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Abstract: The Lie point symmetries are reported by performing the Lie symmetry analysis to the
Ablowitz-Kaup-Newell-Suger (AKNS) equation with time-dependent coefficients. In addition, the
optimal system of one-dimensional subalgebras is constructed. Based on this optimal system, several
categories of similarity reduction and some new invariant solutions for the equation are obtained,
which include power series solutions and travelling and non-traveling wave solutions.
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1. Introduction

The term nonlinear partial differential equation (NLPDE) is broadly utilized as a model in order
to represent actual phenomena that occur many science areas, particularly in plasma physics, optical
fields, and fluid mechanics. It is well known that many physical phenomena are described by NPDEs
with variable coefficients in light of the fact that the vast majority of genuine nonlinear physical
conditions have variable coefficients. On the one hand, many types of exact solutions have also been
constructed to explain complex physical phenomena, such as solitary wave solutions [1], doubled
Wronskian solutions [2], multiple rogue wave solutions [3], and localized excitation solutions [4]; on
the other hand, many powerful methods have been developed to construct solutions of NLPDEs,
such as the Hirota method [5-7], the generalized Darboux transformation [8-10], the extended tanh
method [11,12], the generalized Jacobi elliptic functions technique [13], numerical method [14], and the
Lie group method [15-17].

As well as we know, Lie symmetry analysis is a powerful and prolific method for constructing
exact solutions for NLPDEs with constant variable [18-20]. Recently, the Lie symmetry analysis is
extended to find exact solutions of fractional and variable coefficient NLPDEs, such as Time-Fractional
Boussinesq-Burgers [21], Gardner equations [22], coupled short pulse equation [23] and so on [24-26].

Recently, Zhang et al. [27] studied the multi-soliton solutions of the following Ablowitz- Kaup-
Newell-Suger (AKNS) equation

qr = a3(t) (Gaaxr — 6q7Gx) + 2 (t) (=Gx + 29°7) + a1 (£)gx — a0 (t)q,
t

e = az(t) (rex — 6q17ry) + ao(t) (rex — 21%q) + a1 ()ry + ag(t)r, M)

which is a particular example at m = 3 of the generalized AKNS hierarchy

( ; )t = iai(t)Li( K ),(m —1,2,..),

i=0
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where the recursive operator is being utilized, as follows

_ q 151 (-1 0 _i —1_1fx _foo
L-o&—f—Z( ., )8 (r,q),o—( 0 1)'8_&3/3 =3 _oodx ! dx]|.

We note that system (1) includes a lot of famous NLPDEs as its special cases. For example,
ifag(t) = a1(t) = ax(t) =0, a3(t) = -1 and r = —1, then system (1) is the KdV equation

Gt + Grex + 6005 = 0.
If ap(t) = a1 (t) = aa(t) = 0, az(t) = —1 and r = —¢, then system (1) is the mKdV equation
Gt + Goox + 6475 = 0.
Ifap(t) = ai(t) =0, ap(t) =i, a3(t) = =1 and r = —q, then system (1) is the mKdV-NLS equation
Gt + Guxx + 6°qx + (g +20°) = 0.

If ag(t) = aq(t) = az(t) = 0 and ay(t) = i, then system (1) is the second order AKNS coupled

system [28,29]
gt = Gux = 2971,
iry = —ry + 2r2q.

To our knowledge, the AKNS equation with time-dependent coefficients has not been studied
via Lie symmetry analysis. The aim of the present paper is to construct optimal system and invariant
solutions to (1) based on Lie point symmetries. The rest of this paper is organized, as follows. In Section 2,
the Lie point symmetries of (1) are obtained by utilizing Lie symmetry analysis. In Section 3, we construct
the optimal system of one-dimensional subalgebras of Lie algebra spanned by V; — V3. In Section 4,
several types of similarity reduction and some invariant solutions are discussed on the optimal system.
In Section 5, we conclude this paper.

2. Symmetry Analysis

In this section, our aim is to obtain the symmetry algebra of the AKNS Equation (1) while using
the Lie symmetry analysis [15-17]. Suppose that the associated vector field of system (1) is as follows:

d d d d

V — é(t/x/q/ r)a + Tl(t/x/ q/r)a + Q(t/x/q/ r)a_q +R(t1xl q/r) E/ (2)

where &(t,x,q,7), n(t,x,q,7), Q(t,x,q,7), and R(t x,q,r) are unknown functions that need to
be determined.

If vector field (2) generates a symmetry of system of Equation (1), then V must satisfy the

symmetry condition
prIVals, =0,

prPV(Ay)|a, =0,

where A1 = a3(t) (qxxx — 697Gx) + a2 (t) (—qax + 24°7) + a1 (t)gx — ao(t)g — e, Do = az(t) (rrxx — 6q77y) +
OfZ(t) (rxx - 27’21]) + Otl(t)rx + 0(0(1’)7’ — 1t
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The infinitesimals &, n, Q and R must satisfy the following invariant conditions

Q' = a3’ ()N(qurx — 6qrqx) + a3(t) (Q™ - 6Qrqx — 69Rqx — 69rQ")
e’ ()1(=qux + 20°7) + a2 (1) (-Q™ + 49Qr + 24°R)
+a1”(H)ngx + a1 (H)Q¥ — a0’ (H)ng —ao(t)Q,
Rt = a3’ (1)n(reex — 6gr7r2) + a3(t) (R¥™ = 6Qrry — 6qRry — 6g7RY)
+ar’ (D)N(ryx — Zrzq) + ap () (R —4rRq — 2r2Q)
+aq’ (H)nry + aq (HR* + ao’ (£)nr + ap(£)R,

®)

where
= D¢(R—&ry —nre) + Ere + Ern,
Dx(R —&ry — t) Erxx + Erxt,
Dxx(R —&ry — t) + Erxxx + EFxxt,
Rxxx = Dxxx(R —&ry — t) 4 ETxxxx + EFxxxt, (4)
(Q —&qx — t) + éqn + 50]”/
x(Q - &%c t) + 5‘7xx + &]xt/
Qxx Dxx(Q - 5%( TMt) + éqxxx + &]xxt/
Q™ = Dxxx(Q - g%c TMt) + éﬂxxxx + éq:cxxt-

Substituting (4) into system (3), we obtain a large number of determining equations

& =048 =00, = OrQqq = O/Rq =0,Ry =0,
ayn + arne — &y = 0,a0im + agny — axéy = 0,a3im + asne — 3azéx = 0,
az&xqr — aznegr — azngr — azqR — azrQ =0,
azntqzr + Oczqur + azqu - aquq2r + 2aqrQ =0,
aoeng + aone — apqQq + aQ + Qr =0,
apenr + aonr — aprRy + apR — Ry = 0.

©)

Solving the system, one can get

E=cax+on= (3c1foz3dt + C3),
0 :( 3Claof dt———C )EI, = <3C1a°f dt—l———cl)i’

where ¢y, c3,, and c3 are arbitrary constants, and two coefficient functions a; and a; are determined by

(6)

ey + nayy —cray = 0, Nran + nagy — 2c1a0 = 0. (7)

The Lie algebra of infinitesimal symmetries of system (1) is generated by the three vector fields:

o (3 ) (2 st (35 st
V=4 (8)

Qxa a0
Vs =g (@a)g + (@05
Table 1 presents the commutator table.

Table 1. Table of Lie brackets.

Vi, V] Vi \%) V3
Vi 0 Vs -3V3
Vs Vs 0 0

Vs 3V 0 0
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3. Optimal System of Subalgebras

In present work, we shall construct the optimal system of one-dimensional subalgebra of the Lie
algebra L3 for AKNS Equation (1) by the method proposed in [19,30,31].
An arbitrary operator V € L3 is written in the form

V =1V, + PV, + PV, 9)

The following generators are used in order to find the linear transformations of the vector

1= (11,12, 13),

E; = cfjl]a?,z =1,2,3, (10)

where cZ.T]. is defined by [V, Vj] = cl.TjVT. According to Equation (10) and Table 1, Eq, E;, and Ej3 are

Ey=-P% -3°%

o2 B’
E, =12, (11)
E; = 311%.

For the generators Ej, E;, and E3, the Lie equations with parameters a3, a2, and a3 with the initial

condition ! 0= l,i=1,2,3 are written as
a;=
-1 2 -3
dl dl 2 dl -3
da1 Idﬂl l 'da1 ( )

dldl

dﬂz ’dTﬂz - l /% - O/ (13)
-1 -2 -3

dl dl dl -1

_—= _— = _— = 2 . 14

d{l3 0, da3 0’ dllg, l ( )

The solutions of Equations (12)—(14) provide the transformation

Ty 0 =7 =e@R2] =203, (15)
T, =P =g + B =B, (16)
Tsd =17 =27 = 205l + 1. (17)

The method of constructing an optimal system needs a simplification of the vector
1= (1",2,P), (18)

By means of the transformation T — T3. Our aim is to find the simplest representative of each
class of similar vectors (18). The construction will be carried out under the following cases.

Case1.I' #£0

By taking a, = —5—? in the transformation T5, a3 = —% in the transformation T3, we obtain 12 =0,

73 = 0. Thus, vector (18) can be reduced to the form
1=(1",0,0). (19)

This case gives the operator:
V1.
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Case2. /' =0
31.12#0
The vector (18) can be reduced to the form
1=(0,2P). (20)
Using all of the possible combinations, this case give rise to following operators:
Vo, Vo + V3, Vy = V3.
32.2=0
The vector (22) is reduced to the form
1=(0,0,P). 1)
Thus, we have the operator

Vs.

Theorem 1. The optimal system of one-dimensional subalgebras of the Lie algebra is spanned by V1, V2, V3 of
Equation (1), as given by
V1, Vo, V3, Vo + V3, Vo = V3. (22)

4. Symmetry Reductions and Exact Solutions

By virtue of the optimal system (22), we will deal with the similarity reductions and group
invariant solutions to the AKNS equation with time-dependent coefficients.

4.1. Solutions through V4

The characteristic equations of the generator V; can be written as

dx dt dq dr
—_— = 3 = 30 = 3a . (23)
X gfagdt —(a—;]fa3dt + 1)q (a—;)fagdt— 1)7‘
Solving these equations yields the three similarity variables
_% 1 1
&= x(f()é3dt) ,q= e—faodf'(fagdf) 3 F(E)/ r= efaodf~(fa3df) 3H(5), (24)

and solving the constrained conditions (7), we get

a] = %k1a3(fa3dt) , 0y = %k2a3(fa3di’) ,

where kq and k are arbitrary constants and the AKNS Equation (1) is reduced to the following nonlinear
coupled ordinary differential equations (ODEs):

@I
@I=

1 k " k
—3F - &P = P —6FHF' — 2F + 3koF?H + 2F/,

25
~1H - 1gH' = H” — 6FHH' + 2H" - 2k,H2F + S H'. =
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The solution for (25) in a power series can be found in the form [32]
F=Y A" H=Y Bu" (26)
n=0 n=0
Substituting (26) into (25), we get

—140-1 zlAngn z A& = 6A3 + z (n+3)(n+2)(n+1)An;3&" —6AgA 1By
n—=

l’l— n=1

[se] n (o)
6% % ¥ (k=i 1) A1 By - Zap, -2 L (142)(n+1) A"
n= 0i=0 n=

(o)

+22 a2+ B R F T AA B A ST i DA,
n=1k=0i=0 . n=1 (27)
~3Bo -3 Zl Bu&" -3 21 B,_1&" = 6B3 + Zl (n+3)(n+2)(n+1)By3E" —6ABoB
n= n= n=

0 n k o]
-6y Y ¥ (k —i+ 1)An_kBin_i+15n + &Bz + k—32 Y, (11 + 2) (7’1 + 1)Bn+2§n
n=1k=0i=0 n=1

“Zpp2-%2 Y kz ¥ Ay BBt + 4 4B+ 8% (n+1)Bua&n
n=1 0i= n=1

Now from (27), comparing coefficients, for n = 0, we get

Az = {5(18A0A1 By + 2k Ap — 2k A2By — k1 Ay = Ag),

1 2 (28)
By = 5(18A40ByB1 — 2k;B, + 2kpAgB2 — k1 By — Bo)-
Generally, for n > 1, we obtain
n k
Ayt = m[—lf‘n A+ 6k20 IZO (k=i+1)AiAriy1Bpi + %(” +2)(n+1)Ant2
- Z Z AifyiBui—L(n+ 1)An+1]/
? =0i=0 (29)

B3 = m[—%lgn Bu-1 +6§0120( _i+1)An kBiBk- i+1 7 _( +2)(71JF1)BH-&-2

+2kzk):0 Z A,_BiBi_i— (n + 1)Bn+1].
i=0

From (27) and (28), we can get all of the coefficients A,, B, (n > 3) of the power series (25).
Substituting (28), (29) into (26) and using similarity transformations (24), we can obtain the solutions of
system (1).

4.2. Solutions through Vy
The similarity variables of this generator are

&= th:F(E)/r:H(g)/ (30)

and solving the constrained conditions (7), we get a, a are arbitrary functions of ¢.
These reduce the system (1) to the following nonlinear coupled ODEs:

F' = 2a,F2H — ayF,

31
H’ = —2a,H2F + agH. (31)
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Solving Equation (31) and using the similarity transformations (30), we obtain the solution of
system (1) is
t [ (2a-ap—1)dt

qg=ce
r= e—t—f (2az—a0—l)dt. (32)
4.3. Solutions through V3
The similarity variables of this generator are
E=x,q= e_fu‘oth(cS), r= efaodtH(cS), (33)

and solving the constrained conditions (7), we get
a1 = kiaz,on = koas,

where ki and ky are arbitrary constants, and the AKNS Equation (1) is reduced to the following
nonlinear coupled ODEs:

F” —6FHF’' —koF" + 2koF?H + kiF’ = 0, (34)
H"” — 6FHH' + kyH" — 2kyFH? + kiH' = 0.

To obtain the solutions of the reduction (34), we shall use the (%) method, as described in [20,33].
Assume that the solution of (34) is given in a polynomial form, as follows:

Py (@)=Y (%) @

=0 i=0

By balancing highest order derivative term and nonlinear term in (34), we get m = n = 1 and
G = G(&) satisfies second-order linear ordinary differential equation (LODE)

G’ 4+ AG' + uG = 0. (36)

Substituting (35) into (34) and equating coefficients of ( ) to 0, we obtain an algebraic system of
equations in Ag, A1, By, and By. With the help of Maple, we obtain

- @ o= Lop = 1 b — 2uA2B3 + uA1Boky — A1By — ASBjky — 1
A1By ’ By’ Ay’ ATBj

, (37)

where Ay, By, k2, and u are the arbitrary constants.

Substituting (37) into (35) and using similarity transformations (33), we obtain three types of
solution of system (1), as follows:

When A2 — 4u >0,

g = e—faodf A 2o 4}1 % C1 cosh(% VA2 )+C251nh(% _AA
2 Clsinh(% VA2- 4yx)+C2 cosh(% VAz- 4yx)
. efaodt 1 AT x Cy cosh(% \//\2—4;1x)+Czsinh(%
24 H C sinh(% \//\2—4yx)+C2 cosh(%

where  Aj, Cq, Cy, A, and u are arbitrary ~ constants and Kk =
2((6uA?+4puNky 812 =14~y A% ) 2 (4uA+2uky—kp A2 =A%) \/AZ—4p1)
(1= \/)\2—4;1)2 '
When we take A1 =1,C; =2,C, =1, A =3, uy =1 and ap = tant, the values of g and r are as
illustrated in Figure 1, below.
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-10

(a) (b)

Figure 1. (a). Spatial structure of the exact solution g of (38) for Equation (1), with the parameters as
A1 =1,C=2C =1,A=3,u=1,and ag = tant. (b). Spatial structure of the exact solution r of
(38), in which the parameters are the same as (a).

When A2 —4pu <0,

i~
5
>~
o
=
Nal

where A;, C;, Gy A, and u are arbitrary constants and K
24k2y/\+6y/\2—k2/\3—/\4—8yzi(2k2y+4y)l—k2/\2—/\3)i 4u-)2

(Ai \Ag-A2)
When A2 —4pu =0,

=T b S )
|

_ apdt L(_A G
r=el (A1 7t oxox

where A1, Cq, C2, A, and y are arbitrary constants and k; = 0.

4.4. Solutions through Vo + V3

The similarity variables of this generator are

&= fogdt -x,q= e‘f"‘odtlf(é), r= ef"‘odtH(cE),
and solving the constrained conditions (7), we get

a1 = kias, ar = kpazs,

(39)

(40)

(41)

where ki and ky are arbitrary constants, and the AKNS Equation (1) is reduced to the following

nonlinear coupled ODEs:

F' = —F"”" + 6FHF’ —kyF” + 2koF?H — 4 F/,
H’' = —H" + 6FHH’ + kyH” — 2koH2F — k1 H’.

(42)
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We shall use the simplest equation method described in [34] to obtain the solutions of reduction
(42). Let us consider the solutions of (42), as

F=Y Ag'(&),H=) B(s). (43)
0 =0

By balancing highest order derivative term and nonlinear term in (42), we get m = n = 1 and
¢(&) satisfies the Riccati equation

¢’ (&) = ap?(&) + b (&) +c. (44)

The solutions of (44) can be written as

P(&) = _z_ba - ;tanh(%e(é + C)), (45)
and (95)
b O 1 sec h( =

B(&) = —5- — 5-tanh(56¢ ) + oo () () (46)

where 0% = b? — 4ac.

Substituting (43) into (42), an algebraic system of equations in Ay, A1, By, and B; can be obtained
by equating the coefficients of the functions ¢(£) to zero. With the aid of Maple, solution to this
system can be obtained, as follows:

ac (b= Vo2)a 2Bga 02—k -1
AOZ_/Alz /Bl = /k2: s (47)

where By, k1, a, b, and ¢ are arbitrary constants.
Substituting (47) into (43) and using similarity transformations (41), we obtain a set of solutions of
system (1) are

q= e_faodt{ o+ 230) [_ﬂ - _tanh( 0+ C))]}'

fa At 2Bgya b (48)
r—elao {BO + 55| % - —tanh( 0(& + C))]}'
And (%)
o if a (b+0)a b9 sech( 5
g=cla {éé + <5, [ f -~ franh(30¢) + ooy ;smh(@;)]}' (49)
_ At 2Bga b SeCh(%)
r= efvéo {B + b+06 [_E - ﬂtanh( 65) Ccosh(f() Slnh(%) ’

where & = fagdt - X.

We can choose different values of a3 in solution (48) in order to construct travelling and
non-travelling wave solutions of Equation (1). Figure 2 depicts the travelling wave solution, which is
obtained by taking a3 = 1. Figure 3 displays the non-travelling wave solution by selecting a3 = cos .
Other parameters are selected as By = -3,a =1,b =3,c =1, and a9 = 0.05.
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ir
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PRI P

n

o

=
P

Topint

(@) (b)

Figure 2. (a). Spatial structure of the exact solution g of (48) for Equation (1), with the parameters as
By=-3,a=1,b=3,c=1,a9p=0.05and a3 = 1. (b). Spatial structure of the exact solution r of (48),
in which the parameters are the same as (a).

Y0.950,
K000

Relestele
e Legele

AL

0:‘."0,00 >
0 2e b0 %%
45::,%

(a) (b)

Figure 3. (a). Spatial structure of the exact solution g of (48) for Equation (1), with the parameters as
By=-3,a=1,b=3,c=1,a9 =0.05, and a3 = cost. (b). Spatial structure of the exact solution r of
(48), in which the parameters are the same as (a).

When we take By = -3,a =1,b=3,c =1, ¢y = —sint, and a3 = t in solution (49), the shapes of
non-travelling wave solutions of Equation (1) are displayed in Figure 4.
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(@) (b)

Figure 4. (a). Spatial structure of the exact solution g of (49) for Equation (1), with the parameters as
Bp=-3,a=1,b=3,c=1,ap = —sint, and a3 = t. (b). Spatial structure of the exact solution r of
(49), in which the parameters are the same as (a).

4.5. Solutions through V, — V3

The similarity variables of this generator are
&= fagdt +x,q9= e‘f"‘oth(E), r= ef"‘odtH(E), (50)
and solving the constrained conditions (7), we get

a1 = kias,an = kas,

where ki and k; are arbitrary constants, and the AKNS Equation (1) is reduced to the following
nonlinear coupled ODEs:

F' = F”" —6FHF’ —koF” + 2koF?H + ki F/,

H’ = H” —6FHH’ + kyH” — 2k,H?F + k1 H’. (1)

We shall use the simplest equation method to obtain the solutions of reduction (51) [34]. For the
Bernoulli equation

¢’ (&) = ap(&)* + b (&), (52)

We use the following solution

cosh[b(& 4+ C)] + sinh[b(& + C)]
() = b{ 1—acosh[b(¢ + C)] —asinh[b(E + C)] }

The balancing procedure gives m = n = 1 and the solutions of (51), as
F=Ay+A1p,H= By + B1op. (53)

Substitution of (53) into (51) yields

ab a2

Ay=0,By=—,B1 =

2k = —1?
A A k1 b*+bky+1, (54)

where Ay, kp, a, and b are arbitrary constants.
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Substituting (54) into (53) and using the similarity transformations (50), we obtain the solution of
system (1), as

— ~[aod h(b(£+C)]+sinh[b(£+C))]
q=c¢ Jao tAlb{1—2(::sosh[h(£+c)]i:sinh[b(éJrC)] }
_ dt | ab 2 h(b(£+C))+sinh(b(£4C))
r=elu t{le + fx_lb[1—20csosh(b(z+C))iasinh(h(aC))]}f

(55)

where & = fagdt + x.

Figure 5 illustrates the travelling wave solutions of Equation (1) by takingaz =1, A1 = 1,2 = -1,
b=1,C=0,and ap = sint in Equation (55). Figure 6 portrays the non-travelling wave solutions of
Equation (1) by setting a3 = t, and the other parameters are the same as those in Figure 5.

' ”{lln

ll",

(@) (b)

Figure 5. (a). Spatial structure of the exact solution g of (55) for Equation (1), with the parameters as
A1=1a=-1,b=1,C=0,a9 =sint,and a3 = 1. (b). Spatial structure of the exact solution r of (55),
in which the parameters are the same as (a).

(a) (b)

Figure 6. (a). Spatial structure of the exact solution g of (55) for Equation (1), with the parameters as
A1=1a=-1,b=1,C =0, a9 =sint, and az = t. (b). Spatial structure of the exact solution r of (55),
in which the parameters are the same as (a).

When compared with the results in the existing literature, we find that the obtained invariant
solutions are different from those in Refs. [28,29], due to a3(t) # 0 in Equation (6). To the best of our
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knowledge, the obtained invariant solutions (38)—(40), (48), (49), and (55) are new, and they have not
been reported in the literature.

5. Conclusions

In summary, by performing the Lie symmetry analysis on the AKNS Equation (1), Lie point
symmetries of the AKINS equation are discussed. Moreover, we construct the optimal system of
one-dimensional subalgebras of Lie algebra spanned by V; — V3. Five types of similarity reduction are
presented by using the optimal system. Meanwhile, some new exact solutions, such as power series
solutions and travelling and non-traveling wave solutions are obtained for system (1).

It is easy to see that the obtained invariant solutions include coefficient functions ag and a3, which
provide enough freedom for us to construct travelling and non-travelling wave solutions for the AKNS
Equation (1). This paper shows that the Lie symmetry analysis method is an effective mathematical
tool for constructing travelling and non-traveling wave solutions of some other nonlinear PDEs with
variable coefficients.
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