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Abstract: Herein, we present a new parallel extragradient method for solving systems of variational
inequalities and common fixed point problems for demicontractive mappings in real Hilbert spaces.
The algorithm determines the next iterate by computing a computationally inexpensive projection onto
a sub-level set which is constructed using a convex combination of finite functions and an Armijo
line-search procedure. A strong convergence result is proved without the need for the assumption
of Lipschitz continuity on the cost operators of the variational inequalities. Finally, some numerical
experiments are performed to illustrate the performance of the proposed method.
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1. Introduction

Let H be a real Hilbert space and C be a nonempty, closed, and convex subset of H. Let A : C — H
be an operator. The Variational Inequalities (VI) is defined as finding x* € C such that

(Ax*,y—x*) >0, VYyeC. 1)

The solution set of the VI (1) is denoted by VI(C, A). Mathematically, the VI is considered as
a powerful tool for studying many nonlinear problems arising in mechanics, optimization, control
network, equilibrium problems, etc.; see [1-3]. The problem of finding a common solution of a systems
of VI has received a lot of attention by many authors recently, see, e.g., in [4-10] and references therein.
This problem covers as special cases, convex feasibility problem, common equilibrium problem, etc.
In this paper, we consider the following common problem.

Problem 1. Find an element x* € C such that
N M
x* € (ﬂ VI(C, Ai)> N () Fix(Tj) |, ()
i=1 j=1

where fori =1,2,...,N, A; : H — H are pseudomonotonotone operators, j = 1,2,..., M, T] :H — H are
kj-demicontractive mappings, Fix(T;) = {x € H : Tjx = x} denotes the fixed point set of T;.
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The motivation for considering Problem 1 lies in its possible applications to mathematical
models whose constraints can be expressed as the common variational inequalities and common
fixed point problems. This happen in particular, in network resource allocations, image processing,
Nash equilibrium problem, etc., see, e.g., in [11-14].

The simplest method for solving the VI (1) is the projection method of Goldstein [15] which is a natural
extension of the gradient projection method, and for xy € C, A > 0 it is given by

Xpy1 = Pc(xy —AAx,), n>0. )

The projection method (3) converges weakly to a solution of VI (1) if and only if A satisfies some
strong conditions such as a-strongly monotone and L-Lipschitz continuous. When this condition is
relaxed, the method fails to convergence to any solution of the VI (1). Korpelevich [16] later introduced
an Extragradient Method (EgM) for solving the VI when A is monotone and L-Lipschitz continuous as
follows, for xg € C,

{yn — Pe(xn — AAxy),
Xnt1 = PC(xn - /\A]/n)/ n >0,

where A € (0, %) . The EgM has been extended to infinite-dimensional spaces by many authors, see,
for instance, in [7,17-23]. More so, several modifications of the EgM have been introduced recently,
see in [24-30]. For finding a common element in the set of solution of monotone variational inequalities
and fixed point of k-demicontractive mapping, Mainge [14] introduced the following extragradient
method, for xg € C,

]/n = PC(xT’l - AnAxn),
Zp = PC(xn - )\nAyn)r 4)
X1 = (1 —a) [+ aT)uy, uy =zn—yuBzy, n>0,

where {1}, {v»} C (0,00),w € [0,1], A : C — H is a monotone and L-Lipschitz continuous,
T : H — H is a k-demicontractive mapping and B : H — H is -strongly monotone operator with
B > 0. The author proved a strong convergence for the sequence generated by (4) provided the step
size A, satisfies
o . 1
0< hygg}f)\n < hrnnjoljp Ay < i (5)
Recently, Hieu et al. [31] modified (4) and introduced the following extragradient method for
approximating a common solution of VI and fixed point problem; given xy € C, compute x,,,1 via

yi’l = PC(le - /\T’lei’l)/

Zp = PC(xn - PnA]/n)/ ©)
wy = Pe(xn — pnAzn),

Xpt1 = (1 —an)un + 2y Ty, Uy = wy — ypBwy, n>0,

where {p,}, {An} C (0,00) such that 0 < A, < p,, {an} C (0,1), A, T and B are as defined for
Algorithm (4). They also proved a strong convergence for the sequence generated by (6) with the aid
of (5). An obvious disadvantage in (4) and (6) which impedes their wide usage is the assumption that
the Lipschitz constant of A admits a simple estimate. Moreover, in many practical problems, the cost
operator may not satisfies Lipschitz condition.

On the other hand, for finding a common fixed point of quasi-nonexpansive mappings, Anh and
Hieu [11,32] proposed a parallel hybrid algorithm as follows,
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xg € C,
yil:l)énxn"‘(l_an)Tixﬂr i:1’2""’N’
in:Argmax{Hyil_xl’lH :i:]‘lzl"'/N}/ ]7” ::ylr?’ (7)

Cop1={v € Cy: v —7ull <|[v— x4},

Xn+1 = Pcn+1 (xo)‘

Furthermore, Censor et al. [6] proposed a parallel hybrid-extragradient method for finite family
of variational inequalities as follows; choose xo € H, compute

Yy = Pe, (xn — Ay Aixn),

ziy = Pe,(xn — Ay Aiyy),

Cih={ze€H:(xy—z,z—x, — iz, —x,)) <0},
n= mzlilcil’

Wy, ={z€ H:(xg—xy,z—x,) <0},

®)

Cui1 = Po,nw, Xo-

Motivated by (7) and (8), Anh and Phuong [8] recently introduced the following Algorithm 1
parallel hybrid-extragradient method for solving variational inequalities and fixed point of
nonexpansive mappings.

Algorithm 1: PHEM

Initialization: Given xp € H, A,,; € (O, 1;“) , where L; are the Lipschitz constant of A;,

i=12,...,Nac(0,1),{ay} € (0,1), {yni} € (0,3),n>0.
Iterative steps: Compute in parallel

Vi = P, (xn — Ay Aixn),

2y = Pe,(xn — Ay Aiy),

ty =t ixn + (1 — ay ;) Tizl,

Cn,i = {x € Ci/ <x1’l - t;/x — Xn — ’)’n,i(t; - xn)> S 0}/ (9)
Qn = ﬁf\ilcn,i/

W, ={x e H: {xg—xy,x—x,) <0},

Xpt1 = PQnﬂan(], n=n++1.

Meanwhile, Hieu [33] introduced a parallel hybrid-subgradient extragradient method which also
required finding a farthest element from the iterate x; as follows.

The author proved that the sequence generated by Algorithm 2 converges strongly to a solution
of the systems of VL
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Algorithm 2: PHSEM

Initialization: Choose xo € H,0 < A < 1. Set n = 0. Step 1: Find N projections z}, on C; in
parallel, i.e.,

y; = Pc(xy — AAjxy), i=1,...,N.
Step 2: Find N projections z/, on half-spaces T}, in parallel, i.e.,
zy = Ppi (xn — AAyyy), i=1,...,N,

where T, = {v € H: (x, — AMA;x, — v}, — y},) < 0}.
Step 3: Find the farthest element from x,, among z;, ie.,

in = argmax{||z,, = x,| : i=1,...,N}, 2, =z
Step 4: Construct the half-spaces C,, and Q, such that

Con={we H:[|zy —w| <lxn —wl]},
Qn={we H: (w—xyx, —x0) >0}
Step 5: Find the next iterate via
Xn+1 = Pc,ng,Xo-

Setn = n+1and go to Step 1.

However, it should be observed that at each step in the parallel hybrid-extragradient methods
mentioned above, one needs to calculate a projection onto the intersection of two sets Q, and W,.
This can be computationally expensive when the feasible set is not simple. Moreover, the convergence
of the algorithms require prior knowledge of the Lipschitz constants of A; which are very difficult to
estimate in practice.

Motivated by these results, in this paper, we introduce an efficient parallel-extragradient method
which does not requires the computation of projection onto Q, N W, and the prior estimates of the
Lipschitz constants of A; fori =1,2,..., N. In particular, we highlight some contributions in this paper
as follows.

e In our method, the involved cost operators A; do not need to satisfy the Lipschitz condition.
Instead, we assumed that A; are pseudomonotone and weakly sequentially continuous which is
more general than the monotone and Lipschitz continuous used in previous results.

e  The sequence generated by our method converges strongly to a solution of (2) without the aid of
prior estimate of a Lipschitz constant.

e  Furthermore, we performed only single projection onto C in parallel and our algorithm does not
need to find the farthest element from the iterate x,,.

e  More so, our algorithm does not require the computation of projection onto Q,, N W, which make
it easier for computations.

2. Preliminaries

In this section, we give some Definitions and basic results that will be used in our subsequent
analysis. Let H be a real Hilbert space. The weak and the strong convergence of {x,} C Htox € H is
denoted by x,, — x and x, — x asn — oo, respectively. Let C be a nonempty, closed, and convex subset
of H. The metric projection of x € H onto C is defined as the necessary unique vector Pc(x) satisfying

[lx = Pex[| < [lx—yl| VyeC
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It is well known that Pc has the following properties (see, e.g., in [34,35]).
(i) Foreachx € Handz € C,
z=Pxe (x—zz—y)>0, VyeC. (10)

(i) Foranyx,y € H,
(Pex — Pey,x —y) > ||Pcx — Pey|*.

(iii) Foranyx € Handy € C,
[1Pex = ylI? < |lx = yI* — [|x — Pex|[*. (11)
Next, we state some classes of functions that play essential roles in our convergence analysis.
Definition 1. The operator A : C — H is said to be
1. B-strongly monotone if there exists B > 0 such that
(Ax—Ay,x—y) 2 Bllx—y|| Yx,yeC

2. monotone if
(Ax —Ay,x—y) >0 Vx,yeC;

3. n-strongly pseudomonotone if there exists § > 0 such that
(Ax,y —x) > 0= (Ay,y —x) > vllx —y|?,

forallx,y € C;
4. pseudomonotone if for all x,y € C

(Ax,y —x) > 0= (Ay,y —x) > 0;
5. L-Lipschitz continuous if there exists a constant L > 0 such that
[Ax — Ayl < Lx —yll, YxyeC

When L € (0,1), then A is called a contraction;
6.  weakly sequentially continuous if for any {x,} C H such that x,, — % implies Ax, — AZX.

It is easy to see that (1) = (2) = (4) and (1) = (3) = (4), but the converse implications do not hold in
general, see, for instance, in [21].

Lemma 1 ([36] Lemma 2.1). Consider the VIP (1) with C being a nonempty closed convex subset of H and
A : C — H is pseudomonotone and continuous. Then, ¥ € VIP(C, A) if and only if

(Ay,y—x) >0 VyeC.

Definition 2 ([37]). A mapping T : H — H is called

(i)  nonexpansive if
[|Tu — To|| < ||lu—wv||, YuveH,

(ii) quasi-nonexpansive mapping if F(T) # @ and

[|Tu —z|| <||lu—z||, YueH,zeF(T);
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(iii) p-strictly pseudocontractive if there exists a constant y € [0,1) such that
[1Tu = To| P < [Ju— o2+ | (I = Ty — (L= T)el[? Vu,0€ H;
(iv) x-demicontractive mapping if there exists x € [0,1) and F(T) # @ such that

|| Tu —z||* < ||u—z||* +«||u— Tul|?>, YuecH,zecF(T).

It is easy to see that the class of demicontractive mappings contains the class of quasi-nonexpansive and
strictly pseudocontractive mappings. Due to this generality and its possible applications in applied analysis,
the class of demicontractive mapping has continue to attracts the attention of many authors in this decade.

A bounded linear operator A on H is said to be strongly positive if there exists a constant y > 0
such that
(x, Ax) > 9||x||>, Vx € H.

It is known that when A is strongly positive bounded linear operator with 0 < p < m, then

IT=pAll <1—p7.
For any real Hilbert space H, it is known that the following identities hold (see, e.g., in [38]).

Lemma 2. Forall x,y,z € H, then

@ |x+yl? = x> +2(x,y) + [yl %
(i) ||x+yl]* < ||x]|* +2(y,x +y),
(i) ||yx+ (1 =n)yll* = yllx|?+ QA =llyl? —n(1=n)llx—yl[>, Yy e0,1].

Lemma 3 ([24]). Let C be a nonempty closed convex subset of a real Hilbert space H and h be a real-valued
function on H. Suppose D = {x € C : h(x) < 0} is nonempty and h is Lipschitz continuous on C with
modulus ¢ > 0, then

dist(x,D) > 9~ 'max{h(x),0} Vx € C.

Lemma 4 ([39]). Let {T'y} be a non-negative real sequence satisfying T',11 < (1 — 60,)Ty + 64y,
where {0, } C (0,1), Y0 On = co and {by, } is a sequence such that limsup b, < 0. Then, limy, 0 ', = 0.

n—o0

Lemma 5 ((Lemma 3.1) [37]). Let {ay,} be a sequence of real numbers such that there exists a subsequence
{an;} of {an} with ay; < a,, 1 foralli € N. Consider the integer {my} defined by

my =max{j <k:a; <ajq}.

Then {my} is a non-decreasing sequence verifying limy, . m, = oo, and for all k € N, the following
estimate holds,

Ay < A1, and  ap <y 1.

3. Algorithm and Convergence Analysis

In this section, we describe our algorithm and prove its convergence under suitable conditions.
Let H be a real Hilbert space and C be a nonempty, closed, and convex subset of H. We suppose that
the following assumptions hold.



Symmetry 2020, 12, 1915 7 of 22

Assumption 1.

(A1) Fori=1,2,...,N, A; : H— H are pseudomonotone, uniformly continuous and weakly sequentially
continuous operators;

(A2) Forj=1,2,...,M, T;: H— Hare Kj—demicontractive mappings with x = max{Kj 1 <j< M}
such that I — T] are demiclosed at zero;

(A3) f:H — H is an a-contraction mapping with a € (0,1);

(A4) Fork=1,2,...,N, By : H — H are strongly positive bounded linear operators with coefficients v > 0,
wherey =min{y;: 1 <k < N}and 0 <y < 5;

(A5) The solution set

N M
Sol = (| VI(C, A;) N () Fix(T;)
i=1 j=1

is nonempty.
We now present our method as follows.
Remark 1. Observe that we are at a solution of Problem (2) if x,, = y, = u,. We will implicitly assume that

this does not occur after finitely many iterations so that our Algorithm 3 generates an infinitely sequence for
our analysis.

Algorithm 3: EFEM

Initialization: Choose o € (0,1),p € (0,1), {«an}, {511,]'}in0 C (0,1). Let x; € C be given
arbitrarily and set n = 1.

Iterative step:
Step 1: Fori =1,2,..., N, compute in parallel

yiz = PC(xn - Aixn)'

If Gi(xn) =X — yil = 0 : set x, = w, and do Step 3. Otherwise: do Step 2.
Step 2. Compute z/, = x, — p'"6(x,), where I, is the smallest non-negative integer satisfying

(Aizy, 0" (xn)) = §H91(xn)|\2‘ (12)
Set w, = Pp, (xn), where

D, = {x €H: iﬁ;h;(xn) < o},

i=1

. N . . . .
{Bi,}Y, € (0,1) such that 421 Bl =1,and I, (x) = (A;zh, x — 2).
1=
Step 3. Compute

M
U = Oy owWn + Z 5n,jTjwn/
n=1

and

N
Xn+l1 = ‘xnr)/f(xn) + (I — &n Z CkBk> Uy, (13)

k=1

— N
where {¢,}_; € (0,1) such that ¥ ¢, = 1.
k=1
Stopping criterion: If x,, = v, = u,, then stop; otherwise, set n := n + 1 and go back to Step 1.
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In order to prove the convergence of our algorithm, we assume that the control parameters satisfy
the following conditions.

Assumption 2.

(B1) lim ay, =0and Y. ay = +o0;
n—oo n=0
(B2) liminfy, 00 (dn0 — ) > 0.

We begin the convergence analysis of Algorithm 3 by proving some useful Lemmas.

Lemma 6. Let u* € Sol and hi, be as defined in Algorithm 3. Then hi,(x,) > o' 5 ||x, — v, ||? and ki, (u*) < 0.
In particular, if 6'(x,) # 0, then hi,(x,) > 0 forall n € N.

Proof. Aszi, = x, — p(x, — y},) fori =1,2,...,N, then
h;(xn) = (Az;,xn—zw
= " (Azy, %0 —yh) (14)
0" .
> S~y
Furthermore, if x,, # yfi fori = 1,2,...,N, then hi,(xn) > 0. As u* € Sol and A; are

pseudomonotone, then
(Ay,y—u*) >0 VYyeC.

Therefore,
(Az},z}, —u*) > 0. (15)

Therefore,
R, (u*) = (Azl,u* —z}) <0.

O
Remark 2. Lemma 6 shows that Dy, # @ and so Pp, is well defined. Consequently, Algorithm 3 is well defined.
Now we show that the sequence {x, } generated by Algorithm 3 is bounded.
Lemma 7. Let {x,} be the sequence generated by Algorithm 3. Then {x,} is bounded.
Proof. Let u* € Sol, then from (11), we have

leon —u*[|? = || Pp, 20 — u”||?
< Jlxn = ||* = || Pp, xn — xu?

= ||xn — u*||2 - alist‘(xn,Dn)2
*HZ

(16)

< lxw—u
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Moreover, from Lemma 2 (iii), we get

M
lutw = > = ||duo(wn — u™) = Y &n(Tjwn — u*)
j=1
= Onollwn —u1* + 35 b Tywon — u”|* = 61,000, Tyon — w1
=
< no||wn—u*H2+Zan,(nwn—u||2+K]\|wn Twal?)) = 61,00, Tiow = wal® (17)
=
2 2
< wn —ut|* - 2;(5}1,0 = K)0u,jllwn — Tjon||
=
» & 2
S i MCTRULA R AT
£
This implies that

[ltn = u™ || < flxn — u”].

Then from (13), we obtain

201 — ||

N
anyf(xn) + (1 — 0y Z ckBk> Uy —u*

k=0

N N
= ('yf Xn) Z cxBru* > <I —ay Z ckBk> Uy — <I — oy Z ckBk> u

k=0 k=0

< (1 - ’XnkiockBk> (un — ") || + Y[ f(xn) — fFu)]| +an ||7f(u Z ckByu”
< (1T—ay ;Ck'Yk lun — u™[| + anary||xn — u*|| + an || 7f(u ZCkBk”

< —wnkX;,)ckv llxn = u*|| + anay|lxn — u*|| + a ||y f(u ZCkBk“

= (1= any)|lxn — u™|| + anary||xn — u*|| +an ||7f(u Z cxBu*

v f(u*) — TN g cxBrut®|
(7 —ay)

= (I—an(y—ay)l|xn — || + an(y — ay)

* N %
- B
<  max ||xn _ M*H, H’)If(u )7 Zk:() Cpbru || .
(7 —ay)

By induction, we have

[ — u*]] < max { |2y — u*

j, I ) = Yo ciBu” |
’ 7 —a7) '

This implies that {x, } is bounded. [

Lemma 8. Let u* € Sol and {x,} be the sequence generated by Algorithm 3, then {x,} satisfies the
following estimates.

(i)
I, N
Upn . .
o —u[* < flxn — ] — <L Y Bl —y;||2>
i=1
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for some L > 0;
(i1)
Sny1 < (1 - ﬂn)sn +auby

where

*HZ, a :2“11(7_“7>

Sn = flan —u ! 1 — apay
N

by = oy M & (rf(w*) — Li—o ckBru*, X1 — u*>’
T — oy

for some M > 0.

Proof. As{x,} isbounded and A; are continuous on bounded subsets of H, then { A;x, } are bounded,
and thus there exists some constants Li > 0 such that

L.
| Aixn || < ?l vneN,i=12,...,N.

Consequently,

[ Ajxn| <

N~

where L=max{L;, i=12,...,N}.

Therefore from Lemma 3, we have

Bl (xu), Vn >0, (18)

=N
.MZ

Il
—_

dist(xy, Dy) >

Thus from (16) and (18), we get

*||2 = Hxn—u*||2—dist(xn,Dn)2

) >N 2
<l —ut[]T = LZﬁ%%(?ﬂn)) :
i=1

lwy, —u

Hence from Lemma 6, we obtain
I, N
(o n . .
o — | < ||xn—u*||2—<§ Zﬁ;nxn—y;nZ).
i=1

This established (i).
Moreover, we have from Algorithm 3 that
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s —u*|? =

IN

IN

IN

IN

N
lwny f(xn) + (I — an Z ck By )un — u*||?
k=0

N N
o (vf(xn) — Y ckBru™) + (1 —an Y cxBi)u
k=0 =

k=0

N N
(1 — an Z ckBr)un — (1 —ay Z CkBk)”*H2
k=0 k=0

N
+20, (v f(xn) = Y ciBeu™, x40 — u*)
k=0

N
(1—ay kZ ek )2l — w12 + 200y (f () = F(07), 01 — u”)
=0

N
+2an (v f(u*) — Z cxBru™, x4 — u*)
k=0

11 0f 22

N
— (1—an Y aBou|?
k=0

N
(1= an Y o) [lan — || + 2amaeyl|xn — || |21 — 07|

k=0

N
F20 (7 f () = ) cx Byt xpq — 1)
k=0

(1= an)? o0 — u* |2 + ey (ln — 1 + Il — 0)?)

N
+20, (v f (u*) = Y e Beu™, xppq — u*).
k=0

Therefore, we obtain

A

1 — 0|2

| 20(T — ) (%M L) — D g B xng — )

1—ayay Y —any

= (1—an)sp + anby,

where the existence of M follows from the boundedness of {x, }. This completes the proof.

)

O

(1 — an7)? + anary . 2u, . N . )
_ _ 2n _ Bo*, B
1—anay I = w7l + 1_“na7<'yf(u ) kgf)ck KU, X1 — U)
200, (7 — 272
(1 2 P 2 =
nl&y Koy
2Rt = 3 B v — )
1—1Xnoc’y = kPkY , An+
(1 _ M—m)) T
1 —apoy

Lemma9. Let {xy, } be a subsequence of {x, } generated by Algorithm 3 such that {x,, } converges weakly to
p € Hand lim;_,, ||x,, — yLIH =0,foralli=1,2,...,N. Then

(i) 0 <liminfj_,(Aixpy, x — xp,), forallx € C,i=1,2,...,N;

(i) pe NN, VI(C A)).

Proof. (i) From the Definition of yi, and (10), we have

(xn, — Ajxy, —y;],x—y;]> <0, vxe(C,i=1,2,...,N.
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Thus,
(Xn = Yy X = Y,) < (AiXn, x —yp,), Vx€C, i=12...,N.
This implies that
(xn, — yfh,x —Yn) + <A,'xn,,yfql —xp;) < (Axp,x—xy), VYxe€Ci=12,...,N. (19)

Fix x € C and let | — oo in (19), since ||y}, — xp, || — 0, then

0 < liminf(A;x,, x — xy,), Vx€C,i=12,...,N.
=00

(ii) Suppose {¢;} is a decreasing sequence of non-negative numbers such that §; — 0 as [ — oc. For
each ¢;, we denote by N; the smallest positive integer such that

(Aixnl,x — xn,> +¢ >0, VI>N;,i=1,2,...,N,
where the existence of Nj follows from (i). This means that
(Aixn, x+ &ty —xn) >0, VI>N,i=12,...,N,

for some t;l € H satisfying 1 = <Aixn1,tf11> (since Ajxy, # 0fori = 1,2,...,N). As A; are
pseudomonotone, it follows from (i) that

(Af(x+&t), x+ &ty —xn) >0 VI>N,i=12,...,N. (20)

Furthermore, x,;, — p asl — oo and A; are weakly sequentially continuous, then A;x,, — A;p for
i=1,2,...,N. Therefore,

0 < [[Aip|l < liminf | Apxy ||,  ¥i=1,2,...,N.
— 00

Moreover, {xy,} C {xp,} and §; — 0 as | — co. Thus, we obtain

. ; . &
0 < limsup||gty, | = limsup <
[—o0 " I—00 ”Aixnz H
limsup, ., &) 0o,
liminf) e [[Aixy || — [|Aip|l '
which implies that lim; ., ||(;‘,till | = 0. Thus, taking limit of (20) as I — oo, we obtain

(Aix,x—p)>0, Vi=1,2,...,N.

Using Lemma 1, we have p € VI(C, A;) foralli = 1,2,...,N. Therefore p € ﬂfil VI(C, A;).
This completes the proof. [

We now present our main result.

Theorem 1. Suppose {x,} is generated by Algorithm 3. Then {x,} converges strongly to a point z € Sol.
Proof. Let u* € Sol and put T, = ||x,, — x*||?. We consider the following possible cases.
Case A: Assume that there exists ny € N such that {I';} is monotonically decreasing for n > ny.
Since {T';} is bounded, then

I'n—-T,11 =0 asn — oo (21)



Symmetry 2020, 12, 1915 13 of 22

Moreover, from Lemma 8 (i), we have

[ —u? = fanyf(xn) = (1= an Y cxBy)un — u*||?
n=0

N
= lan(vf(xn) Z e Beu®) + (1 — o Y ciBy) (1 — )2
n=0

N
< (I —an Z CeBie) (un — u*)||* + 2 (7 f (xn) — Z CkBru™, Xy — u”)
n=0 n=0
- _
< (T—an Y cevie) lun — w¥||* + 20, (v f (xn) — atn Z crBru*, Xy —u)  (22)
n=0 n=0
N ) N
< (U —an Y, o) llwn — |12+ 200 (v f (xn) — an ) cxBrtt™, X1 — )
n=0 n=0
I, N
. 0' n . .
< A=) |0 — P = 2= Y Bl — vl
i=1

N
+20n (v f (xn) — an Z ckBru®, X1 — u”).
n=0

Therefore
(1 - wgy) 2= Z Bullxn —yull> < (1= a2 — u*||* = ||xp4q — u|?

N
+20, (7 f(x0) — atn 2 kB, xy 1 — u™).

n=0
As a, — 0asn — oo and from (21), we have
i 112
,}ggoTZﬁl [0 =yl = 0. (23)

Furthermore, from (18), we obtain

N

lxnen =P < (1= ) | — ||+ 2000 (7 f () — @ Y, cxByut”, Xpr — )
n=0

M
< (@ —aw)lllxn — w2 = 3 (no — K)y,jllwn — Tywou|?]
j=1

N
20, (7 (xn) — tn Y e Brut™, xp g — u*).
n=0

This implies that

M
(1= n) Y (6,0 = K)8,jlleon — Tywn]|? P = flger — w1

j=1

IN

(1 — ) l|xn —u

N
+20 (v f (xXn) — an Y cxBru™, xp 1 — ).
n=0
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Therefore,

Jlim Z 1,0 — )8y j|wn — Tjwy|| = 0.

Using condition (C2), we obtain

Tim [|w, — Tjwy|| = 0. (24)
Consequently,
Jtn — wn | < Spollwn —wall + ) 6pjllwn — Tjwu| =0 asn — co. (25)
=1
Furthermore, from (11), we have
lwn —u*|> = [|Pp, (xu) —u*|?
< e — (P = Jlwn — 2l
Then, from (23), we have
lwn = xul®> <l —u* | = fJwn —u*|?
= lxn = ¥ [> = on = P+ 1 — 0[P = [Jwn — u*|]?
N
< oo = w7 = g = w7 lJwn — w1+ 200 (7 f () — an Y cxBit™, %1 — u)
n=0
~Jwn —u*||?
2 2 N
= oew = wl* = foenrn — " [1* + 200 (7 f (xn) — an Y cxBrtt™, xugr — ).
n=0
Moreover, as a,; — 0 as n — oo, then
n—oo

From (25) and (26), we get

Therefore,

N
[xn+1 = xull = |lan(7f (xn) Z ckBrxn) + (I —ap Z)(”n — xn)||

=0 27)

< aullyf(xn) — Z ciBrxn || + (1 — ) ||y — xn|| = 0 asn — oco.
n=0

Now, we show that Oy, (x,) C Sol, where Q,(x,,) is the set of weak subsequential limits of {x, }.
Let p € Qy(xy), then there exists a subsequence {x, } of {x,} such that x,, — pas | — co. Let {y}, }
be subsequences of {y},} fori = 1,2,...,N. From (23), we have

hm'ym”lZ,Banxnl yi,l||:0, Vi=1,2,...,N.
=1
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Now we claim that
lim ||x,, —y;, || =0, Vi=12,...,N.
|—00 !

Indeed, we consider two distinct cases depending on the behavior of subsequence {7"" }.
@) If liminf; o, ™" > 0, then

”2 _ ’)/mnl Hxn, _ymHz

0 S ||xnl _yi’l[ ,)/mn]

This implies that

IN

. . ) 1
lim sup ||xp, — Y, Hz lim sup ('ym”l %0, — Yn, ||2) <hm sup ry’””l)

[—o0 =00 [—o0

‘ 1
= hmsup (’)’mnl Hx”I _ymHz) <>

liminf; . ™"

|-
= 0.
Therefore,
lim [, — v}, || = 0.
=0
(ii) Suppose lim inf;_,, 7" = 0. Then we may assume without loss of generality that lim; .., y"" =0
and limy_,c, || s, — ¥, | = @ > 0. Let us define 2, = 39"y}, + (1 — %V”ﬂz) x, fori =1,2,...,N.

This implies that 2511 —xy = 1o (y%l —xy,) fori =1,2,...,N. Since {y;l — Xy, } are bounded and

lim;_,o, ™" = 0, then
lim |2}, — xy,|| = 0.
—00 !

As A; are uniformly continuous, then

Jim |Aizh, — Ajxy | =0, Vi=12,...,N. (28)
Using (12) and from the Definition of Zizl fori=1,2,...,N, we know that

(Al xn — ¥h) < %Hxnl —yh Il Vi=12,..,N.
Therefore,
2(Aixn,, Xn, — yill) + 2<Aizﬁll — AiXp,, X, — y;) < ollxn, — yf” 1>, vi=1,2,...,N.

Putting vil, = Xp, — Ajxp,, foralli =1,2,..., N, we obtain
2(xp, — v%l,xnl —yf11> +2(Aizf11 — AjXpy, Xp, — yf11> < o||xy, —yill||2, Vi=1,2,...,N. (29)
Moreover, from Lemma 2 (i), we have

e (30)

20w, = Yy Xy = Yiy) = %y — 0 7+ |2, — iy,
Substituting (30) into (29), we have

12 ] i |2 12 i i
leny = 0, 1% = My, = 0, [I7 < (o = D)lln, =y 17 = 20AiZ3, — Aictny, X, — Yoy )-



Symmetry 2020, 12, 1915 16 of 22

Passing limit to the last inequality as | — co and using (28), we get
tim (v, = 0}, 2 = llvh, o, [1?) < (¢ = Da <o0.

Fore = w > 0, there exists m € N such that
(c—1)a

0,
5 <

. . -
l[xn, = 03, 17 =y, — o3, I < (0 —1a+e=

foralll e Nyn >m,i=1,2,...,N. Therefore
(EZY —v;”||2 < lyn, —U;ZIHZ, vieNn>m,i=1,2,...,N.

This contradicts the Definition of metric projection as y;] = Pc(xy, — Aixy,). Thus a = 0.

Therefore, we obtain
llirn ||xnl—y§11|| =0, Vi=1,2,...,N. (31)
— 00

Consequently from Lemma 9, we have p € ﬂfil VI(C, A;). Furthermore, as w,; — p and
[[04,,j — W, || — 0, then by the demi-closedness of Tj, j = 1,2,..., M, we have that p € Fix(T;), for each
j=1,2,..., M. This means that p € ﬂjl\il Fix(T]'). Therefore, p € Sol, which show that Q) (x,) C Sol.
We now show that {x,} converges strongly to a point u* € Sol. As x,;; — p and ||x,,, 41 — xp,|| = O as
| — oo, thenx, ;1 — p. Therefore,

N N
limsup(yf(u*) — Y cxBeu®, xpp1 — u*) = lim (v f(u*) — Y exBeu™, x40 — 1)
n—oo0 n=0 I=00 n=0 (32)

= {rf(u") -

cxBeu*, p—u*).

™=

n=0

As p € Sol, then it follows from (10) and (32) that

N
limsup(yf(u*) — Y cxBxu*, xy 1 — u*) <0.

n—s00 =0

Therefore, using Lemma 4 and Lemma 8 (ii), we have that lim;, .« ||x, — #*|| = 0. This implies
that {x, } converges strongly to u*.

Case B: Suppose {I'; } is not monotonically decreasing. Let T : N — N for all n > n (for some ng large

enough) be defined by
T(n) =max{k e N: k <n, T} <Ty.1}.

Clearly 7 is non-decreasing, T(n) — co as n — o0 and
0 S rT(n) S FT(W)H, Vn Z nop.

As {x;(,)} is bounded, there exists a subsequence of {x(,} still denoted by {x(,)} which
converges weakly to p € C. Following similar arguments as in Case A, we get

nh_rgolo HwT(n) = X1(n) H = nh_{rolo Hur(n) — Xz (n) H = nlgrolo HxT(n)Jrl = Xr(n) ” =0,

B [x) = Yol =0, Vi=1,2..,N, im o4 — weull =0, j=12,...,M,
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and O (x7(y)) C Sol, where Oy (x(,)) is the set of weak subsequential limits of {x(,) }. Furthermore,

N
limsup(yf(u*) = Y cxBxtt™, Xy ()41 — 4*) < 0. (33)
n=0

n—o0

From Lemma 8 (ii), we have

. 207() (7 — ) .
%y 1 — 0|2 < (l S el | M &

1- Kz ()XY
- N " \ (34)
20, (7 — ay) (v f(u*) = Xpmo ckBrtt™, Xy 41 — u*)
+ T Nr(nyM + — ,
Xz ()XY YT &)Y
for some M > 0. As 0 < [|xy(,) — w|? < X (ny+1 — u*||?, then we get
* W * *
%112 <'Yf(u ) - Zk:O ckByu rXr(n)+1 — U >
X —u < a. M+ — .
” T(n) ” T(n) ¥ — ()Y
Then from (33) and the fact that a,(,,) — 0, we have
nll_r>r<>10 ”x‘r(n) —u'[| =0. (35)

Furthermore, for n > ny, it is easy to see that I';, < FT(n) 11- As a consequence, we get for all
sufficiently large n that 0 < Ty < T'(;)11. Thus, limy e |xy — u*|| = 0. Therefore, {x,} converges
strongly to u*. Consequently, {y}},{z},}, {wn} and {u,} converges strongly to u*. This completes
the proof. O

Remark 3.

(i) Instead of finding the farthest element to the iterate x,, we construct a sub-level set using the convex
combination of the finite functions and perform a single projection onto the sub-level set. Note that this
projection can be calculated explicitly irrespective of the feasible set C.

(ii) We emphasize that the convergence of our Algorithm 3 is proved without using a prior estimate of any
Lipshitz constant. Moreover, the cost operators do not even need to satisfy the Lipschitz condition. Note that
the previous results of [6,8,33] and references therein cannot be applied in this situation.

(iii) We give an example of a finite family of A; : H — H which does not satisfy Lipschitz condition.

Example 1. Let H = R" defined by R" = {x = (x1,x2,...,x4), x1 € R : Y1 |x]? < oo} with

1
norm || - || : R" — [0.00) defined by ||x|| := (T]_; |x1|?)? for arbitrary * = (x1,x2,...,x4) € R
LetC;=C={xeR": ||| <1}andfori=1,...,N,let A; : C — H be defined by

i
Ax=||x||++———1)x, i=1,...,N.
l (” | ||x||+1>

It is clear that VI(C,A;) # @ as 0 € VI(C, A;) for each i = 1,...,N. First, we show that A; is
pseudomonotone and not Lipschitz continuous for i = 1,2,...,N. Let u,v € C be such that (A;u,v —u) > 0.
This means that (u,v — u) > 0. Thus,
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(Ajp,v—uy = (||v|+|v|i+1) (v, —u)
i
(||v|+W)<<v,v—u>—<u,v—u>>

1
(1ol + oy ) o= sl >0

Therefore, A; is pseudomonotone for i = 1,...,N. To see that A; is not L-Lipschitz continuous for
i=1,2,...,N,letu=(L;0,...,0)and v = (0,0,...,0). Then,

i i
I = o] = ull = (el + g ) ol = (L g )

Moreover, || Aju — Av|| < L;||u — vl implies that

i
Li+—— )L <IL2
<1+L1+1> 1=

Thus, ﬁ < 0, which is a contradiction. Therefore, A; is not Lipschitz continuous fori =1,...,N.

Vv

4. Numerical Experiments

In this section, we present some numerical experiments to illustrate the performance of the
proposed algorithm. We compare our Algorithm 3 with Algorithm 1 of Anh and Phuong [8],
Algorithm 2 of Hieu [33], Algorithm 1 of Suantai et al. [40], and other algorithms in the literature.
The projections onto C; are computed explicitly. All codes are written with a HP PC with the following
specification: Intel(R)core i7-9700, CPU 3.00GHz, RAM 4.0GB, MATLAB version 9.9 (R2020b).

Example 2. First, we consider the variational inequalities with operators A; : R"™ — R™ fori =1,2,...,N,
defined by A;(x) = G;(x) + q;, where

G =SSI'+Qi+R;, i=12,...,N,

such that for each i, S; is a m x m matrix, Q; is a m x m skew symmetric matrix, R; is a m x m diagonal matrix,
whose diagonal entries are non-negative (so G; is positive definite) and q; is a vector in R"™. The feasible set C
is given by C; = C = {x € R" : (x,a ) < c}, where a € R™ is generated randomly and c is a positive real
number randomly in [1, m]. It is clear that for each i, G; is monotone (hence, pseudomonotone) and Lipschitz
continuous with Lipschitz constant L; = max{||G;|| : i = 1,2,..., N}. The entries of matrices S;, Q;, R;
are generated randomly and uniformly in [—m, m|, diagonal entries of R; are in [1, m] and q; is equal to the
zero vector. In this case, it is easy to see that the VI(C, A;) = {0}. Forj =1,2,..., M, let T : j™ — R
be defined by Tjx = zlj,forj € N. Then T; is 0-demicontractive mapping, Fix(T]-) = {0} and (I — T]) is
demiclosed at 0. Also fork =1,2,...,N, let B = ﬁl, f = I (I being the identity operator on H), we choose
a=19= %,a = 0.28,p = 0.36, A = %, = %, 5,1,]- = ﬁ,txn = %_H, Bni = ﬁ,for alln € N.
We compare Algorithm 3 with Algorithm 1 of Anh and Phuong [8], Algorithm 2 of Hieu [33], and Algorithm 1
of Suantai et al. [40]. We test the algorithms using the following parameters.

. _ 099 _ 1 _1
o Anhand Phuongalg.: A, ; = I Qni = wirts Yni = 3

e Hieualg: A = ﬁ,

o  Suantaietal. alg.: p =0.34, y = 0.06,
and

Casel: m=5 N=5 M=2 N=1,
Casell: m=10, N=10, M=5,6 N =35,
Caselll: m =20, N =15, M =10, N =10,
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CaselV: m =50, N=20, M=5N=15.

We also use ||x, — x*|| < 10> as stopping criterion for each algorithm and plot the graphs of D, =
|y — x*||? against the number of iteration. The computational results are shown in Table 1 and Figure 1.

Table 1. Computational result for Example 2.

Algorithm 3 Anh-Phuong [8] Hieu [33] Suantai et al. [40]

Case I Noof Iter. 16 34 39 67
Time (sec)  0.0038 0.0034 0.0032 0.0061
Case II No of Iter. 15 63 107 98
Time (sec)  0.0020 0.0054 0.0100 0.0097
CaseIll Nooflter. 14 57 93 183
Time (sec)  0.0020 0.0053 0.0093 0.0236
CaseIV  Nooflter. 10 53 114 183
Time (sec)  0.0019 0.0047 0.0136 0.0244
10° ‘ — 10° —
——Algorithm 3.1 2 ——Algorithm 3.1
***** Anh-Phuong alg. ——=Anh-Phuong alg.
Hieu et al. alg. ) Hieu et al. alg.
—~—Suantai et. al alg. ke ——Suantai et. al alg.

102 102
c c
[a] [a]
10 107
10°® ‘ ‘ ‘ ‘ ‘ ‘ 10°® ‘ ‘ ‘ : :
0 10 20 30 40 50 60 70 0 20 40 60 80 100 120
Iteration number (n) Iteration number (n)

——Algorithm 3.1 ——Algorithm 3.1

100 ***** Anh-Phuong alg. || 100 ***** Anh-Phuong alg. |/

Hieu et al. alg. Hieu et al. alg.

——Suantai et. al alg. ——Suantai et. al alg.

0 50 100 150 200 50 100 150 200
Iteration number (n) Iteration number (n)

Figure 1. Example 2, From Top to Bottom: Case I, Case II, Case III, and Case IV.

Now, we consider the case when N = 1 with finite family of demicontractive mappings in infinite
dimensional spaces. In this example, we compare our algorithm with Algorithm 1 of Anh et al. [41]
and Algorithm 2.1 of Hieu [42].

Example 3. Let H = (5(R) and define A : H — H by Ax = m
see that A is strongly pseudomonotone and Lipschitz continuous with L = % We defined the feasible set
C={x=(x1,x2,...) €l |x|]| <1} andforj=1,2,...,M, T; : H— H is defined by Tjx = #x,
for j € N. Then T; is demicontractive mapping with x; = %2]4, Fix(T;) = {0} and (I — T;) is demiclosed at
0. We choose N = 1, By = %I,f(x) =%,0=0.02,0=0.036,7 = 11—6, oy =

It is easy to see that A is easy to

1 — 1 i _
\[(n_"_l)/ Jn,]' - M-‘,—l’ﬁi’l - 1/
cx = 1. For Anh et al. alg., we take A, = ﬁ, Ny = ﬁ; and for Hieu alg., we take A, = n%rl,ﬁ,; =
ﬁﬂ,'ﬂl = ﬁ (where i = j in this context). We test the algorithms for M = 5,15,20, 30 and study the
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behavior of the sequence generated by the algorithms using Dy = ||x, — x*|| < 107> as stopping criterion.
The numerical results are shown in Table 2 and Figure 2.

Table 2. Computational result for Example 2.

Algorithm 3  Anhetal. [41] Hieu [42]

M=5 No of Iter. 7 14 67
Time (sec)  5.836e-04 0.0014 0.0021
M =15 Nooflter. 8 13 25
Time (sec)  6.300e-04 0.0014 0.0018
M =20 Nooflter. 11 16 37
Time (sec)  0.0010 0.0033 0.0088
M =30 Nooflter. 10 17 43
Time (sec)  7.583e-04 0.0018 0.0043
*Algoriihm 3.1 ‘ ‘ ‘ +Algérithm 3.1
100 L ——Anh et. al alg.|) 100 L ——Anh et. al alg.|]
——Hieu alg. ——Hieu alg.
102 102
DC DE
10 10
10°® : ‘ ‘ 10°® : ‘ ‘ ‘
0 5 10 15 0 5 10 15 20 25
Iteration number (n) Iteration number (n)
+/-\‘Igc'rithm 3.1 ‘ ‘ ‘+Algorithn‘1 3.1
oL ——Anh et. al alg. ] ol ——Anh et. al alg.]
10 10
—~—Hieu alg. —+—Hieu alg.
102
DC
10
10® ‘ ‘ ‘ 10°® ‘ ‘ ‘ ‘
0 10 20 30 40 0 10 20 30 40

Iteration number (n) lteration number (n)

Figure 2. Example 3, From Top to Bottom: M = 5, 15, 20, 30.
5. Conclusions

In this paper, we introduced a new efficient parallel extragradient method for solving systems
of variational inequalities involving common fixed point of demicontractive mappings in real
Hilbert spaces. The algorithm is designed such that its step size is determined by an Armijo
line search technique and a projection onto a sub-level set is computed for determining the next
iterate. A strong convergence result is proved under suitable conditions on the control parameters.
Finally, some numerical results were reported to show the performance of the proposed method with
respect to some other methods in the literature.
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