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Abstract: A multi-layer hydrostatic shallow-water model was developed in the present study. The
layer-integrated hydrostatic nonlinear shallow-water was solved with θ time integration and the
least-squares finite element method. Since the least-squares formulation was employed, the resulting
system of equations was symmetric and positive–definite; therefore, it could be solved efficiently
by the preconditioned conjugate gradient method. The model was first applied to simulate the von
Karman vortex shedding. A well-organized von Karman vortex street was reproduced. The model
was then applied to simulate the Kuroshio current-induced Green Island vortex street. A swirling
recirculation was formed and followed by several pairs of alternating counter-rotating vortices. The
size of the recirculation, as well as the temporal and spatial scale of the vortex shedding, were found
to be consistent with ADCP-CDT measurements, X-band radar measurements, and analysis of the
satellite images. It was also revealed that Green Island vortices were affected by the upstream Orchid
Island vortices.

Keywords: Green Island vortex; hydrostatic; least-squares finite element method; multi-layer;
symmetric and positive-definite; von Karman vortex street

1. Introduction

Von Karman vortex shedding, which is induced by a steady incoming flow past
a circular cylinder at low Reynolds numbers (Re = UL/ν, where U is the characteristic
velocity, L is the characteristic length, and ν is the kinematic viscosity, respectively) is one of
the most classic fluid mechanics problems. Flow becomes periodic with the detachment of
the free shear layers and consequent alternating counter-rotating pairs of vortices. Periodic
vortex shedding with an anti-symmetric clockwise and counterclockwise wake pattern is
called a von Karman vortex street [1–4].

Vortex shedding, and the associated structural responses, are important and interesting
fluid dynamics problems [5]. Applications include marine structures, underwater acoustics,
and civil and wind engineering. Vortex shedding occurs frequently in the atmosphere [6–10]
and oceans [11–17]. Island-induced ocean vortices are types of mesoscale ocean phenomena
(with typical horizontal scales of 100–500 km and time scales of order of a month), which
are often captured by satellite images [18,19] and numerical modeling [20,21].

The Kuroshio is a western boundary current of the sub-tropic North Pacific Ocean. It
originates from the North Equatorial Current, and flows northward to the eastern coast
of Taiwan. Kuroshio passes Orchid Island and Green Island off the southeastern coast
of Taiwan. Kuroshio-induced Green Island vortices have previously been studied with
in-situ measurements [22,23], such as ERS-1 SAR images, moderate-resolution imaging
spectroradiometer (MODIS) satellite images [24–27], and numerical modelling [28–32].
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Taiwan is an ocean island. It experiences abundant marine current flows and has
excellent marine current energy resources. However, these resources have yet to be explored.
The Kuroshio current is known for its strong and steady flow. It could be a potential source
of renewable energy for Taiwan, as it flows steadily all year round. Green Island is a
potential plant site for Kuroshio current energy in Taiwan. Chen [33] proposed a conceptual
design for the Kuroshio power plant, and an assessment of the potential Kuroshio power
test site was performed in [34].

Shallow-water flow models have been widely used to study flows and their associ-
ated transport phenomena, especially when horizontal scales are much larger than the
vertical ones. Hydrostatic assumption is generally appropriate, because of its simplicity
and efficiency [35–40]. However, for stratified flows, deep-water flows, and short waves
where vertical variations and dispersion are important, hydrostatic assumption may be
inappropriate, and result in unsatisfactory predictions. Many theoretical and numerical
approaches have been proposed to fix parts of the problem, mainly in three categories:
Boussinesq-type models [41–43], non-hydrostatic shallow-water models [44–54], and multi-
layer models [55–57]. They all exhibit some advantages and disadvantages, depending on
the problems considered, the acceptance and requirements of the predictions (accuracy
and efficiency), as well as the theory and programming complexity of the models. The
multi-layer hydrostatic modelling approach solves 2D layer-integrated equations, instead
of solving 3D equations; therefore, it is considered computationally efficient. Further-
more, only a relatively small number of vertical layers are required to enable the accurate
simulation of vertically varying flows, as well as dispersive and nonlinear waves in general.

The focus of the present study is on the temporal and spatial scale, as well as the
vertical structure, of the Green Island vortices. A multi-layer hydrostatic shallow-water
model is developed in this study. The model is based on the hydrostatic predecessor [58,59].
The paper is organized as follows: an introduction of the von Karman vortex, Kuroshio
and island wakes, and the hydrostatic shallow-water flow model are described in Section 1.
Section 2 presents the multi-layer hydrostatic shallow-water equations and numerical
method. The developed model is applied to simulate the von Karman vortex street (caused
by flow passing a cylinder and the Green Island wakes of Kuroshio) in Section 3. Based on
the computation results, conclusions are drawn in Section 4.

2. The Governing Equations and Numerical Method
2.1. Shallow-Water Equations

The 3D Navier–Stokes equations read:

∂u
∂x

+
∂v
∂y

+
∂w
∂z

= 0 (1)
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where u, v and w are flow velocity components in the x, y and z directions, t is time, ρ is
density of water, p is pressure, g is the gravitational acceleration, and ν is the coefficient of
kinematic viscosity of the water. The x and y coordinates denote the horizontal directions,
while the z coordinate denotes the vertical direction. Water is confined in the range
of −d(x,y) ≤ z ≤ η(x,y), in which −d(x,y) is the bottom and η(x,y) is the water surface
elevation. The total water depth H = η + d. The vertical domain is divided into M layers,
i.e., hi = zi − zi−1, i = 1, . . . , M, and z0 = −d(x,y) and zM = η(x,y).
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With assumption of the hydrostatics as well as the continuity of interface and shear
stresses of the interface, depth integrate and average Equations (1)–(4) for each layer, the
nonlinear shallow-water equations (NSWE) of layer “i” can be expressed as:

∂zi
∂t

+
∂(hiUi)

∂x
+

∂(hiVi)

∂y
= 0 (5)

∂Ui
∂t
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∂Ui
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+ Vi
∂Ui
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∂zi
∂x

= Su (6)
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∂Vi
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+ Vi
∂Vi
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+ g
∂zi
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= Sv (7)

in which Ui and Vi are the depth-averaged velocity of layer i, i.e., Ui = 1
hi

∫ −zi
−zi−1

udz,

Vi =
1
hi

∫ −zi
−zi−1

vdz, the layer thickness hi = −zi + zi−1, and Su and Sv are source terms in x
and y momentum equations, respectively. They include surface stress (τs) on the top layer,
bottom friction (τb) on the bottom layer, interface viscos terms, etc.
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1
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Equations (5)–(7) are so-called layer-integrated hydrostatic nonlinear shallow-water
equations. The multi-layer hydrostatic modelling approach solves 2D layer-integrated
equations, instead of solving 3D equations.

2.2. θ Time Integration Method

The θ integration method is used for time advancing. This method states that the time
integral of a given variable is equal to a weighted average between values of current (t = tn)
and future (t = tn+1 = tn + ∆t) with time increment ∆t = tn+1 − tn. θ is a weight between 0.0
and 1.0. θ = 0.0 corresponds to the fully explicit scheme, θ = 1.0 corresponds to the fully
implicit scheme, and θ = 0.5 corresponds to the Crank–Nicolson scheme, correspondingly.
Integrate Equations (5)–(7) with θ method from t = tn to t = tn + ∆t, and we have:

zn+1
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where superscripts n and n + 1 denote the value of variables at t = tn and t = tn+1, and time
increment ∆t = tn+1 − tn.

The Newton method is applied to linearize the nonlinear terms in Equations (10)–(12),
and the resulting equations are:
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where the symbol “~” denotes the value from the previous iteration or time step.

2.3. Least-Squares Finite Element Method

In the least-squares finite element method, the unknowns u = {Zi, Ui, Vi}T are ap-

proximated by the polynomial interpolations:
zi(x, y, t)
Ui(x, y, t)
Vi(x, y, t)

 =
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i
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where N(x, y) is the space interpolation functions. Substituting the approximation Equation (16)
into Equations (13)–(15), the residuals can be written as:
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Ũi

∂N
∂x + Ṽi
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and:
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∂Ũi
∂y

)]n+1
+
[
Un

i − (1− θ)∆t
(

Ui
∂Ui
∂x + Vi

∂Ui
∂y + g ∂zi

∂x

)]n
+ θ∆tS̃n+1

x + (1− θ)∆tSn
x

)
dΩ∫

Ωe

(
θ∆t
[
Ũi
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Upon applying the least square method, we have:

min
∫

Ω
R2dΩ (20)

where R =
{

Re
zi

, Re
Ui

, Re
Vi

}T
are the residuals, and Ω is the considered domain. Equation (20)

can be rewritten as: ∫
Ω

{
∂R

∂u

}
RdΩ = 0 (21)

Details of the least-squares finite element method can be found in [60–62].

3. Results and Discussions

The developed model was first applied to the von Karman vortex street simulation,
and then to the Green Island vortex shedding simulation due to the passing of Kuroshio.
Computed results were compared with field measurements, satellite images and results
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of other modelling. Advantages and future development of the model are briefed in the
discussion section.

3.1. Von Karman Vortex Shedding

Von Karman vortex shedding with pairs of periodic counter-rotating vortices down-
stream of an obstacle, generated by the flow past an obstacle, is a classic flow mechanic
problem with many engineering applications [1–5]. This fascinating fluid mechanic prob-
lem usually occurs when the flow passes an obstacle at a low Reynolds number, i.e.,
46 < Re < 800. In general, different flow properties (i.e., different Re numbers) may lead to
totally distinct bluff body wakes.

A three-layer hydrostatic model was used to simulate the von Karman vortex shedding.
The length and width of the study domain were 2.4 m and 0.8 m, respectively. A circular
obstacle with a radius of 0.05 m was located in the center of the mainstream—see Figure 1.
The still water depth h = 0.1 m. Inflow was uniformly divided into three layers. The
inflow entered the domain from the left boundary, and exited the domain from the right
open boundary. The inflow speed increased linearly from bottom layer to top layer, i.e.,
U = 0.33 ms−1, 0.67 ms−1, and 1.00 ms−1 in the bottom, middle, and top layer, respectively.
Free slip boundary condition was employed for both top and bottom boundaries, and a
non-slip boundary condition was enforced on the cylinder surface. The resulting Reynolds
number was Re = 100, 200, and 300 in the bottom, middle, and top layer, respectively.
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Figure 1. Study domain and computational meshes: (a) global view and (b) close-up local view
around the cylinder. Point P is the monitor point where flow variables are recorded. (Unit measure-
ment for x and y axis is m).

Figure 1 shows the computational meshes, a total of 24,582 nodes and 24,317 four-node
quadrilateral elements. Nodal connection and mesh structure were the same for each layer.
Finer meshes were used near the cylinder area because variation of flow and wave in that
area was expected significantly. ∆t = 0.025 s was used in the computations. Simulation
started with a motionless fluid, i.e., the fluid was at rest initially. Flow developed and
reached a periodic state after a period of about 200 s of transition.

Figure 2 plots the U- and V-contours of each layer. The magnitude of flow of the top
layer was larger than that of the middle and bottom layer. Periodic and well-organized
alternating counter-rotating vortices were reproduced. The size of the vortex street of
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the top layer was longer and wider than those of the middle and bottom layer. The
repeat (frequency) of U-contours was twice that of V-contours. This is one of the typical
characteristics of a von Karman vortex street. Figure 3 depicts the contours of vorticity of
each layer. The strength of vorticity was large in the top layer, and it decreased downstream.
Well-organized alternating counter-rotating vortices were clearly observed.
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Figure 2. Contours of U (a–c) and V (d–f) of the von Karman vortex street of the top, middle, and
bottom layer, respectively (U–contours range from −0.008 to 0.35 ms−1 with an interval 0.001 ms−1;
V–contours range from −0.016 to 0.015 ms−1 with an interval 0.001 ms−1).

Figure 4 depicts the time history of η, U and V of the monitor point P (location
of the monitor point P is shown in Figure 1b) of the top, middle, and bottom layers,
respectively. The temporal variation of η was very small for this problem setting, and
the temporal variation of U and V of each layer was quite different. The periods of U
and V of the top, middle, and bottom layers were 15.6, 22.7, and 45.5 s, as well as 30, 43,
and 92 s, respectively. The period of V is about twice of that of U. The corresponding
averaged Strouhal number (St = D/UT) was 0.224, which agreed well with the value of
0.232, suggested by Williamson [2].
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3.2. Green Island Vortex Shedding

There are two main islands in the southeast Taiwan water. The larger one is Orchid
Island, which is located at 22◦03′ N 121◦32′ E, about 90 km off the southeast coast of Taiwan.
It covers an area about 45 km2, with a diameter of about 13.5 km. The smaller one is Green
Island, which is located at 22◦40′ N 121◦28′ E, about 45 km off the southeast coast of Taiwan.
It covers an area about 15 km2, with a diameter about 5.5 km.

Primary package components of ADCP-CTD include a conductivity–temperature–
depth (CTD) instrument and an acoustic Doppler current profiler (ADCP), allowing for the
simultaneous measurement of density, water-mass tracers, and absolute velocity. Shipboard
ADCP-CTD profiling was conducted to investigate the surface patterns, vertical structures,
the evolution of the Green Island vortices [22,23]. The ERS-1 SAR images and Moderate-
resolution Imaging Spectroradiometer (MODIS) satellite images [24–27], and numerical
modelling [28–32] have also been used to study Kuroshio-induced island vortex of Orchid
Island and Green Island. Figure 5a shows a composite ERS-1 SAR image of the Kuroshio-
induced vortex of Orchid Island and Green Island, taken in one-week intervals, sequentially,
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at 17:01 UT September 25 (lower, with lighter colour background) and 19:02 UT 2 October
1996 (top, with darker colour background). The horizontal scale of the Orchid Island
vortex street was about 50–70 km (about 3–5 times size of the island) in the streamwise
direction, and 20–35 km (1.5–2.5 times size of the island) in the spanwise direction. While
the horizontal scale of Green Island vortex street was about 50–60 km (8–10 times size of
the island) in the streamwise direction, and 10–20 km (2–3 times size of the island) in the
spanwise direction.
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Current-induced vortices are associated with upwelling or vertical mixing, which
causes cooler water to rise [22,63]. Figure 6 illustrates the Kuroshio-induced Green Island
vortex using the sea surface temperature (SST) of MODIS Aqua images [25]. A recirculation
zone covering area about 2–3 times the size of the island behind the island is clearly shown,
following a meandering vortex street extending to about 6–8 times the size of the island
downstream. Chang et al. [22] measured the SST of the recirculating water using shipboard
ADCP-CDT, and found that the SST of the recirculating water was 1–2 ◦C colder than the
SST of the surrounding waters.
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Figure 6. Kuroshio-induced Green Island vortex by MODIS Aqua images at (a) 05:10 UTC on 4 April
2015, (b) 05:05 UTC on 16 June 2015, (c) 05:15 UTC on 30 June 2015, and (d) 05:05 UTC on 2 July 2015.
(Source: Figure 7 of Hsu, et al. [25]).
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An observation study of Green Island wakes has been conducted using a land-based
X-band marine radar system to measure the surface currents near the northwest of the
island from 18 to 25 August 2014 [64] (see Figure 7a). The observation area covers an
area with a diameter of about 10 km. The surface current can be derived from the radar
backscatter by applying the wave dispersion relationship as the filter [65]. When Kuroshio
passed the island (the surface speed is 1–1.5 ms−1), a swirling recirculation was formed
behind the island. The size of the recirculated water was about 1–1.5 times the size of
the island, as shown in Figure 7b. This value is smaller than the value of 2–3 times the
size of the island that was reported in [25] by analyzed satellite images. The speed of
the Kuroshio current on the left-hand side downwind of the island was large, reaching
2–3 ms−1. However, the surface current speed in the recirculation zone was less than
0.6 ms−1 because of the blockage and shield of the island. The edge of the vortex street was
identified by edge detection approach of the time-averaged radar images (see Figure 7c).
The swing edge of the vortex shedding was time varying (see Figure 7d). The period of the
swinging vortex shedding was estimated to be about 13 h.
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Figure 7. (a) Photo of the X-band marine radar observation system located to the northwest of Green
Island. (b) Surface current speed near Green Island at 18:00, 19 August 2014. (c) Edge of vortex
shedding detected from time averaged radar images. (d) Time varying edge of vortex shedding on
21 August 2014.

3.3. Numerical Study

A depth-averaged one-layer hydrostatic shallow-water model was developed and
applied to simulate the Green Island wakes in a previous study [28–30]. A high-resolution
model is required to simulate the small-scale Green Island vortices (with sizes about
15–25 km in the streamwise direction, and 10–15 km in the spanwise direction) which are
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much smaller than the mesoscale ocean eddies with sizes of 100–500 km. In this study, a
high-resolution (100–1200 m) three-layer shallow-water model was used to study the Green
Island vortices and their interactions with the Orchid Island vortices.

Figure 8a depicts the study area, with a length of about 220 km and a width of about
120 km. The Kuroshio current originates from the North Equatorial Current. It flows north-
ward, parallel to the eastern coast of Taiwan, and passes Orchid Island and Green Island.
The width of Kuroshio is about 100–150 km. According to the field measurements [22,25]
and satellite image analysis [30], the speed of the Kuroshio current is about 1.0 ms−1 in the
top layer (0 m to −200 m), 0.5 ms−1 in the middle layer (−200 m to −400 m), and 0.3 ms−1

in the bottom layer (−400 m to −700 m). The influence range of the Kuroshio current is up
to −800 m: water below −800 m is essentially motionless.
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Figure 8. (a) Schematic illustration of the study area. (b) Computational meshes of top, middle and
bottom layer. (c) Close-up view of fine meshes near Orchid Island and Green Island where variations
of flow and waves are significant.

The top layer ranges from 0 m to −250 m, the middle layer from −250 m to −500 m,
and the bottom layer −500 m from to −750 m. The speed of Kuroshio current is 1.00 ms−1

in the top layer, 0.67 ms−1 in the middle layer, and 0.33 ms−1 in the bottom layer. This
information was used in the simulations. Kuroshio enters the study area from the south
boundary and exits the north boundary freely. On the west boundary, to the southeast of
Taiwan, slip boundary condition was employed, and on the east boundary no normal flux
condition was employed. A non-slip boundary condition was specified for both Orchid
Island and Green Island.

Figure 8b shows the computational meshes, a total of 53,170 nodes and 13,166 nine-
node quadrilateral elements. Fine meshes are used near the area of Orchid Island and
Green Island, since significant variations of flow and waves are expected in these areas (see
Figure 8c). ∆t = 15 s was used in the modelling. The simulation started with motionless
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fluid, i.e., fluid was at rest initially. After a period of transition, about 30 h, recirculation
and island-induced vortices developed, and flow reached a periodic state.

Figure 9 depicts the U- and V-contours of the top, middle, and bottom layers, respec-
tively. The magnitude of current of the bottom layer was smaller than that of the middle
and top layers. A recirculation of the top layer, with a size about 1–2 time of the island, was
formed behind the island. It followed three pairs of alternating counter-rotating vortices
that extended about 50–60 km (8–10 times the size of the island); two pairs of alternating
counter-rotating vortices that extended about 30–50 km (5–8 times the size of the island);
and one alternating counter-rotating vortices that extended about 15–30 km (2–5 times the
size of the island) downstream of the top, middle, and bottom layer, respectively. Green
Island is located about 60 km downstream of the Orchid Island vortex street. Green Island
vortices of the top layer were obviously affected by the upstream Orchid Island vortices,
also revealed in Figures 10 and 11. However, the Green Island vortices of the middle and
bottom layers seemed less affected by the Orchid Island vortices of the middle and bottom
layers, respectively.
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that of the middle and bottom layers. The periods of top layer vortex shedding for Orchid 
Island and Green Island were found to be 32.8 and 14.5 h, respectively. The period of 
Orchid Island vortex shedding was larger than that of Green Island, due to its larger size, 
and therefore the larger Reynolds number of Orchid Island. The value of 14.5 h for the 
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Figure 9. Contours of (a) U (upper panel) and (b) V (lower panel) of Orchid Island vortex and Green
Island vortex of the (1) top (left panels), (2) middle (central panels), and (3) bottom (right panels)
layer. (U–contours range from −1.5 to 1.5 ms−1 with an interval 0.1 ms−1; V-contours range from
−1.2 to 2.6 ms−1 with an interval 0.1 ms−1).
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Figure 11. Contours of vorticity of the Orchid Island vortex and Green Island vortex at (a) the top
layer with ranges from −0.0022 to 0.0033, (b) the middle layer with ranges from −0.0013 to 0.0020,
and (c) the bottom layer with ranges from −0.0006 to 0.0014 (there are 30 contours in each plot).

Figures 10 and 11 show the contours, streamlines and vorticity of the top, middle, and
bottom layers, respectively. Vortices of the top layer were larger than that of the middle
and bottom layers. The vortex street of the top layer was longer and wider than that of the
middle and bottom layers. The periods of top layer vortex shedding for Orchid Island and
Green Island were found to be 32.8 and 14.5 h, respectively. The period of Orchid Island
vortex shedding was larger than that of Green Island, due to its larger size, and therefore
the larger Reynolds number of Orchid Island. The value of 14.5 h for the period of the
top layer of Green Island vortex shedding agreed reasonably with the value of 13 h by the
land-based X-band radar measurement [64].
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3.4. Discussion

The least-square finite element method exhibits many theoretical, programming
and computational advantages. For example, because of the use of a single approxi-
mating space for all variables, and the choice of approximating spaces not subjected to
the Ladyzhenskaya–Babuska–Brezzi (LBB) condition, mixed formulation, collocation grid
arrangement, and convection schemes are unnecessary [60,62]. Moreover, the resulting
system of equations is symmetric and positive–definite, and therefore can be effectively
solved by the preconditioned conjugate gradient method [66]. Advantages and details of
the least-squares finite element method can be found in [60,62].

Deep water or stratified flows may experience large vertical flow variations. Strong
dispersive or non-linear waves propagating shoreward may undergo significant wave
deformation caused by variations in water depth or bottom friction. These phenomena may
not well be presented in the nonlinear hydrostatic shallow-water models. Thus, it is often
indispensable to consider non-hydrostatic effects in modelling free surface flows with large
vertical variations, especially for both deep-water flows and short waves with high non-
linearity. A number of non-hydrostatic coastal ocean models have been developed [44–54].
A depth-averaged (one-layer) non-hydrostatic shallow-water model was developed and
applied to model the propagation of a solitary wave and the interactions of the propagating
solitary wave with the submerged structure in a previous study [67]. Computed results
showed the promising potential of the model.

Flows and waves of the surface and subsurface are more interesting and important,
as well as easier to measure, in general. However, vertical variations and structures of
flows and waves could be of importance in many situations, such as underwater coastal
structures, sedimentations, anchored platforms, etc. The development and application
of a multi-layer non-hydrostatic free-surface model for coastal environments is a focus
of future study. The multi-layer non-hydrostatic modelling approach solves 2D layer-
integrated equations, instead of solving 3D equations [56,57]; therefore, it is considered
computationally efficient. Furthermore, only a relatively small number of vertical layers are
required to enable the accurate simulation of vertically varying flows, as well as dispersive
and nonlinear waves, in general.

4. Conclusions

In this paper, we present the formulation, development, and application of a multi-
layer depth-integrated nonlinear hydrostatic shallow-water model for free-surface flows,
with vertical variations using the θ time integration method and the least-square finite
element method. The model was applied to simulate a von Karman vortex street and a
Kuroshio-induced Green Island vortex.

Computed results of Green Island vortices showed that the vortices of the top layer
were stronger than those of the middle and bottom layers. A recirculation was formed
behind the island, with a size about 1.5 times the size of the island (agreeing with the
value of 1.5 times the size of the island by the X-band radar measurement [64], and the
modelling results of [28–30,34], but smaller than value of 2–3 times the size of the island by
the analysis of satellite images [25]). The speed of the recirculation (~0.5 ms−1) was small,
due to the blockage and shield of the island (agreeing with the ADCP measurement [22]
and the X-band radar measurement [64]). The streamwise and spanwise size of the Green
Island vortex street of the top layer were 50–60 km and 10–15 km (agreeing with the value of
50–60 km and 10–20 km by the analysis of satellite imageries [24,25], and larger than value
of 40–50 km and 10–20 km by the one-layer modelling results of [28–30,34]). The period
of Green Island vortex shedding was 14.5 h (larger than the value of 13 h by the X-band
radar measurement [64]). It was revealed that Green Island vortices were affected by the
upstream Orchid Island vortices. This result was supported by the field measurement
of [22].

An immediate next step is to extend the present model for multi-layer non-hydrostatic
nonlinear shallow-water equations into future study, so that large vertically varying flows



Water 2022, 14, 530 16 of 18

and highly dispersive waves can be better approximated. With the recent theory develop-
ment of computational fluid dynamics, and the advancement of computer hardware, the
simulation of large scale and complicated realistic fluid flows and waves is feasible.
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