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Abstract: Mathematical models have become an excellent tool to evaluate the characteristics and
performance of Constructed Wetlands (CWs). They help to characterize the dynamics of pollutant
removal in these systems. The aim of this research was to evaluate the kinetics of organic matter
removal in CWs using two models: (i) the conventional first order model and (ii) the sigmoidal or
k-n model. For this purpose, data from 41 CWs where domestic sewage is treated were used. The
cluster analysis was performed to identify similar groups of CWs based on the estimation of model
coefficients. According to the results obtained, the model that provides a better fit for the removal of
organic matter in CWs is the sigmoidal-type. However, its “n” coefficient, which would represent an
increase in resistance to degradation, remains a not totally explained variable. The sigmoidal or k-n
model is promising, presenting good adjustment indices.

Keywords: sewage; municipal wastewater; subsurface-flow constructed wetlands; sigmoidal-type model

1. Introduction

Municipal sewerage produces a high amount of wastewater that has high concentra-
tions of solids, organic substances, and nutrients. The disposal of this wastewater without
the use of proper treating methods may cause contamination of fresh water bodies. Con-
structed wetlands (CWs) systems are a simple and low-cost alternative to treat wastewater
and improve water quality [1–5].

CWs are nature-based wastewater treatment systems in which physical, chemical, and
biological processes are carried out in parallel and simultaneously, and influence each other.
Altogether, these processes assist in the removal of organic and inorganic contaminants
present in wastewaters. Moreover, the microorganisms and aquatic macrophytes involved
can remove and absorb pollutants and, as a result, obtain a substantial improvement in the
removal efficiency of these systems [6–9].

One of the most commonly used types of CWs is the horizontal subsurface flow (HSSF)
constructed wetland, because of advantages such as continuous feeding, and the decrease
of contact by animals and insects with the wastewater, making it a poor environment for
the proliferation of mosquitoes. Furthermore, when well-operated, they do not present a
bad smell [10].

In order to understand the biological and chemical transformation and degradation
that occurs in CWs, mathematical modeling can be utilized. Therefore, reliable mathe-
matical models can be applied to evaluate and improve current knowledge. In order to
obtain a desired organic matter concentration established by the laws and standards for
wastewater discharge, the use of organic matter decay prediction equations has been widely
adopted [11].
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The use of numerical models to evaluate the CWs performance helps to understand
the dynamics of the processes and the mechanisms to remove the contaminants involved
in these systems. The more frequent models used in CWs design projects are based on
first order equations. They predict an exponential decay between the inlet and outlet
concentrations under permanent conditions of resident fluid, time, volume, and surface
area necessary to achieve efficiency [12,13].

However, traditional first-order models are correlated with idealized theoretical hy-
drodynamics. They do not appropriately portray liquid behavior in the treatment system
because they cannot effectively simulate flow anomalies. Moreover, these models do not
reproduce the decrease in the biodegradability of the effluent throughout the treatment,
do not take into account the fraction of the recalcitrant or non-removable residual effluent,
and ignore the influence of factors such as evapotranspiration and precipitation [14].

In order to make the first order models represent reality, Brasil et al. [15] proposed a
sigmoidal equation model in which the empirical coefficient (n) is added. According to
these authors, although the coefficient (n) is a power of the hydraulic retention time (t),
its inclusion is due to the need to consider the increased resistance to the degradation of
organic material, and this varies according to the system configuration, the support media,
and the type of wastewater to be treated [15].

Although new models have been developed to predict the removal of organic matter
in CWs, the use of different empirical parameters can lead to inefficient practical results,
since these variations cause different solutions in CW design projects. Different models
applied to similar conditions give different configurations, which raises the question on
whether there is a model that can accurately represent what occurs in these systems, and
which one it is.

In order to validate these models, they must be evaluated with a large amount of CWs
data [16]. Therefore, the aim of this research was to verify the kinetic study of first order
models of organic matter removal from municipal wastewater in constructed wetlands
systems.

2. Materials and Methods

For the development of this research, information from 41 horizontal subsurface flow
constructed wetlands treating domestic sewage, operated in different countries, was used.
The influent COD in these CWs ranged from 88 to 598 mg L−1. The characteristics analyzed
for each system were: the season in which the experiment was conducted; type of influent
sewage (raw or treated at primary level); vegetation (present or absent); total organic
loading rate (OLR); hydraulic retention time (t); wetland length (L); length/width ratio
(L/W); influent COD concentration (Co); type of porous substrate (gravel, crushed stone,
river sand, steel slag); and treatment efficiency, represented by the remaining relative
fraction (C⁄Co). Data from studies of these 41 CWs were published by nine different
teams of authors [11,15–23]. When data were not directly available, the Digitizer tool from
OriginPro software was used to obtain C or C/Co and t values throughout the profiles
presented.

Two kinetic equations were used in this study: (a) the conventional first order equation
and (b) the sigmoidal equation proposed by Brasil et al. [15]. The first order degradation
kinetics (Equation (1)) described below represents the basic option for modeling CWs. The
sigmoidal-type equation (Equation (2)) was used to correct the probable inadequacies of
the first order model.

C/Co = exp(−k·t) (1)

where: C is the resident liquid COD concentration at time “t”, Co is the influent COD
concentration, k is the organic matter removal coefficient and t is the hydraulic retention
time.

C/Co = exp(−k·tn) (2)
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where: n is the dimensionless coefficient that represents the increase in resistance of the
remaining organic material and the other variables were previously defined.

The data obtained from C/Co along with the hydraulic retention time were used to
obtain the organic matter removal coefficient (k) and the representative coefficient of the
increase in the organic matter degradation resistance (n). The settings were performed in
the OriginPro software with the generalized least squares method for non-linear regression
models using Levenberg–Maquardt’s algorithm [24]. This algorithm provides a numerical
solution for the problem of minimizing the non-linear function and it is dependent on
several variables.

The cluster analysis was performed with the identification of groups of similar CWs
based on the estimation of kinetic coefficients, applied OLR and HRT characteristics. Based
on the cluster analysis, model comparisons were carried out in order to define which model
fitted best for each group. These comparisons were made using the Akaike Information
Criterion and standard error of the regression (SE) as a measure of how well the model fits
the data. For the SE estimator, smaller values indicate that the observations are better, since
they are closer to the adjusted line. The coefficients R2 and adjusted R2, despite having
been obtained, were not considered in the present study, since Spiess and Neumeyer [25],
found through simulations that these values are an unfavorable measure for describing the
validity of a non-linear adjustment.

The values of the coefficients of the model that obtained the best fit according to AIC
and SE were plotted and the trend lines were adjusted in order to assist in the identification
of the behavior of the coefficients according to the variables. For these trends, no statistical
analysis was performed due to the data showing wide variability.

3. Results and Discussion
3.1. Determining the Best Model

Table 1 shows the cluster analysis results as well as the respective OLR range and the
number of elements in each group.

Table 1. Cluster analysis results, OLR range and the number of elements in each group.

Group OLR Range Elements

1 4~43 14
2 60~92 9
3 107~118 4
4 158~211 8
5 253 6

where: OLR—total organic loading rate as COD (g m−3 d−1), which is obtained by the math division of the load
applied by the total volume.

It can be seen from Table 1 that the cluster analysis resulted in five clusters divided
according to their average OLR. For example, group 1 has an average OLR between 4~43 g
m−3 d−1, presenting 14 CWs with similar characteristics to each other. Using the SE, we
determined, within each group, the model (first order or sigmoidal) that showed the best
fit (Table 2).

Table 2. Best model for each group according to the standard errors of regression (SE) and their
ranges.

Group Best Model SE Range

1 First Order 0.00013~0.13863
2 Sigmoidal-type 0.01263~0.09233
3 Sigmoidal-type 0.01592~0.07601
4 Sigmoidal-type 0.01912~0.27059
5 Sigmoidal-type 0.02668~0.06458
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The model that presented a better fit for most CWs was the sigmoidal-type model.
Brasil et al. [15], using this model, concluded that the n coefficient circumvents inconve-
niences such as change of degradability over the CWs. This coefficient also provides for
changes in hydrodynamics due to factors such as formation of dead zones near to the root
zone of the plant, effect of the pollutants’ velocity and dispersion of pollutants into the
wastewater [14]. The magnitude of n is a function of both variations of recalcitrant organic
material and the degree of dispersion hydraulic system [15].

To understand better how the n coefficient relates to other CWs characteristics such
as organic loading rate (OLR), volumetric rate decay coefficient (k), theoretical dispersion
number (d), influent concentration (Co) and others, we performed a study using the
information available in this work database. The characteristics that have identifiable
relation with the n coefficient were OLR and Co, which are discussed below. Trend graphs
of the n coefficient and these characteristics were made. Although for group 1, the first
order model presented smaller SE ranges (Table 2), the values of the sigmoidal-type model
fittings were also used for comparison with other four groups.

3.2. Relation between n Coeficcient and Organic Loading Rate (OLR)

Table 3 shows the ranges of n coefficient values and its respective means, geometric
means and medians.

Table 3. Ranges of n coefficient and its respective means, geometric means and medians.

Group Range of n Means Geometric
Means Medians

1 0.11~1.01 0.60 0.52 0.54
2 0.22~0.62 0.47 0.45 0.54
3 0.21~0.46 0.35 0.34 0.36
4 0.22~0.46 0.32 0.31 0.29
5 0.20~0.40 0.34 0.33 0.36

where: n—coefficient representing the increased resistance of the remaining organic material.

According to Table 3, it is observed that for all groups formed, the median values of
the coefficient n varied between 0.29 to 0.54, thus corroborating the values found by Hom
et al. [26] and in the literature regarding the sigmoidal-type model, which are located in the
same range, showing the tendency of this coefficient to be between 0 and 1. Figure 1 shows
the association between the n coefficient and OLR.
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It can be observed from Figure 1 a slight tendency for the n coefficient to decrease as
OLR increases, which also can be seen in Table 1, where for the group 5 (the highest values
of OLR) n ranges are narrower when compared to group 1 (smaller OLR values). Chagas
et al. [18] evaluated the kinetics of organic matter removal in HSSF constructed wetlands
cultivated with yellow lilies submitted to different OLR and found n values from, 0.107 up
to 0.448. Matos et al. [14] found n coefficients varying between 0.420~0.830 for different
CWS with varying dimensions and widths. For these authors, the sigmoidal-type model,
due to its simplicity and improvements in the representation of real behavior, should be the
preferred model to describe the decay of organic matter from wastewater treated in HSSF
CWs [14].

The tendency between the n coefficient and the OLR is inversely proportional. It
shows that the increase of the influent loadings changes the environmental conditions,
causing the microorganisms—which were initially considered in abundance—to become a
limiting factor, while the organic material, a limiting factor for low organic loadings, begins
to be in excess in the environment. Thus, it is believed that there will be an optimal organic
loading rate value in which the CW will present a maximum efficiency. For OLR higher
than this value, the efficiency of the CW will be reduced, since the microorganisms will
be insufficient to degrade all the material present in the system. Factors such as influent
concentration and climatic conditions will influence this optimum organic loading rate
value. Finally, Fia et al. [27] also observed a reduction in the n value with the increase of
OLR.

3.3. Association between n Coefficient and Inffluent COD Concentration (Co)

The initial hypotheses were: (i) the higher the influent concentration of sewage (Co),
the higher its degradability, so, the n coefficient would not influence the decay profile,
being close to 1.0; (ii) likewise, for low influent concentrations, degradability would be low,
so the wastewater would be more recalcitrant, being the n coefficient low.

As noted in Figure 2, the association (trend) between the n coefficient and the influent
COD concentration is inversely proportional, refuting the initial hypotheses. This may be
due to the fact that, the higher the initial concentration, the higher the variety of substances
(lipids, carbohydrates, proteins) with different values of k, highlighting the importance of
the n coefficient, which in this case is low.
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Likewise, for low initial concentrations, the degradability would be smaller and the
organic material more recalcitrant. This would characterize the conditions of a pre-treated
sewage (primary, secondary or tertiary effluent), in which there is remaining material that
is more difficult to degrade, i.e., having a k value smaller and more uniform. For constant
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k values, the strength of n coefficient is smaller, since it does not have the need for large
corrections for the k values, so, for these conditions, n approaches to the unit (1.0).

Matos et al. [28] observed graphically and using Pearson’s coefficient (−0.985) that the
value of (n) is strongly associated with the deterioration grade of organic matter (OM). In
summary, the greater the magnitude of variation in OM concentrations at the beginning of
CWs, the lower the value of n.

3.4. Evaluation of Sigmoidal-Type Model

Hom et al. [26], Cerf [29], and Marugán et al. [30] used a model, similar to the
sigmoidal-type model presented here, to study the kinetics of chlorine disinfection in
the environment. They considered the existence of a factor that, over time, reduced the
chlorine performance in the bacterial disinfection and, in the equation of Brasil et al. [15],
this reduction occurs in the degradation of organic material present in the wastewater.

In studies conducted by Hom et al. [26], the equivalent values of n coefficient found
ranged from 0.207 to 0.757. These values and the values found in literature for sigmoidal-
type model are in the same range, showing the tendency of the n coefficient display a value
between 0 and 1 (see Table 3).

Marugán et al. [30] cited the model of Hom et al. [26] presenting it as the sigmoidal-
type model, and concludes that, for the case that n = 1, the equation is simplified, becoming
the first order model. For n > 1, the model plays a concave curve (shoulder type behavior);
while for n < 1, the graph reproduces a convex curve (tailing-off type behavior) (Figure 3).
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Among those 41 CWs studied, only one (belonging to group 1) showed an n value
slightly higher to a unit (1.01) (Table 3). The outlier labeling technique was used to see if this
value would be an outlier, which did not occur, thus it cannot be ruled out. All other CWs
presented n < 1, as the values obtained by Hom et al. [26]. Thus, the graph style that reflects
this situation is the tailing-off (n < 1—concave curve), wherein the degradation is rapid
initially, followed by a reduction in the rate which is influenced by the n coefficient, yielding
a plateau. It demonstrates that, contrary to expectations, this model is not represented by a
true sigmoidal decay curve, but a modified exponential decay curve. In fact, it would be
sigmoidal in case the graph had presented both styles shoulder and tailing-off type.

Cerf [29] explained that, for the case where n < 1, the inactivation curve of microorgan-
ism by chorine can be explained by the hypothesis that the individuals of a population are
not identical and that the distribution of their resistance is permanently (time-independent),
or by the mechanistic concept. A similar analogy can be made for the case of the organic
matter decay in CWs, since it is the degradation of various organic compounds (proteins,
carbohydrates, lipids, persistent organic) which have a distinct resistance to decomposition.
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Although in the beginning the least resistant substances are degraded with a higher
rate and the recalcitrant compounds remain, this rate will reduce until it becomes zero. The
global equations set for each of the groups are shown in Figure 4.
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Figure 4. Common equations for sigmoidal-type model for each group.

As shown in Figure 4, it appears that all groups clustered obtained a good global fit,
since the estimated values are close to the line of trend. However, it is noted that group 1
was the least adequate when compared with the other groups formed.

4. Conclusions

The mathematical model with the best fit for removing organic matter in constructed
wetlands systems is the k-n model, also known as the sigmoidal-type. This model has a
coefficient whose nature has not yet been determined. However, the analyses indicated that
there is a slight tendency of the n coefficient to decrease as OLR increases and that the higher
the influent COD concentration on the CW, the smaller the value of the n coefficient. Due
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to the good fit indices, the k-n model can be considered as promising for use in constructed
wetland systems.
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