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Abstract: The paper describes approximations properties of monotonically increasing sequences
of invariant subspaces of a self-adjoint operator, as well as their symmetric generalizations in a
complex Hilbert space, generated by its positive powers. It is established that the operator keeps
its spectrum over the dense union of these subspaces, equipped with quasi-norms, and that it is
contractive. The main result is an inequality that provides an accurate estimate of errors for the best
approximations in Hilbert spaces by these invariant subspaces.
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1. Introduction

Our purpose is to study the approximation properties of monotonically increasing family of

invariant subspaces {L;(A): T> 1} relative to a given self-adjoint unbounded operator A in a

complex Hilbert space H. The monotonicity property of {L;(A): T > 1} is crucial to obtain an
accurate error estimate for the best approximations in the space H using the A-invariant subspaces
L} (A). In the paper, we propose the construction of the increasing family L7, (A) on the basis of positive
operator degrees A® (s > 0). Such subspaces have the following form:

= 1/p
Lj(A) = {x € H: |[xllza) < o}, ||x||L;(A>:(/O |<A/r>5x|§;e—5ds)

in the case 1 < p < oo (specified also for p = c0), where the index T > 1 appears as a parameter for the
monotonic ordering of these subspaces relative to the contractive inclusions

Ly(A) & L,(A), T<t.

It is also examined the monotonically increasing symmetric family of interpolation subspaces in
H with the parameter 1 < g < co,

Lg(4) = (L (A L5, (D)), 1<popi <o p={popi),
generated by a quadratic modified real interpolation method with 0 < ¢ < 1, as well as the increasing

family of Lorentz-type subspaces Lj,(A) = (Lf(A) L&(A))sy in H with a scalar index
p=r/0(r >1).
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Each of the subspaces L;(A) (also their symmetric versions L;,p(A)) is complete and A-invariant.
Moreover, the restrictions A to L}(A) are bounded, namely | A \L;}( A) | cnay ST forallr > 1
P
(see Theorem 1). On the quasi-normed union of these subspaces,

Ly(A) = [J Lj(A) with the quasi-norm x[1,(a) = inf{t>1:x € Ly(A)}

™>1

the operator A is contractive and keeps its spectrum (see, Theorem 2), i.e.,

o(A)= o (A |L;(A)).

™1

To estimate the best approximation errors in the Hilbert space H by monotonically increasing
family of invariant subspaces Lj(A) (also their symmetric versions L; ,(A)), we apply the so-called
best approximation E-functional (more details in [1,2])

Ep (t,x;Ly(A), H) = inf { |[x — x|y : x € Lp(A), [Ix0llL,(a) <t}
and the corresponding quasi-normed approximative space
&9 (Lp(A),H) = {x € Ly(A) + H: ||x]|g,, < oo},

o o dt 1/2¢9
Il = ([ 1725 0,01 )

The main result is the following isomorphism of quasi-normed spaces

1/9
&20 (Lp(A), H) = (Lp(A), H)0,2 ’
where on the right-hand side is the 1/9-power of best approximation space generated by the quadratic
modified real interpolation method with 0 < & < 1. This isomorphism provides the validity of the
following estimation for approximation errors:

Ep (t,x;Lp(A), H) < V8 ((1/97) sin(87)) %" |x|le,,, t>0

for all elements x € &y (L,(A), H) (see Theorem 3 that is also true for symmetric spaces Ly 4(A)).
This inequality fully characterizes the subspace of elements from H in relation to rapidity
of approximations.

Finally, note that inverse and direct theorems on best approximation estimates are proven in [3]
where, instead of the E-functional, the modulus of smoothness was used. Exact estimations for
approximation errors of spectral approximations for unbounded operators in Banach spaces, using the
Besov-type quasi-norms, as well as many examples of Besov-type spaces generated by various
unbounded operators, in particular elliptical operators, are given in the papers [4,5].

In the present paper, notions about interpolation and approximations tools are used without
additional mentions from well-known books [1,6].

2. Quadratic Real Interpolation of Invariant Subspaces

We assume everywhere that, on a Hilbert complex space H, endowed with the norm
| - |z := (|2, aself-adjoint unbounded linear operator A with the dense domain D(A) is given.
By the spectral theorem, the operator A and its positive powers have the following spectral expansions:

A= Adut (L), A5 = ASduf(\
Lo, 4= [ xdt (), sefoe)
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such that A% = x for all x € H (see, e.g., [7]), where u* is a unique projection-valued measure
determined on its spectrum o(A) C R with values in the Banach space of bounded linear operators
L(H) that can be extended on R \ ¢(A) as zero. For any Borel set ) C R, the spectral subspace is
defined to be the range

Hq := R[p*(Q)] c H.

Consider subspaces generated by domains of all powers A® of the operator A

D®(A):= (| D°(A), D*(A):={xe H: A’x € H}.

$>0

Letl <17 <ooand 1 < p < . The following mappings
D¥(A)>x+— (A/Tt)°x€H, s>0

are well defined. Hence, for any T > 1, we can assign the linear subspace L}(A) C H which by
definition contains all elements x € H such that the scalar function

x}:[0,00) 25— [[(A/T)°x||y
has the finite norm

[} 1/P
([ ncaroesiesas)  itr<p<e,

sup || e *(A/T)°x|| g4 if p=oo.
s>0

||x\|L;(A) =

This definition is correct, since, for any x,y € H and a € C, the following inequality holds:

oo 1/p
= avligen) = (7 1CA/2 G+ )y

™ 1/p
= ([T 1Arors v aaserullesas) < g+ ol Iylien

forany 1 < p < co. The case p = oo is similar, which proves the linearity of L;(A).
We will apply a quadratic modified real interpolation method. Given a couple of normed spaces
LI(A) (1=0,1),

(L5 (A) L3 (), 1< popr < oo

where elements x = x( + x; of the algebraic sum L} (A) + L}, (A) are such that x, € L7 (A), we assign
the quadratic K-functional with t > 0

. 1/2
K(t,x):K(t,x;L;O(A),L;I(A)): inf (onuzw)+t2||x1||§;](A))

X=Xp+Xx1

(see [2] (Definition 3.3), [8] (p. 318)). Note that this couple of normed spaces with a fixed T > 1 and an
operator A can be considered as a subspace in Ly, (A) + L;, (A) C H endowed with the quasi-norm

. 5 2 1/2
1Al (a)+15, (4) = nf (||x0|| v () Tl (A)) ,

which guarantees its compatibility ([1] (3.11)).
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For any pairindexes {0 < 9 <1, 1 < g < oo} or {0 < ¥ <1, g = oo} with the help of a quadratic
K-functional, we define the interpolation space

(5540, 5, (0)),,, = {x € L () + L3y (02 il 45, i, ), <)

9.4
</Ooo [t*ﬂK(t,x)r T)l/q ifl <g<oo
HXH(L;O(A)'L;I (A))”f’i - sup t ?K(t, x) ifg=o00
0<t<oo
endowed with the norm || - || (Lo ()L, (4), that is determined in the case ¢ < oo using the Haar

measure dt/t on the multiplicative group (0, c0). For this interpolation space, we will briefly denote

LY (A) == (L;O(A),L;(A))M with a vector index p = (o, p1). 1)
In particular, forany 1 <r < coand 1 < g < oo, the Lorentz-type subspace in H can be defined
with the help of the following linear isomorphism (see, e.g., [1] (p. 109), [9] (Proposition 2))

Ly (A) = (L7 (A), L&(A))sy withascalarindex p=r/9. )

In accordance with this definition, the Lorentz subspace L} ,(A) C H contains all scalar functions
x}(s) = ||(A/7)°x|| iy in the variable s € [0, o) belonging to L;[0, o), i.e., such that

T |1/ peT
550ty 3= 57256, .y <o

where the non-increasing rearrangement £, of the function x7,
25 (s) :==inf{o: A[z € [0,00): [x}y(2)] > 0] < s},

is defined via the Lebesgue measure A on [0, ). In other words, the function [0,c0) 3 s > s1/P£7 (s)
should be L,-integrable.
Let us describe the basic properties of the normed spaces L;,(A) and L ,(A).

Theorem 1. (a) The subspaces Ly,(A) and L;,(A) are invariant with respect to the operator A and the
following inclusions

Ly(A) % H, L;,(A)% H,

®G)
Lp(A) % Ly(A), Ly (A) % L 4(A)
forany t > T > 1 are contractive.

(b) The restrictions A |L;(A) and A |L§,q(A) of A on the subspaces L;,(A) and L; ,(A), respectively,
are bounded operators satisfying the inequalities
<7, )

AT

£(L5(4) [4 50| agayy < 7

(c) The spaces L;,(A) and L}, ,(A) with T > 1 are complete.
(d) Every spectral subspace Ho with a Borel Q) C 0(A) is contained in some L;,(A) and L;, ,(A) witha
large enough T > 1.

Proof. (a) The inequality |x[|g < supg.qe°[[(A/T)°x||lp = ||x[/;z(4) immediately yields the
contractive embedding L%, (A) & H.
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For 1 < p < oo, the following inequality with arbitrary € > 0 holds:
Il = [ ICA/T s

= ([ [T aroesitesas = [icarosaife s

By Lagrange’s mean value theorem, for any ¢, there exists 0 < ¢ < € such that
€
/0 I(A/T) x|y e~ds = |lxf; + e~ (A/ 7)1y > llxllF;- ®)

This yields the contractive embedding L;(A) & H forany 1 < p < cc.

Consider the case of a vector index p = (po, p1) with 1 < pg,p1 < 0. Let 1 < g < co. By the
known interpolation property of K-functionals (see [1] (p. 81) or [8] (Theorem B.2)), the contractive
inclusions L}, (A) ¢ H with both indexes 1 = 0, 1 imply that the inclusion

(LZO(A)/L;Z(A))M © H with 0<d<1

is contractive. In particular, it holds for the Lorentz-type spaces. Thus, as a summary result, we obtain
the inequality

¢l < xllig, % € Lig(A). ©
Forany T >t >1and 1 < p < co, we have ||(A/7)*x||}; < ||(A/t)*x||F;. Hence,
p — * Sy||P ,—s
50 = [ 1A/ ]y e~ds
* P osds — |1x|l?
< [ car g eas = =,
yields the contractive embedding L;(A) 4 L;(A). Likewise,

[x]|L5,a) = sup e [[(A/7)°x[[n
$>0

< sup e °[[(A/t)°x||lm = [[x[| 1t (a)-
s>0

Thus, Ly,(A) & L;(A) for p = oo is also contractive.
Similarly, for the subspaces L; ,(A), we obtain the inequality

Il ) < Nl gy %€ Lhg(d), t<T. %
The inequality (6) and (7) together yield all inclusions (3).
(b) Since A(A/7)*x = T(A/7)*Tlx forall T > 1, we get
A%y 0y = [ 1A Ty Axlfeds = [ A(A T x|y e~ds
_ TP/O I(A/7)Hx||P e 5ds
Y P —sg1/ p
= [T Arep e sastr < ol

Applying the already mentioned interpolation property of K-functionals (see, [1] (p. 81) or [8]
(Theorem B.2)), we obtain the inequality
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[Ax[|Ls 4y < Tllxl[g,a) for 1<g<oeo

and any p = (po, p1) with 1 < pg, p1 < 0. It at once follows (4).

(c) Let (xn) be a fundamental sequence in L;(A). For every ¢ > 0, there exists n. € N such that
|2 — xm||L;(A) < efor all n,m > n,. By the inequality (5), for any ¢ > 0 and t > 0, we find

ICA/E) ¥y 0y = [ ICAL Y 2y esds

— (/O€+/800> ||(A/T)t+sx\|ze_sds

€
Z/ 1A/ ) *5x]|fy e™ds > [|(A/7) x|
0

In particular, this inequality hold for the indexes p = 1, co. Consequently, by the known interpolation
property (see, e.g., [9] (Theorem 4)), we obtain

1A/ T)xllLg (a) 2 [(A/T)x[l - for 1< g <o, s>0.

It follows that {x,,: n € N} and {(A/7)°x,: n € N}, for every s > 0, are fundamental sequences
in H. By the completeness of H, there exist x,y € H such that x, — x and (A/7)%x, — y by the
norm in H. The graph of the operator A° is a closed subspace in H x H; therefore, y = (A/7)°x
and x € D(A). Since, it holds for any s > 0, we have x € D®(A). Hence, (A/7)°x, — (A/T)%x is
convergent by the norm in H for any s > 0.

Furthermore, we may apply a standard reasoning. For every s > 0, there exists the following
limits (A/7)°(xy — xm) — 0and (A/7)*(x; — x) — O for all m,; > n, such that

(A7) Gom —xn)llg < e and  [[(A/)(om —2) [ < e

for all m > . From | (A/7)%x | < | (A/T)%ag gy + 1A/ Gom — 20l gy + I (A/T) (o = )
it follows that
(A/T)°x|| gy < [[(A/T) % ||y +2ee™® forall s>0.

By integration with the weight ¢~%, we find
—S
Hx”L;,q(A) < Hxng ”L;,q(A) +4ee”".

Hence, x € L} (A), which is the same in the case L;(A). Moreover, by integration with the weight
e, the inequality

1A/ (= )1y < |[(A7 0 Gome = )|, + || (470 Gen = 2|
and we find that |[x, — x|y (a) < 4ee™* forall n > n.. Thus, L}, ;(A) is complete. The case L;,(A) is
fully similar.
An alternative reasoning can also be used. Since both spaces L;(A) and LY (A) are
complete, the interpolation space L} ;(A) is also complete in accordance with ([1] (Theorem 3.4.2
& Lemma 3.10.2)), [6].

(d) Let1 < sup{|A|: A € O} < Tand 1 < p < oco. In accordance with the spectral theorem,
the restriction A|p,, is a bounded operator on the spectral subspace H. Hence, using the inequality
[Ax([l < [|Almq [l x][ 1, we get

| el esds < (lAlugllixl)? [~ esds
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for any x € Hp, where
/°° e tds— — and || Alp|| < oo
0 1+plnt Q

Thus, every spectral subspace Hq, is contained in some L} (A) with a large enough .
For p = oo, we similarly obtain

sup [[(A/T)x[|n < [[Almg [[Ix/l7sup(1/7)* e < |[Alng [l |x]| 1
$>0 s>0

forall x € Hq, i.e.,, Hy C LL,(A) for alargeenought > 1. O
3. Dense Quasi-Normed Invariant Subspaces

Now, we consider the union

Ly(A) == |J Lj(A) with the quasi-norm |x[L,(a) = inf{t>1:x € L;(A)}

™1

which is a linear subspace in H, in view of the monotonicity of subspaces resulting from Theorem 1(a).
Similarly, we define the linear subspace in H

Lpq(A) = Ly, ,(A) with the quasi-norm ‘X|LM(A) =inf{t>1:x¢ L;,q(A)}.

™1

The correctness of these definitions follows from the elementary considerations that

e, (a) = inf{r >1ixtye L;,q(A)}
:inf{t+s >1l:x+y€ L;;S(A)}
< inf {t +s>1l:xell,(A)ye L;,q(A)} < Jxle,,ca) + yle, (4
for all x € L;,q(A), y € L} ,(A). Obviously, |x|L,,,,,(A) = |- x|LM(A)- As a result, |- |Lm(1“) is
a quasi-norm.

In the following statements, we describe the basic properties of quasi-normed spaces L,(A)
and Ly 4(A).

Theorem 2. (a) The linear subspaces Ly(A) and Ly, 4(A) are dense in H and the restrictions of A to these both
subspaces are contractive.
(b) The spectrum o (A) of the operator A allows the following decompositions:

o(A)=ve (A \L;(A)) =U ‘T(A |L;,q(A)> :

1 1

Proof. (a) By the spectral theorem, the collection of spectral subspaces Hn with all Borel subsets
Q C o(A) is total in H. Hence, from Theorem 1(c), it immediately follows that the union
Lpg(A) = Uez1Lp,(A)is dense in H.
Since A[L} ,(A)] C L} (A) and L ,(A) C L}, ,(A) forall t > 7, we find that
|Ax|LM(A) =inf{T>1: Ax € L;’q(A)}

<inf{t>1:x €L, (A)} = [x[r,, (a)

The case of spaces L}, ,(A) is similar.
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(b) Forany A € C\ ¢(A) and x € L;(A), the equality
—A)" T)’x = T —A)"x, s>0
(A=A N A/T)x = (A/T) (A - A)!
holds. Thus, in the case 1 < p < oo, we get
I = A5y = [ 10 = A A/ e s

<N =AMy [N/ e

= (A - A)ile(H)”pr;(A)'

Thus, A € C\ 0(A|L;(A)). It follows that o (A |L;(A)) C 0(A) forany T > 1. For p = oo, the reasoning
is similar.

Let O C 0(A) be a Borel set. By Theorem 1(c) for the corresponding spectral subspace Hp,
there exists T > 1 such that QO C [—7, 7]. Then, forany A € C\ O'(A|L;(A)), we have

(A — A)_lefﬂA) < A = A) Yl zpcap xlga)-

If (x4) is a fundamental sequence in L;(A) with the limit x € L;(A), then the following sequences
((A—A)"Y(A/7)5xy) for every s > 0 are fundamental in H and

lim (A — A) "N (A/T)x, = (A— A)"HA/1)°x

n—oo

by the closeness of operators (A/7)° on H.

By Theorem 1(c) Hn C L (A), hence the resolvent (A — A)~1is well defined and closed on Hp.
By the closed graph theorem, the resolvent (A — A)~! is bounded on Hq, for any A € C\ (A| L5( A
ie, A€ C\o(A|n,) Asaresult,

o(Alg,) C (T(A‘L;(A)) if Qc][-1,1.

The inclusions that are implied from the spectral theorem still need to be used. As a result,

oA = | oAl c U U(A |L;(A)) C o(A).
QCo(A) 1

The case of the space L; ;,(A) with 1 < ¢ < c0is completely similar. [

Remark 1. Since A'™5(A/t)x = T'75(A/t)"x forall t > s > 0, we can rewrite the first inequality (4) as
t At v
Al = ([ 147 (Arelfesas)
=7 </ (A7) x|t esds>
0

0 1/p
__ t—s s P —s t—s
=7 (/ A/ xbe ds) < Tl g ).

t—s

1/p

4. Estimates of Best Approximation Errors

We study in this section the case of best approximation, where the compatible pairs are
quasi-normed invariant subspaces L, (A) in the initial Hilbert space H, generated by a given
self-adjoint operator

A:D(A)>x+— Ax € H.
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Let 0 < & < 1. For the pair indexes 1 < 7,q < co, we assign the Banach spaces

LT (A) _ (L;O<A)’L;1 (A>)l9,q’ p= (POr Pl)r 1< Po, P1 < oo,
" (LE(A),LL(A))y,, p=r/8,  1<r<oo.

We will investigate the compatible couple of spaces (L, 4(A), H) in which

Lyq(A) = | L;,(A), endowed with |x[p,,(a)y = inf{T >1:x € L} ,(A)},

™1

is a quasi-normed subspace in the Hilbert space H. This couple is compatible, since the sum
Ly4(A) + H possesses the well defined quasi-norm

_ inf 2 2 172
¥l s = in  (Ixoff, ca) + lal)

Apply now to this compatible couple (L,4(A), H) the quadratic modified real interpolation
method. Let us define the suitable quadratic K-functional with t > 0

) 1/2
Kpa(t,¥) = Kpgq (65 Lpq(A) H) = inf (o2 0 +LlxlE)

X=xp+Xx1

Using this functional, we define the corresponding real interpolation space
(Lpq(A), H)y, = {x € Lpg(A) +H: HxH(L}M(A)IH)oz < oo} ’

.7 ' 2 41\ /2
¥y, = (e 0] %)

endowed with the quasi-norm || - || (Lpq(A)H), -
G 4 9,2

Furthermore, we will deal with the problem of estimating the best approximations of elements of
the Hilbert space H by invariant subspaces Ly, ;(A) of the operator A.

To estimate these best approximation errors, we apply (see, e.g., [1] (Chapter 7)), the so-called
approximation E-functional Eg (¢, x; L, 4(A), H) with x € L, 4(A) and ¢ > 0 in the following form:

Eqp(t,x) := Eqp(t,x; Lyq(A), H)

= inf { [|x — xo||y : x € Lpq(A), [Ix0llL,,a) <t} ®)
For each index 0 < & < 1, we assign the quadratic approximation subspace
&9 (Lpg(A),H) C Lpy(A)+H
endowed with the quasi-norm || - | ,,, where
Ep =& (Lpg(A), H) = {x € Lyg(A) + H: ||a||g,, < o},

1/29 )

Sl 20dt
Iolles = ([ (417 g e )

Following ([1] (Exercise B.5)) (see also [8] (Appendix B, p. 329)), we use the normalization factor

Ngo: = (/Ow 1720 /(14 £2) dt) o = ((2/7) sin(78)) 2.
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The following theorem contains the main result:

Theorem 3. (a) The following isomorphism with equivalent quasinorms

1/¢
20 (Lpg(A), H) = (Lpg(A), H)y, (10)
holds, where (Lp,q (A),H) 39/ 2219 means the real interpolation space (Ly4(A), H) , , endowed with the quasi-norm
Hle/Zﬂ
(Lpq(A)H),,

(b) The following estimation of best spectral approximation errors

1/2¢9

Epq(tx) < t77V0((1/07)sin(97)) "~ ||x[|g,, t>0 (11)

is achieved for all elements x € Eyp (Lp,q(A), H).

Proof. (a) First, note that t_1+1/l9Ep,q(t,x) —~0as t—0 and as t — oo (see [1] (Section 7.1)).
Let us define

Keo(t, x) := x:ixr(}frxl max (||x0||Lp/q(A),t||x1||H), t>0.

Then, similarly as the above, t’ﬂKm(t, x) — 0ast — 0and as t — oo (see [1] (Section 7.1)). Integrating
by parts with the change of variables v = t/E, 4(t, x), we similarly to [4] get that

[eS) 2 oY)
/ (v‘ﬂKoo(v,x)) do_ 1 I(oc,(v,x)zdv_219
0

v 29 .
_ —20 =20 ;.2
_ 219/ Ko (0, )2 219/ (t/Epq(t,x)) 2 dt (12)
~00 20 dt
_ - —141/9 had
= /0 (¢ Epq(t,%)) .

The following inequalities are a consequence of definitions Ko and Ky, 4 (see [2] (3.1)),
Koo(t, x) < Kpg(t,x) < 2" 2Koo(t, %). (13)

According to the above equality (12) and the left inequality from (13), we have

1 [®/_ 20 dt
5l =5 / t”WEp,qu,x)) o

i 2dv 2
[ < e o,

On the other hand, from the right inequality (13), it follows that

e 2 do
2 _ -9 _9 av
s = () 22 (ot

_ 2 (%1418
S T Ep,qu,x)) L= 2,

As a result, from the previous inequalities, we get

< 2(40) VI, < 2017, (15)

7 (Lpa(A).H),, (A)H),,

forall x € L,4(A). Hence, the isomophism (10) holds. The statement (a) is proved.
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(b) Let us use the auxiliary function

flo/t) = (/0 (1+ (v/t)Z)*m, Lo > 0.

By integrating both sides of f(v/t)%Kp4(t, x)? < K, 4(v, x)?, we find

/0°° (U’&f(v/t‘ﬁ2 d?va,q(t,x)q < /O°° (viﬁKPrW@' x)>2 d?U - Hx”%LM(A)'H)M’

as well as

_1@

o= (s 0)" % = (1¥Ng2) 2

/O°° 020/t (1+ (0/1)?)

It follows that

/2
® 2dv 2\ _ Kpaltx)
</O (v f(v/t)) v Kp,q(t,x) - tﬂNﬂ,z = HxH(Lrbq(A)IH)o,z'

Thus, Kpq(t,x) < t*Nga| x|| (Lpa(A)H),, and, taking into account (13), we have

Keo(t,x) < tﬁNﬂ,ZHXH(LM(A),H)M’

Applying the known inequality from [1] (Lemma 7.1.2), we get that, for a given v > 0, there exists
t > 0 such that

1-9 [ -0
(% Ep,q(v, X) <t Koo(t, X) < N@QHXH(LWI(A)IH)&’Z.

As a result, from (15), we obtain v! "9E, ; (v, x)? < 21/2(48)71/2Ny, HngM or
- - 1/8
Ep,q(v,x) <o l+1/1921/219(4l9) 1/219N19,/2 HXHEN'

Substituting values of the normalisation factor Ny, we get the inequality (11). [J

5. Conclusions

The motivation of a given publication is to present precise estimates of best quadratic spectral
approximations for self-adjoint operators in Hilbert space. The solution to this problem is included
in the main Theorem 3. This is our first quick publication in this direction. In the future, we plan
to analyze the connection of our results with various already known studies in the near areas of
the best spectral approximations theory. At the moment, the analysis of such connections is not yet
complete—in particular, towards the research presented in publications from recent years [10,11].
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