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Abstract

:

Water distribution systems (WDSs) are complex networks with numerous interconnected junctions and pipes. The robustness and reliability of these systems are critically dependent on their network structure, necessitating detailed analysis for proactive leak detection to maintain integrity and functionality. This study addresses gaps in traditional WDS analysis by integrating hydraulic measures with graph theory to improve sensitivity analysis for leak detection. Through case studies of five distinct WDSs, we investigate the relationship between hydraulic measures and graph theory metrics. Our findings demonstrate the collective impact of these factors on leak detection and system efficiency. The research provides enhanced insights into WDS operational dynamics and highlights the significant potential of graph theory to bolster network resilience and reliability.
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1. Introduction


Water distribution networks are vital infrastructural systems that ensure potable water delivery to households, industries, and other consumers in urban and rural settings [1]. These networks, often sprawling over vast areas, consist of interconnected pipes, reservoirs, pumps, valves, and other components. Ensuring these networks’ efficient and uninterrupted operation is paramount not only for public health and safety but also for economic and environmental reasons [2,3].



Leaks in water distribution networks represent one of the most persistent challenges faced by utilities worldwide [4,5]. They lead to significant water loss, which is especially concerning given the increasing water scarcity in many parts of the world [6]. According to the World Bank, an estimated 32 billion cubic meters of treated water are lost yearly due to leaks in urban systems, equivalent to nearly USD 40 billion in financial costs [7]. Beyond the economic implications, leaks can lead to reduced pressure in the system, making it susceptible to external contamination and thus posing health risks. Additionally, the energy and resources expended in treating and pumping the lost water contribute to unnecessary environmental impacts [8]. Such effects encompass wasting water resources and increased CO2 emissions due to the energy consumption related to the treatment of excess water volumes with excessive chemical components.



Uneven daily and yearly consumption patterns critically impact water distribution networks. During peak consumption periods, increased demand can lower system pressure and escalate flow rates, potentially exacerbating existing leaks or causing new ones due to the added stress on the infrastructure [9]. Conversely, during low-demand periods, reduced flow rates can make leaks less detectable. These variations must be taken into account in the design and operation of leak detection strategies, as they influence both the likelihood and detectability of leaks. As such, understanding and adapting to these consumption patterns is essential for effective leak management, reducing water loss, and ensuring the reliability of supply [10,11].



Given the complexity and vastness of water distribution networks, there’s a growing interest in leveraging advanced mathematical and computational techniques for enhanced leak detection and system analysis. The primary research problem this study addresses is the need for more sophisticated, accurate, and efficient methods for identifying zone leaks within these complex networks [4,12]. To tackle this issue, our study explores the application of graph theory, a crucial interdisciplinary tool that enhances our understanding and management of complex systems [13]. While graph theory has been successfully employed in various fields such as epidemiology to trace and control the spread of diseases [14,15] and urban planning to optimize transport networks and traffic management [16,17], its potential in water distribution management is particularly compelling. By translating the physical network of water distribution into a graph of nodes and edges, representing the infrastructure’s interconnectivity, we can implement algorithms to simulate fluid movement, reveal usage patterns, and, crucially, detect leakage.



The objectives of our research are to develop a comprehensive methodology that integrates graph theory into the analysis of water distribution networks to improve leak detection and network management. We aim to demonstrate how graph-theoretical approaches can provide deeper insights into network dynamics, identify critical areas prone to leaks, and enhance the overall efficiency and reliability of water distribution systems. Through this study, we aspire to contribute valuable tools and strategies to the field of water management, helping to mitigate the challenges posed by leaks and advancing the sustainability of water resources.



The rest of the article is structured as follows: Section 2, “Literature Review”, offers an overview of existing studies that intersect graph theory with WDS. Section 3, “Graph Theory Fundamentals and Hydraulic Metrics in WDS Analysis”, outlines the foundational aspects of graph theory alongside key hydraulic measures pertinent to WDS analysis. Section 4, “Methodology”, is the paper’s core, detailing our study’s methodology and applying it to a well-known WDS for illustrative purposes. Section 5, “Case Studies”, presents empirical findings from applying our methods to four distinct WDSs. Section 6, “Practical Implications of Findings”, presents some practical implications of the proposed method. The paper concludes with a discussion that synthesizes the results and provides a comprehensive summary of the insights gained.




2. Literature Review


In the literature, multiple methodologies have been proposed to analyze the resilience of water distribution systems in order to detect water leaks. One prevalent method is the performance-based approach, which employs hydraulic models to evaluate how the system responds under different hypothetical scenarios [18]. These models typically analyze the flow and pressure characteristics within the network’s pipes and junctions, simulating various operational conditions to predict system behavior during normal and adverse events [19,20]. For this purpose, we present related works that exemplify the integration of graph theory in WDS, followed by a discussion on its application and impact.



2.1. Graph Theory Integration in Water Distribution Systems


To further enrich this analysis, integrating hydraulic metrics with graph theory measures enhances the precision of leakage detection in WDSs, thereby addressing a notable gap in the existing research. Ulusoy et al. [21] sought to analyze pipe criticality’s impact on the overall resilience of a network by integrating graph theory methods with fundamental principles of pipe hydraulics. This paper overcomes the limitations of traditional hydraulic methods and most surrogate measures of redundancy by introducing a hydraulically informed graph-theoretic measure of pipe criticality known as Water Flow Edge Betweenness Centrality (WFEBC). Similarly, Dunn and Wilkinson [22] developed a method that merges flow parameters with betweenness centrality and degree centrality to predict changes in flow dynamics caused by node removal. This integrated metric serves as a tool for identifying essential elements in water distribution networks, aiding in the management and maintenance of these critical infrastructures.



Additionally, Agathokleous et al. [23] observed a significant correlation between hydraulic metrics and network centrality measures. Nadro et al. [24] introduced an analysis framework based on Eigenvector centrality to support water utilities in the decision-making process for efficient supply management. Moreover, the study by Giudicianni et al. [25] aims to assess the criticality of water distribution networks facing natural disasters, particularly in the frequent context of limited site-specific information. It introduces a novel algorithm to detect the fractal structure of WDS layouts and a new vulnerability index called Cut-Vulnerability Vcut, which accounts for topological self-similarity and global vulnerability in WDSs. These advances provide a significant contribution to our understanding of the structural and functional robustness of water distribution networks, further supporting the integrated approach of combining hydraulic and graph theory analyses. Another recent research study demonstrates the incorporation of complex network analysis using graph theory for identifying critical components in drainage networks [26].




2.2. Application and Impact in WDS


Generally, graph theory emerges as a potent analytical tool, transcending its mathematical origins to offer valuable insights. Its adaptability has been demonstrated across a multitude of disciplines, such as the criminal field [27,28], e-learning [29], and social media [30,31]. Each application demonstrates graph theory’s remarkable capacity to address structured data and solve complex problems in many environments.



Building on the foundational concepts discussed previously, the application of graph theory in WDS research has proven to be of considerable value [32,33]. It enables a structured analysis of the network’s topology, enhancing operational efficiency, and improving resilience. It provides a robust framework for optimizing system design, facilitating effective leak detection, ensuring water quality, and supporting strategic maintenance and expansion.



Among these advancements, Kibum et al. [34] introduced a novel methodology grounded in graph theory to pinpoint susceptible segments and accidental isolations in water distribution systems. This approach utilizes a node-based adjacency matrix for clear visualization of network connectivity, streamlined by a single row-first search method. In addition, Tzatchkov et al. [35] outlined graph theory algorithms for sectorizing water distribution systems. Their paper details how these algorithms help divide a large network into smaller, independent sectors, identify disconnected nodes, and analyze water source contributions. Implemented in an AutoCAD-based system, these methods have improved water distribution efficiency in Mexican cities by aiding in managing and reducing water losses.



Further investigations by Tzatchkov et al. [36] demonstrate that graph theory is instrumental in simplifying the management of a WDS by facilitating its division into sectors and improving the accuracy of leak detection. Complementarily, another study by Shekofteh et al. [37] presents a novel leak detection method for WDSs that leverages graph theory for network decomposition. By dividing the WDS into manageable sections, the method uses pressure logger data and artificial neural networks to pinpoint the location of leaks. This iterative process narrows down the leak to a specific area within the network. Applied to the Balerma WDS under various scenarios, the approach proved accurate, showcasing graph theory’s utility in enhancing the efficiency of leak detection in WDSs amidst water scarcity challenges.



Additionally, a recent study [38] proposes a procedure to accelerate the computation of shortest paths in WDSs, highlighting the method’s efficiency in reducing computational time and its crucial role in real-time contamination detection and leakage control. This innovative approach underscores the potential of graph theory in enhancing operational integrity and robustness of water distribution systems.



On the other hand, graph theory can be utilized to evaluate and assess the robustness and operational integrity of water distribution systems—this serves as the main objective of our paper. We delve into the application of graph theory in the context of urban resilience, specifically within the framework of water distribution. Yazdani et al. [13] propose a deterministic network analysis method to evaluate the robustness and vulnerability of water distribution systems. These systems are conceptualized as intricate graphs, enabling a comprehensive assessment of their resilience against disruptions. Complementing this, Christopher Dzuwa’s study [39] presents an algorithm that identifies potential leakage points by calculating the risk of pipe bursts at network nodes. The algorithm leverages a sensitivity analysis that compares pressure readings at various nodes under different leakage scenarios to a standard no-leak model. This process is instrumental in detecting irregularities that may indicate a leak. Through this multifaceted approach, the study aims not only to locate potential weak points but also to prioritize them for maintenance or further investigation, thereby enhancing the system’s reliability and service delivery.





3. Graph Theory Fundamentals and Hydraulic Metrics in WDS Analysis


This section delves into the foundational elements of our analysis, clarifies the problem statement, and defines the basic concepts used in this paper.



3.1. Graph Properties


Graph-theoretical concepts are integral to leak detection in water distribution systems by offering a framework to model the network, identify critical nodes, and analyze flow patterns. These concepts facilitate the detection of anomalies in water flow and pressure that may indicate leaks. In this subsection, we define the fundamental concepts used in our work [40], drawing upon the characterizations and methodologies discussed in the context of WDSs as complex networks [41].



Model formulation. In this work, we model a water distribution system as a simple directed graph G(N;E) composed by a set of nodes N =    u 1  ;  u 2  ; … ;  u n    and a set of edges   E ⊂ N × N  . The nodes (vertices) represent reservoirs, tanks, or junctions, and the edges (links) correspond to pipes that transport water from one node to another (see Figure 1). We denote as   n   =   |N| and   m   =   |E|, respectively, the number of nodes and the number of edges of graph G. We employ the terms node, vertex, and junction (resp., edge, link, and pipe) interchangeably, as well as the terms network and graph.



Problem definition. Take a WDS modeled by graph G(N; E), where N is a set nodes and E is a set of edges. We seek to divide G into a set, D, of disjoint zones (communities), ensuring that each junction    u i  ∈   N belongs to only one community. This segmentation is a crucial step toward conducting an efficient sensitivity analysis for leak detection in WDSs. Therefore, our goal is to perform a diagnosis and risk assessment of water engineering systems, focusing on junctions and pipes because they represent the critical points susceptible to leakage.



Definition 1 

(Network Flow). Network flow in the context of WDSs refers to the rate at which water moves through the network’s pipelines. It is a critical parameter that determines the ability of the system to meet consumer demand at various points.





Definition 2 

(Cycle (Loop)). A cycle is a path that starts and ends at the same node without traversing any edge more than once. In WDSs, cycles are essential for redundancy; they ensure that if one part of the network fails, there is an alternative path for water distribution.





Definition 3 

(Adjacency). This refers to the direct connection between two nodes. In WDSs, two junctions are adjacent if they are connected by a single pipe. The adjacency matrix is a common mathematical representation that indicates which nodes in the network are adjacent to each other.





Definition 4 

(Path). In graph theory, a path is a sequence of edges that connects a sequence of distinct nodes. In WDSs, a path would represent a possible route for water to travel from one point to another within the network.





Definition 5 

(Subgraph). In water distribution systems, a subgraph is a subset of the network, comprising specific junctions and pipes, usually representing an operational area or manageable district. These zones are determined by various criteria, such as hydraulic connectivity, geographical boundaries, or demand patterns, facilitating targeted analysis and management within a larger network.





Definition 6 

(Degree Centrality). Degree centrality (  C D  ) is defined as the number of edges incident upon a node. In simpler terms, it measures the number of direct connections a node has to other nodes within the network. For a WDS, degree centrality would indicate how many pipes are connected to a junction, reservoir, or tank. A high degree of centrality at a junction might suggest it is a significant point for water distribution, potentially affecting many consumers if disrupted. For any undirected graph G, the degree of node v is:


   C D   ( v )  =  ∑  u ∈ V    a  u v    



(1)




where   a  u v    are the elements of the adjacency matrix, indicating a connection between nodes u and v.





Definition 7 

(Closeness Centrality). Closeness centrality (  C C  ) measures how close a node is to all other nodes in the network. It is calculated as the reciprocal of the sum of the shortest path distances from a given node to all other nodes in the graph. Nodes with higher closeness centrality can reach all other nodes more quickly than those with lower closeness centrality. In WDSs, this measure can help identify which nodes are best positioned to distribute water efficiently across the entire network. Mathematically, for a node v:


   C C   ( v )  =  1   ∑  u ≠ v   d  ( v , u )     



(2)




where   d ( v , u )   is the shortest path distance between nodes v and u.





Definition 8 

(Betweenness Centrality). Betweenness centrality (  C B  ) quantifies the number of times a node acts as a bridge along the shortest path between two other nodes. It is an indicator of a node’s control over the network’s flow, reflecting its potential to facilitate or impede water movement through the network. In WDSs, a node with high betweenness centrality would be critical for water flow between different network parts. Such nodes, if compromised, could significantly impact the network’s performance and reliability. The betweenness centrality of a node v is calculated by the following formula:


   C B   ( v )  =  ∑  s ≠ v ≠ t ∈ V      σ  s t    ( v )    σ  s t     



(3)




where   σ  s t    is the total number of shortest paths from node s to node t and    σ  s t    ( v )    is the number of those paths passing through v.





Definition 9 

(Link Betweenness Centrality). Link Betweenness Centrality (  C  L B   ) is a measure used in graph theory to quantify the importance of an edge within a network. It is defined as the number of shortest paths between pairs of nodes that pass through a particular edge. In WDSs, a higher betweenness centrality indicates that a link has a greater influence on the efficiency of the network’s water distribution and is more critical to its connectivity. The Link Betweenness Centrality edge e is:


   C  L B    ( e )  =  ∑  s ≠ t ∈ V      σ  s t    ( e )    σ  s t     



(4)




where   σ  s t    is the total number of shortest paths from node s to node t and    σ  s t    ( e )    is the number of those paths that pass along edge e.






3.2. Hydraulic Measures


Hydraulic measures refer to the various quantifiable characteristics that describe the behavior and performance of the fluid within the water distribution systems. Each junction in the WDS is characterized by:




	1.

	
Elevation (m)—The node’s height, which influences the gravitational pressure in the system.




	2.

	
Demand (m3/h)—The water requirement at that node is essential for ensuring adequate supply.




	3.

	
Pressure (m)—The fluid force exerted at the node is critical for water delivery and system integrity.









The system’s edges represent the physical pipes and are defined by:




	1.

	
Length (m)—The distance between two nodes, affecting headloss and velocity.




	2.

	
Diameter (mm)—The width of the pipe, which dictates the flow rate and velocity.




	3.

	
Flow (m3/h)—The volume of water moving through the pipe per unit of time.




	4.

	
Velocity (m3/h)—The velocity of the water flow is crucial for preventing sedimentation and ensuring effective scouring.




	5.

	
Headloss (m/s)—The loss of pressure due to friction within the length of the pipe.




	6.

	
Volume (m3)—The pipe’s water capacity can be influenced by the pipe’s cross-sectional area.









It is important to note that while these are the primary measures used in our study, there are other parameters, such as pipe age and material; water quality indicators; and other factors, that could be considered in hydraulic analysis. However, our focus was on those metrics that were readily available and most pertinent to our experimental WDS.



Considering these hydraulic measures, graph theory can be applied to analyze and optimize the WDS. This analytical approach is essential for designing a network that delivers water reliably and maintains quality, manages pressure effectively across different elevations, and ensures the system’s overall resilience and sustainability.





4. Methodology


The flowchart presented in Figure 2 outlines a four-step process for conducting a sensitivity analysis of water distribution systems. A detailed description of each step is provided in the following sections.



4.1. General Overview


The aim of this research is to perform an extensive assessment of WDSs to prevent leakages effectively. This study meticulously scrutinizes the pipes and junctions, pinpointing them as pivotal elements prone to leaks. It delves into the critical facets of the system to uncover weaknesses and suggests proactive strategies for reducing water loss. The proposed methodology integrates the hydraulic measurements of a WDS with graph theory analytics. It thoroughly investigates pipe characteristics, such as length, diameter, flow rate, velocity, head loss, and volume. By applying graph theory, this study calculates edge betweenness centrality (see Definition 9) for pipes, providing insights into their significance in the network and aiding in bolstering the system’s integrity and reliability.



Similarly, the research evaluates junction attributes, including elevation, demand, and pressure. It employs graph theory to derive three notable centrality measures: degree centrality (see Definition 6), closeness centrality (see Definition 7), and betweenness centrality (see Definition 8). These metrics are instrumental in gauging the importance of each junction within the network.



The methodological approach is systematically organized into four key stages for both pipes and junctions (see Figure 2), which are described in the two following subsections.




4.2. Zonal Identification Process


Our analytical process commences with the segmentation of the water distribution network into subgraphs or zones (see Definition 5). This segmentation is a strategic step to streamline both the examination and administration of water flow dynamics. We employ the k-means clustering algorithm for this segmentation, a widely used method for grouping data into clusters that minimize variance within each cluster and maximize variance between clusters [42]. Additionally, its scalability and adaptability make it suitable for water distribution networks of varying sizes and complexities [43].



K-means is an unsupervised clustering algorithm that is used to cluster our data into K number of clusters. Mathematically, it seeks to solve:


   min S   ∑  i = 1  k   ∑  x ∈  S i     | | x  −  μ i    | |  2   



(5)




where, S represents the set of clusters    S 1  ,  S 2  , . . . ,  S k   . x is a data point belonging to cluster   S i  .   μ i   is the centroid of the points in   S i  .



To implement the k-means algorithm effectively, a pivotal preliminary step is to determine the ideal number of clusters. This decision is crucial as it influences the granularity and usefulness of the analysis. For this purpose, we apply the Elbow method. This method entails plotting the total within-cluster sum of squares (WSS) against the number of clusters. As we increment the number of clusters, the total WSS decreases. We look for a ‘knee’ in the graph, which is the point at which the rate of decrease sharply changes, indicating that additional clusters will not significantly improve the partitioning. This point is known as the ‘elbow’, and the corresponding number of clusters is deemed optimal for our analysis.



Once the optimal number of clusters is established, we can proceed with the k-means algorithm to create a zonal map of our network, facilitating targeted hydraulic analysis and efficient water distribution management.




4.3. Parameters Scaling Procedure


Following the zonal segmentation of the water distribution network, the second step in our methodology involves the normalization of parameters (hydraulic and centrality measures). This essential procedure equates disparate parameters, rendering them directly comparable by adjusting their values to a common scale [44]. Normalization is performed without altering the original data distribution or the relative standings of the values.



Normalization or standardization helps to make data more adaptable [45,46]. Highly normalized data reduce the likelihood of inconsistencies, thereby decreasing the ambiguity of parameters.



In this context, normalization adjusts the attributes of both pipes and junctions. For pipes, this may include parameters such as length, diameter, flow rate, velocity, head loss, volume, and edge betweenness centrality. For junctions, this could encompass elevation, demand, pressure, degree centrality, closeness centrality, and betweenness centrality. Specifically, normalization is applied to transform all parameter values to a uniform scale that ranges from 0 to 1.



The normalization process is achieved by taking each parameter’s value   x i   and subtracting the minimum value    x m  i n   for that parameter across the network, then dividing by the range of the parameter values (the difference between the maximum    x m  a x   and minimum    x m  i n   values). This method, known as min–max scaling, allows for the different parameters to be evaluated on an equal footing. The normalization formula is articulated as follows:


   x  Norm    =    x i  −  x min     x max  −  x min     



(6)







Through this formula, min–max scaling translates each parameter to a relative scale, facilitating a coherent and equitable comparison across the network’s diversified parameters.




4.4. Assigning Weights to Parameters


In the third step of our approach, we enhance the analysis by assigning differential weights to each parameter, signifying their varying degrees of impact on the network’s susceptibility to leaks. To systematically quantify the importance of each parameter, we utilize the concept of entropy [47], which is a measure of uncertainty or disorder within a system.



In this context, the application of entropy serves two primary purposes. Initially, it enables a quantitative differentiation among various parameters, emphasizing the ones with a substantial influence on the system’s behavior [48]. Parameters characterized by higher entropy values suggest more considerable variability, thereby being recognized as more impactful on the system’s overall state. Subsequently, entropy supports a weighted analytical approach. By attributing weights corresponding to the calculated entropy for each parameter, the methodology effectively incorporates the relative significance and influence of the parameters. Consequently, this method ensures that the analysis is detailed and specifically adapted to the unique dynamics of the system being analyzed.



The application of entropy in the field of water distribution networks is pertinent, where the behavior of the system is influenced by a myriad of stochastic and dynamic parameters. The entropy-based weighting scheme allows for a more refined and targeted analysis, focusing on the parameters that truly drive system changes and thus enhancing the effectiveness of leak detection strategies [49,50].



The entropy H(X) of a parameter X is calculated by:


  H  ( X )  = −  ∑  i = 1  N  P   x i   log  P   x i     



(7)







In this formula,   P (  x i  )   represents the probability of occurrence of the i-th value of the parameter X. This entropy-driven approach to weighting is particularly adept at reflecting the level of uncertainty or the lack of predictability associated with each parameter. It enables an insightful determination of which variables exert the most substantial influence on the network’s operational efficacy and robustness.




4.5. Sensitivity Index Computation


The fourth and final step of our analysis involves computing the Sensitivity Index, denoted as S. This index is a weighted sum where each parameter value xi is multiplied by its corresponding weight   W i  . The Sensitivity Index is thus the sum of these individual products across all parameters, formally expressed by the equation:


  S =  x 1  ×  w 1  +  x 2  ×  w 2  + ⋯ +  x n  ×  w n   



(8)







In this formula,   x i   represents the value of the ith parameter, and   w i   signifies the weight assigned to that parameter, reflecting its relative importance in the calculation. The index n corresponds to the total number of parameters considered.



The outcome, S, quantifies the overall sensitivity by aggregating the weighted contributions of each parameter, offering a singular measure that encapsulates the collective impact of all the parameters under investigation. The Sensitivity Index provides a comprehensive metric that can be used to prioritize maintenance and monitoring efforts, directing resources to the most critical areas of the network to mitigate the risk of leaks.




4.6. Theoretical Examination


The primary purpose of this subsection is to illustrate the distinct steps of our proposal on a WDS Hanoi [51] composed of 31 nodes and 34 edges (see Figure 3). Our methodology scrutinizes the network by assessing a range of parameters for pipes and junctions. As mentioned above, these parameters are crucial for evaluating the network’s performance and identifying key areas susceptible to leaks.



	1.

	
Zonal Identification Process: At the outset of our analysis, we initiated the process with the Elbow method—a strategic approach to identifying the most suitable number of clusters for our dataset. As shown in Figure 4a, the number 3 emerges as the optimal number of clusters, as indicated by the ’elbow’ in the figure. After determining this, we apply the k-means clustering algorithm, which enables us to effectively partition the dataset into three coherent and distinct zones (green zone, red zone, and blue zone) (see Figure 4b).




	2.

	
Parameters Scaling Procedure: Upon identifying all of the distinct zones within the network, we advance to the pivotal normalization step. This process is essential as it uniformly scales all parameter values to a standard range between 0 and 1.



For this illustrative example, let us calculate the normalization value for the first pipe in the network. To achieve this, we will utilize min–max normalization for each parameter.



If we denote L, D, F, V, H, Vol, and EB as the actual values for the length, diameter, flow, velocity, headloss, volume, and edge betweenness of the first pipe, and Lmin Lmin, Lmax Lmax, and so on as the minimum and maximum values for these parameters, based on Equation (6), the normalized values for all parameters would be calculated as:



Normalized length   =   L − Lmin   Lmax − Lmin   =   100 − 100   3500 − 100   = 0  ;



Normalized diameter   =    D − Dmin     Dmax  −  Dmin    =   1016 − 304.8   1016 − 304.8   = 1  ;



Normalized flow   =   F − Fmin     Fmax  −  Fmin    =   5580.9 − 766.35   5588.9 − 766.35   = 1  ;



Normalized velocity   =   V − V  min   V  max − V  min   =   6.831 − 0.0076   6.8319 − 0.0076   = 1  ;



Normalized headloss   =   H − H  min   H  max − H  min   =   28.59 − 0   28.59 − 0   = 1  ;



Normalized volume   =   Vol − Vol  min   Vol  max − Vol  min   =   81.073 − 10.944   2148.43 − 19.944   = 0.032  ;



Normalized edge betweenness   =   ED − ED  min   ED  max − ED  min   =   0.0625 − 0.0584   0.2883 − 0.0584   = 0.015  .



This normalization allows us to compare and analyze these parameters on an equal footing, as they are all rescaled to a uniform range, facilitating further steps such as weighting or sensitivity analysis.




	3.

	
Assigning Weights to Parameters: Upon establishing the seven critical parameters of the network—length, diameter, flow, velocity, headloss, volume, and edge betweenness—we embark on the task of allocating a distinctive weight to each. This allocation process utilizes the respective entropy values of these parameters as a foundation.



To compute the entropy, we first calculate the probability distribution of each unique value within a parameter. For example, for the length parameter, we tally the frequency of each unique length measurement and normalize these frequencies to form a probability distribution:


  P  (  x i  )  =   Total  number  of  occurrences  of   x i    Total  number  of  samples     



(9)







After that we calculate the entropy:


  H  ( X )  = −  ∑  i = 1  N  P  (  x i  )  log  ( P  (  x i  )  )   



(10)




where H(X) is the Shannon entropy for the length values,   P (  x i  )   is the probability of each unique length, and N is the number of unique lengths.



So, the entropy of each parameter is:



Entropy length = 3.284;



Entropy diameter = 3.141;



Entropy flow = 3.232;



Entropy velocity = 3.033;



Entropy headloss = 3.295;



Entropy volume = 3.287;



Entropy edge betweenness = 3.022.



After calculating the entropies for each parameter, the next step is to convert these entropy values into weights that can be used in our analysis. Transforming entropies into weights involves normalizing the entropy values to account for the number of unique values each parameter can take. This is performed using the concept of reduced entropy.



The formula for reduced entropy (  H  r e d u c e d   ) is given by:


   H  r e d u c e d   =  E  log ( N )    



(11)




where E is the entropy of a particular parameter, and N is the count of unique values that the parameter can take.



Based on reduced entropy, we calculate the weight of each parameter using this formula:


   w i  =   1 −  H  r e d u c e d    (  x i  )    m −  ∑  i = 1  n   H  r e d u c e d    (  x i  )     



(12)




where m is the total number of parameters. The resulting weights are exemplified as:



Weight length = 0.101;



Weight diameter = 0.161;



Weight flow = 0.123;



Weight velocity = 0.206;



Weight headloss = 0.097;



Weight volume = 0.1;



Weight edge betweenness = 0.211.




	4.

	
Sensitivity Index Computation: The Sensitivity Index Computation is the culmination of our methodological process where each parameter’s relative importance, as determined by the previously calculated weights, is utilized to quantify the network’s vulnerability to leaks. So, the Sensitivity Index for the first pipe is:



    S 1  =  ( 0 × 0.101 )  +  ( 1 × 0.161 )  +  ( 0.999 × 0.123 )  +  ( 0.999 × 0.206 )  +  ( 1 × 0.097 )  +   ( 0.032 × 0.1 )  +  ( 0.015 × 0.211 )    



Upon performing this calculation, the resultant Sensitivity Index for the first pipe is determined to be 0.59. This quantifies the combined effect of all weighted parameters for that specific pipe, providing a singular, comprehensive metric of its sensitivity.







• Pipes’ Sensitivity Index interpretation: The Sensitivity Index calculated for each pipe in the network is visually represented on a graph, as shown in Figure 5a. This graph uses a color gradient to convey the relative sensitivity of each pipe segment within the network, with the progression from blue to red indicating an increase from low to high sensitivity.



Notably, pipes within the green zone are distinguished as sensitive, denoting their strategic location adjacent to the reservoir. This is significant as these links serve as crucial conduits from the water source to the rest of the network, amplifying their importance. The sensitivity escalates for pipes that intersect the periphery of the green zone, transitioning into other areas, which indicates their critical role in maintaining the network’s integrity. Furthermore, the links bridging the green zone with other regions are inherently at risk, emphasizing the impact and importance of these transitional segments within the network’s hierarchy.



• Junctions’ Sensitivity Index interpretation: Let us evaluate each junction within the network using the same methodology applied to the network’s pipes. We will maintain the existing zone divisions. The second phase involves normalization, where we apply the min–max normalization technique to the parameters of the junctions. This process adjusts elevation, demand, pressure, degree centrality, closeness centrality, and betweenness centrality values, scaling them to a range between 0 and 1. Subsequently, we will assign weights to each parameter to determine which factors most significantly impact the junctions and minimize water leakage in the network.



After computing the weights for each parameter, we advance to calculating the Sensitivity Index for each network junction. As illustrated in Figure 5b, node colors represent the degree or the sensibility index; that is, the colors range from blue to red, representing a scale from low to high sensitivity. Blue sections describe areas assessed as safe, with a lower Sensitivity Index, while red sections highlight areas of higher sensitivity, suggesting potential concerns.



Figure 5 illustrates the varying degrees of sensitivity across different junctions within the network. It is evident that junctions with multiple connecting nodes are identified as being more susceptible to water leakage. This observation is reasonable as these junctions are pivotal points within the network’s structure.





5. Case Studies


5.1. Dataset


Our experiments utilize four distinct WDSs: Balerma, ZJ, FossPoly 1, and L-Town. The characteristics of these WDSs are detailed in Table 1. Each WDS is represented by a directed graph. The directionality of the graph indicates the flow of water from sources to demand nodes under typical demand conditions. These conditions encompass average daily demands, peak demand periods, and minimum night-time flows to replicate a variety of operational scenarios. We conduct the simulations using the EPANET 2.2 software, accessed through the ’wntr’ Python package, which allows for the analysis of water flow and pressure in these directed networks.




5.2. Results: Sensitivity Index


5.2.1. Pipes’ Sensitivity Index Results


In this subsection, we will discuss the results of the sensitivity analysis conducted on pipes. Figure 6 presents the outcomes derived from analyzing four WDSs. The color-coded links (pipes) in these figures are visual indicators of the Sensitivity Index assigned to each segment. The color spectrum ranges from soothing blue to attention-grabbing red, suggesting a continuum from low to high sensitivity. Within this color scheme, blue sections denote regions assessed as safe, characterized by a lower Sensitivity Index. Conversely, red sections highlight areas of heightened sensitivity, signaling potential concerns.



Figure 6a showcases the results of the sensitivity analysis conducted on the WDS of Balerma. The graph delineates three distinct zones identified through k-means clustering. Pipes adjacent to the reservoir are conspicuously marked in yellow, indicating their vulnerability to leaks. The connection between three specific zones is also highlighted as being at risk.



Figure 6b pertains to WDS ZJ, where two zones are discerned. The blue zone is labeled as safe, with all pipes represented in blue. In contrast, the green zone exhibits a mix of green and yellow links, particularly those near the reservoir, suggesting heightened sensitivity in those areas.



Moving on to Figure 6c, dedicated to the FossPoly 1 WDS, three zones are identified. The blue zone exhibits links between red and yellow, signifying its sensitivity, especially considering its proximity to the reservoir. Inter-zone risks are also evident, while the red and green zones are deemed safe due to the prevalence of links exclusively in green and blue.



Lastly, in Figure 6d, we observe the L-Town WDS segmented into three unique zones. Each zone is characterized by specific features and vulnerabilities. Similar to other networks, the links adjacent to the reservoir in this WDS are more susceptible to leaks. However, the distinctive aspect of this particular network is its elongated structure, which suggests that there may be numerous at-risk links scattered throughout.



This network’s extended configuration means that the betweenness measure becomes especially pertinent. It is likely that the links with higher betweenness scores are those that serve as critical pathways for water delivery. These links, often functioning as bridges on the shortest path between two nodes, are integral to the network’s efficiency and reliability. If these links were to fail or leak, the impact could be significant, potentially disrupting service to large segments of the network.



Therefore, regular monitoring of these high-betweenness links is essential for leak detection and prompt maintenance. By proactively identifying and addressing vulnerabilities in these critical areas, the network’s overall resilience can be enhanced, ensuring consistent water supply and minimizing the risk of large-scale service interruptions.



Figure 7 illustrates the significance of various parameters within five WDSs. The figure effectively highlights the importance of each parameter:




	1.

	
Length: It holds moderate importance in most networks but is least important in L-Town, where the pipe lengths are very close.




	2.

	
Diameter: This parameter is crucial in Balerma due to the variance of pipe diameter, whereas its importance varies in other networks.




	3.

	
Flow: In FossPoly 1 and Hanoi, the flow’s importance is markedly high, suggesting that it is a crucial parameter for the networks’ operation.




	4.

	
Volume: The high importance of volume in FossPoly 1 suggests an emphasis on storage capacity within the network.




	5.

	
Edge Betweenness: The prominence of edge betweenness in L-Town could indicate a focus on network connectivity or the diversity of paths because L-Town is a larger graph.




	6.

	
Velocity: In ZJ, velocity is notably essential, pointing to a prioritization of water delivery speed or system dynamics.




	7.

	
Head Loss: The high importance of head loss in ZJ reflects the network’s susceptibility to pressure drops or its emphasis on energy efficiency.










5.2.2. Junctions’ Sensitivity Index Results


In this subsection, we will discuss the sensitivity analysis results conducted on junctions. Figure 8 illustrates the results from analyzing four WDSs. In these figures, the nodes’ colors range from red to blue, representing each junction’s Sensitivity Index, with the colors’ intensities reflecting their susceptibility to leak detection.



Figure 8a shows the Sensitivity Index outcomes for the Balerma WDS. The red zone contains two water reservoirs, and it is observed that the majority of nodes fall within the orange, yellow, and green spectrum, logically indicating proximity to the water source, which is inherently more susceptible to leaks. Notably, nodes that serve as bridges with multiple connections to other nodes are also marked as high-risk. This highlights the significance of centrality measures in identifying areas within the network that are most vulnerable to leakage.



Figure 8b presents the Sensitivity Index results of ZJ WDS. Most nodes within the green zones range between green and yellow, while the red node represents the reservoir. This indicates that this area is at risk as it contains the water source for the entire network.



Figure 8c focuses on the FossPoly 1 WDS. Similar to previous observations, the red node represents a reservoir with a higher risk of leakage. Additionally, the four yellow nodes, characterized by their numerous connections to other nodes, are also identified as potential high-risk points for leakage.



Lastly, we examine the L-Town WDS in Figure 8d. As with other networks, nodes representing reservoirs are sensitive to leakage. Unlike other WDSs, we also observe that the three zones contain nodes with varied colors, indicating a high degree of connectivity due to the network’s extensive length. This suggests that this system is particularly vulnerable to leaks.



These findings highlight the importance of centrality measures—degree, betweenness, and closeness—in identifying sensitive zones within WDS for leak detection. Junctions with high betweenness centrality are pivotal for water flow, as they serve as crucial conduits across the network. Those with a high degree of centrality will likely be distribution hubs, directly impacting the network’s redundancy and resilience. Additionally, junctions with high closeness centrality are strategically crucial for efficient water distribution, minimizing the distance that water must travel to reach all points in the system, which could be critical in the event of a leak.



Figure 9 illustrates the weights of various parameters across five different water distribution networks. The figure effectively highlights the importance of each parameter:




	1.

	
Elevation: This parameter seems moderately to highly important in Balerma and FossPoly 1 but less significant in Hanoi, ZJ, and L-Town due to the same values of elevation of the junctions within networks.




	2.

	
Demand: Demand holds varying weights across the networks, being most significant in FossPoly 1 and least in L-Town.




	3.

	
Pressure: Pressure is essential in ZJ and Hanoi, indicating that the networks’ performance is sensitive to pressure variations.




	4.

	
Degree Centrality: Degree centrality has a substantial weight in Balerma, suggesting that the number of immediate connections to a node is a significant factor in this network.




	5.

	
Closeness Centrality: FossPoly 1 WDS presents a higher weight for closeness centrality, implying that the efficiency of water distribution to any given node is a priority for this network.




	6.

	
Betweenness Centrality: Betweenness centrality has an essential weight in all networks, indicating that controlling the flow through nodes that act as bridges within networks is a critical aspect of its design and functionality.











5.3. Validation of Sensitivity Index Using Historical Data from L-Town WDS


The validation of the obtained results of the Sensitivity Index was conducted using the L-Town WDS as a case study, given the availability of detailed historical leakage records. The objective was to establish a correlation between the Sensitivity Index values assigned to different nodes within the network and the actual occurrence of leakages over a period of two years. By establishing this, we aimed to determine the index’s ability to identify nodes that are more vulnerable to leakages and thus validate its practical utility.



Historical data have been analyzed to calculate leakage frequencies at each node, providing a quantitative basis for assessing network sensitivity. These frequencies have been normalized to a range from 0 to 1 to align with the Sensitivity Index values, allowing direct comparison. The normalized leakage frequency represents the proportion of time each node has experienced leakage, providing a consistent measure for comparison across the network.



We employed Spearman’s rank correlation coefficient (SCC) to evaluate the association between the nodes’ Sensitivity Index and their normalized leakage frequency. SCC is a non-parametric measure used to assess the strength and direction of a monotonic relationship between two variables. It determines the extent to which a monotonic function can represent the association between variables [56].


  S C C = 1 −   6  ∑  i = 1  n   d i 2    n (  n 2  − 1 )    



(13)




where   d i   is the difference between the ranks of the corresponding values   X i   and   Y i  .



As a result, the analysis revealed a Spearman’s rank correlation coefficient of 0.6358, which signifies a strong and statistically significant positive relationship. This robust correlation coefficient not only underscores the validity of the Sensitivity Index but also indicates its substantial predictive capability. Moreover, the results confirm that nodes with a higher Sensitivity Index are indeed more likely to experience leakages. As depicted in Figure 10, the kernel density plot visually represents this correlation between the nodes’ Sensitivity Index and the normalized leakage frequency. This pattern solidifies the reliability of the Sensitivity Index as an effective indicator for pinpointing likely sites of leakage within the WDS. Consequently, this index emerges as an instrumental asset in guiding maintenance and remedial actions, enabling the strategic allocation of resources to areas demonstrably more prone to leakage incidents.



The evidence provided by the historical data of L-Town WDS affirms that the Sensitivity Index can effectively stratify network components based on their vulnerability to leakages. This stratification facilitates a more informed approach to resource allocation, enabling water utilities to optimize their operational and maintenance strategies for enhanced resilience of the WDS.





6. Practical Implications of Findings


The sensitivity analysis conducted on pipes and junctions within various water distribution systems has yielded insights with significant implications for water management and infrastructure enhancement. In the following section, some practical implications of the proposed method are presented:




	
Targeted Maintenance and Repair: Sensitivity analysis identifies the most vulnerable points in the network where leaks are likely to appear. This enables maintenance and repairs to be targeted, giving priority to zones requiring more immediate attention, thus reducing downtime and maintenance costs [57,58].



	
Optimal Sensor Placement: Sensitivity analysis identifies the most critical points in the water distribution network. By understanding where the network is most vulnerable, utilities can strategically place sensors (pressure, acoustic, …) where they are most needed to effectively detect leaks [59].



	
Water Conservation: Sensitivity analysis can help achieve significant water savings by enabling early detection and repair of leaks. This is crucial in regions facing water shortages and can contribute to broader water conservation and sustainable development objectives [60,61].



	
Energy and Cost Savings: Detecting and repairing leaks quickly saves both energy and money. Less water loss means less water to treat and distribute, which reduces the water distribution system’s energy footprint and operating costs [62].



	
Environmental Benefits: Reducing leakage and improving the efficiency of water systems can reduce their impact on the environment. This includes reducing water wastage, energy consumption, and greenhouse gas emissions associated with water treatment and distribution [63].









7. Summary and Conclusions


Water distribution systems are inherently complex and diverse. The literature on WDS often overlooks the critical role of pipe network topology and its influence on performance concerning both hydraulic functionality and water quality [64,65]. we have addressed a significant gap in the literature and highlighted key areas for improving system resilience and efficiency.



Our analysis revealed several key findings:




	
Pipe Characteristics and System Performance:



Analysis of pipe networks reveals the nuanced impact of hydraulic parameters on system performance. Pipe length is typically of moderate importance, with uniformity in some systems negating its influence. Larger diameters are pivotal for accommodating high flow volumes at lower velocities, Ismaeel and Zayed, in their paper [65], indicate that the main indicator contributing to the performance of pipes is the diameter of pipe, underscoring his critical role in the overall effectiveness and reliability of the pipe network. In this study, we note that larger diameters often correlate with higher edge betweenness centrality, reflecting their crucial role in network flow. Similarly, pipes characterized by high flow are integral to the network, indicated by their high edge betweenness, and are thus focal points for leak detection efforts to preserve network integrity. Additionally, pipes with substantial volume capacities are essential during peak demand, while excessive velocities may signal critical throughput but risk infrastructure damage and inefficiency. Furthermore, the pronounced head loss could highlight pipes that are long or of a smaller diameter, potentially reducing their edge betweenness if more efficient alternatives are available.



	
Node Analysis for Leak Detection:



In the context of leak detection, node analysis reveals potential correlations between hydraulic measures and graph theory metrics. A junction’s elevation can affect the hydraulic pressure due to gravitational forces. High-demand nodes are often characterized by greater centrality, requiring connections to multiple pipes for sufficient water supply. Such nodes may also exhibit elevated betweenness centrality, indicating their importance in the distribution network. Conversely, closeness centrality might decrease if a node is strategically positioned near others to meet its high demand efficiently. Nodes experiencing higher pressure are likely to be pivotal in directing flow, reflecting increased degree and betweenness centrality while also demonstrating higher closeness centrality due to their strategic location for effective distribution. These interdependencies between a node’s physical characteristics and network centrality underscore the complex dynamics that shape a water distribution system’s topology. To utilize these insights for leak detection, precise network modeling and comprehensive analysis are essential to determine the exact relationships within a specific system.








In summarizing these key findings, our study provides substantial evidence of the significant potential for enhancing the operational efficiency and resilience of WDSs. By mapping network topology to a graph, these metrics can pinpoint critical nodes and links, assess the impact of component failures, and identify areas with high leak probability, thus providing a strategic approach to monitoring and maintenance for enhanced system resilience. However, this study has certain limitations. The Sensitivity Index developed is based on a static snapshot of the system and does not account for temporal variations in demand and supply, which can alter flow dynamics and the importance of certain pipes and junctions. In future research, we will aim to integrate real-time data for dynamic analysis, apply the findings across various WDS configurations for broader validation, and develop algorithms that adapt to changes within the network to refine leak prediction and system resilience. Further exploring how these metrics can aid other WDS management aspects could also yield significant benefits.
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Figure 1. Schematics of a water distribution system (red arrows represent network flow). 
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Figure 2. Flowchart of the methodology. 






Figure 2. Flowchart of the methodology.



[image: Water 16 00646 g002]







[image: Water 16 00646 g003] 





Figure 3. Hanoi water distribution network. 
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Figure 4. Zonal identification process step in the Hanoi water distribution network—(a): Elbow method analysis; (b): K-means clustering results. 
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Figure 5. Graph visualizations of pipe and junction Sensitivity Indices in the Hanoi water distribution system—(a): pipes’ sensitivity analysis; (b): junctions’ sensitivity analysis. 
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Figure 6. Graph visualization of pipes’ Sensitivity Index: (a) Balerma; (b) ZJ; (c) FossPoly 1 1; (d) L-Town (square is a reservoir). 
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Figure 7. The impact of pipes’ parameters on water distribution systems’ performance. 
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Figure 8. Graph visualization of junctions’ Sensitivity Index: (a) Balerma; (b) ZJ; (c) FossPoly 1; (d) L-Town. 
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Figure 9. The impact of junctions’ parameters on water distribution systems’ performance. 
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Figure 10. Kernel density estimate plot showing the correlation between the nodes’ Sensitivity Index and normalized leakage frequency. 
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Table 1. The statistics of WDSs used in our experiments.
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	Balerma [52]
	ZJ [53]
	FossPoly 1 [54]
	L-Town [55]





	Number of Junctions
	443
	113
	36
	782



	Number of Pipes
	454
	164
	58
	905



	Number of Reservoirs
	4
	1
	1
	2



	Number of Loops
	8
	51
	22
	125



	Length
	100.26 km
	126.43 km
	8.40 km
	43.21 km
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