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Abstract: Dimensional analysis shows that the relation between wind speed and maximum or

mean water wave height takes the form H = c U2
0

g , where H is the maximum or mean water wave
height caused by wind of speed U0, g is the gravitational acceleration, and c is a dimensionless
constant. This relation is important in predicting the maximum or mean water wave height caused
by a tropical cyclone. Firstly, the mathematical and theoretical justification for determining c is
presented. Verification is conducted using four tropical cyclones as case studies for determining c
using significant wave heights rather than the overall maximum and mean. The observed values of c
are analyzed statistically. On the days when the fixed buoy captured the highest wind speeds, the
frequency distributions of the data for c are close to a bell shape with very small standard deviations
in comparison with the mean values; thus, the mean values provide good predictions for c. In view
of the fact that tropical cyclone waves are turbulent and the background waves caused by many other
factors such as lunar tidal effect cannot be ignored, the obtained results for c are quite satisfactory.
This method provides a direct approach in the prediction of the wave height or the wind speeds
given the c value and can serve an interpolation methodology to increase the temporal resolution of
the data.

Keywords: wind speeds; water wave height; frequency distributions

1. Introduction

The main damage caused by a hurricane is through the water wave generated by the
hurricane [1–3]. Thus, predicting the maximum or mean water wave height generated by
the specific hurricane wind speed is an important question. Dimensional analysis shows
that the maximum or mean water wave height H and the hurricane wind speed U0 satisfy
the relation

H = c
U2

0
g

,

where g is the gravitational acceleration, and c is a dimensionless constant. This relation
shows that when the hurricane wind speed is doubled, the maximum or mean water wave
height is quadrupled. This assumes the speed of the waves will be the same as the wind,
and the waves are shallow water waves [4].

In reality, a buoy only measures the wind speed and wave height at its location. The
maximum or mean wave height within the entire hurricane is not often captured by a buoy.
At its location, a buoy measures the significant wave height, i.e., the average of the top
one-third of wave heights during a time period [5]. If the relation is applied to significant
wave heights, the value of the coefficient c should not be constant. In this paper, values for
this dimensionless constant c will be calculated for significant wave heights. By calculating
values for c in large events such as a tropical cyclone, it can be determined how close to the
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value of c will be to unity. At lower wind speeds, we would expect c to be much less than
one due to friction, surface tension, etc. By calculating c, we can predict wave heights from
the wind or determine wind speed from wave heights in high-wind situations. We can use
this relation to interpolate values and thus increase the temporal resolution of the data. The
mean value of c should not be a universal constant, and it will depend on factors such as
but not limited to geographical, thermal, salinity, and precipitation effects. The goal of this
work is to develop the relationship between maximum wave height and wind speed and
then verify the relationship using four hurricane case studies.

The analysis of the relationship between wind speeds and water wave heights has
been studied using in situ measurements, numerical modeling, and various empirical as
well as mathematical models. There are several studies on the analysis of wave heights
and wind speeds. One such study is from 43,274 ship sea state observations in which
mean annual wind speeds and wave heights were derived in the Adriatic Sea area [6]. It
was shown in this study that there is a greater correlation between the areas with highest
mean annual wave heights and wind speeds. The area with the largest annual mean of
these parameters was then investigated, and it was found there that there is a quadratic
dependence between mean significant wave height and mean wind speeds, especially for
larger wind speed values [6]. In another study, estimation of wind speed and wave height
was conducted by [7] for 11 cyclones in the east coast of India during the period 1960–1996.
Young’s model was used to estimate wave characteristics, which include significant wave
heights and the spectral peak period of the maximum waves of the storms considered.
The empirical relation in which the significant wave height is given by a quarter of the
maximum wind speeds was used for these systems, and it was found that, after a regression
analysis, there was a correlation coefficient of 0.9. Another study using 32 cyclones from
the Indian coast between 1961 and 1982 also showed that the empirical relation holds [7].

As mentioned in [8], tropical cyclones are one of the most difficult atmospheric phe-
nomena to predict, even with the existence of sophisticated mesoscale models. Even though
there are wind data from platforms, satellites, and air craft reconnaissance, they are often
insufficient in describing the changing wind structures. There are also parametric wind
models, such as SLOSH, which determines wind speeds radially. This model, currently
used by the NWS for storm surges for both inland waters and coastal locations, has been
verified using NOAA-observed surface wind fields from their Hurricane Research Division.
However, this model requires the maximum wind speeds as a parameter; this variable
can then be determined from the storm’s central pressure. The significant wave height
can then be computed from these parametric wind models using the wave model (WAM).
The practical implications of this paper are as follows. The ability to directly use c to
increase the resolution, temporally, of these data sets can lead to the improved modeling
of tropical cyclones wind and waves, which will lead to more efficient emergency and
hurricane impact management. The weather forecasts of wind speeds can be utilized for
flood evaluation, and the estimation of significant wave heights during a cyclone can be
utilized in the design of offshore platforms.

2. Methods
2.1. General Dimension Analysis

It is a matter of common experience that when wind blows over the surface of a body
of water, it can generate persistent waves. In fact, the physics underlying this excitation
process are quite complicated. For instance, it is natural to imagine that the waves are
created due to a Kelvin–Helmholtz instability: if the wind velocity at the surface is large,
then the shear flow configuration, where the air–sea interface is flat, is known to be
linearly unstable [9]. However, this simple model turns out to considerably overestimate
the wind speed needed to generate water waves. In pioneering work, Miles [10–12]
proposed an alternative explanation, called the quasilaminar model, that attributed the
additional instability to the effects of a critical layer in the atmosphere. While this has since
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become the predominant theory, there are many open questions remaining. See [13] for
further discussion.

Our purpose here is not to give a rigorous theory of the wind generation of water
waves, but rather to develop a heuristic understanding of the largest wave height one
expects for a given wind speed, which can then be compared to actual data. That is, sup-
posing that the speed of the wind at the water surface U0 is known—from meteorological
readings, say—the objective is to ascertain the maximum or mean water wave height H,
defined by maximizing/averaging in space and time, and in ensembles when the water
waves are turbulent.

There has been some work on versions of this problem in the mathematical litera-
ture. Lokharu, Wahlén, and Weber [14] consider the one-fluid case, that is, modeling
the atmosphere as a region of constant pressure. They assume that one has a traveling
wave with unidirectional flow, meaning that the horizontal velocity in the water does
not exceed the speed at which the wave is propagating. For favorable (constant) vor-
ticity, these authors derive a rigorous upper bound on H by exploiting the fact that the
Bernoulli constant and mean depths for such waves can be characterized by comparing to
shear flows. Lokharu [15] provides sharper bounds in the case of a single fluid assuming
irrotational—but not necessarily unidirectional—flow.

These papers rely on the fact that for single-layer waves (with constant density), there
are precisely two laminar flows with a given flow force and Bernoulli constant. The classical
Benjamin–Lighthill conjecture stated that the flow force of an arbitrary traveling wave is
bounded above and below by the flow force of the laminar flows with the same Bernoulli
constant [16]. Versions of the conjecture have been proven in a number of different regimes
and by several authors, notably Benjamin [17], Kozolv and Kuznetsov [18] and Lokharu [15].
While the techniques vary somewhat from paper to paper, they all fundamentally rely on
maximum principle arguments, most recently the so-called “flow force function”.

However, in the two-fluid setting, these types of maximum principle arguments do
not generalize in any obvious way. The main obstruction is that there are no quantities
besides the pressure that are continuous over the interface, so even though one can apply
the maximum principle in the bulk of each fluid, there is no way to compare the two regions.
That is, though one can establish that the maximum horizontal velocity for both the air and
water occurs on the interface, it does not have to happen at the same place. Consequently,
there are no available results of the Benjamin–Lighthill conjecture type that apply to steady
waves in two-fluid systems. In fact, when there is density stratification, it is no longer true
in general that there are exactly two laminar flows at each value of the Bernoulli constant,
so it is not clear what the correct analogue to the Benjamin–Lighthill conjecture would be.
Moreover, the assumption of unidirectionality runs counter to the quasilaminar model.

Let us now explain the dimensional reasoning underlying our approach. When
studying the maximum or mean water wave height in a situation of turbulent water waves
caused by a hurricane, the capillary effect can be ignored, and only the gravity effect is
significant. Since the ocean is huge, the overall spatial length scale can be considered
infinite. The overall temporal scale can also be considered infinite. Since hurricane wind
speeds are sub-sonic, the densities ρ+ and ρ− of air and water can be considered constant,
and thermal, salinity, and precipitation effects are also ignored. Thus, the maximum/mean
water wave height H depends only on the following variables of the setup:

U0, g,

where g is the gravitational acceleration. A simple dimensional analysis shows the maxi-
mum or mean wave height–wind speed relation

H = c
U2

0
g

, (1)

where c is a dimensionless constant which may depend on variables such as ρ+/ρ−.
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2.2. Inviscid Two-Fluid Model

Consider a two-fluid system modeling the atmosphere and ocean. Let Ω−(t) ⊂ R2

denote the region in space occupied by the ocean, and Ω+(t) ⊂ R2 the air domain. We
assume that Ω−(t) lies below Ω+(t), the air region has infinite height, and the ocean region
has infinite depth. The air–sea interface S(t) is the common boundary ∂Ω−(t)∩ ∂Ω+(t). For
simplicity, we will suppose that S(t) is given as the graph of a smooth function η = η(t, x).
In total, then, we have

Ω+(t) := {(x, y) ∈ R2 : y > η(t, x)},
Ω−(t) := {(x, y) ∈ R2 : −∞ < y < η(t, x)}.

Let

Ω(t) := Ω+(t) ∪Ω−(t)

denote the slitted domain. In what follows, for a function defined on Ω, we will denote its
restriction to Ω±(t) by a subscript of ±.

In Ω±(t), the velocity field v± = (u±, v±), pressure p±, and density ρ± are governed
by the incompressible Euler equations:{

∂tv± + v± · ∇v± + 1
ρ±
∇p± + ge2 = 0

∇ · v± = 0
in Ω±(t), (2)

where g > 0 is the gravitational acceleration. The density ρ is assumed to be constant in the
air and water regions with the physically natural situation being ρ+/ρ− = 1

784 � 1. The dy-
namics of the boundary are determined by the kinematic condition and dynamic condition

∂tη + uηx − v = 0, p+ = p− on S(t). (3)

We pose the far-field boundary conditions as follows. As x → −∞,

η → 0,

u+ → U0, v+ → 0, for all y > 0,

u− → 0, v− → 0, for all y < 0.

As y→ +∞,
u+ → U0, v+ → 0.

As y→ −∞,
u− → 0, v− → 0.

The initial conditions
v±|t=0, η(0, x)

satisfy all the boundary conditions. To model the reality that the far-field wind of constant
speed comes in and generates water waves, we also restrict η(0, x) to a family of small
noise waves, and v±|t=0 to be the far-field velocity plus small perturbations. The maximal
water wave height H is defined by maximizing in such initial data, in space and time, and
in ensembles when the water waves are turbulent.

2.2.1. Traveling Waves

An inviscid model is a simplified model. In reality, viscosity creates boundary layer
winds near the water surface where the wind energy is transferred to water. Here, the entire
boundary layer is modeled by the water wave surface curve. When the time t→ +∞, some
asymptotic water wave profiles may be reached. These asymptotic water wave profiles
often take the form of traveling waves. Next, we will focus on these special traveling waves.
These are solutions that appear time-independent when viewed in a reference moving
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at a fixed velocity V to the right, and the velocity field will display the traveling wave
ansatz v(t, x, y) = v(x−Vt, y), and likewise for the pressure p and free surface profile η.
Making the change of variables (t, x, y) 7→ (x − Vt, y) in (2), we arrive at the following
steady Euler system 

(u−V)ux + vuy +
1
ρ Px = 0

(u−V)vx + vvy +
1
ρ Py + g = 0

ux + vy = 0

in Ω. (4)

The boundary conditions (3) likewise become

(u−V)ηx = v, p+ = p− on S. (5)

The far-field conditions change accordingly as well. The Bernoulli law applies to both air
and water regions. In the air region along the water wave surface,

1
2

ρ+[(u+ −V)2 + v2
+] + ρ+gη + p+ =

1
2

ρ+(U0 −V)2 + p0
+,

where the right hand side is evaluated at the x → −∞ far field. In the water region along
the water wave surface,

1
2

ρ−[(u− −V)2 + v2
−] + ρ−gη + p+ =

1
2

ρ−V2 + p0
+,

where the right hand side is evaluated at the x → −∞ far field, and the pressure boundary
condition along the water wave surface is already used. Without loss of generality, we
assume that the highest point of the water wave surface is located at x = 0, then

v+(0) = v−(0) = 0,

where the (0) represents x = 0 along the water wave surface. By evaluating the left-
hand sides of the above two Bernoulli equations at x = 0, and then taking the difference,
one obtains

1
2

ρ−(u−(0)−V)2 − 1
2

ρ+(u+(0)−V)2 + ρ−gη(0)− ρ+gη(0)

=
1
2

ρ−V2 − 1
2

ρ+(U0 −V)2.

Now, we introduce three dimensionless parameters

ε =
ρ+
ρ−

, α =
V
U0

, β =
(u−(0)−V)2

V2 .

Since the traveling wave is generated by the wind in long time asymptotics, it is natural to
assume that V > 0 and u−(0) > 0 and that u−(0) should be greater than V; thus, α and β
can be estimated as follows:

1
10
≤ α ≤ 9

10
, 0 ≤ β ≤

(
9

10

)2
.
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The right side of the β requirement comes from the condition that u−(0) > 0 and u−(0) is
not greater than 2V. The parameter ε is a constant,

ε =
1

784
.

Using the parameters α, β and ε, we have

1
2

ρ−V2 − 1
2

ρ+(U0 −V)2 =
1
2

ρ−α2U2
0 −

1
2

ρ−εU0(1− α)2

=
1
2

ρ−U2
0(1− α)2

[
α2

(1− α)2 − ε

]
.

and
1
2

ρ−(u−(0)−V)2 =
1
2

ρ−U2
0 α2β.

Then,

ρ−g(1− ε)η(0)

=
1
2

ρ−U2
0(1− α)2

[
α2

(1− α)2 (1− β)− ε

]
+

1
2

ρ+(u+(0)−V)2

≥ 1
2

ρ−U2
0(1− α)2

[
α2

(1− α)2 (1− β)− ε

]
.

Thus,

η(0) ≥
U2

0
2g

(1− α)2

1− ε

[
α2

(1− α)2 (1− β)− ε

]
. (6)

Notice that α and β are related to V and u−(0), which have the dimension of velocity. One
needs to maximize in α and β to obtain the maximum of η(0). Suppose that we know,
through meteorological data, say, that (α, β) ∈ O, we have

η∗ = max
α,β∈O

η(0) ≥
U2

0
2g

1
1− ε

max
α,β∈O

[
α2(1− β)− ε(1− α)2

]
.

Finally, our maximum water wave height H ≥ η∗. Note that if we only know that
α, β ∈ [0, 1], then the maximum of the square-bracketed quantity on the right-hand side
above is simply 1, which corresponds to V = U0 and u−(0) = 0. These are not physically
realistic values for V and u−(0) because if V = U0, then the entire flow is stagnant in the far
field. That is, far away from the crest of the wave, the velocity field has the same constant
value in the air and the water regions. However, we cannot a priori rule out waves that
come arbitrarily close to them.

2.2.2. Potential Flows

Assume that both the air flow and the water flow are irrotational, then there are
velocity potentials φ± such that

v± = ∇φ±.

Thus the Bernoulli principles take the forms

ρ±∂tφ± +
1
2

ρ±|v±|2 + p± + ρ±gy = 0, (7)

where the relations hold everywhere in the respective flow regions. Evaluating the relations
along the wave surface, the difference in the ± equations is given by

ρ+∂tφ+ − ρ−∂tφ− +
1
2

ρ+|v+|2 −
1
2

ρ−|v−|2 + (ρ+ − ρ−)gη = 0. (8)



Atmosphere 2024, 15, 948 7 of 16

Thus,

η =
1

(ρ− − ρ+)g

[
ρ+∂tφ+ − ρ−∂tφ− +

1
2

ρ+|v+|2 −
1
2

ρ−|v−|2
]

. (9)

Our task is to find the maximum of η. We focus in the fully developed turbulent wave
region of a storm where we use the approximation that the fully developed turbulence
has reached statistical steadiness. Since we are using inviscid irrotational approximation,
we can think of the wave as a statistically stationary random wave. We take an ensemble
average of the turbulent wave and obtain

〈η〉 = 1
(ρ− − ρ+)g

[
1
2

ρ+〈|v+|2〉 −
1
2

ρ−〈|v−|2〉
]

,

where ∂t〈φ+〉 = ∂t〈φ−〉 = 0 due to statistical steadiness. We then maximize 〈η〉 in space.
Then, generally,

max〈|v+|2〉 ∼ U2
0 , min〈|v−|2〉 ∼ 0.

Thus, we have
max〈η〉 ∼ ρ+

2(ρ− − ρ+)g
U2

0 .

Having developed the theoretical framework where the dimensional analysis above
showed the relation given by Equation (1), we now proceed to verify this relation using
hurricane case studies shown below.

3. Results and Discussion
3.1. Verification of the Wave Height–Wind Speed Relation

In reality, a buoy only measures the wind speed and wave height at its location. The
maximum/mean wave height throughout the entire hurricane is not often captured by a
buoy. At its location, a buoy measures the significant wave height, i.e., the average of the
top one-third of wave heights during a time period [5]. Randomly selected tropical cyclones
from the days where the buoys captured the highest wind speed were used in this analysis.
Applying Formula (1) to significant wave height during a hurricane, we observe a collection
of data for the value of c, and we can analyze the statistics. If the frequency distribution of
the data for c is close to a bell shape, and the standard deviation is very small in comparison
with the mean value, then the mean value provides a good prediction of c. These are the
statistical criteria utilized in this study. A perfect normal distribution has the property of
the mean, mode, and median having the same numeric value, graphically represented as
the peak of the curve. Most continuous data in a normal distribution have the tendency
to cluster around the mean with the property that the probability of occurrence of a value
decreases with distance from the mean.

We should realize the complexity of the problem: the hurricane wave is turbulent,
and many other factors such as the lunar tidal effect can generate a background wave that
cannot be ruled out from the hurricane wave. The assumption made here is that if the
hurricane wave speed is large enough, the hurricane wave height is tall enough, and the
tidal range of about 1 m in the open ocean [4], such background effects can be ignored.

The mean value of c may also depend on the environmental factors such as geography,
thermal, salinity, and precipitation effects. Hopefully, within similar environments, the
mean values of c are close, and Formula (1) has predictive value.

Figure 1 shows data taken from hurricane Florence (31 August–17 September 2018),
and the large-scale environment was studied in [19]. More information on hurricane
Florence can be found in [20]. Figure 1c shows the path of hurricane Florence. The mobile
buoy location is in the middle of the major hurricane portion of the path [Figure 1c]. Table 1
below shows the buoy station’s measurement for 24 h wind speeds and significant wave
heights on 12 September 2018. This was the day after hurricane Florence’s eye just passed
the buoy site. It was still a major hurricane [Figure 1c]. It can be seen from Table 1 that
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the wind speeds and wave heights from the buoy data gathered here during the passage
of hurricane Florence (as well as the other three cases) were consistent with observed
values [21] and remotely sensed data [22]. The standard deviation of the data for c is very
small (0.07) in comparison with the mean value (0.34) and mode value (0.33). The mean
value should be a good prediction of c. Figure 1a is the frequency plot of the data for c. It is
close to a bell shape. Figure 1b is the scatter plot of the data for c. The data do not scatter
too much from the mean value.

Table 1. Hurricane Florence buoy measurements taken from [5].

Wind Speed
(U0) (m/s) Wave Height (H) (m) c Details

8.9 3.01 0.37
9.2 3.51 0.41 station: 41047
9.8 3.26 0.33

11.2 3.47 0.27

11.7 3.5 0.25 Date analyzed:
12 September 2018

12.8 4.15 0.25
13.6 4.04 0.21

13.4 4.04 0.22 Description:
NE Bahamas

12 4.54 0.31
12.2 4.22 0.28
11.1 3.8 0.3 Time scale: 1 h.
10.6 3.76 0.33
10.5 3.74 0.33
10.8 3.96 0.33 Mean of c: 0.34
10.1 3.76 0.36
9.6 3.42 0.36
9.9 3.57 0.36 Mode of c: 0.33
9.4 3.16 0.35
9 3.28 0.4

9 3.16 0.38 Standard deviation of
c: 0.07

8.6 2.77 0.37
8 2.76 0.42
8 2.72 0.42

7.3 2.52 0.46

(a) (b)

Figure 1. Cont.
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Hurricane Florence: 

 
(c)

Figure 1. The statistical description of hurricane Florence. (a) Frequency plot of c; (b) scatter plot of c;
(c) map of hurricane Florence taken from [20].

Figure 2 is about hurricane Isaac (7–15 September 2018) [23]. Figure 2c shows the path
of hurricane Isaac. The mobile buoy location is at the transition from tropical storm to
hurricane [Figure 2c]. Table 2 shows the buoy station’s measurement for wind speeds and
significant wave heights over 24 h on 9 September 2018. This was the day when hurricane
Isaac passed the buoy site. Near the buoy site, Isaac transitioned from tropical storm to
hurricane. The standard deviation of the data for c is very small (0.09) in comparison with
the mean value (0.4) and mode value (0.51). The mean value should be a good prediction
of c. Figure 2a is the frequency plot of the data for c. It is close to a bell shape. Figure 2b is
the scatter plot of the data for c. The data do not scatter too much from the mean value.

(a) (b)

Figure 2. Cont.
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Hurricane Isaac:  

 

(c)

Figure 2. The statistical description of hurricane Isaac. (a) Frequency plot of c; (b) scatter plot of c;
(c) map of hurricane Isaac taken from [23].

Table 2. Hurricane Isaac buoy measurements taken from [5].

Wind Speed
(U0) (m/s) Wave Height (H) (m) c Details

5.3 1.4 0.49
5.5 1.6 0.52 Station: 41041
5.3 1.45 0.51
5.5 1.32 0.43

5.8 1.54 0.45 Date analyzed:
9 September 2018

6.8 1.45 0.31
6 1.34 0.37

5.6 1.51 0.47 Description:
East of Martinique

5.1 1.36 0.51
4.8 1.4 0.6
5.8 1.32 0.38 Time scale: 1 h.
5.9 1.28 0.36
5.7 1.4 0.42
5.3 1.45 0.51 Mean of c: 0.40
5.6 1.45 0.45
6.2 1.36 0.35
6 1.4 0.38 mode of c: 0.51

6.7 1.39 0.3
6.8 1.46 0.31

7 1.47 0.29 Standard deviation of
c: 0.09

6.7 1.49 0.33
7.1 1.37 0.27
8.1 1.56 0.23
6.2 1.5 0.38
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Figure 3 is about hurricane Chris (6–12 July 2018) [24]. Figure 3c shows the path of
hurricane Chris. The mobile buoy location is near the start of the hurricane portion of the
path [Figure 3c]. Table 3 shows the buoy station’s measurement of the 24 h wind speeds
and significant wave heights on 9 July 2018. This was the day when Isaac was a tropical
storm close to the buoy site, and on the next day, Isaac turned into a hurricane with its eye
passing through the buoy site. The standard deviation of the data for c is very small (0.02)
in comparison with the mean value (0.13) and mode value (0.13). The mean value should
be a good prediction of c. Figure 3a is the frequency plot of the data for c. It is close to a
bell shape. Figure 3b is the scatter plot of the data for c. The data do not scatter too much
from the mean value.

(a) (b)
Hurricane Chris:  

 

(c)

Figure 3. The statistical description of hurricane Chris. (a) Frequency plot of c; (b) scatter plot of c;
(c) map of hurricane Chris taken from [24].
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Table 3. Hurricane Chris buoy measurements taken from [5].

Wind Speed
(U0) (m/s) Wave Height (H) (m) c Details

12.4 2.6 0.17
12.4 2.67 0.17 Station: 41002
13.6 2.47 0.13
13.3 2.6 0.14

12.8 2.53 0.15 Date analyzed:
9 July 2018

14.2 2.72 0.13
13.4 2.8 0.15

15.2 3.09 0.13 Description:
South Hatteras

16 3.21 0.12
17.2 3.16 0.1
18.6 3.61 0.1 Time scale: 1 h.
18.2 3.76 0.11
17.1 4.04 0.14
17.3 3.79 0.12 Mean of c: 0.13
15.7 3.42 0.14
15.5 3.28 0.13
16.5 3.5 0.13 Mode of c: 0.13
16.8 3.37 0.12
16.8 3.58 0.12

15.7 3.63 0.14 Standard deviation of
c: 0.02

15.7 3.48 0.14
16.9 3.34 0.11
15.4 3.63 0.15

Figure 4 is about hurricane Maria (16–30 September 2017) [25]. Figure 4c shows the
path of hurricane Maria, whist Table 4 shows the 24 h wind speed and significant wave
heights on 19 September 2017. The standard deviation of the data for c is very small (0.08)
in comparison with the mean value (0.22). The mean value should be a good prediction of
c. Figure 4a is the frequency plot of the data for c. It is close to a bell shape. Figure 4b is the
scatter plot of the data for c. The data do not scatter too much from the mean value.

  (a) (b)

Figure 4. Cont.
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(c)

Figure 4. The statistical description of hurricane Maria. (a) Frequency plot of c; (b) scatter plot of c;
(c) map of hurricane Maria taken from [25].

Table 4. Hurricane Maria buoy measurements taken from [5].

Wind Speed (U0)
(m/s) Wave Height (H) (m) c Details

25.9 5.03 0.07
25.6 5.6 0.08 Station: 42060
23.1 5.46 0.10
19.1 5.22 0.14

20.4 5.32 0.13 Date analyzed:
19 September 2017

19 5.71 0.16
18.8 5.72 0.16

17.6 5.11 0.16 Description:
Guadeloupe

16.1 5.44 0.21
14.7 5.13 0.23
14.7 5.03 0.23 Time scale: 1 h.
14 4.72 0.24

13.5 4.36 0.23
12 4.35 0.30 Mean of c: 0.22

13.8 4.44 0.23
15 4.1 0.18

13.3 4.03 0.22 Mode of c: 0.07
13.3 4.3 0.24
10.7 4.33 0.37

11.5 4.08 0.30 Standard deviation of
c: 0.08

10.6 3.53 0.31
10.7 3.69 0.32
11.3 3.23 0.25
11.9 3.56 0.25
10.5 3.23 0.29
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The mean values of c for hurricanes Florence and Isaac are close, while the mean
value of c for hurricane Chris is quite different. Hurricanes Florence and Isaac happened
around the same time in September 2018, and both buoy sites were far away from the
coasts. Hurricane Chris happened in July 2018, and the buoy site was close to the coast.

The frequency distributions of c are classified as bell shape curves for the four tropical
cyclones. These can be classified and quantified as a normal distribution, not restricted to
the visual representation of the shape of the data, but the criterion that the mean and the
mode (as well as median) are of similar values. It can be seen that, the mean if not equal to
the mode, are of close numerical value, with the exception of tropical cyclone, Maria.

Thus, we have the four sample cases displaying normal distributions with relatively
small standard deviation values when compared to their mean c values. We can then
deduce that the mean values provide good predictions for c. Hence, a significance of
this methodology is that relation can be utilized to directly use the c parameter to in-
crease the temporal resolution which would thereafter improve the modeling of these
natural phenomena.

3.2. Wind Speed Relation in Comparison to Model Runs

In a study by [26], for hurricane Florence, the relative accuracy of the Hurricane
Weather Research and Forecasting (HWRF) model and another model, parametric in nature,
referred to as the Holland 2010 wind model (H10), is determined. Using the pressure fields
and wind variables determined from these two models, the simulated water level was
analyzed using a two-dimensional coastal hydrodynamic model, Delft3D. Two validation
locations were compared to in situ observations in the track of hurricane Florence: COOPS
and USGS stations. It was determined that, for both stations, the root mean square error
(RMSE) for the water level was lower for the HWRF model. For the period of 11–18
September 2018, at the COOPS station, the RMSE for the HWRF and H10 was 0.46 and
0.63 m. Also, for a similar period, 12–18 September 2018, at the USGS station, the hourly
water level validation statistics showed that there weer 0.21 and 0.40m RMSEs for HWRF
and H10. The max surges driven by both models’ outputs into Delft3D show less error
with an approximate error of 0.20 m.

The errors in the simulated wind fields leads to errors in the storm surge simulations.
The relation in this paper provides a direct prediction of wave height or wind speeds, given
the average c value if the standard deviation is small in comparison to the mean. This
methodology also serves as a way to increase the temporal resolution through interpolation
once c is determined. This is particularly important as it is predicted that inundation
from large storms, over the next century along the coast of the United States, will increase.
As shown in the analysis of [27], especially in shallow waters, the overall wave models
underestimate the significant wave heights, in the vicinity of the tropical cyclone’s peak,
and they display complex wave height bias patterns likely due to the insufficient resolution
and errors with the wind inputs. Comparing with buoy 41047, which we examined in our
analysis, it was determined by [27] that for hindcasts, the National Centers for Environmen-
tal Prediction (NCEP-WW3), the European Center for Medium-Range Weather Forecasts
(ECMWF-ERA5), the French Research Institute for the Exploitation of the Sea (IFREMER-
WW3) and the U.S. Army Corps of Engineers (USACE-WIS), the significant wave heights
were overestimated to an approximate 20–30%, with the exception of ECMWF-ERA5.

4. Conclusions

The relation between wind speed and the maximum or mean wave height that it can
generate is studied from the perspectives of mathematics and application.

Dimensional analysis shows that the relation between wind speed and maximum or

mean water wave height takes the form H = c U2
0

g , where H is the maximum or mean water
wave height caused by wind of speed U0, g is the gravitational acceleration, and c is a
dimensionless constant. We also use simple mathematical models to study this relation.
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We applied the relationship to four hurricanes in terms of significant wave heights
rather than overall maximum or mean wave height. The observed values of c are analyzed
statistically. On the days when the fixed buoy captured the highest wind speeds, the
frequency distributions of the data for c are close to a bell shape with very small standard
deviations in comparison with the mean values; thus, the mean values provide good
predictions for c. In view of the fact that hurricane waves are turbulent and the background
waves caused by many other factors such as lunar tidal effect cannot be ignored, the
obtained results for c are quite satisfactory.

For hurricanes Florence and Isaac, which occurred around the same time in September
2018, with both buoy sites far away form the coasts, their mean values for c are close. For
hurricane Chris, which occurred in July 2018, with the buoy site close to the coast, its mean
value for c is quite different.

Thus, for randomly selected tropical cyclones, the days where the buoys captured
the highest wind speed were used in the analysis. Complexities in this study include
the turbulent nature of the hurricane waves as well as background waves which may
contribute to the variability in the c values for a hurricane system. Future work, given
that, mathematically, the dimensional analysis shows the relationship, will be performed to
apply this relation to more randomly selected hurricane systems. After this, interpolation
of the data can be performed to see any improvements in the modeling of these complex
atmospheric phenomena.

Since the wind speeds are above 4 m/s, another future analysis includes the inves-
tigation of the power law relation, other than the conventional purely quadratic relation
studied here. Such a relation is exemplified in [28] which takes into consideration the
average swell.
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