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Abstract: We provide a comprehensive overview of metric-affine geometries with spherical symmetry,
which may be used in order to solve the field equations for generic gravity theories which employ
these geometries as their field variables. We discuss the most general class of such geometries,
which we display both in the metric-Palatini formulation and in the tetrad/spin connection
formulation, and show its characteristic properties: torsion, curvature and nonmetricity. We then
use these properties to derive a classification of all possible subclasses of spherically symmetric
metric-affine geometries, depending on which of the aforementioned quantities are vanishing
or non-vanishing. We discuss both the cases of the pure rotation group SO(3), which has been
previously studied in the literature, and extend these previous results to the full orthogonal group
O(3), which also includes reflections. As an example for a potential physical application of the results
we present here, we study circular orbits arising from autoparallel motion. Finally, we mention how
these results can be extended to cosmological symmetry.
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1. Introduction

By its geometric nature, the description of gravity within the theory of general relativity stands out
from all other field theories. The quest for a unified field theory, together with tensions posed on general
relativity both by cosmological observations and its consistence with quantum theory, have therefore
led to the development of a plethora of alternative gravity theories [1]. The fact that all other forces of
nature are modeled by gauge theories, so that the fields mediating these interactions are described
by connections on principal bundles, motivates a similar approach to gravity, thus introducing a
connection as a fundamental field to mediate the gravitational interaction. Further taking motivation
from the idea that gravity is linked to the geometry of spacetime itself, the most straightforward choice
is to consider a connection in the frame bundle of spacetime; i.e., an affine connection. Finally, taking
into account that observations suggest to use a Lorentzian metric to describe the dynamics of fields
and particles on spacetime, one arrives at the notion of metric-affine geometry, and hence the class of
metric-affine theories of gravity [2].

Particular subclasses of metric-affine geometries appear in various theories of gravity.
Einstein—Cartan gravity [3,4], and the more general class of Poincaré gauge theories [5,6], make use
of a metric-compatible connection. In general relativity, this is further specialized to the unique
metric-compatible, torsion-free connection, which is the Levi-Civita connection. The latter constitutes
one corner of the so-called “geometric trinity of gravity” [7], which in addition comprises of the
equivalent formulations of general relativity in terms of metric teleparallel [8,9] and symmetric
teleparallel [10] geometries. Combining the latter two, one arrives at a general teleparallel geometry,
featuring both torsion and nonmetricity [11]. Numerous modified gravity theories based on these
geometries have been studied.
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An important task in the study of gravity theories is determining exact solutions to their
field equations. This task is often simplified by considering solutions with spacetime symmetries;
i.e., invariance under the action of a symmetry group on the underlying spacetime manifold. For
the class of metric-affine geometries, this notion of symmetry can be derived by realizing that they
are particular classes of Cartan geometries, for which a more general notion of symmetry has been
derived [12]. This is the notion of symmetry we use in this article. It generalizes the more restricted
notion for metric teleparallel geometries used in an earlier work [13]. Here we focus on spherical
symmetry, which is of particular importance, since it is typically assumed for non-rotating compact
objects, such as stars, black holes or exotic objects like wormholes.

The study of metric-affine geometries with spherical symmetry has a long history. For the most
general metric-affine geometry featuring torsion, nonmetricity and curvature, explicit expressions
have been obtained for a parametrization in terms of torsion and nonmetricity [14]. Particular
spherically symmetric solutions of metric-affine gravity theories have been studied, e.g., in [15-18].
For the case of Poincaré gauge theory, in which only torsion and curvature are present, spherically
symmetric geometries have been studied; e.g., in [19-31]. Solutions of Einstein—Cartan theory have been
discussed, e.g., in [32-36]. For the case of teleparallel gravity, where only torsion is non-vanishing, see,
e.g., [13,37-42]. Additionally, for various other theories based on metric-affine geometry spherically
symmetric solutions have been discussed [43-51].

The aim of this article is twofold. Its primary aim is to provide a compendium of metric-affine
geometries with spherical symmetry, ordered by the vanishing or non-vanishing of its characteristic
tensorial properties—torsion, nonmetricity and curvature, and to provide explicit parametrizations
which help to simplify the obtained expressions. These parametrized geometries may directly be inserted
into the field equations of any gravity theory based on the corresponding subclass of metric-affine
geometries, in order to find its spherically symmetric solutions. While such a parametrization has
been provided already for the case of the symmetry group SO(3) of proper rotations [14], we extend
this result to the full orthogonal group O(3), including reflections. Another aim of this article is to
demonstrate the method used for finding these spherically symmetric geometries, and thus to serve a
didactic purpose. Using the same method, it is possible to determine metric-affine geometries satisfying
other spacetime symmetries, such as planar or cosmological symmetry. We briefly display also, the most
general metric-affine geometry with the latter kind of symmetry, to demonstrate how it follows from the
spherically symmetric case which we study in detail.

We emphasize that it is not the aim of this article to determine exact or approximate solutions
to the field equations of any specific gravity theory or class of gravity theories. We do not choose any
specific theory or class of theories in this article, or consider any field equations. The object of our study
is given purely by the metric-affine geometries underlying such gravity theories, and by the action of
spacetime symmetries; in particular, the spherical symmetry—on these geometries. Choosing a gravity
theory or class of theories and solving the corresponding field equations in spherical symmetry is an
additional step, which is beyond the scope of this article.

The outline of this article is as follows. In Section 2 we briefly review the notion of symmetry for
metric-affine geometries, using both their metric-Palatini and tetrad /spin connection representations.
We then derive the most general spherically symmetric metric-affine geometry in Section 3, where by
spherical symmetry we consider symmetry under proper, orientation-preserving rotations only.
The properties of this geometry are discussed in Section 4. We consider particular subclasses in
Section 5, by imposing additional constraints on the connection. Our results are extended to the full
orthogonal group, including reflections, in Section 6. As a potential physical application, we study
orbital motion along the autoparallels of the affine connection in Section 7. Finally, we provide an
outlook towards cosmological symmetry in Section 8, by displaying the most general metric-affine
geometry obeying this symmetry. We end with a conclusion in Section 9.
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2. Symmetries of Metric-Affine Geometries

The starting point of our derivation is the notion of spacetime symmetry for metric-affine
geometries, which is derived from a more general notion of symmetry in Cartan geometry [12], and
which we briefly review here. We do so in two formulations, based on different variables describing the
geometry. We use a metric and an affine connection in Section 2.1, and a tetrad and a spin connection
in Section 2.2.

2.1. Metric-Palatini Formulation

We begin our review of symmetries of metric-affine geometries using the metric-Palatini
formulation, according to which we will consider metric-affine geometries defined on a spacetime
manifold M in terms of a metric g, and a connection with coefficients I'*,,. We use the convention
in which the last index of the connection is the “derivative index”; i.e., the covariant derivative of a
vector field X* in this convention reads V;, X" = 9, X" + I"" 5, X“. This will be important later, since in
general we will assume that the connection is not symmetric; i.e., it may possess torsion.

The notion of symmetry we use here is motivated by a previous study of symmetry in the
language of Cartan geometry [12] and its application to teleparallel gravity [13], which is a special
case of the metric-affine geometries we consider here. In the following, we will consider the action
¢ : G x M — M of a group G on the spacetime manifold M. Denoting by ¢, : M — M for u € G the
induced diffeomorphism, which maps x € M to ¢, (x) = x’, the metric and the connection coefficients

transform as 9xP 9517
. x'P ox
((Pug)}ﬂ/(x) = gPU(xl) oxH oxV M)

and L 0xM XY 9x'T  oxM 9%x!
(Pul)vp(x) =T wo(x )ax/T 9 9P 9xT dxVorxP 2)
We call a metric-affine geometry symmetric under this group action, if and only if for every u € G,
the metric and affine connection are invariant; i.e., (¢;;¢) v = guv and (¢;T)#yp = Ty, forallu € G.
In practice, it is often more convenient to consider the infinitesimal action of the symmetry group,
in terms of the generating (or fundamental) vector fields Xz, where ¢ € g is an element of the Lie
algebra of the symmetry group G. The infinitesimal transformation of the metric-affine geometry is
then defined by the Lie derivative

(Lx:8)uw = Xz9pguv + 0 XE v + 0y Xzgup ®)
and

@)
1

- VPVVXé - XgRprg' - VP(XgTVVg') ’
where the last line shows that the Lie derivative of the connection coefficients is actually a tensor,
which can be expressed in terms of the curvature and torsion

Rpa;u/ = ayrpm/ - avrpay + FPT‘urTm/ - rprvrrrry 7 Tp;u/ = F‘Dvy - rpyv (5)

of the connection, which we display here in order to clarify the conventions we will be using. We see
that a metric-affine geometry is symmetric under a group action if the Lie derivative of the metric
and the connection vanish for all generating vector fields, (L£x,g)u = 0 and (Lx,I')#y, = 0 for all
¢ € g. This infinitesimal description is equivalent to the aforementioned description in terms of the
group action, provided that the group is connected. For this reason, we will in the following consider
spherical symmetry as invariance under the action of the pure rotation group SO(3). A generalization
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to the full orthogonal group O(3), which contains two connected components, and for which the
purely infinitesimal treatment is insufficient, can be found in Section 6.

2.2. Tetrad/spin Connection Formulation

Alternatively to the metric-Palatini formulation discussed above, one may also express the
metric-affine geometry in terms of a tetrad 6, and a spin connection w”;,, which define the metric
and the affine connection coefficients through the relations

Suv = Uabeaygbv (6)

and
N (apeﬂv + wahp()bv> , @)

where 1,, = diag(—1,1,1,1) is the Minkowski metric and e," is the inverse tetrad satisfying 0% ept =
0y and 07;,e," = 5;.

In order to understand the notion of symmetry in this formulation, first note that under a
diffeomorphism the tetrad and the spin connection transform as one-forms,

/ a v * a a / a v
(@10)3(x) = 0 (¥) 5, (9360) mu(x) = w0 () S ®)

Taking a look at the first relation, we find that the group action and the tetrad together define a
map A : G x M — GL(4) such that

Afp (1) (918 (x) = 6% (x) ©)

for all (u,x) € G x M. In other words, A,(x) € GL(4) is the unique matrix which relates the
transformed tetrad (¢;0)?, and the original tetrad 6%, at the point x. It is now easy to see that (¢,;6)",
and 67, define the same metric if and only if they are related by a local Lorentz transformation;
i.e., if and only if A, (x) € SO(1,3) for all (u,x) € G x M. Hence, we will consider a tetrad symmetric
under the group action ¢ if and only this condition is satisfied. Further, we find that (¢;I')#,, = T*,,
if and only if

(@) b = (A7) Ay ay + (A1) Ay - (10)

We can also express these conditions in an infinitesimal form. For this purpose we write the Lie
derivative of the tetrad in the form

where Az (x) € gl(4) for a general (not necessarily symmetric) tetrad is given by

d
/\C(x) = aAexp(tC) (x) ’ (12)

t=0

and exp : g — G is the exponential map. In this case we find that the metric is symmetric, (Lx.g)uv = 0,
if and only if Az(x) € so(1,3) for all (¢, x) € g x M. Further, we find that the Lie derivative (4) of the
connection (7) can be written as

(Lx,T)up = e [ebv(ﬁxgw)”bp +DP(EX§9)“,,} = e,0%, [(Lxgw)“bp - D, gb} , (13)

where the second equality comes from the definition (11) and we introduced the total covariant
derivative
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DyAgy = 0uAfy + W epAgy — wpuAie, (14a)
Dy(Lx,0)" = 0(Lx,0)" + "y (Lx,0)"v = TPup(Lx,0)"% (14b)

which satisfies the “tetrad postulate”
0=Dy0% = 9,0% + wy, 0%, —T*,,0%, (15)

as a consequence of the definition (7). Hence, we find that the connection is symmetric under the
action of the symmetry group if and only if the spin connection satisfies

(EXéw)aby = —eb”Dy(EXf;Q)“V = DpAZ‘h (16)
for all (&, x) € g x M. This is the notion of symmetry we will apply in the following sections.

3. Metric-Affine Geometry with Spherical Symmetry

After discussing the general notion of symmetry for a metric-affine geometry, we now come to the
particular case of spherical symmetry. We proceed in the following steps. We introduce the coordinates
and conventions used for the symmetry generating vector fields in Section 3.1. We then briefly review
the well-known derivation of the most general spherically symmetric metric in Section 3.2, where we
also introduce the convenient parametrization we will be using. For the connection, we derive the
most general spherically symmetric coefficients in Section 3.3. Finally, we discuss the tetrad and
spin connection in Section 3.4. Note that here we consider spherical symmetry as invariance under
the action of the pure rotation group SO(3); see Section 6 for a generalization to the full orthogonal

group O(3).
3.1. Symmetry Generating Vector Fields

In the following we will consider the symmetry of a metric-affine geometry under the rotation
group, whose action on a spacetime with coordinates (t,7,9,¢) is described by the generating
vector fields

cos @ sin ¢

Xy = sin oy + tanﬂa(’“ Xy = —cos pdy + tanﬁa(,,, X; = —0yp. 17)
They satisfy the commutation relations
[Xx/ Xy] = Xz ’ [Xy/ Xz} = Xx ’ [Xz/ Xx] = Xy ’ (18)

which is the Lie algebra so(3) of the rotation group.

3.2. Metric

The most general metric with spherical symmetry is well known [52]. Here we briefly review
its derivation, to exemplify the calculation which we will apply to the more involved case of the
connection in the following section. First, demanding axial symmetry yields the condition

(L£x.8)yw = —9p8u =0, (19)

so that the metric components must be functions of the coordinates ¢, 7, ¢ only. In the next step, one
considers the linear combination

cos ¢(Lx, &) +sing(Lx,8)uw = 0. (20)
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The advantage lies in the fact that the resulting equations are purely algebraic and take the form

10 = 8t = 8r9 = 8rop = 809 = Sgp — ZooSI° ¥ =0, (21)

and are easily solved. The remaining equations

sing(Lx,8)uw — cos p(Lx, &) =0 (22)

then become similarly simple, and imply that the remaining independent components g, grr, $tr, S8
must be functions of t and r only. Note that by a coordinate transformation, one can still eliminate the
component g [52]; however, we will keep the general form here for later use. This will leave us the
freedom to choose different coordinates, in which the metric exhibits off-diagonal components, but in
which other fields under investigation may take a simpler form.

Additionally, for later use, we introduce the parametrization

gt =992 c0sGs, g =e9"%cosGs, g =e9sinGs, ggo = % (23)

in terms of free functions Gi(t,7),...,G4(t,r), which will turn out to simplify various expressions
we derive.

3.3. Connection

We then come to the connection. Demanding that the Lie derivative (4) of the connection
coefficients with respect to the vector field X, vanishes, which simply reads —a(pva, leads to the
condition that they must be independent of ¢; hence, they are functions of ¢, , ¢ only. To proceed with
the remaining symmetry generating vector fields, as in the metric case it is helpful to consider first the
linear combination

cos p(Lx, )y +sing(Lx, )y =0, (24)

which turns out to yield a set of purely algebraic equations. These equations take the form

Mg =Ty =Ty =T g=Ttp =Ty =T"ry =T"y =0,
=Ty =Tg=T4=Tp=0y=T¢g=0%=0,

I =T% =% =1% =19, =1 =19, =T%, =0, (25)
9 9 9 9 ¢ o o9
% TP =T%3 —T%, =T%, — TPy =T%, —T?,, = Ttgs — =175 — =0,
2% te rd rQ ot ot Or Qr 99 Sin2 9 90 Sin2 9
r?, re, e, re,,
Too4T s =T g0 + 1709 =T+ —2 =T+ —L =TP + —2 =T, +—2 =0,
S 90 O¢ 99 £ sin? ¢ ro sin? ¢ ot sin? ¢ or sin? ¢
T =T, =T 9 =T9p9 =T%9 =0, T, =T%,9=cotd, I, =—sindcos?,

and determine 44 of the 64 components of the connection coefficients in terms of the remaining 20
components. These components are further constrained by imposing the remaining linear combination

sin ¢(Lx,I')#p — cos (p(EXyF)“Vp =0 (26)
of the symmetry conditions, which take the form

a191—‘ttt = a191—‘itr = aﬁrtrt = aﬂrtrr = aﬂrrtt = aﬁrrtr = aﬁrrrt = a191—7;';' = 0/
aﬂr(Ptﬁ —+ cot 191“%9 = 8191“"”,19 + cot 19F(P719 = agr(Pm + cot ﬁr(P&t = 8191*"’19, + cot 191-'(?197 =0,
99Ty — 2ot BT 5y = 9pT" pp — 2Ot BT = 9T 9 — COt BT 1 = I9T” g — cOt BT g = 0.
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We find a number of differential equations, which fully determine the dependence of the remaining
components on the coordinate ¢#. They can be solved explicitly, and their solution is expressed in terms
of 20 functions Cy (t,7), ..., Cy(t,r) of the remaining coordinates f, r as

Fttt - Cl s rttr - CZ/ rtﬂ - C3/ rtﬁ’ - C4/ Ftl?ﬂ = C9/
I't=Cs, T"p=Cs, T"=0C7, T'yp=Cg, T'y9=Cro,
Fq)tq) = Iﬂgtﬂ =Cu, F(Prgo = Fﬂrﬁ =C12, rq]got = rﬂl% =Ci3, rq)qor = rﬂﬂr =Cu,

G, . C .
F(Ptlg = sin519 ’ Fﬂtqg = —615 Sll‘ll9, qurg = Sl% ’ Fﬂrq, = —C16 Sll‘ll?, (28)
C17 9 . Cis 0 .
I = snd’ It = —Ciysind, T? = snd’ Iy = —Cigsind,
rtq,g = Clg sin19, Ftw = —C19 sin19, F’(w = Czo sin19, 1—*719(? = —C20 sin 19,
rtfpfp = Cosin’ &, I"pp = C1o sin’ 9, [%9y =T%,9 = cot?, 1"19(,,(,, = —sindcos¥.

One easily checks that these satisfy the symmetry conditions.

3.4. Tetrad and Spin Connection
In order to construct a tetrad and spin connection which satisfies the conditions of spherical
symmetry, one may start from the metric (23) and affine connection (28) derived in the previous section.
For the tetrad, it is sufficient to choose any tetrad for which the metric (6) obeys the spherical symmetry.
One may thus choose, e.g., the tetrad
00 = ¢91192 cos G5 dt — €91~ 92 sin G5 dr, 0% = ¢94do,
0! = ¢91792 gin Gy dt + €919 cos G5 dr, 03 = ¢Jisinddg, (29)

where we wrote G; = G;/2 for brevity. Inserting this tetrad in the definition (7) and solving for the
spin connection then yields the non-vanishing components

0 0 0 0 3
wo=38, wo=8, wi=58, wi =358, wy=cost,

1 1 1 1 2
th:S5, wOr:S6; w1t287, wlr:Sg, w3 :—COSI9,
?
0 1 3 3
w w w w
0o _ W3 1. _ %3 2 W0 2 1g
woy=——9=8, woy=—"73=80, Ww==—79=51, Wis=——7 =351, G0
sin® sind sind sind
2 2
w w
2 3 2 3 3 O¢ 3 1g
Wy =w’z =8 W, = w’3, =8 W’y = —— =8 w1y = —— =8
2t 3t 13 2r 3r 14 , 09 sind 15/ 16 sind 16/
0 1
wp w
3 _ 2 3 2 0o _ [ 1 ¢
W’y = —w3 =817, W’y =-—w3 = SEig, w”__smﬁ_slg’ w319——sim9—520,

where the different parametrizations are related by
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C1 = Sycos” Gz + (83 + S5) sin(2G3) + S7sin® G3 + Gy + Goy,
Cr = Spcos® Gz + = (84 + Se) sin(2G3) + Sgsin® G5 + G1, + G v,
G [53 cos”Gs + 5 (57 — &1)sin(2G3) — S5 sin® G5 — g~3,t] e~20
Cy = {84 cos? Gy + = (Sg — 8,)sin(2G3) — Sgsin® G5 — g},,,] e 292
Cs = {85 cos?Gs + = (57 — 81)sin(203) — S3sin” G5 + g~3,¢} 2%,
Co = {86 cos?G3 + = (Sg — 8,)sin(2G3) — Sysin® Gs + Qg,r] 20 31)
C7 = S7cos” G5 — 5(53 + 85)sin(2G3) + Sy sin? G3 + Gij — Gay,
Cg = Sgcos® Gz — %(34 + Ss) sin(2G3) + Sasin*G3 + Gy — Gar,
Cy = (S105in G3 + Sg cos G3 )e G4=G1—0 , Ci1 = (S11cosG3 — SppsinGa)e G1+G2—Gy )

Cio = (Sigcos Gz — Sy sin G3)e¥ 1+G2 ,  Cip = (S11sinG3 + Spp cos 93) ¢91=92-0s ,
Clg = (820 sin g~3 + 819 Cos gg) 94=G1-G , 615 = (315 Ccos g3 — 816 sin g3) G149~ ,

Cao = (Sagcos G3 — Sygsin G3)e94~9119%2 | C1g = (Sy55in Gs + Sy cos Gz )ed1 9279,
Ciz =Si3+ Q~4,t, Cia = Sys +g4’r, Cir = S17, Cig = Sis.

Qx
Qx

This generalizes the spin connection found in [14] for a diagonal tetrad. Of course, every other
tetrad and spin connection which are related to the original tetrad and spin connection by a local
Lorentz transformation A : M — SO(1,3) via

0 = A0, Wy = A% (AT gy + A" (AT, (32)

which also satisfies the conditions of spherical symmetry. This allows us to obtain different, alternative
representations of the spherical metric-affine geometry. Here we restrict ourselves to listing only
one example, since the tensorial quantities, which we will calculate in the following sections, are
independent of this choice. See, e.g., [13], for a number of alternative tetrad representations of the
spherically symmetric metric and the Lorentz transformations relating these different tetrads.

4. Properties of the Geometry

We now discuss a number of properties of the most general spherically symmetric metric-affine
geometry, which we derived in the preceding section. In particular, we calculate its torsion in Section 4.1
and its nonmetricity in Section 4.2. This will lead us to the decomposition of the connection into the
Levi—Civita connection, the contortion and the disformation in Section 4.3. Finally, we discuss the
curvature in Section 4.4

4.1. Torsion

We start by discussing the torsion T#,, = I'*,, — "}, of the most general spherically symmetric
connection (28). We find that its non-vanishing, independent components are given by

T’y  Ci7—Cis
) - " ’
511119 o4 sin ¢ (33)
T _ Ci8—Cio
sin? ¢ sin ¢

T =C3—Ca, Tlgy=2Ci9sin®, T’y =T% =Ciz—Ci1, T?s=—

T =C7—Cq, T'gp=20C0sind, T'p=T%y=Cyu—Cp, TPp=—
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Note that the torsion depends only on eight particular combinations of the parameter functions
C1,...,Cy. This will become relevant in Section 4.3, when we decompose the connection.

4.2. Nonmetricity

We then continue with the nonmetricity Qup = V,gp. The non-vanishing, independent
components for the metric (23) and the connection (28) take the form

Qut = —e! :(265 — %2 gS,t) sinGs — (2C1 — Gyt — Ga ) €% cos 93} ,
Quit = —e% [ (205 — ¢%Gs,.) sinGs — (202 = G, — Ga,1) e cos Gs |,

Qtrr = —e91 :(203 + €_g293,t) sinGs + (2C7 — it + Gay) e 92 cos 93} ,
Qprr = =91 :(204 + e_gzg?),r) sinGs + (2Cs — G, + Ga,) e~ 92 cos Qa} ,
Qitr = —€91 |(C1 +C7 — Gy ) sin G5 — (Csegz — Cse %2 + g3,t> cos gs} ,

(
Qrty = —€91 _(Cz +Cs — G1,)sinGs — (C4€g2 — Cee™92 + g3,r> cos gs} ,

Qt
Quoo = —a0 =9 (G4 — 2C13) , (34)
sin® ¢
Q
Qros = —ob = % (Gy, — 2C14)
sin” ¢

Qoo = —Qotg = [C15€g4 + (Czo sin G3 — C19€%2 cos ga) egl} sind,

Quro = —Qory = [Cmeg‘* + (Clg sin Gz + Cape™ %2 cos 93) egl} sind,

Qore = s?r?% = —Cppe% — (Clo sin G5 — Coe92 cos g3> e,
Qoro = S?Ifzr% = —Cppe% — (C9 sin G5 + Cype ™92 cos 93) e91.

In total, we have 12 independent components. The significance of this observation becomes clear
in the following section.
4.3. Connection Decomposition

We now make use of the fact that the coefficients of an arbitrary connection can uniquely be
decomposed in the form
r”vp = Iva + K”vp + Lyvp ’ (35)

where I'*y, is the Levi-Civita connection of the metric g, K*;, is the contortion

Kyp = = (ToMp 4+ Tpty — THyp) (36)

N~

and L"y, is the disformation
1
Lyvp = E (qup - Qv o prv) . (37)

In order to decompose the connection (28) with respect to the metric (23), it is useful to introduce
a different parametrization in terms of free functions 71 (t,7),..., Tg(t,r) and Qq(t,7),..., Qua(t,7);
see [14] for a similar parametrization. We replace the previously introduced parameters by making
the substitutions
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€1 = 3¢9 [ Qo % cosGs + (Qs —203)sins] + 1 [(275 + Gu, + o) €% + G| sin(205)

|

1 1 1 .
40143 — c08(203)) + 502 05> Gs — 5 (2T + G5 ) sin? G,

1

€= 3¢9 (Qse % cosGs ~ QrsinGs) — 1 [(2T5 — Guy + Gy e % + G, sin(263)

1 —Gy o 1
— 53¢ P sin* Gy + o (G + G +2T1) cos” G,

Cy = %e*gl [(297 - QZ)e*gz cos Gz — Qg sin 93} (27] +G1,+ G, + gg,te*%) e 92 sin(2G3)

1
4
1 1

— 3936 2 (3 +08(203)) + 5 (Gip — Goy —2T2) € 2% cos? G,

Cs = %e_gl [(Qs —203)e%2 cos Gz — Qq sin gg} - 31 (27'2 —Giy+ Goy + g3,r€g2> ¢92 sin(2G5)

+ig3,t€g2(3 +cos(2G3)) + % (Giy+ Gay +27T7) %2 cos? Gs,
1 1
Co=—~e 9 (Qzegz cos G3 + Qs sin 93) - = [(27] + G, +Goy) e + g3,t} sin(2G5)
i 1 1 * (38)
+§g3,regz sin? Gs + 5 (gl,t —Goyp — 273) cos2 Gs,
Cs = %e_gl [(Qz —2Q7)sinGs — Qe cos Q3} + % [(27'2 —Giy+Goy)e %+ 934 sin(2G3)
+1g1,r(3 —c0s(2G3)) — EgZ" cos? Gz + > (2’7'1 + gs,tefgz) sin® G,
1
Co = Ee*gl { [Qs —20910+ (276 — Gar) e%} sinGs — {Q4 —2Q9+ (275 — Gyy) 694} 92 cos gs} )
Cio = %e_gl { [Q4 —2Q9 + (275 — Gay) eg“} sin 3 + [Qs —2Q10+ (276 — Gar) eg‘*} e~ 9% cos Q3} ,

Ci5 = —%67% [ZQH +e9 (771 sin G — Te cos Q3>] , Ciz= % (94,t — e 94) ,

1 1
Ci6 = 756*94 {2Q1z + e (73 sin 3 + Tae ™92 cos 93)] , Cuu= 5 (gzu —e 91 QB) ,
1
Ci=Ci3—Ts, Co=Cuu—Ts, Co=C3-T1, 0192573,
1
Ciy=Ci5—-T7, Cis=Cis—Tg, C7=Cs+7T2, (320:571

The advantage of the new parametrization becomes apparent when one derives the torsion and
nonmetricity of the connection. In terms of the new variables, the non-vanishing and independent
components of the torsion are given by

T =T, T'ep=Tasin®, Tly=T%,=7Ts5, T’y =Tssin®, Tgow:_s:n;ﬂ'
(39)
T'w =T, T'sp=Tasin®, Tly=T%y=7Ts, T’y =Tssin®, T(p”:_sifﬂ'

while the non-vanishing, independent components of the nonmetricity are given by

Qut =091, Qnw=9, Q=293 Qus=091s, Qipp=Qusin?d®, Qug=Qo,
Qt =95, Qmw=9s, Qw =97, Qres = s, Qrcp(p = Qs sin ¥, Qoo = Q10, (40)
Qgtp = Qg sin® ¢, Qgre = Q10 sin® 9, Ql?t(p = _Q¢t19 = Qqysind, Ql97¢ = _Q(prﬁ = Qsind.

We see that the newly introduced parameters simply parametrize the components of the torsion
and nonmetricity. This new parametrization turns out to be more suitable in order to express the
components of the contortion and the disformation than the parametrizations we introduced in the
previous section. For the contortion it is most useful to display the components with lower indices,
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in order to exploit the antisymmetry K, = —Kyy, in the first two indices, and thus to reduce the
number of independent components. We find that the contortion is given by

1 .
Kip9 = —Kigp = Eegl (7?1 sin G3 — T3¢%2 cos Q3) sind, Kirp = €91 (Tz sin G3 — 7192 cos Qg,) ,
1 : _
Kipo = —Kygp = Eegl (7}, sin Gz + ﬁe_gz cos 93) sind, Ky = %1 (7'1 sinGs + Tre 9 cos Q3> ,
1 K; (41)
Koot = = (2779 + (TasinGs — Tze%2 cos G3 ) €91 | sin®,  Kigg = —ot- = ¢%475,
o2 sin® ¢
1 K
Kogr = 5 |2Tse% + (T3sinGs + Tae 92 cos Gz ) 91 | sin®, Kopg = — o = 9475
? 2 sin” ¢

For easier comparison, we display the disformation using the same index positions. Here the
non-vanishing and independent components are given by

1 1 Ltq)q) 1
L - — = ; L = = — , L = = — — ,
tt > Q trr =5 Q- Q7 0= e T 2 Qs — Qo
1 1 L 1
Ly = =596, Lt =595—Q3, Lr&ﬂz.rigq):*QS*QlO/
2 2 sincg 2 (42)
1 L(Pt(p 1
= — — = — = i 19 L e — ——
Lt 5 Qs, Loty Lyte = Quisin®, Loy 20 5 Qy,
Lty = _EQZI L&r(p = _L(prﬁ = Qpsind, Lgp = sin2 6 = _EQB-
One now easily checks that, together with the components
£ L.Git6 :
Ty = ¢ 1792 Gy, sinGs — (G1t + Got) cos G,
b1 a4 :
Ly = 57722 G, sinGs — (G1; + Gor) cOs G3]
o 1 _ _ .
Py = 569 {203, = (G1 = Gax) %] cos G + (201, + Gase™ ) sinGa
o ]_ .
Loy = Eegl { [2Q3,t + (G1r + G2r) egz} cos Gz + (ZQU - g3,r€g2) sin 93} ,
r 1g -G ;
Cyr = -5 [G3,18inG3 — (G1,t — Go¢) cos G, (43)
: L gi-¢ ~
T = _Ee 1= [g3,r sin Gz — (gl,r - gZ,r) Ccos gfﬂ ’
: : Tigy Tyt lg
Typ9 = —Torp = = - = —>e%Gy,,
0o M0 Sin? 9 sin? ¢ 2 o
° ° Trpp Tgrg Lg
r = —F = = — = — =@ 4g ’
oo 07 in2 9 sin’ & 2 o

lo"q,lgq, = —10’194,4, — ¢% cos @ sin ®
of the Levi—Civita connection, the relation (35) is indeed satisfied.

4.4, Curvature

Finally, we calculate the curvature of the general spherically symmetric connection. It is instructive
to divide its components into two classes. First, note that the six components
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Rttwp = 2(C11C19 — CyC15) sin ¥,
Rtrﬂq) = 2(C12C19 — CyC1g) sin ¥,
R't99 = 2(C11C20 — C19C15) sin 0, w
Rrrthp = 2(C12Cyp — C19Cr6) Sin B,

R%999 = R? 9y = (CoC15 + C10C16 — C11Cr9 — C12Co0) sin 8,
R®p9p = —R%g9q sin” 8 = (14 CoCy1 + C10C12 + C15C19 + C16Ca0) sin® &

depend only algebraically on eight of the parameter functions Cy, ...,Cy. The vanishing of these
components yields five independent equations, which determine a hyperbolic submanifold of the total
parameter space; any flat, i.e., curvature-free connection, as we encounter in Section 5.4, lies within this
submanifold. The remaining components depend also on the derivatives of the parameter functions.
In particular, we find the equations

Rﬁﬁtr = Rq)(ptr - Cl4,t - ClB,r ’

R gy = —R?gyr sin” 9 = — (Cig — C17,) sin 9, (45)
as well as

R'yy = Cop — Crp 4 C5C6 — CaCs,

Rivty = Cap — C3p + C4(C1 — C7) — C3(C2 — Cs),

R’y = Cet — Cs5, +C6(C7 — C1) — C5(Cs — C2),

Rty = Cgt — C7, + C4Cs5 — C3Cs,

(46)

which can be understood as defining integrability conditions on the remaining 12 parameter functions.
Finally, the components

i Rl gty
Rigtg = o Co,t +C3C10 — C17C19 + Co(C1 — Cr3),
i Rlgrg
Rigr9 = o Cor + C4C10 — C18C19 + Co(Ca — C1a),
R ot
R g9 = sinq;z; = C10,t +C5C9 — C17Ca0 + C10(C7 — C13),
Rr
R gpp = —2% = Cy9, + C6Co — C15C20 + C10(Cs — C14) ,

sin? ¢ (

R%s = R%ug = Cr1t — C5C12 — C15C17 + C11(C13 — C1),
R%,9 = R?4p = C11, — CsC12 — C15C18 + C11(C1a — C2),

R%9 = R?1p = C1o4 — C3C11 — C16C17 + C12(C13 — C7),

R%,9 = R%ng = Croy — CaC11 — C16C1s + C12(Cra — Cg),

Rfg1p = —R'p1p = — [C19t + CoCr7 + C3Ca0 + C19(C1 — C13)] sin @,

R'grg = =R prp = — [C19, + CoC18 + C4Co0 + C19(C2 — C14)] sin 8,

R'gtg = —R"yt9 = — [Cao,t + C10C17 + C5C19 + Co0(C7 — C13)] sin 8,

R4y = =R’ 9 = — [Ca0,r + C10C18 + C6Cr9 + Ca0(Cs — C14)] sin &,

R%4p = —R?j98in® ® = — [C15 + C11C17 — C5Ci6 + C15(C13 — C1)] sin 8,
R%¢ = —R?,psin® ¥ = — [C15, + C11C1s — CCig + C15(C1a — Co)]sin @,
R%4p = —R?psin® ® = — [Ci44 + C12C17 — C3C15 + C16(C13 — C7)] sin @,
R,y = —R?,,95in? ¢ = — [C16, + C12C1s — C4C15 + C16(C1a — Cg)] sin @,

(47)
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which depend on derivatives of those eight parameter functions which are restricted by the algebraic
Equation (44), intertwine these two sets of parameter functions. This separation of equations may be
exploited to determine the most general flat connection; however, we will use a different approach,
which we display in Section 5.4.

5. Special Cases

In the previous section, we have considered a fully general connection, which may have torsion,
nonmetricity and curvature. We now turn our focus to more restricted connections, by imposing that
one or more of these properties vanish. This will lead us to the cases T = 0 in Section 5.1, Q = 0 in
Section 5.2, T = Q = 0in Section 5.3, R = 0 in Section 5.4, R = T = 0 in Section 5.5, R = Q = 0in
Section 5.6 and R = T = Q = 0 in Section 5.7, finally.

5.1. Torsion-Free: T = 0

In order to determine the most general torsion-free connection with spherical symmetry, it is
most practical to use the parametrization we introduced in Section 4.3. In this parametrization,
one finds immediately that the torsion (33), which reduces to the form (39), vanishes if and only
if 1 = ... =7Tg = 0. The most general torsion-free metric-affine geometry we are looking for
is thus determined by the parameter functions Gy, ..., G4 determining the metric and parameter
functions 9y, ..., Qpp determining the nonmetricity. Note that the connection can most conveniently
be expressed through the relation (35), with the disformation (42) and the Levi-Civita connection (43).

5.2. Metric-Compatible: Q = 0

The converse case, compared to the previous one, is a general metric-compatible connection,
while allowing for non-vanishing curvature and torsion; i.e., a Riemann-Cartan geometry. As in the
torsion-free case, the parametrization introduced in Section 4.3 immediately yields the desired result,
in this case by choosing the parameters Q1 = ... = Qjp = 0. The resulting metric-affine geometry is
thus parametrized by the parameter functions Gj, . . ., G4 determining the metric and the parameter
functions 7, ..., Tg determining the torsion. Additionally, in this case the connection is expressed
through the relation (35), now with the contortion (41) and the Levi—Civita connection (43).

5.3. Torsion-Free Metric-Compatible: T = Q =0

For the sake of completeness, we mention that by choosing the parameter functions 7; = ... =
Tg = Q1 = ... = Oy = 0 one obtains the unique metric-compatible and torsion-free connection,
which is, of course, the Levi—Civita connection (43).

54. Flat: R =10

There are different possibilities to derive flat, symmetric metric-affine geometries; i.e., symmetric
metric-affine geometries with vanishing curvature. The most straightforward approach is to consider
the general spherically symmetric connection derived in Section 3.3, and to impose that its curvature
vanishes. This results in a number of differential equations which are quadratic in the unknowns
to be solved for, which may be involved, depending on the degree of symmetry imposed. Another
strategy is to realize that the existence of a flat connection implies (on a simply-connected manifold)
the existence of a global coframe @), which is in general different from the metric coframe 6, and
which may be constructed by choosing the coframe in a single spacetime point x, and then using the
path-independent parallel transport defined by the flat connection to obtain the coframe in any other
spacetime point. It follows from this construction that the tetrad components are covariantly constant,

0 - Vy@ay = ayG)HV - rPV}lG)HP 7 (48)

so that the connection coefficients are given by the Weitzenbdck connection
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r}lup = EaHap®a1// (49)

where E;" is the inverse tetrad satisfying ©“,E," = §; and ©",E," = 4;,. One may then obtain the
symmetric coframe, and hence the flat symmetric connection, by inserting the Weitzenb&ck connection
in the Lie derivative (4) and solving the resulting equations for the tetrad. Taking into account that the
tetrad transforms as a one-form, so that its Lie derivative with respect to a symmetry generator X is
given by

(Lx,0)") = Xz0,0%, + 0, Xz 0", (50)

one finds that (£ Xgr)#vp = 0, i.e., the Weitzenbdck connection obeys the symmetry, if and only if
0= Vﬂ(ﬁxé(@)”v = ay(c;(g@)“v — rf’v,,(ﬁxg(a)”p, (51)

where the connection coefficients are given by the definition (49). Note that by construction,
the Weitzenbtck connection is necessarily a metric connection, though not with respect to the
independent metric g,,, but with respect to the metric §;,y = 7,,0" y®b v defined by the parallely
transported tetrad.

Observe that the metric g, is not fully defined by the connection alone, but also depends on
the choice on the tetrad ®,(x) at the initial point x of the construction above. The Weitzenbock
connection does not depend on the initial tetrad, since any constant linear transformation cancels in
its definition (49). Hence, we are free to make a convenient choice. Using the fact that the symmetry
group generating the spherical symmetry is SO(3), we may distinguish two cases:

1. The action ®,(x) — (A, ')%(x)®(x) is trivial. This case is topologically excluded, since in
this case the parallel transport of the tetrad along the orbit of the symmetry group, which is
topologically a sphere 52, would yield a global frame on the sphere. However, this is impossible,
since the sphere is not parallelizable. See [13] for a detailed derivation of this contradiction.

2. If the action of the symmetry group on the tetrad ®”(x) is non-trivial, one can use the properties
of G = SO(3) to realize that the image of G under the map u — A,(x) € GL(4) is again
isomorphic to SO(3) itself. Hence, one may always find a tetrad such that its temporal component
0%, (x) is invariant under the group action, while its spatial components span an orthonormal
basis for the rotation group. It then follows that A, (x) € SO(3) C SO(1,3) forallu € G.

Finally, note that the symmetry of the Weitzenbtck connection, whose spin connection vanishes
by definition, implies that A, as defined above, does not depend on the spacetime point, 9, A, = 0,
and so globally defines an element of the Lorentz group. This means that the metric §;,, defined by this
tetrad is symmetric under the action of the symmetry group, following the derivation in Section 2.2.

In summary, we thus find that the tetrad ®?, defines a metric §;, and a metric-compatible, flat
Weitzenbock connection, both of which adhere to the spherical symmetry. The most general tetrad
which satisfies these conditions depends on six free functions F, ..., F¢ and takes the form [13]

O = Fj cosh Fsdt + F, sinh Fudr, (52a)
@' = sin ® cos (F; sinh F3dt + F, cosh Fydr)

+ F5 [(cos Fg cos & cos ¢ — sin Fg sin ¢)dd — sin ¥(cos Fg sin ¢ + sin Fg cos & cos ¢)d¢] , (52b)
©? = sin ¢sin ¢(F; sinh F3dt + F, cosh Fudr)

+ F5 [(cos Fg cos & sin ¢ + sin Fy cos ¢)dd + sin ¥(cos Fg cos ¢ — sin Fg cos ¢ sin ¢)de] , (52¢)

©® = cos O(F; sinh F3dt + F, cosh Fydr) + Fs [— cos Fg sin 9dd + sin Fy sin? ﬂd(p} ) (52d)

The corresponding Weitzenbock connection then takes the general form (28), where the parameter
functions Cy, . . ., Cy are given by
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C = —= + Fs; tanh(]:g — ]:4) , Cr=—=-— f4ttanh(]-'3 — ./—"4) ,
F1 ! Fr ’
Cr — -Fl,r o _ fZ,r _ _
= + F3, tanh(]-'g, .7'—4) , Cg= Fur tal’lh(]'—g .7'—4) ,
Fi ! Fo !
Cs = FoFy Cs — F1F34
Fycosh(F3 — Fy)’ Frcosh(Fz — Fy)’
C, = FaFyr Co — F1F3,
Ficosh(Fz — Fy)’ Focosh(F3 — Fy)’
Co — Fs5 sinh Fy cos Fg Coo = — Fs5 cosh F3 cos Fg
® 7 Ficosh(Fs— Fy)’ 07 Fycosh(Fs — Fy)’ (53)
Coo = Fs5 cosh F3sin Fg Cro = — JFs5sinh Fy sin Fg
Focosh(F3 — Fy)’ Fycosh(F; — Fy)’
Cy = J1 sinh F3 cos Fg Crs = — J1 sinh F3 sin Fg
s ’ Fs ’
Crp = JF> cosh Fy cos Fg Cro = — JF> cosh Fy sin Fg
Fs ' s ’
Ci13 = }]—f; , Ci7 = Fer,
Ciy = J;_E; , Cis = For

We once again remark that despite being metric-compatible with respect to the metric §,, this
connection, in general, possesses non-vanishing nonmetricity with respect to the metric g, as we shall
see in Section 5.6. Additionally, its torsion is in general non-vanishing, unless a number of conditions
is satisfied, which we discuss in the next section. However, one easily checks that its curvature indeed
vanishes.

5.5. Flat Torsion-Free: R=T =0

We now derive a number of conditions for the Weitzenbock connection of the tetrad (52) to be
torsion-free. Recall that the torsion of the general spherically symmetric connection is given by the
components (33). In particular, we find the condition

Czo =0 = JFscoshFzsinFz=0. (54)

Here only the last factor may vanish, since for vanishing 75 the tetrad (52) would be degenerate.
Hence, we have F¢/m € Z. Without loss of generality, we may set ¢ = 0. We then continue with the
conditions

Ciz—C11=C3—Cp=0 = ]:5,t — Fisinh F3 = .7'-5,,, — Fsinh Fy = 0. (55)

These conditions determine F5 up to a constant of integration, and further impose the integrability
condition

or(F1 sinh F3) = 0¢(F, cosh Fy) (56)

on the remaining parameter functions. These conditions, together with the remaining torsion
components C; — C3 = C4 — C7 = 0, finally yield the additional conditions

.7:1,7 COSh(fg — .7:4) + ./—"1./—"3,,‘ Sil‘lh(]:g — .7:4) — f2f4,t =0,
fz/t COSh(f3 — f4) — f2f4,t Sinh(fé — f4) — f1f3,r =0.

(57a)
(57Db)

For any choice of the parameter functions F3 and F4, one thus obtains a system of coupled,
linear, inhomogeneous, first-order, partial differential equations for /7 and JF,. We will not attempt to
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construct a general solution scheme for these equations, since in general there will be no closed form
for the solution.

5.6. Flat Metric-Compatible: R = Q =0

In order to determine the most general flat and metric-compatible connection, one may proceed
similarly to the previously discussed case of a flat and torsion-free connection, imposing that the
nonmetricity (34) vanishes. For this purpose, it turns out to be simpler to express the nonmetricity in
the components g, grr, &tr, §o9 Of the metric, without substituting them with the parametrization (23).
In this case we may start with the conditions Qg9 = Q99 = 0, which imply

899 Fs  Sos Fs

8001 _ o5t _ 898r _5F5r g (58)

These are solved by gg9 = g1 .7-"52, where g, is a constant of integration. To proceed, one may use
the purely algebraic equations Qg = Qpry = Qgr9 = Qsre = 0, whose full expression we omit here
for brevity. It turns out that these are not independent and may be solved, e.g., for the components g
and g;;. The corresponding solution reads

F .
Qu = ]:ZTlh.H [gtr cosh F3 — g1.F1 F, sinh F3 cosh(F3 — Fu)] , (59a)

Fa .
= nh h h(F; — .
Srr F cosh 73 [gr sinh Fy + g1 F1.F, cosh Fy cosh(Fz — Fy)] (59b)
In order to determine the final component g;, one uses the remaining components of the
nonmetricity (34). Imposing that these vanish yields a set of first-order partial differential equations
for gtr, which are solved by

gt = F1F2(g1 sinh F3 cosh Fy — g cosh F3 sinh Fy) (60)

with another constant of integration gp. Finally, substituting this solution into the intermediate
result (59) yields the full solution

2 2

F F
gu = —71[91 + g2 — (91 — 92) cosh(2F3)], & = 72[91 + g2 + (91 — 92) cosh(2Fy)] . (61)

We find that the most general flat, metric-compatible metric-affine geometry is determined by
the parameter functions Fi, ..., F and the two constants of integration g; and gp. Note that for
g1 = g2 = 1 the metric g, reduces to the metric §;, defined by the tetrad ®”,, while for general
g1 = g2 one obtains a constant multiple of this metric. It is obvious that the connection is compatible
with this metric, by construction. It is remarkable, however, that this is not the only solution, and that
also metrics with g1 # gp yield metric-compatible geometries.

5.7. Flat Torsion-Free Metric-Compatible: R =T =Q =0

Finally, and again for completeness, we also mention the case in which all three tensorial quantities
which characterize the connection—torsion, nonmetricity and curvature—vanish. It is a well-known
fact that this condition reduces the metric-affine geometry to Minkowski space, so that the metric is
given by the Minkowski metric 77, and the connection by its Levi—-Civita connection. However, this
does not become immediately apparent if one calculates the curvature of the Levi-Civita connection (43)
of the spherically symmetric metric, which implements the conditions of vanishing torsion and
nonmetricity, and attempts to solve for vanishing curvature. This is due to the fact that the condition
of spherical symmetry commutes with coordinate transformations of the non-angular coordinates ¢, 7,
so that the most general spherically symmetric metric in arbitrary, spherical coordinates is given by



Symmetry 2020, 12, 453 17 of 24

0% ox7
uv = wwﬂyv ’ (62)
where the new coordinates take the form
F=FHtr), 7=7tr), 0=9, ¢g=9¢. (63)

Hence, the components of the most general metric, after imposing spherical symmetry via the
conditions (21), are given by

=2 2 =2 2 = = i 7 =2
gu=7i—ty, gn="7,—ts, Qu="Tir—tit,, gos=T7". (64)

One easily checks that the curvature of the Levi—Civita connection induced by this metric indeed
vanishes.

6. Reflection Symmetry

During the preceding sections, we have understood as the rotation group only the proper rotations,
which form the connected Lie group SO(3). Only for this connected group the infinitesimal treatment
we used is equivalent to a treatment using finite group actions, as discussed in Section 2. One may
easily extend this analysis to the (general) orthogonal group O(3) by also allowing for reflections. Since
this group consists of two connected components, one must use the transformation laws (1) and (2) of
the metric and affine connection under finite group actions for at least one reflection. It is convenient
to consider the equatorial reflection (Note that it might seem a more straightforward and canonical
choice to consider the point reflection, which in addition also replaces ¢ by ¢’ = ¢ + 7. However,
since the latter is simply a rotation around the polar axis, which is already covered by the symmetry
under proper rotations, it is equivalent to the choice we make here).

x—=xX =¢x), (t1,9,¢)— 7,0, ¢)=(trn-909). (65)
Together with the Jacobian, whose non-vanishing components are given by

o ar'  9¢’ o
F o ag oae s b (66)

We find the following transformation rules for the metric and connection coefficients:

1. If the number of coordinate indices ¢ on g, or I'*;, is odd, a factor —1 is incurred.
Due to the coordinate change ¢ — 71 — 8, all occurrences of cos @ are replaced by — cos @, while
sin ¢ is retained. This also propagates to constructed triangular functions, such as cot 9.

With these transformation rules in mind, one finds that the most general spherically symmetric
metric (23) is also invariant under reflections. Hence, enlarging the symmetry group from SO(3) to
O(3) does not impose any constraints on the parameter functions Gy, . .., G4. However, the situation is
different for the affine connection. Here imposing invariance of the connection coefficients (28) under
reflections imposes the additional constraints

Ci5 =C16 =C17 =C13 = C19 = C = 0. (67)

Only connections whose parameter functions satisfy these constraints are also symmetric
under O(3).

The same discussion as shown above for the metric and affine connection can also be carried over
to the formulation in terms of a tetrad and spin connection, as shown in Section 2.2. Applying the
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appropriate symmetry conditions to the tetrad and spin connection displayed in Section 3.4, one finds
that these are invariant under reflections if and only if the conditions

Si5=816=817 =818 =819 =80 =0 (68)

are imposed, in full analogy to the metric-Palatini formulation.

It is also instructive to study how the additional conditions imposed by reflection symmetry affect
the tensorial properties of the metric-affine geometry, which we discussed in Section 4. For this purpose
it is helpful to first rewrite the conditions in terms of the parameter functions 7y, ..., 73, Q1,..., Q12
introduced in Section 4.3, which yields

T3=Ta=T;=Ts =091 =9Q1n=0. (69)

This means that only four of the formerly eight independent components of the torsion are left,
while 10 of the formerly 12 independent components of the nonmetricity are left. One easily checks
which components of the torsion (39), nonmetricity (40), contortion (41) and disformation (42) vanish
as a consequence of these conditions, and how the non-vanishing components are parametrized by the
remaining parameter functions.

A particular number of simplifications are also obtained for the curvature, which we discussed
in Section 4.4. For the components (44), we find that all except for the last line vanish if reflection
symmetry is imposed, while the latter simplifies to

R? 99 = —R?ggq sin® 9 = (1 + CoCr1 + C1oC12) sin® 8. (70)

Similarly, the second line of the components (45) vanishes under reflection symmetry, while its first
line as well as the components (46) remain unchanged. Finally, the second half of the components (47)
also vanishes if reflection symmetry is imposed, while the first half slightly simplifies, similarly to the
component (70).

The restrictions imposed on the affine connection and its curvature can also be studied for the
more specific classes of metric-affine geometries discussed in Section 5. We first remark that for the
torsion-free and metric-compatible geometries shown in Sections 5.1 and 5.2 one immediately obtains
the reflection invariant subclasses by imposing the conditions (69) on the parameter functions. For the
Levi-Civita connection shown in Section 5.3, reflection symmetry automatically follows from the
reflection symmetry of the metric (23), so that no additional constraints are obtained in this case. In the
flat (curvature-free) case discussed in Section 5.4, one finds that reflection symmetry is imposed by the
condition (More precisely, the condition obtained is 4/ 7t € Z, but one may set F4 = 0, as mentioned
in Section 5.5.) Fg = 0, while the remaining parameter functions Fj, ..., F5 remain unconstrained.
Note that this condition is always satisfied in the flat, torsion-free case studied in Section 5.5, while it
must be imposed as an independent constraint in the flat, metric-compatible case shown in Section 5.6.
Of course, the Minkowski metric obtained in Section 5.7 is invariant under reflections.

7. Autoparallel Motion

As an example for a potential physical application of our findings, we study the orbital motion
of a hypothetical class of test particles which follow the autoparallels of the affine connection. Such
kind of motion may arise from considering a generalized coupling of test matter to gravity, such
as a generalized fluid, or generalized observer frames [53,54]. Hence, we will consider trajectories
v : R = M which are subject to the autoparallel equation

¥+ Iy =0, (71)
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where I'?),, are the coefficients of the most general spherically symmetric connection we derived in
Section 3.3. To further simplify the task at hand, we restrict ourselves to stationary metric-affine
geometries, so that the functions parametrizing the connection depend only on r and not on ¢. Further,
we will restrict ourselves to circular orbits parallel to the equatorial plane, which are of the form

7*(t) = (NT,R,0,Q1) (72)

with constant parameters N, R, ®,(). It is well known that in Riemannian geometry, where the
connection coefficients are given by the Levi—Civita connection, such orbits are necessarily coplanar
with the center of spherical symmetry; hence ® = 7; i.e., they lie in the equatorial plane, due to
the conservation of angular momentum. This follows from the spherical symmetry of the metric
background geometry, which imposes the same symmetry on the test body Lagrangian, in conjunction
with Noether’s first theorem. However, this line of argument does not hold for general autoparallel
motion, which is not necessarily derived from a Lagrangian.
Inserting the ansatz (72) into the autoparallel Equation (71), we find the component equations

CiN? + Co0?sin’© = 0, (73a)
C5N? + C1002sin?© = 0, (73b)
Qcos® + (C15+Cy7) =0, (73¢)
C11+Ci3 =0. (73d)

These equations can be interpreted as follows:

1.  Equation (73a) imposes the constancy of the lapse parameter N. This equation could be absorbed
by considering a more general parametrization of the trajectory, or a transformation of the time
coordinate t + t'.

2. Equation (73b) imposes the constancy of the radial coordinate R. Its left hand side can be
interpreted as the sum of radial gravitational and fictuous forces along the orbit, which vanishes
once the orbit satisfies the autoparallel equation (71).

3.  Similarly to the previous one, Equation (73c) imposes the constancy of the azimuth angle ©.
The left hand side of this equation represents a force which is tangent to the sphere of radius R and
perpendicular to the trajectory . It is in particular notable that such a force occurs also for motion
in the equatorial plane, ® = 7, in case the connection coefficients satisfy Ci5 + C17 # 0. In this
case it follows that there are no autoparallel circular orbits in the equatorial plane. Additionally,
note that the resulting perpendicular force acting on this orbit breaks reflection symmetry, since it
imposes a preferred orientation. This is consistent with our findings from Section 6, that reflection
symmetry imposes C15 = C17 = 0.

4.  Finally, Equation (73d) imposes the constancy of the angular frequency ). The corresponding
term C11 + Cq3 can be interpreted as a longitudinal force along the trajectory, leading to an
acceleration with respect to the chosen parametrization.

Observe in particular that the Equation (73) do not admit a simultaneous solution unless there
exists a constant radius R at which the (radial coordinate dependent) connection coefficients satisfy
C11 + C13 = 0 and C1Cy19 — C5C9 = 0. If these conditions are satisfied, one can solve the autoparallel
equation for the remaining parameters N, ©, ().

It is also instructive to view this result in the light of the decomposition of the connection which
we presented in Section 4.3. We observe the following:

1. The coupled Equations (73a) and (73b) are jointly influenced by the torsion components
T1, T2, Ts, Te and nonmetricity components Q1, @2, Q3, Q4, Os, g, Qg, Q19. These components
affect both the lapse and the radial force along the studied orbit.
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2. The transversal force Equation (73c) depends on the components 73, 7y, 77 of the torsion and Q1
of the nonmetricity, which vanish if reflection symmetry is imposed.

3. The last Equation (73d) depends on the torsion and nonmetricity components 75 and Qy, so that
we can associate these with a longitudinal force along the orbit we studied.

In summary, we find that coupling test matter to torsion or nonmetricity influences both the
orbital parameters and possible existence of circular orbits, including the possibility of shifting the
orbit out of the equatorial plane if reflection symmetry breaking terms are present.

8. Cosmological Symmetry

The results we derived in the previous sections of this article can easily be extended from spherical
to cosmological symmetry. For this purpose one introduces the additional symmetry generating vector
fields

o X _xsing
X1 = xsin ¢ cos ¢or + . cos ¥ cos ¢dy snd dp, (74a)
i X . Xcos g
Xy = xsindsin o, + . cos ¥sin @dy + eind dg, (74b)
X3 = xcos 99, — % sin ¥dy, (74c¢)

where we made use of the abbreviation y = v/1 — k72, and where k € {—1,0,1} is the sign of the
spatial curvature. Using the spherically symmetric metric-affine geometry we derived, it turns out to
be sufficient to impose symmetry under the last generator X3, since symmetry under the remaining
generators then follows from their commutation relations. For the metric, this yields the well-known
Robertson-Walker metric

A? .
St = —NZ/ 8rr = 1—r2’ gM:AZVZ, g<p<p:gt91951n219/ (75)
which is parametrized by the lapse N (t) and scale factor .A(t). For the connection, one obtains the
algebraic equations

1
Co=C=0C=C5=C7=C9=0, Cpp=Cuy= = Cro = r(kr* = 1), (76)

kr Co Cao
:W’ 662611/ C7:C13, C4:m/ Cléz—clszm/

Cs
which determine 15 components of C in terms of the remaining five components. These remaining
independent components are constrained by the differential equations

C 2 — 3kr?
9/C1 = 9:C1y = 9,Cr3 = 8,Co — 2 = 3,Co0 — -

mc20 =0. (77)

The most general solution to these equations depends on 5 functions K1 (f), ..., K5(t). In terms of
these, the parameter functions of the most general spherically symmetric connection are expressed as

K k
C1=Ki1, CG=Cnu=K3, C=Ciz=Ky, C4=ﬁ/ Co = Kar?, 68:71’2,
—kr 1—kr (78)
CZ():’C57’2\/1—k1’2, 618:—616:L 6122614:1, C10:7(k7’2—1).

V1—kr2’ r

Inserting these parameter functions in the general spherically symmetric connection (28) finally
yields its explicit form
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Ko
1—kr2’
T'og = Kor®, Tlop=Kor?sin®d, T',9=—T"p,=Ksr*\/1—kr2sin®, (79)
in 9 k
\K/l5 irzlcr s, 79 =—T%, = ks ’

'y=Ki, Ip=T’s=T%=K;, T"y=T=T% =Ky, T'y=

rb“w — _rﬂq)r —

V1—krZsind’ Tk
1
r%:r%r:r‘f’w:r%r:;, F%q,:r‘”q,lgzcotﬁ, Fﬂq,q,:—sinﬂcosﬂ,

[T = r(kr* — 1), Moy = r(kr?> —1)sin? 9.

If one also imposes reflection symmetry, as discussed in Section 6, one obtains the additional
condition K5 = 0. One can now perform the same kind of analysis as in the case of spherical symmetry
shown in the previous sections. We will not perform such calculations here, as they would exceed the
scope of this article, whose aim is the discussion of the spherically symmetric case, and refer to [55],
where such kind of analysis for cosmology is performed in a different parametrization.

9. Conclusions

We showed how to construct the most general metric-affine geometry with spherical symmetry
and studied its properties. We demonstrated that it is determined by four parameter functions
which determine the metric, as well as 20 parameter functions which determine the connection.
We further decomposed the latter into eight components determining the torsion and 12 components
determining the nonmetricity. This decomposition allowed us to derive a simple parametrization for
those metric-affine geometries where either of these two tensorial quantities vanishes, similarly to
the parametrization found in [14]. Furthermore, we calculated the curvature, and constructed the
most general flat metric-affine geometries with spherical symmetry, whose connection is determined
by six parameter functions. Finally, we gave conditions on the torsion-free case and determined the
most general metric-affine geometry with vanishing nonmetricity. As an interesting result, we found a
two-parameter family of metrics which are compatible with the most general flat connection.

By extending the symmetry group from the proper rotations SO(3) to the full orthogonal group
O(3), we found that the metric automatically satisfies also this larger symmetry, so that no additional
restrictions on its parameter functions are obtained, while we found six further constraints on the
coefficients of the affine connection; hence leaving only 14 free functions parametrizing the affine
connection, of which four determine the torsion, while 10 determine the nonmetricity. In the case of a
flat affine connection, we obtained one condition on the parameter functions imposed by reflection
symmetry, leaving five free functions parametrizing the connection coefficients. In particular, we saw
that this condition is always satisfied if the connection is not only flat, but also torsion-free.

To demonstrate a possible physical application of our result, we studied circular orbits for a
hypothetical class of test bodies which follow the autoparallels of the affine connection, and showed
that circular orbits may not exist in general. Additionally, in contrast to purely Riemannian geometry
with spherical symmetry, we found the possibility of circular orbits which are not coplanar with the
center or spherical symmetry, but shifted with respect to the equatorial plane.

Given any gravitational theory based on the metric-affine geometry or one of its subclasses,
defined by the vanishing of torsion, nonmetricity or curvature, one may use the corresponding
spherically symmetric geometry as an ansatz to solve the field equations. The explicit expressions in
different parametrizations, which are adapted to the particular subclass and which we provide in this
article, may serve as utilities in this task. Hence, the work presented in this article should be seen as a
basic ingredient towards the classification of spherically symmetric solutions to gravity theories based
on metric-affine geometries; the second ingredient, which is the choice of such gravity theories and
hence their field equations, finding the solutions and their physical properties, is left for future work.

Various modifications and generalizations of the calculations shown here are possible. Instead of
spherical symmetry, one may consider, e.g., planar symmetry to study exact planar wave solutions,
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or cosmological symmetry. For the latter, we have provided the most general metric-affine geometry
as well, which can serve as a starting point for such kinds of calculations, similarly to the work
presented in [55]. Another possibility is to consider other types of geometries based on Cartan
geometry, which are relevant in physics and to which the notion of spacetime symmetries derived from
Cartan geometry [12] applies. Possible generalizations include bimetric geometries, where different
branches exist depending on whether the two metrics can be simultaneously brought to diagonal
form or not [56], as well as Finsler geometries, where the geometry is defined on the tangent bundle
instead of the spacetime manifold itself, and where spherical symmetry can be implemented via the
action of the rotation group on distinguished tensor fields on the tangent bundle [57]. Additionally;,
the connection between spacetime symmetries and conservation laws [58] may be explored using the
methods we discussed.
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