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Abstract: We are concerned with the following elliptic equations: (fA);,,Cu + V() |ulP~?u =
Af(x,u) in RN, where (—A);, x is the nonlocal integrodifferential equation with0 <s <1 < p <
400, sp < N the potential function V : RN — (0, ) is continuous, and f : RN x R — R satisfies a
Carathéodory condition. The present paper is devoted to the study of the L*°-bound of solutions to the
above problem by employing De Giorgi’s iteration method and the localization method. Using this,
we provide a sequence of infinitely many small-energy solutions whose L*-norms converge to zero.
The main tools were the modified functional method and the dual version of the fountain theorem,
which is a generalization of the symmetric mountain-pass theorem.
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1. Introduction

In recent years, the study of fractional and nonlocal problems of the elliptic type has received
enormous attention because the interest in such operators has sustainedly increased within the
framework of mathematical theory to confirm some phenomena such as fractional quantum
mechanics, material sciences, continuum mechanics, phase-transition phenomena, image processes,
the thin-obstacle problem, game theory, and Lévy processes (see [1-7] and the references therein).
The fractional Schrodinger equation, which was introduced by Laskin [5], has especially received
considerable attention in recent years (see, e.g., [8-10]).

Stimulated by the large interest in the current literature and taking advantage of variational
methods, we investigate the existence of weak solutions for nonlocal equations involving the fractional
p-Laplacian. We establish the existence, multiplicity, and uniform estimates of infinitely many
nontrivial weak solutions for the following nonlocal integrodifferential equations:

(=A) cu+ V() |ulP72u = Af(x,u) in RN, 1)
where A is real parameter 0 < s < 1 < p < 400, sp < N, the potential function V : RN — (0, )

is continuous, f : RN x R — R satisfies a Carathéodory condition, and (—A); i is the fractional
p-Laplacian operator defined as

() = 2lim [ () — )P () — ) x—y)dy
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for x € RN, where K is a kernel function, and BN(x) := {y € RN : |y —x| < ¢}. Many
authors have researched fractional p-Laplacian type problems in various respects (see [2,3,10-19]
and references therein).

The first goal of the present paper is to provide a sufficient condition ensuring global uniform
boundedness for weak solutions of the problem in Equation (1). The main tools for obtaining this
result are De Giorgi’s iteration method and a truncated energy technique (by also considering some
novel optimization techniques proposed in [20,21]). This approach originally comes from Vergara
[22]. Inspired by Vergara [22], the boundedness of weak solutions for elliptic equations with variable
exponents and a nonlinear conormal derivative boundary condition was investigated by Winkert [23]
(see also [24]). The second goal is to obtain the existence of a sequence of infinitely many small-energy
solutions that converge to zero in L* space. The strategy of the proof for this assertion is based
on applications of the dual-fountain theorem that were primarily introduced by Bartsch [25] with
consideration for the variational nature of the problem. The dual-fountain theorem, as a key tool, is a
dual version of fountain theorem in [26], which is a generalization of the symmetric mountain-pass
theorem in [27] and a powerful technique for ensuring the existence of multiple solutions to elliptic
equations of the variational type. Subsequently, many researchers applied this theorem to the various
problems involving p- or p(x)-Laplacian (see [8,9,28-36] and the references therein). Such a multiplicity
result that utilizes the dual-fountain theorem to derive the existence of infinitely many small-energy
solutions for nonlinear elliptic equations of the variational type can be found in [9,29] (and the
references therein). In [8], the author studied the existence of infinitely many solutions of the fractional
Laplacian via the variant fountain theorems established in [37]. However, these consequences do not
ensure the boundedness of solutions. We therefore show that nonlinear problems associated with an
integrodifferential operator admits a sequence of infinitely many solutions whose L norms converge
to zero. The condition on nonlinear term f (-, t) at infinity and the oddness of f globally are increasingly
essential in obtaining previous multiplicity results, as in [8,9,29]. However, we infer our conclusion
when conditions on f(+, t) are carried out near zero; f(-, t) is especially odd in ¢ for a small f, and no
conditions on f(-, t) exist at infinity. The initial idea for this approach came from the work of Z.-Q.
Wang [38], who made use of the modified functional method and global variational formulation as
the main tools in [39]. Very recently, the authors of [31] investigated the L™ bound of small-energy
solutions to Kirchhoff-Schrodinger-type equations involving the fractional p-Laplacian by applying
the modified functional method and a regularity-type result inspired by the work of P. Drabek, A.
Kufner, and F. Nicolosi [40] (for related works, see [24,38,41-44]). We design our consequence under a
somewhat different approach than previous works. In contrast to the authors of [24,38,41-44], who
established the existence of such a sequence of solutions belonging to the L® space, we take into
account the dual-fountain theorem in place of the global variational formulation in [39]. To the best of
our knowledge, there have been no results on this approach, even in classical p-Laplacian problems,
although we derive our main result from a well-known technique.

This paper is organized as follows. We first briefly review definitions and collect some preliminary
results for the Lebesgue-Sobolev space of the fractional type. Next, we present the L* bound of
solutions to the problem in Equation (1) by applying De Giorgi’s iteration method and the localization
method. Finally, we provide a sequence of infinitely many small-energy solutions whose L*-norms
converge to zero.

2. Preliminaries

In this section, we briefly recall definitions and some elementary properties of fractional Sobolev
spaces (refer to [4,45,46] for further reference). For simplicity, C is used to represent a generic constant
that may change from line to line.
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Lets € (0,1), p € (1,+0), and p is the fractional critical Sobolev exponent, that is

b Nl\ir;p ifsp <N,
? +o0o ifsp > N.

We define fractional Sobolev space W,sc'p (RN) as follows:

SP N P N P —
(RY) := {uGL (R /]RN /[RN y)IPE(x y)dxdy<—|—oo},

where K : RN\ {0} — (0, +c0) is a kernel function satisfying the following properties:

(K1) mK € LY(RN), where m(x) = m1n{|x§ ,1};
(K2) there exist di,d, > 0 such that dy|x|~(NtP%) < K(x) < dy|x|~(N*+P9) for all x € RN\ {0};
(K3) K(x) = K(—x) forall x € RN\ {0}.

By Condition (K1), function
(x,9) = (u(x) —u()K? (x —y) € LP (B

forall u € CP(RN). Let us denote by W,SC'p (RN) as the completion of C°(RN) with respect to norm

1
p

.i P
bz = (1l + )

where

SpRN : /]RN /]RN ) —u(y)|PK(x —y) dxdy.

Lemma 1. [47] Let K : RN\ {0} — (0,00) be a kernel function satisfying Conditions (K1)~(K3).
Ifv e WISC'F’(RN), then v € WP (RN). Moreover,

_1
p .
[ollwsp gy < max{1,d, }”v”wfc"’(RN)'

Then, WSP(RN) is a separable and reflexive Banach space. Space CF(RN) is also dense in
W#P(RN), which is W, " (RN) = W5 (RN) (see, e.g., [45,46]).

Lemma 2. [48] Let Q C RN be a bounded open set with Lipschitz boundary s € (0,1) and p € (1, +c0).
Then, we have the following continuous embeddings:

WP (Q)) — LI1(QY)  forall q € [1,pl], if sp < N;
WP (Q) — LI1(Q)  forevery q € [1,00), if sp=N;
WSP(Q) — CpM(Q) forall A <s—N/p,  if sp>N.

In particular, space W*P (Q) is compactly embedded in L9(QY) for any q € [p, p¥).

Lemma 3. [4649] Let 0 < s < 1 < p < +oco with ps < N. Then, there exists positive constant
C = C(N, p,s), such that, for all u € WP (RN),

||”||Lp§(RN) <C |“|w5rv(RN)-

Consequently, space WSP(RN) is continuously embedded in LI(RN) for any q € [p,pl].
Moreover, embedding
WP (RN) — L]

loc

(RY)
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is compact for q € [p, p%). In particular, we denote the best constant S , in the fractional Sobolev inequality by

|M|W9p RN)

SS,F ==
we LV RN\ (0, Jul s p vy <oo 1]

LPs (RN)
From Lemmas 1-3, we can immediately obtain the following assertion.

Lemma 4. [47] Let K : RN\ {0} — (0, c0) satisfy Conditions (K1)~(K3). Then, there exists positive constant
Co = Co(N, p,s), such that, for any v € Wy (RN) and p < q < pt,

p y)lY
Hv||LL](RN — /]RN /]RN |x7y‘N+ps dXdy

/]RN/]RN YIPK(x —y) dxdy.

Consequently, space W (RN) is continuously embedded in L1(RN) for any q € [p, p;]. Moreover,

embedding

s’?(RN) =L

(RY)
is compact for q € [p, p¥).
For potential term V, we assume that

(V) VeC(RN), V_:=inf,pn V(x) >0, meas{x € RN : V(x) < vy} < +ooforallvy € R.

On linear subspace

— s,p N u(y)|]ﬂ / 4
E:= {uEW (R /]RN/RN |x e dxdy + RNV(x)\u(x)| dx < oo,

we equip norm

Dl u(x)(p
lulle :== 1nf{/\>0 /RN/RN AP|x—y|N+SP dxdy+/RNV(x)’T‘ dx <15.

Then, (E, | - |g) is continuously embedded into W*”(RN) as a closed subspace. Therefore, (E, || -
| ) is also separable reflexive Banach space.

We can then verify that W,sc/p v (RN) is a separable and reflexive Banach space with the following
norm:
1
Z

b, vy = (10 ey + Dl )

where

[0 oy = [, V) ul? .

Throughout this paper, we denote X(RN) := Wi/ (RN), and function K : RN \ {0} — (0, )
satisfies Conditions (K1)—(K3).
In view of Lemmas 2 and 4, the following result is carried out by the same scheme as that in [50].

Lemma 5. Let 0 <s <1 < p < +ocowith ps < N, and suppose that Assumption (V) holds. Then, there is
compact embedding X (RN) < L1(RN) for q € [p, p}).
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Definition 1. We indicate that u € X(RN) is a weak solution to the problem in Equation (1) if
)|P2 — — —
Lo Jo G0 = )P 2(0(x) = () (o) = () (x — y) dxdy
p—2 _
—+ /RN V(x) [u(x)|" " uvdx = A/RN f(x,u)vdx
for any v € X(RN).

Let us define functional ®; , : X(RN) — R by

s p(u /RN/RN ) —u(y)[PK(x —y) dxdy + — / |u(x)| dx. )

Then, from the modification of Lemma 3.2 of [50], functional @, is well-defined on X (RN),
@, , € CH(X(RN),R) and, for any v € X(RYN), its Fréchet derivative is given by

/RN /RN PP (u(x) — u(y)) (v(x) — o(y))K(x — y) dxdy

—I—/ xX) P2 uv dx.
For p < q < p§, we assume that

(F1) f:RN x R — R satisfies the Carathéodory condition.

(F2) There exist non-negative functions p € L? (RN) N L®(RN) and ¢ € LPs 1 (RN) N L*®(RN) such
that

F(x, )] < plx) +o(x) |t
forall (x,t) € RN x R.

Under Assumptions (F1) and (F2), we define functional ¥ : X(RN) — R by

Y(u) = /[RN F(x,u)dx.

Then, it follows from the same arguments as those of Proposition 1.12 in [51] that
Y € CY(X(RN),R), and, for any u,v € X(RN), its Fréchet derivative is

(¥'(u) / f(x, u)vdx.
Next, functional I : X(RN ) — Ris defined by
I\(u) = @5 p(u) — AY(u).
Then, we know that I, € C!(X(RN),R), and the Fréchet derivative of I is
)|P2 — — —
0) = [ fon 16 = 1) P2 0x) = u(y)) (o) = 0(1)) K x = ) dxdy
-l—/ x) |u(x) P~ Zuvdx—/\/ f(x,u)vdx

for any u,v € X(RN).
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3. Main Result

In this section, we present the L bound of solutions to the problem in Equation (1) and then
establish the existence of a sequence of infinitely many small-energy solutions whose L* norms
converge to zero by employing the modified functional method and the dual-fountain theorem.

To utilize the De Giorgi technique, we needed the following vital lemma. The proof is in ([22],
Lemma 2.2).

Lemma 6. Let {Z,,}5° | be a sequence of positive numbers satisfying recursion inequality
Zpi1 < cb"ZY, n=0,1,2,---

for some b > 1,¢ > 0and § > 0. If Zg < min{1,c(-D/p(-D/} ‘then 7, < 1 for some n € NU {0}.
Moreover,

Zy < min {1;C(_l)/(sb(_l)/‘SZb(—n)/ﬁ}
for any n > no, where ng is the smallest n € NU {0} satisfying Z, < 1. In particular, Z, — 0 as n — oo.

For convenience, we define the fractional (s, p) gradient of function v € X(RV) as
IDSo(x)|P = / | [o(x+h) = o(x) PK(h) dh.
R

This (s, p) gradient is well-defined in RN and |D*v| € LP(RN) (see [52]).
Next, we show the following assertion, which is a regularity-type result via the De Giorgi
technique and the localization method.

Proposition 1. Assume that Assumptions (V) and (F1)—(F2) hold. If u is a weak solution of Problem (P)),
then u € L™ (RN), and there exists positive constant T that is independent of u, such that

Jul ) < Clul o v
Proof. Let Ay = {x € RN : u(x) > k}, Ay = {x € RN : —u(x) > k} for k > 0. |A| and |A;| are

finite for any k € N. Taking test function v = (1 — k) € X(RN) in the problem in Equation (1) and
integrating it over RN, we have

Lo L) = )P =2ux) — () 00x) ~ o())K(x — y) dxy
+ /RN V(x) |u<x>v’*2 wodv=1 [ flxujods
Equivalently,
/Ak /Ak —u@I" K> -y dxdy+/ ) )l P u(u—kydx < A f(x ) (1 — k) dx.

Hence, since u > u — k > 0 on Ay, by Assumption (F2),
/ IDSu|? dx < — / ) [ulP2u(u — k) dx+/\/ %) + () [ul1 1) (1 — k) dx
<A (o(x) + (@) |ulT Hudx
Ak

< Mlplysqny [, wx+ Al [ wdx
k k
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1_
<AL+ (ol + lolisqeny) [, 7 dx ©
k
where k, > 0, specified below. Put k, := k(2 —-1/2"),n=0,1,2,--- and
7, = / — k)7 dx.
" Akn(u n)Tdx

Since ks < ky, < k11 < 2k, forall n € N, we have

ko, \1 ud
/ (u—kn)quZ/ ui (1- dxz/ LN
Akn Akn+1 kl’l+1 Ak”+1 2‘7(”+2)

and
7, > / L
" Ak 2q(n+2) "

Thus,
/ wldx < e’f+2Zn, 4)
Ak

n+1

where e = 29 > 1. It follows from the relationships in Equations (3) and (4) that

[ 1D k)P dx < A+ R el + ol el 220 ©
k

n+1

For the Lebesgue measure of Ay, we deduced that

_ q - n+1\ 9
< / (ukn> dx:/ (2 ) (u—ky)dx.
Aty \Kng1 —kn Ay \ ke

4

n+1

Thus,
n+1
| Ay, | < }(—qzn. (6)

*

Then,

Ji

Therefore, it follows from the above inequality and the relations in Equations (5) and (6) that

|D° (1 — k1) [P dx = /A 1D (u = kyg1) [P dx — [ Ay, |-
ki1

knt1

[ D= k)P dxe < A+ R ol + ol el 220 + 14y
k

n+1

n+1‘
1-g n+2 6111+1
<A+ K D) (ol oy + 101 ooy Jey ™ Zn + K

*

= epel Zy, (7)

1- .
where &3 := A(1+ k™) (ol Loy + 10| g Jed + - Define
[ pr < oo,

g+l ifpr =

Using the Holder inequality and Lemma 3, we get
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/Ak (u— kn+1)Z— dx

n+1
. q9/q
< (/I.{N(u_kn-i-l)-kdx) ’Aan

q 1-q/q
< .
< H (u—kng1)+ HM(RN) ‘ kns1

1-q/4

vp 1-q/4
< ct (”(u - kn+1)+”ip(RN) + |(u - k”+1)+|5\/,sc”1(RN)> ’Aknﬂ (8)
Meanwhile, we have
/ [(u = k1) 4 [P dx < / uldx < &7,
RN Akn+1
from Equation (7), we estimate
/RN DS (1 — kpyq) 4 |P dx < /A D (1t — k1) |P dx < 26" Zy. )
kny1
We deduce from Equations (6), (8), and (9) that
Zyir = / (u—kyy1)7dx
Akn+1
el 1-q/q oy
< Cq(e{H'zZn + eze{‘Zn)q/p (}CZ ) z, 71
e \ 1711 - -
— CQ(E% + 32)q/p (;) eglfq/ﬁq/p)nz}fq/qw/p.
ki
In other words, .
3 e(1+§)nZ1+5, (10)
n

< B
Zl’l+1 = kz(liq/q) 1

where e3 = C1(e? + ¢)1/7 (e1)" "7 and 6 = q/p — q/4. Applying Lemma 6 with Equation (10), we
obtain that

Zn:/RN(u—kn){idx%O as n — oo, (11)
provided that
_1
. €3 ‘ *1%2‘)
Zy < min {1, 0T e }
ke 17
Observe that
_ q q

Zy = /Ak*(u ko )¥dx < /RN ul dx.

Set
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1
L
Thus, we have inequality Zy < 1if [pnul dx < 1 or inequality Zy < ( = ) e, * if

Jrn u?l_dx > 1. Since ky, 1 2k, the relation in Equation (11) implies that

/RN(u—2k*)‘idx =0.

Therefore, (1 — 2k.); = 0 almost everywhere in RV; hence, esssuppn u < 2k.. By replacing
u with —u and Ay with Ay, we analogously conclude that u is bounded from below. Therefore, we

conclude that 5
7

7(G—9)
il <€ ([ Julrax)

This completes the proof. [

We are ready to obtain our main result for the existence of a sequence of infinitely many
small-energy solutions whose L® norms converge to zero. As mentioned above, the main tools
are the modified functional method and the dual-fountain theorem. To do this, we assume that, for

p<q4<ps,
(F3) For any x € RN, there exists constant sy > 0, such that pF(x,t) — f(x,t)t > 0 for 0 < |t| < so,
where F(x,t) = fot f(x,s)ds.

(F4) limy 0 Ij; l(f,’tz)t = oo uniformly for all x € RN.

Remark 1. Define cut-off function x € C(R,R) satisfying x(t) = 1 for |t| < to, x(t) = 0 for |t| > 2to,
k' (t)] < 2/to, and «'(t)t < 0. Thus, we set

E(x,t) = x(t)F(x,t) + (1 —x(t))E|t|P and f(x,t) = %F(x,t),
where ¢ is a positive constant. Then, the following Lemma holds.
On the basis of the work in [24,38], we obtain the two following lemmas.
Lemma 7. Let Assumptions (V), (F1)~(F3) hold. Then,
I(u) =0=(I'"(u),u) ifandonlyif u=0.

Lemma 8. Assume that Assumptions (F1)-(F4) hold. Then, there exist ty > 0 with ty < min{sg,1}/2 and
f € CYRN x R,R), such that f(x,t) is odd for t, F(x,t) > 0, and

F(x,t)=0 iff t=0 or |t|>2t,
where F(x,t) == pF(x,t) — f(x,t)tand SF(x,t) = f(x,1).
The following definition can be found in [51].

Definition 2. Let X" be a reflexive Banach space. © satisfies the (PS)}-condition (with respect to Vy)
for every ¢ € R if any sequence {v, },eny C X for which v, € ), forany n € N,

O(vy) ¢ and  [(Oly,) (vn)|x+ — 0asn — oo,

contains a subsequence converging to a critical point of X'.
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Proposition 2. (Dual-Fountain Theorem ([51], Theorem 3.18)) Assume that X is a reflexive Banach space,
I € CY(X,R) is an even functional. If there exists ko > 0 such that, for each k > ko, there is py > & > 0,
such that

(D1) inf{I(v):v € Z, |v|x = px} > 0.

(D2) by :=max{I(v):v € Y, |v|lx =&} <O.

(D3) dy:=inf{I(v):v € Z, |v|x < px} — 0ask — oo.
(D4) I satisfies the (PS)¢-condition for every c € [d,,0),

then I has a sequence of negative critical values converging to 0.

Theorem 1. Suppose that Assumptions (F1)—(F4) hold. If f(x, t) is odd in t for a small t, then the problem in
Equation (1) admits a sequence of weak solutions {uy } satisfying |[un| o pny — 0as n — oo for every

q 1

A €Tl :=1]0min
! C +1 ’ ”P” o (RN
P(gq ) p (ZC|P||Lp’( " Lq(R ) g)

Remark 2. As mentioned in the Introduction, even if the dual-fountain theorem plays a decisive role in obtaining
the existence of multiple small-energy solutions to elliptic equations of the variational type, the boundedness
of these solutions is not ensured by this theorem. The condition on nonlinear term f(-,t) at infinity, and the
oddness of f globally is essential in applying this theorem. However, by employing the dual-fountain theorem, we
design our main theorem when f (-, t) is carried out near zero, and f (-, t) is odd in t for a small t. Therefore, our
approach for obtaining this consequence is somewhat different from former related works [8,9,24,29,38,41-44].

Proof. Consider modified energy functional I) : X(RN) — R given by
L(v) = Dy (v) — A¥ (v),
where ®; ;, is given in Equation (2) and
¥(v) = /Q F(x,0)dx, ve X(RN).
Then, it is clear by Lemma 8 that I € C'(X(RN),R) is an even functional. Now, we show that

Conditions (D1)—(D4) of Proposition 2 are satisfied.
(D1) From Assumption (F2), we have

IF(x,6)] < p(x)]H + ;U(x)|t|‘7, (x,f) € RN x R.
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For convenience, we denote 6 = SUP Juf v, =LuE 2% |0/l L4 (- It follows from the definition of «

that we have

_ P _ 4
/RN/]RN u(y)|PK(x —y) dxdy + = / |u(x)|" dx

- /\/RN k() F(x, 1) + (1 — x(u))&[u|? dx

1, / 1

2 A = 9 Pd

p||M|| RNP(JC)|M|Jrqtf(ff)lul + GlulP dx

1

;IIUH” = Mol gy [l o @y = *IIUIILoomN)IIuHM RN) Aéllﬂllw RN)
1

> 2l vy = ACT ey = 2 Cluly sy = Azl e,

1 p q q
> (5 _ Agc) lull vy = AC 1l x ey — gCQkH”HX(RN)

Choose py = (CQZ)U(p_q). Let u € 2 with |[u|ygn) = px > 1 for a sufficiently large k. Then,
there exists kg € N, such that

~ 1 A
I(u) = (; —AGC - 5)0;’5 —ACpx 20

for all k € N with k > kg, because

fim (5 = 24¢ = )k =

q
Therefore,
inf{Iy(u) : u € Zy, |ulx®y) = px} = 0.
D2) [ - [l ooy, |- lp vy and | - [|x () are equivalent on V. Then, there are positive constants

K1 and xp such that
Kl - Nreo@ny < - Ixny < 2l - e vy (12)

for any v € Y. From Assumptions (F3) and (F4), for any 91 > 0, there exist s; € (0,sp) such that

m 14
F(x,t) > %W

for almost all x € RN and all |¢| < s;. Choose & := min{3,s1x; } for all k € N. Then, we know that
1l oo gy < 1 for u € Yy with [luxgny = 6, and thus F(x,u) = F(x,u) for [[u«gny < s1. Hence,
we derive by Equation (12) that

ol gy = = <0

- 1 ADxch A —1 (A —1)67
D) < gy = =2 Il vy < = Jul £

for sufficiently large 9 and for all u € Y with [[ul|x g~y = . We therefore obtain that

by = max{Iy(u) : u € Yy, |ul xy) = &} <0

for all k € N, as claimed.
(D3) Because YV N 2 # ¢ and 0 < & < px, we have d < by < 0forall k > k¢. Let us denote

0 = sup{ [ o) u(x) dx s € Zi, ulxgam, < 1}
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Then, it is easy to verify that 6y — 0 as k — co(see [36]). For any u € Z; with 1]l x(rvy = 1 and
0 <t < pg, we have

T (fu) = |tu||X(RN) /\/ (x, tu) + (1 — x(tu)E| tu]? dx
> (E—A«:c)utun” - A/ Dt + 7 )
> —Apz“””;“*“ [ Il dx = Aoy /R o) ] dx
> —/\PZMGk — Ao
Hence, we achieve
> A Z”‘T”L‘”(RN)Q Aoy

Because 0, — 0 and gk — 0 as k — oo, we conclude that limy_,, d; = 0.

(D4) Let u € X(RN) and [ulygy) > 1. We set Oy = {xeRN:|u(x)] <t}
Oy :={x e RN : 4o < |u(x)| <2tp}, and Q3 = {x€RN:2t; < |u(x)|}, where t; is given in
Lemma 8. From the relation in Equation (1) and the conditions of x, we have

~ . 1 p _ -
Bw) =l e /\/RN F(x, u) dx

> ;uung(m A, oy A [ (kGG w)+ (= s()Elul?} de =2 [ glul” dx
> ;uun;(RN) A o Fewmdr=a [ dy

> Wl =4 [ ey = [ P gy [ el as

> ;uung(m — 20loll gy Iy — A (””Lq“‘” +¢) [ lul? d

> Ll )~ (zcnmw(RN) L ) [l g

Therefore, we deduce that, for any

1
lol oo ’
p (2Pl + 55 )

Ae |0,

T, is coercive, that is, I (1) — oo as ||u|| x(rN) —* o°; thus, it is bounded from below on X (RN).
By Lemma 5 and similar arguments as those of Theorem 3 in [31], we claim that functional
X(RN) — X*(RN), defined by

<‘~I”( / f(x,u)pdx forany ¢ € X(RVN),

is compact in X(RN). It also follows from Lemmas 2.2 and 2.3 in [50] that @, , is strictly monotone,
coercive, and mapping of type (S+). By the Browder-Minty theorem, the inverse operator of @,
exists (see Theorem 26.A in [53]). Since qu,p is of type (S ), it is obvious that it has a continuous
inverse. From the compactness of the derivative of ¥ and the coercivity of I, it follows that functional
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I, satisfies Condition (PS). Because X(RV) is a reflexive Banach space, the proof is carried out by the
same scheme as that in ([36], Lemma 3.12).

Consequently, all conditions of Proposition 2 are satisfied; hence, for A € T, we have sequence
cn < 0for I satisfying c, — 0 when n goes to co. Then, for any u, € X(RN) satisfying I) (u,) = c, and
I} (un) = 0, the sequence {u,} is a (PS) sequence of I, (1), and {u,} has a convergent subsequence.
Thus, up to a subsequence, still denoted by {u,}, one has u, — u in X(RN) as n — co. Lemmas 7
and 8 imply that 0 is the only critical point with 0 energy, and subsequence {u,} has to converge
to 0 in X(RN); thus, [un ]l Lr(myy — 0 asm — oo for any r with p < r < p{. Owing to Proposition 1,
any weak solution u of our problem belongs to space L*(RN), and there exist positive constants C, T
independent of u, such that

il ) < ClnlEy sy

From this fact, we know [uy ~@n) — 0; thus, by Lemma 8 again, we have || ~@n) < 52
for a large n. Thus, {u,} with a large enough 7 is a sequence of weak solutions of the problem in
Equation (1). The proof is complete. [

4. Conclusions

This paper is devoted to the study of the existence, multiplicity, and uniform estimates of
infinitely many nontrivial weak solutions for nonlocal integrodifferential equations. The fountain and
dual-fountain theorems as key tools are powerful techniques for ensuring the existence of multiple
solutions to elliptic equations of the variational type. Subsequently, these theorems have been widely
applied by many researchers to obtain the existence of multiple solutions for various problems
of the elliptic type. The dual-fountain theorem is essential in deriving the existence of infinitely
many small-energy solutions for nonlinear elliptic equations of the variational type. However, the
boundedness of solutions cannot be obtained from this variational method. This theorem is also not
applicable if we drop the condition on nonlinear term f (-, t) at infinity and the oddness of f globally.
To overcome this difficulty, the authors of [24,38,41-44] employed the modified functional method and
global variational formulation. In this regard, our attempt is new because we utilize the dual-fountain
theorem in place of global variational formulation to obtain our main result.
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