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Abstract: The sloshing behavior of systems is influenced by different factors related to the liquid level
and tank specifications. Different approaches are applicable for the assessment of sloshing behavior
in a tank. In this paper, a new numerical model based on the differential quadrature method and
boundary element approaches is adopted to investigate the sloshing behavior of a tank with an
elastic thin-walled beam. The model is developed based on small slope considerations of the free
surface. The main assumption of fluid modeling is homogeneity, isotropy, inviscid, and only limited
compressibility of the liquid. Indeed, the formulation is represented based on the reduced-order
method and then is employed for simulating the coupling between structure and fluid in symmetric
test cases. The results are verified with the ANSYS and literature for symmetric rigid structural walls
and then the code is employed to study the behavior of fluid-structure interaction in a symmetric
tank with new and efficient immersed structure.

Keywords: flexible structure; fluid–solid interaction; sloshing; differential quadrature-boundary
element modeling formulation; thin-walled beam

1. Introduction

The definition of sloshing in the hydrodynamic area [1–3] (motion of freeboard of liquid) comes
from standing waves formed on the free surface of a liquid when a tank contended with liquid oscillates.
Indeed, the dynamic behavior of the bilateral sloshing or motion of the freeboard of liquid can be
changed based on the flexibility of tanks. The vibrational modeling behavior of the container has been
investigated in civil applications [4,5] such as pools, and nuclear or fuel tanks located in the fuselage
of airplanes, which are some examples used for this definition of the liquid freeboard in engineering
problems [6,7]. NASA has studied sloshing with Abramson and Silverman [8] and made a liquid
sloshing dynamics book with Ibrahim [9], which are the significant sources in this subject.

The investigations are commonly conducted on the coupled behavior of the fluid-structure
domain, and this phenomenon is controlled using the arrangement of bottom-mounted baffles [10] or
submerged components. The effects of the baffle on the dynamic response of the sloshing-structure
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coupled system are investigated for a variety of tank shapes [11–13]. In addition, a submerged structure
is a useful component of sloshing disturbance studied by the new represented method. Watson and
Evans [14], by using Galerkin expansion approaches, investigated the effects of the block shape of rigid
submerged structures on the behavior of sloshing in rectangular liquid tanks. Choun and Yun [15,16],
based on linearized theory, extracted the response of rectangular containers with a submerged structure
under a typical earthquake. Mitra and Sinhamahapatra [17], using the finite element method (FEM),
investigated the effect of bottom-mounted rectangular submerged structures on the sloshing frequencies
with rigid considerations wall. Among the most well-known numerical solution approaches, the
differential quadrature method (DQM) was introduced in 1971 and showed its capability in the
application of many engineering problems [18]. Indeed, the need for a guess function, which is the
base of the assumed mode technique, is not required in the DQM, and the approaches are followed
with low computational cost; thus, many researchers tend to apply this method for their applied
problems. Bert et al. [19–21] developed the structural equation of a linear problem and represented
the small differences between their results and those of the literature. Hassan et al. [22] studied the
vibrational behavior of a tapered beam on the foundation using the DQM with static and dynamic
supposition. Kang et al. [23] investigated the extensional vibration analysis of curved beams using the
DQM. They concluded that the differential quadrature method with only a limited number of grid
meshes represents highly accurate results.

Among the numerical engineering solution techniques that are commonly based on the finite
element, finite difference, finite volume method, etc. [24–28], the boundary element method (BEM) [29]
is very efficient and convenient for fluid mechanics, especially sloshing problems. Many studies have
been conducted [30–33] to show the capability of the BEM for modeling and represent a sloshing
solution in 2D and 3D tanks.

A flexible structure, located horizontally and vertically on the top or bottom of the liquid containers,
in addition to the above-mentioned baffle structures [34], is another useful component that can reduce
the sloshing disturbances. Therefore, in this study the novelty of rigid and flexible structures using
the DQM-BEM model is presented. Firstly, this model is applied for a symmetric rigid tank with
flexible thin features to compare with ANSYS and then the results for the description of fluid-structure
interaction are highlighted.

2. Governing Equations

In the following section, the equations of the coupled problem are derived for both domains.
Indeed, the equations of the walls of the container are represented based on the DQM method, and the
fluid domain is discretized by BEM approaches. In addition, the simplified form of the structure–liquid
systems based on the reduced-order approach is represented. Afterward, by using the DQM-BEM
method, a solution is represented.

2.1. Flow-Field Governing Equations

For the sloshing problem, in addition to considering the internal dynamics of the fluid, governing
equations in the freeboard and the interface of the fluid and structure must be applied. Assuming a
homogeneous, isotropic, and inviscid flow for the internal field, the governing equation for the velocity
potential (φ) is

∇
2φ = 0 (1)

The boundary conditions on the free surface with linearized dynamic suppositions result in

∂φ

∂n

∣∣∣∣∣∣
f ree_sur f ace

= −
1
g

..
φ (2)
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where g is gravitational acceleration and the value of ∂
∂n is the derivative operator in outward normal

directions for the tank wall and the immersed structure. With the impermeability constraints of
the walls of the tank and the submerged or immersed structure, the boundary condition on the
fluid-structure interface can be expressed as

∂φ

∂n

∣∣∣∣∣∣
Wall

= −
.

Ws (3)

where Ws denotes the displacement field of the flexible structure.

2.2. Developing the Boundary Element Model

The boundary element method is broadly employed for various engineering problems, especially
for fluid mechanics. Meshing the boundary instead of the whole domain can be taken as the main
advantage of the BEM. As the fluid is considered isotropic, inviscid, and compressible, the Laplace
equation can be employed for developing the liquid domain formulation. The fundamental solution of

Laplace’s represented model can be extracted by a unit source of the potential field region (
∗

φ), which
can be expressed as

∗

φ =
1

2π
ln(

1
r
) (4)

where r is defined as the distance from the source point. Using Green’s second identity, the following
equation is obtained:

Ciφi =

∫
(
∗

φq−
∗

qφ)ds (5)

where q =
∂φ
∂n ,

∗
q =

∂φ∗

∂n and Ci is a coefficient that is evaluated based on the spatial angles related to the
source point.

By discretizing the integrals in Equation (5) on the boundaries and using the collocation point
method, the influence matrices can be represented as follows:

AΦ−BQ=0 (6)

in which two parameters Φ and Q are introduced as the potential and flux density vectors at all nodes
in the domain, respectively.

2.3. Fluid–Solid Interaction Modeling

In investigating the sloshing behavior of a system, representing a model based on the fluid–structure
interaction formulation plays a key role. In this regard, it is crucial to consider it and employ appropriate
models. The structural model of walls can be obtained from the following equation:

M
..

Ws + KWs = F (7)

Here, M and K are mass and stiffness matrices, and F is defined as the external loads vector,

respectively. Using modal expansion and introducing W =
∑ ¯

Wiηi one can show the mentioned
equation is as follow:

..
ηi +ω2

i ηi(t) = Fi (8)

where ωi are the natural frequencies of the structure and Fi arise by
∫ l

0 wi.pds, where p is the dynamic
pressure on the structure due to sloshing. Based on the unsteady Bernoulli supposition, p on the wall
of the tank and immersed structure is equal to −ρ f

.
φwall where ρ f is the density of the fluid. So F can

be expressed as the following matrix:
F = H

.
φw (9)
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where H is produced from approximations p on the wall with linear elements.

Indeed, the structural mode shape (
¯

Wi) is obtained using DQM method based on the
following formulation:

m[I]
→..
wd + k[I]

→
w′′′′

d
= 0 (10)

where w is the transverse displacement, k is the stiffness, m is the mass of the system, and I respectively.
Using DQM technique Equation (7) is presented as:

m[I]
→..
wd + k

[
KBd

]
→
wd = 0 (11)

Therefore, the stiffness matrix can be divided into the boundary (KBdb ) and internal domain (KBdd ):

m[I]
→..
wd + k

([
KBdd

]
+

[
KBdb

])
→
wd = 0 (12)

By enforcing the boundary condition on (1, 2, . . . , N − 1, N) points, the stiffness matrix on the
boundary is presented as [

KBb

]
→
w = 0 (13)

Using the stiffness matrix related to the boundary points, the relation between the boundary and
domain displacement is obtained as

[
KBbb KBbd

]
→
wb
→
wd

 = 0 ⇒
→
wb = −

([
KBbb

]−1[
KBbd

])
→
wd (14)

Therefore, the DQM form of the structural equation is presented as

m[I]
→..
wd + [KB]

→
wd = 0 (15)

where KB is

[KB] = EI
([

KBdd

]
−

[
KBdb

][
KBbb

]−1[
KBbd

])
Thus, using the modal technique for the boundary element matrix, which is blocked in two

sections (free surface section and wall section), Equation (6) can be written as

A11φ f s + A12φw = B11q f s −B12

∑ ¯
Wi

.
ηi (16)

A21φ f s + A22φw = B21q f s −B22

∑ ¯
Wi

.
ηi (17)

Thus, φw equals

φw = A−1
22 (−A21φ f s + B21q f s −B22

∑ ¯
Wi

.
ηi) (18)

Substituting Equation (16) into Equation (17) results in

q f s = Dφ f s − E
∑ ¯

Wi
.
ηi (19)

where D and E are introduced with the following relationships:

D = (A11 −A12A−1
22 A21)(B11 −A12A−1

22 B21)
−1

(20)
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E = (B11 −A12A−1
22 B21)

−1
(A12A−1

22 B22 −B12) (21)

Thus, the free-surface governing equation equals

..
φ f s + gDφ f s = g.E

∑ ¯
Wi

.
ηi (22)

Finally, the combination of two Equations (8) and (22) constitutes our Fluid Structure
Interaction model.

3. Numerical Results

The sloshing modes of systems can be investigated by different tools and methods. Some of the
most applicable ones that are compared here are represented in Figure 1.
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Figure 1. Applicable approaches for investigating sloshing frequency.

Numerical methods are employable in different fields of engineering problems [35,36]. In this
section, the precision of the extracted result is assessed by comparing the results to the numerical
data obtained by ANSYS and the literature. As shown in Figure 2, different factors affect the sloshing
frequency. In this research, various case studies with different geometries are considered to evaluate
the validity of the proposed model. Afterward, the effects of new application tools, located on the
top of the tank and called the immersed structure with two rigid and flexible walls, on the sloshing
frequencies are studied.
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3.1. Test Case 1

As illustrated in Figure 3, the verification example [17,37] comprise rigid rectangular block-shaped
walls located at the middle of the rigid container. Indeed, the submerged structure has a height (h) and
a 30 m width (W) with 13 m liquid depth (d) of 13 m. Here, the computation is performed several times
with several block heights (h). Table 1 lists the comparison between ANSYS, the present model, and
what is extracted from the literature [17,37] in different h/d ratios. The study indicates a good agreement
between the present model, ANSYS, and the literature for all the test cases. Indeed, comparing the
results obtained by the currently used approach to the previous data in the literature reveals that the
maximum relative error has a difference of approximately 0.3%. In addition, it can be observed that
the obtained data by this approach is closer to the data obtained by ANSYS in the rigid mode, which
indicate the reliability of the model and its potential for utilization instead of numerical approaches,
which are time-consuming.
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Table 1. Comparison between sloshing frequencies of present model, ANSYS, and [17,37].

UINT
(rad/s) h/d

Present Ghalandari et al. Choun and Yun S. Mitra, K.P.
Sinhamahapatra ANSYS

0.2
MODE1 0.9091 0.9127 0.897 0.898 0.9094
MODE2 1.4312 1.428 1.415 1.415 1.4612
MODE3 1.7645 1.7647 1.744 1.746 1.7644

0.4
MODE1 0.8391 0.8396 0.849 0.842 0.8392
MODE2 1.4042 1.3964 1.404 1.406 1.4306
MODE3 1.7577 1.7564 1.742 1.74 1.7588

0.6
MODE1 0.725 0.7251 0.731 0.731 0.7252
MODE2 1.3222 1.3109 1.343 1.347 1.3437
MODE3 1.7225 1.7215 1.733 1.734 1.73

0.8
MODE1 0.5355 0.5333 0.55 0.552 0.5383
MODE2 1.1011 1.0691 1.19 1.192 1.1044
MODE3 1.5661 1.5522 1.73 1.732 1.5809
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3.2. Test Case 2

In the second test case, we use the previous tank with an elastic thin-walled submerged
structure [32] and rigid walls (Table 2) in the fluid (blue domain) to validate the result of the
DQM-BEM model (Figure 4).

Table 2. Boundary condition of the elastic submerged test case.

Tank Walls Rigid

Submerged Walls Elastic

The thickness of the submerged walls in the represented FSI model is 5 cm with a h/d ratio of 0.8.
Here, the mode shapes of the submerged structures are extracted using DQM, and its related natural
frequencies compared to the literature are reported in Table 3. The material properties of the fluid and
structure are represented as

E = 200 Gpa, v = 0.3, t = 5 cm, ρs = 7800 kg/m3, ρ f = 1000 kg/m3

where E, v, t, ρs, ρ f are Young’s modulus, Poisson’s ratio, the thickness, structural density, and fluid
density, respectively.

Table 3. Natural frequencies of structural mode shape (rad/s).

Modes Ghalandari et al. [32] Represented Model

1 1.8358 1.82844
2 4.9269 4.7921
3 11.8579 11.853

The results of the structural calculation are extracted with a 40-grid mesh and indicates an
acceptable agreement with the literature.Symmetry 2020, 12, x FOR PEER REVIEW 8 of 13 
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In addition, the presented ROM (Reduced Order Modeling) form of the DQM-BEM model using
three structural mode shapes has been applied to calculate the natural frequencies of the coupled
system versus the flexibility parameter (Figure 5). The flexibility parameter of the submerged structure
(FS) as the non-dimensional formulation can be expressed as follows:

FS =
ρ f

(
1− ϑ2

)
W2

Eω2
0

(W
t

)3
(23)
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where W is the width of the submerged structure and ω0 is the first sloshing frequency. Comparison
between the results proves the capability of the represented model for estimating the dynamic behavior
of sloshing in the liquid tank with a flexible submerged structure.
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3.3. Test Case 3

The third test case is an efficient immersed application tool, which is introduced here to remark its
effect on sloshing frequencies. First, the tank configuration with a rigid immersed structure in the rigid
tank containing fluid (blue domain) is used as shown in Figure 6, and the elasticity effect of the walls
on the sloshing frequencies is then investigated. The results of the presented model are compared to
ANSYS in rigid modes (Figure 7) and are listed in the Table 4.
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The size of the immersed beam and tank components are presented below

D = 1 m, L = 6.09 m, H = 3.04 m, T = 6 cm (24)

where D and T are defined as depth and length of the immersed beam in the fluid, L and H are
introduced as length and height of the tank, respectively.
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Table 4. ANSYS FEM results vs. presented differential quadrature method-boundary element method
(DQM-BEM) model.

Sloshing Mode ANSYS (rad/s) Present Method (rad/s) Error Difference (%)

1 1.911 1.9299 0.9375
2 3.2518 3.2021 1.5786
3 3.3296 3.3100 0.6387
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As represented in Table 4, the calculations show a maximum difference of about 1.57% for the
second mode compared to ANSYS and demonstrates the applicability and accuracy of the proposed
method for this case study.

3.4. Test Case 4

The fourth test case is the same as the previously mentioned tank (Figure 8); however, an immersed
elastic thin-walled beam requires consideration. The thickness of the beam wall in the represented
FSI model is 1 mm. The following structural boundary condition and the material properties of the
immersed structure (structural steel) are represented in Table 5. The mode shapes of the immersed
structures are extracted using the DQM, and its related natural frequencies are reported in Table 6.

Table 5. Boundary condition of the elastic immersed structure in tank.

Tank Walls Rigid

Immersed Walls Elastic

Symmetry 2020, 12, x FOR PEER REVIEW 10 of 13 

 

Table 5. Boundary condition of the elastic immersed structure in tank. 

Tank Walls Rigid 
Immersed Walls Elastic 

 
Figure 8. Flexible immersed structures in a tank. 

In addition, the presented model using three structural mode shapes has been applied to 

calculate the natural frequencies of the coupled system (Table 7). The flexibility parameter ( IF ) of 
the immersed structure, which is dimensionless, can be defined as 

( )2 2 3

2
0

1f
I

T TF
E t

ρ ϑ
ω

−  =  
   

(25) 

In the above equation, T  and 0ω  are also the width and the first sloshing frequency of the 
immersed structure, respectively. The material properties of the flexible immersed component are 
represented as: 

Material: 
3 3200 , 0.3, 5 , 7800 / , 1000 /s fE GPa t cm kg m kg mυ ρ ρ= = = = =

.
 

Table 6. Natural frequencies of structural model (rad/s). 

Structure modes 
1 4.8287 
2 14.0805 
3 32.5552 

Table 7. Natural frequencies of FSI (Fluid-Structure Interaction) model (rad/s) with F = 0. 

Slosh dominant modes 
1 1.42815 
2 1.8763 
3 1.9789 

On the basis of the data in Tables 6 and 7, existence of the fluid in the system leads to a decrease 
in structural frequency. This reduction in frequency is mainly due to dividing the freeboard of the 
fluid into a small zone. In addition, according to the represented results in Tables 3 and 5, in the 
presence of an elastic structure, a reduction in sloshing frequency is observed. This decrease in 
frequency can be attributed to the immersed structure flexibility and its interaction with the fluid. 

Figure 9 illustrates the variation in the first three sloshing frequencies versus the flexibility 
parameter of the immersed structure. The figure highlights the direct relation of sloshing frequencies 
to the flexibility parameter for tanks with immersed structures. Indeed, the coupling of the 

H

L

D

T

Figure 8. Flexible immersed structures in a tank.



Symmetry 2020, 12, 655 10 of 13

In addition, the presented model using three structural mode shapes has been applied to calculate
the natural frequencies of the coupled system (Table 7). The flexibility parameter (FI) of the immersed
structure, which is dimensionless, can be defined as

FI =
ρ f

(
1− ϑ2

)
T2

Eω2
0

(T
t

)3
(25)

In the above equation, T andω0 are also the width and the first sloshing frequency of the immersed
structure, respectively. The material properties of the flexible immersed component are represented as:

Material: E = 200 Gpa, v = 0.3, t = 5 cm, ρs = 7800 kg/m3, ρ f = 1000 kg/m3.

Table 6. Natural frequencies of structural model (rad/s).

Structure modes
1 4.8287

2 14.0805

3 32.5552

Table 7. Natural frequencies of FSI (Fluid-Structure Interaction) model (rad/s) with F = 0.

Slosh dominant modes
1 1.42815

2 1.8763

3 1.9789

On the basis of the data in Tables 6 and 7, existence of the fluid in the system leads to a decrease in
structural frequency. This reduction in frequency is mainly due to dividing the freeboard of the fluid
into a small zone. In addition, according to the represented results in Tables 3 and 5, in the presence of
an elastic structure, a reduction in sloshing frequency is observed. This decrease in frequency can be
attributed to the immersed structure flexibility and its interaction with the fluid.

Figure 9 illustrates the variation in the first three sloshing frequencies versus the flexibility
parameter of the immersed structure. The figure highlights the direct relation of sloshing frequencies
to the flexibility parameter for tanks with immersed structures. Indeed, the coupling of the structures
and fluid can be inferred in the high flexibility parameters. In fact, this means that the coupling has
occurred earlier when the dynamic behavior of the two systems is close to each other.
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4. Conclusions

Different methods are applicable for the sloshing behavior investigation of various structures.
The accuracy and appropriateness of the previously utilized approaches are dependent on the physics
of the problems and grid meshing as the applied numerical methods are time-consuming; the analytical
approaches are superior in terms of time and computational cost. In this study, a semi-analytical
approach is represented based on a coupled DQM-BEM model for the investigation of sloshing in
symmetric tanks with a flexible immersed and submerged structure. The represented tank and all
features are considered as symmetric rectangular and trapezoid shapes. In the first step, the results of
the presented model are compared to those of the literature and ANSYS for a tank with a submerged
structure. Then, the results for a tank with a rigid immersed structure compared to ANSYS indicates
that a very good agreement has been achieved, and the natural frequencies of the fluid–solid interaction
model for a tank with a flexible immersed thin-walled beam is finally investigated. From the emerged
results of the represented test cases, the following additional points can be concluded:

1- According to the model outputs, the existence of fluid in the investigated system leads to the
reduction in the frequencies.

2- Comparing the results of the model to the data of previous studies shows a maximum relative
error of 1.5% between the DQM-BEM model and literature, indicating the reliability of the results
obtained by the developed model.

3- The effect of the immersed structures on the dynamic response of the sloshing is more tangible
than the submerged structure.

4- The sloshing effect on the structural frequencies is revealed itself in a high-flexibility parameter
for both submerged and immersed structures.

Author Contributions: Z.W. and J.F. have conducted modeling and investigation of results. M.G. has revised and
written the manuscript. The study has been supervised by A.M. and Z.A. All authors have read and agreed to the
published version of the manuscript.
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