual and monthly scales. This study can be extended to other regions, especially high-latitude stations. Furthermore, the relationships at smaller temporal scales can be explored. There are other nonlinear techniques that can reveal more features of the VTEC that can be considered in future studies.
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Figure 1. Schematic diagram of the experimental setup. 
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Figure 2. Map of Nigeria showing the locations of the HF Doppler transmitter “Tx” and receiver “Rx”. The dotted blue line across the figure is the approximate location of the dip equator (http://wdc.kugi.kyoto-u.ac.jp/igrf/gggm/index.html, website accessed on 23 November 2023). 
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Figure 3. Validation of NASA data using observational data at (a) Lagos and (b) Abuja during the year 2000. 
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Figure 4. Time series of NASA VTEC data at (a) Lagos, (b) Abuja, and (c) DFS from 2020 to 2021. 
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Figure 5. Seasonal variation in DFS over a period of two years. 
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Figure 6. Contour plots of the hourly values of VTEC for the year 2020 (upper and lower panels show the variation over Abuja and Lagos). 
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Figure 7. Contour plots of the hourly values of VTEC for the year 2021 (upper and lower panels show the variation over Abuja and Lagos). 
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Figure 8. Linear fit to    d i   ( k )  = c  e  λ k     (Equation (7)) for VTEC (TECU) at (a) Lagos and (b) Abuja, as well as for (c) DFS (Hz). 
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Figure 9. Scaling plots for correlation dimensions for VTEC at (a) Lagos and (b) Abuja, as well as for (c) DFS. 
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Figure 10. Monthly variation in correlation values between VTEC and DFS at (a) Lagos and (b) Abuja. 
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Figure 11. Seasonal variation in correlation values between VTEC and DFS at (top) Lagos and (bottom) Abuja. 
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Figure 12. Monthly variation in transfer entropy values between VTEC and DFS at (a) Lagos and (b) Abuja. 
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Figure 13. Seasonal variation in transfer entropy between VTEC and DFS at (top) Lagos and (bottom) Abuja. 
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Table 1. Statistics of complex measures, including the embedding dimensions (m), time delay ( τ ), largest Lyapunov exponent ( λ ), and correlation dimension (  d 2  ), of NASA VTEC and DFS at Lagos and Abuja during different time periods.
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	Parameter
	Period
	m
	   τ   
	   λ   
	    d 2    





	VTEC (Lagos)
	2020
	11
	17
	0.031
	1.553



	VTEC (Lagos)
	2021
	18
	17
	0.021
	1.775



	VTEC (Lagos)
	2020–2021
	18
	17
	0.035
	1.593



	VTEC (Abuja)
	2020
	11
	17
	0.011
	1.485



	VTEC (Abuja)
	2021
	6
	17
	0.033
	1.388



	VTEC (Abuja)
	2020–2021
	18
	17
	0.041
	1.610



	DFS
	2020
	10
	8
	−0.010
	0.530



	DFS
	2021
	11
	10
	0.002
	0.312



	DFS
	2020–2021
	10
	8
	−0.009
	0.390










 





Table 2. Linear and nonlinear relationship between VTEC measurement and DFS at Lagos and Abuja using correlation measures and transfer entropy over different time periods.
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	Location
	Period
	Correlation
	TE





	Lagos
	2020
	−0.167
	1.073



	Lagos
	2021
	−0.279
	0.385



	Lagos
	2020–2021
	−0.219
	1.338



	Abuja
	2020
	−0.164
	1.114



	Abuja
	2021
	−0.277
	0.424



	Abuja
	2020–2021
	−0.216
	1.414
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