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Abstract: In this paper, we define a gyrogeometric mean on the Einstein gyrovector space. It satisfies
several properties one would expect for means. For example, it is permutation-invariant and
left-translation invariant. It is already known that the Einstein gyrogroup is a gyrocommutative
gyrogroup. We give an alternative proof which depends only on an elementary calculation.
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1. Introduction

Einstein addition is a binary operation that stems from his velocity composition law of relativistic
admissible velocities. Einstein addition is neither commutative nor associative. Ungar initiated the
study of gyrogroups and gyrovector spaces [1] associated with the Einstein addition in the theory of
special relativity. A gyrocommutative gyrogroup is a gyrogroup which has weak associativity and
commutativity. It is a generalization of a commutative group.

Let V be a real inner product space. For a positive real number s we denote V; the s-ball of V, i.e.,

Vs={veV:|v| <s}

The Einstein addition @&F on V; is a binary operation on V; given by the equation

1 1 1 9
u@Ev:@{u—k—v—l—— = (u-v)u},

where v, is the gamma factor

= 1
=
2
1_ Hlslzl\
in V;, where - and || - || are the inner product and the norm of V respectively. By the definition of ©f,

u®g v € V; for every pair u, v € Vs by Theorem 3.46 and the identity (3.189) in [1].

In [1] (p. 88) Ungar described that “one can show by computer algebra that Einstein addition in
the ball is a gyrocommutative gyrogroup operation, giving rise to the Einstein ball gyrogroup (V1, ®g).”
On the other hand, Suksumran and Wiboonton [2] gave a proof applying the theory of Clifford algebras,
without using computer algebras. We give an elementary and direct proof in Section 6, which is lengthy
but just by a simple calculation without applying any substantial theory of mathematics.
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In the following up to Section 5 we assume s = 1 just for simplicity. The Einstein scalar
multiplication ®f on (V1, @) is given by the equation

(1+fla[)" = (A —la])" a_
1+ [lal)"+ (1 = [lal})" [|a]]
= tanh(rtanh ! Ha||)@,
wherer € R,a € V; \ {0}; and r ® 0 = 0. By Theorem 6.84 in [1], (V1, g, ®) is a gyrovector space,
which is called an Einstein gyrovector space.

rQea

Ungar [1] (pp. 172-173) defined the gyromidpoint P} of two elements in a gyrovector space.
For a,b € V; we have
P;nb — ,)/aa"_,)/bb. (1)
Yat+ T

Ungar also defined the gyrocentroid CTb . of three elements a,b, c € V; as

m :7aa+7bb+7cc
e i+ e+ e

The gyromidpoint corresponds to the average of two velocities in the special theory of relativity. On the
other hand the gyrocentroid CJ; . does not satisfy a certain desirable property one would expected

for means; by a simple calculation we have C7}, = = ,y’cyizc # % ®pcfora=b =0and c # 0. In this
paper, we propose an alternative definition of the mean of three or more elements, the gyrogeometric
mean, and show that it has several properties one would expect for means. The gyrogeometric mean
corresponding to the average of the velocities in the special relativity. It is symmetric in the sense
that permutation-invariant by the definition of the gyrogeometric mean. It is translation invariant
(Proposition 5). The main idea of the definitions come from the geometric mean for positive definite

matrices by Bhatia and Holbrook [3] and Ando, Li and Mathias [4].

2. The Metric Space (V1, ®r, )

We define the set ||Vy|| = {£]|v|| : v € V;} C R which coincides with the open interval (-1, 1).
|| V|| admits the addition & and the scalar multiplication ®’ given by the following:

/. a+b
4a®'b = 1+ab
r®@’a = tanh(rtanh!a)

where a,b € ||Vq|| and r € R. Please note that the triplet (|| V1||, ®', ®’) is a real one-dimensional space.
The gyrometric is defined by

d(a,b) = [[aCebl| € [[V4]],

where a,b € V; and acpb = a @ (—b). The gyrometric needs not be a metric. It satisfies the
following [1] (p. 158).

Proposition 1. (1)  For every pair a,b € Vy, d(a,b) > 0 The equality d(a,b) = 0 holds if and only
ifa=D.
(2) d(a,b) =d(b,a) forany a,b € V.
(3)  The gyrotriangle inequality:
d(a,b) < d(a,c) ®'d(c,b)

holds for any a, b, ¢ in V.
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We define the metric § on V; induced by the gyrometric 4. Put the map f : [|V;]| — R by
f(x) = tanh~!(x). Forany a,b € ||Vy|| and r € R, the map f satisfies the following.

(F1) f(a®"b) = f(a) + (D)
(F2) f(r@'a) =rf(a)

Let the map 6 on V; be given by
d(a b) = f(d(a,b))
fora,b € Vy.

Lemma 1. The inequality

1

1
—— X ||b—a|| < b| < —||b—
ey b Al Slacebl < g b -al

holds for every pair a,b € V7.

Proof. Recall the equations (3.177) and (3.178) [1] (pp. 88-89):

Yaogb = 7VYatp(l+a-b),
Yacgp = Yarp(l—a-b).
_ 1
BY Yaagb = NPT we have
1
lacebl = /1- 5
'7a€a13b

1
= J1-—
\/ Yarp(l—a-b)

% _ (—Jal?)(1 - |Ib|P)

(1—a-b)?
_ V(-a b)) -[b[?
1—a-b
_ VIb—al?>—[a[[[b]* + (a-b)
1—a-b '
Since a-b < ||a]|||b]| then we have
1
< —ajll.
laSeb] < s b al

2
Next we calculate ||a ©f b||? — {ﬁ”b - a||} .

b —al? —[la|?[Ib]*+ (a-b)* 1 ]la|?
(1—a-b)? (1—a-b)

b —a?

= gt alP = Jal bl + 2B = 1 JalP) b - al?)
gl bR+ al - 2lalPa-b))
- (1_;111.1))2(||a|!2 —a-b)’

%

0.
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Thus, we have the desired inequalities and conclude the proof.
O

Proposition 2. (Vq, ) is a complete metric space.

Proof. We first prove that (Vy,0) is a metric space. By (1) and (2) of Proposition 1, it is trivial that
d(a,b) =0 < a =bandd(a,b) = d(b,a) for every a,b € V;. By (3) of Proposition 1 and the
monotonicity of f, the inequality f(d(a,b)) < f(d(a,c) ®d(c,b)) for every a,b,c € V;. By (F1)
we have

d(a,b) < é(a,c)+5(c,b).

As V is complete, we have by Lemma 1 and the definition of (-, -) that (Vy,6) is complete. [

We recall the gyroline and the gyrosegment [1] (Definition 6.19). Let a, b be elements of V.
The gyroline through a and b is defined by

L(a,b) ={a®pt®r (Cpa®eb) : t € R}.
A gyrosegment with endpoints a and b is denoted by
S(a,b) ={a®rt®c (Gra®rb) : 0 <t <1}

The point athb = a Gt ¢ (Spa @ b) is called the gyro t-point on a gyroline or gyrosegment.
We abbreviate a# 1 b by a#b. Please note that a#b = b#a for every pair a,b € V;.

Theorem 1. Forany a,b,c € V; we have
1
d(a#b, a#c) < 5 ®d(b,c). )

Proof. To begin with the proof of the inequality (2), we show an equation related to the gyrometric
and gamma factor. Recall the equations (3.197) and (6.266) [1] (pp. 93, 209):

(7a+ '7b)2
= JaT b/ ¢
YaHgb Yoo + 1
[1+7a
Tiopa = 2 7
Hence Yoty
a b
Yatib = —F—— 3)
? Z(Wa@b + 1)
holds. By a simple calculation, we have
1—(a#b)(a#c)= 1+')’a@b+’7b9c+'7c@a‘ (4)
(Ya+7b)(7a +70)
Hence we have
V(a#b)og(ate) = 7a#b'7a#c(1 - (a#b) ’ (a#c))
1+ Yach + Tboc T Yeoa )

2\/('7aeb +1)(Yacc +1)
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and

1
')’(a#b)@E(a#c)z
4(7vach + 1) (ra0c +1)

- 1 ) (6)
(1+ Yacb + Tboe + Yeca)?

1—

d?(a#tb, atc)

We also have

1 B 1.
§®d(b,c) = tanh(itanh d(b,c))

,Yb@EC
= ———E (d(b,c
1+ ’)/b@EC ( )

_ ’)/b@]gc -1
1+ r)/b@EC ’

(% ®d(b,c))2 — d?(a#b, a#c) 7)

where 74(p,c) = Tboge- Hence we have

_ Tboge — L (1 _ A(7ach T D (7126 +1) )
1+ Tbekgc (1 + Yach + Yboc + 'Yc@a)2
4(’)/aeb + 1)(’)/216': + 1) . 2
(1 + Yach + Tboc + 'Yc@a)z 1+ Ybogc
Z{Z(Waeb + 1)(’)’begc + 1)(’)’C8a + 1) - (1 + Yasb + Yboc + Vc@a)z}

(1 + 'Yb@p;c) (1 + Yacb + Yboc T 'Yc@a)z

2{2')’a8b')’b6c')’cea - (7a8b2 + 7b8c2 + '7c6a2) + 1}

= )
(1+ ')’b@Ec) (14 Yach + Tbac + 'Yc@a)z
Let A = Spc®ra,B = ©pc@pb. It is well defined by ||[(©rc ©f a) S (Spc B b)|| =
llgyr[©gc, a](a ©p b)|| = ||a ©f b||. We calculate the numerator of (8);
27acbTbocYeoa — (')’a@bz + 'Yb@cz + ')/ceaz) +1
= 27aceBYAYB — (Yacgs” +7a% +78%) + 1
= 27a’18* (1 - A-B) — (7a%78°(1 = A-B)* + 7a” + 18%) + 1
= 728 (1 (A-B)%) = (1A% +78%) +1
1-(A-B)? 1 1
= - = +1
(1= [A[>) (1 — [1B]?) ((1 — 1Al (- ||B||2))
_ lA?[B]*>—(A-B)?
(1—[A[P) (1= [B[])
> 0.
We conclude a proof of Theorem 1. [
By Theorem 1 and the monotonicity of f(x) = tanh~!(x), we have
1
J(attb, aftc) < E(S(b,c). )
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By the triangle inequality, we have

O(attb, ct#td) < O(attb, a#d) + d(a#d, c#td)
< %5(b,d)—|—%(5(a,c). (10)

Moreover, since the map g(t) = d(a#b, c#;d) is continuous, we infer that g is convex, i.e.,
S(athb, ctd) < (1— 1)é(a, c) + t5(b, d). (11)

Letting a = ¢ we have
S(at#b, attic) < t6(b, ). (12)

3. The Gyroconvex Set and the Gyroconvex Hull in a Gyrovector Space

We define a gyroconvex set and a gyroconvex hull.

Definition 1. Let A be a subset of V. We say that A is gyroconvex if S(a,b) C A forany a,b € A. Let X be
a non-empty subset of V7.

conv(X) =N{C C Vy : X C Cand C is gyroconvex set}.
We call conv (X)) the gyroconvex hull of X.
Please note that the gyroconvex hull of a non-empty set X C V is gyroconvex.

Lemma 2. Let a,b € Vq. Then the gyrosegment S(a,b) is gyroconvex. The gyroconvex hull conv({a,b})
coincides with S(a,b).

Proof. Let Pj be an arbitrary point in S(a, b) for j = 1,2. There exists 0 < tj < 1 such that
P]- =adf t]' ®E (©ra®@gb)

for j = 1,2. We may assume that t; < t;. where 0 < t; < t < 1. Then we have t € [0, 1],
P1#P; € S(a,b). In fact, by the Equation (6.63) in [1] (p. 167) we have

Py ®pt @p (OpP1 ®p P2) = a®p (h + (—t + 1)t) ¥ (Opa®Eb).
Since t; < t; + (—t1 + tp)t < tp, we have P1#,P, € S(a,b). Thus, S(Py,P,) C S(a,b) for every pair Py
and P, in S(a, b). Thus, S(a, b) is gyroconvex. [

Let Cy be a non-empty subset of V1. We define a sequence {C, } of a non-empty subset of V; by
induction. Suppose that C,,_; is defined. Put

Co= | S(ab).

abeC, 4

Proposition 3. Let Cy be a non-empty subset of Vq. Then

oo

conv(Co) = |J Cu-
n=0

Proof. We prove that Up?_ ,C; is gyroconvex. Leta, b € U ;,Cy. Since Cy C Cy4 for every k € NU {0},
there exists a positive integer 19 with a,b € C;;. Then by the definition of C,,, 1 we have S(a,b) C
Cuy+1 C U2 (Cy. Thus, U5 (Cy, is a gyroconvex set. As Co C U2 ,Cyy, we have conv(Cp) C U5 oCy.
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We prove U C, C conv(Cp). For any a,b € Cy, S(a,b) C conv(Cp). Hence C; C conv(X).
Similarly, assuming that C,, C conv(Cp) for any n € NU {0} we have C,,;1 C conv(Cp). So for
arbitrary nonnegative integer 1, C,, C conv(Cy); U (Cn C conv(Cp). [

4. The Gyrogeometric Mean
Let ¢ # X C V;. We define diam(X) = sup{d(x,y) : x,y € X}. First we prove the following.

Proposition 4. Suppose that xo,yo,x1,y1 € V1. If the inequality diam({xo,yo,x1,y1}) < M holds

for a positive real number M, then the inequality 6(x,y) < M holds for arbitrary points x € S(xop,X1)
andy € S(yo,y1)-

Proof. Put x = xg#:x; and y = yo#sy1, where 0 < s <t < 1. We have

d(yo#x1, yo#sx1)
= [{yo ®rt ®E (SEyo BEx1)} OF {yo ®E s ®F (SEY0 ®EX1)
Igyr[©Eyo, t ®E (SEyo B x1)]{t ®F (OEY0 ©E X1) O S ®F (OEY0 BE X1) }|
(t—3s)® | ©ryo BEx1]-

Applying this equality, we have by (11) and (12) that

6(xy) < O(x yolxi) + d(yotxi, yotsxi) + 0 (yotsx1,y)
O (xo#tex1, yottix1) + (t — 5)d(yo, x1) + 6(yo#sx1, yo#sy1)
(1 —1)8(x0,y0) + (t —s)d(yo, x1) + s6(x1, y1)
1-t) M+ (t—s)M+sM = M.

IN A

O
Lemma 3. Let X C 'V be a non-empty set. Then
diam(X) = diam(conv(X)) = diam(conv(X)).

Proof. First we prove diam(X) = diam(conv(X)). By Proposition 3, conv(X) = U;~,C, where
Co = X. For any positive integer k let x, y be arbitrary points in C. Then there exist xo, X1, yo, y1 € Cx_1
such that x € S(xo,x1),y € S(yo,y1)- Put M = diam(Cy_1) then by Proposition 4.1 we have

4(x,y) < M = diam(Cy_1),

whence
diam(Cy) < diam(Cy_1).

Thus, for arbitrary n € N, diam(C,) < diam(Cp) = diam(X). It follows that for any x,y € conv(X) =
Un—o Cn, we have
4(x,y) < diam(X).

Therefore
diam(conv(X)) < diam(X).

The converse inequality is trivial, hence we have diam(conv (X)) = diam(X).

Next we prove diam(conv(X)) = diam(conv(X)). For any pair x,y € conv(X), there exist
sequences {x, } and {y, } in conv(X) such that x,,, y, converge to x, y respectively. Letting n — co for
0(xn, yn) < diam(conv(X)), we have é(x,y) < diam(X). Thus, diam(conv(X)) < diam(conv(X)).
The converse inequality is trivial, hence diam(conv(X)) = diam(conv(X)) holds. [
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Lemma 4. Suppose that K is a gyroconvex subset of V. Then the closure K of K is gyroconvex.

Proof. For any x,y € K, there exist {x,},{yn} C K such that x,,y, converge to x,y respectively.
We show x;#y, converges to x#;y for arbitrary 0 < t < 1. By (11) we have

S(Xpt#tryn, xty) < (1 —1)8(xy,x) + t6(yn,y)-

By n — oo, then &(x,#;y,, x#ty) — 0. Thus, x#;y € K. Hence K is gyroconvex. [

Let n be a positive integer. Let X, be the set of all subsets of V; whose number of elements is
exactly n. We define, by induction, the sequence {G, }>_, of the maps G, : X, — V; which satisfy the
following two conditions (p,) and (g,);

(pn)  Gn(A) € conv(A) for every A € X,
@n)  8(Gu(A),Gu(A)) < Ly 6(ay,a)) for every pair A = {ay,...,a,} and A" = {a],...,a}}
in X;,.

First, put Gy({a,b}) = a#b for {a,b} € X,. Asconv({a,b}) = S(a,b) by Lemma 2 we obtain that
G>({a,b}) € conv({a,b}); (p2) holds. Let A = {a,b}, A’ = {c,d} € X,. Then by (10) we have

5(Ga(A), Go(B')) = 6(attb, cid) < %{J(a,c) +4(b,d)},

which is (g7).

Suppose now that the map Gy : X — V; which satisfies (py) and (qx) is defined. We will define
Giy1 : Xky1 — V7 which satisfies (pg,1) and (gx41). Let A = {a?,.. .,agﬂ} € Xj.1. For a positive
integer m we define A™ € X;,; which satisfies that A” C conv (A1) by induction on m. For every
1<i<k+1, put
ai = Gi({al,...,a)_,al g, 4k, }).

Please note that ai1 is well defined since {a(lj, eeey a?_l, a? NIRRT ag H} € X} and we have assumed that
the map Gy is defined. By the condition (p;) we have that

ail IS conv({a(l], ... ,a?_l,a?H, ... ,agﬂ})

forevery 1 < i < k+ 1. Put Al = {a%,...,a}(H}. Then A! € X;,; and A' C conv(A?) since
{a(lJ,...,a?_l,a?ﬂ,...,agﬂ} C A for every 1 < i < k+ 1. Suppose that Al = {all,...,aiﬂ} € Xk
such that A! conv(A~1) is defined. For every 1 <i < k+1, put

41 ! Y L
ai+ = Gr({ay, ... aj_q,a; 1, .., a4 })-

As in the same way as the above, aﬁ“ is well defined for 1 < i < k+1,and A'*! = {all+1, ceey a;{fl} €
Xj.41 satisfies that A1 C conv(A!). Hence, by induction, we have defined a sequence {A™}®_, C
Xj41 such that A™ C conv(A™~1). Applying (q¢) for A = {af,...,a" ,a]",...,a" |} and A" =

m m m m 3
{af, .. Ly, "'ak+1}' we infer that

o(aj"t, a"th) = 5(Gr(B), G(8))

(Gl al o al ), Ge(fal ol 1)
]"'Ll,a;’il,. coally, ajm}),
m

Gr({al',...,aj" y,af"4,. ..,ajfl,aj"’il, coaflg,al't))

— (Gel{ayl,...,a" alty, . a

1
< E&(a}”,a;”) = —4(al",a’)
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Then by Lemma 3 we obtain

diam(conv(Am+1)) < 1diam(conv(Am))

>

for every positive integer m. By Cantor’s intersection theorem there exists a unique M« € V; with
{Ms} = Niyconv(A™).

Asal' € conv(A™=1) forevery 1 <i < k+ 1, we infer that lim_,c0 aj' = M forevery 1 <i <k+1.
Put Gy 1(A%) = M. Then the map Gy q : Xip1 — Vi is well defined, and Gy 1(A%) = Mo €
conv(A%); Gy 1 satisfies the condition (p;).

Next we prove that the map Gy satisfies the condition (gx1);

, 1 k+1 ,
(Grn(8) Gen () < g (L, (a4))).

where A = {aJ, ..., a2+1}’ A= {a’(f, cee, a’gﬂ} € Xj11. Let m be a positive integer. We define a/* and
a'!" for every 1 < i < k + 1 as in the same way as before. As (q) holds for Gy, we have

s(af,a’i")
=6(Ge({ay Y ay - a L al Al
-1 -1 -1 -1 -1

Gk({a’;” /a/;n A /a/szl /a/ﬁl A /allrcn+1 1)
1 k+1 1 m-1
e _

< ¢ X s@rtah).
j=Lj#

By summing up the above inequalities with respect to 1 < i < k4 1 we have

k+1 . k+1 1 k+1 1 me1 k+1 1 me
Y daral) <y E<. Y, o] )) = Y o@ L),
i=1 i=1 j=1,j#i j=1
for every positive integer m. Thus, we have
k+1 k+1
Y s(af, al" < Y é(aj,a’;).
i=1 =1
Letting m — oo, since limy, 0 @) = Gy4q (A), limy 00 a':-n = G41(4'), we have
k+1 / k+1 /
Y 0(Gri1(A), Geya(A)) < ) 6(ay,a'y),
i=1 j=1
hence
, 1 k+1 ,
3(Grs1(A)), Grsa(A")) < le(.Z d(aj,a’y)).

j=1

So, the condition (gx1) holds for the map Gi,1. We conclude that the map G, : X,, — V; which
satisfies the conditions (p,) and (g,) are defined by induction.
By applying the maps G,, we define the gyrogeometric mean of n elements in Vj.

Definition 2. Let A = {ay,...,a,} C Vq. We call that G,,(A) the gyrogeometric mean of A.
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Due to the definition, the gyrogeometric mean of {a,b} C V; is a#b. The gyrocentroid CJ} _ is
defined by applying the mternal division points on the usual lines which makes the inconvenience
suchas CJj = ,yryizc # L ®p cfor a = b = 0. The gyrogeometric mean is defined by applying the

gyrolines and it resolve the inconvenience.

5. Properties of the Gyrogeometric Mean

The gyrogeometric mean satisfies certain desirable properties one would expect for means in
general. For example, the permutation invariance and the left-translation invariance would be expected
properties. It is trivial that the gyrogeometric mean is permutation-invariant. We prove that the
gyrogeometric mean is left-translation invariant.

Recall that X}, is the set of all n-points subset of V; for a positive integer #.

Proposition 5. Let x € Vyand D, = {ay,a, -+ ,a5} € Xpp. Put x®p Dy, = {x®pa;, xPpayg, -+ , XD
ay, }. Then the following holds:

Gn(x S2) 3 Dn) =xOr Gn(Dn)‘ (13)
Proof. We prove the equality (13) by induction on n. For n = 2, Gy({a,a2}) = P!, . By Theorem 6.37
in [1] (p. 175) we have
Gy({x®pa;,x®rar}) = x®g Ga({ay, a}).
Assume that (13) holds for n = k. Let DI\, = {a",a}, - ,a,’:ﬂrl} where a' =
Gr({a]'" ', ay"~ ... at 11,al+11, -+ ,agy1}) for 1 <i < k+ 1. By the assumption we have
r({x@pal"™" , x®pa) Lo x@g a:."*ll,x BE a?f;ll, c X OEag )
=XOE Gk({a;'1 ayl,. . 'a;ﬂ—_llfaﬁllf' coagy 1)
=XOPE am

forevery 1 <i < k+1. Then for x &g Dy, = {x Ppa;,xBpay,--- , XD ax,1} we have

x e Dyl
= {G ({x®E aTﬁl,-~~ ,XDE a;.”:ll,xeBE a?}:ll,~~~ ,X DE aﬁfll}) 1<i<k+1}
={x@ral":i=12,--- ,k+1}.

We prove that x @ D[, ; — {x ©p Giy1(Dgy1)} as m — co. By a simple calculation we have

d(x © aj", X DE Giy1(Dy1))
= |lgyr[x, af*](ai" ©¢ G(Dgs1)) | = l|ai" © G(Dys1)|| — 0

as m — oo. Hence we have 6(x ©f a",x ® Gyy1(Dyy1)) — 0as m — co. Thus, x O a" — x Ok
G(Dyy1) asm — oo for 1 < i < k+ 1. We conclude that G, (x ®g D) = x ®g Gu(Dy). O

Fora =b = 0 and cin Vy, G3({a,b,c}) = I @ c. More generally, the gyrogeometric mean
satisfies the following.

Proposition 6. Let A = {t; ®c a,tr ®ca,--- ,t, Qg a} C Vy.

BoAty 4o+t
Gn(A): l+2n H®Ea
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In the case of n = 2, it is proved by the following calculation.

Go(t1 ®p a, tr ®f a)
= hQpa#tr)Rpa

= ; ®e {(t1 ®pa) B (2 ®pa)}

1
= 5 XE {(tl KE a) DPE gyr[t1 XEg a, Oty F a](tz KE a)}

= ; ®f {(t1 ®ca) g (2 ®pa)}

1

= §®E{(t1+t2)®a}
t t

= 1;2®Ea.

Proposition 6 is proved by induction on n.

In Section 6 Vs = {v € V : ||v|| < s} with appropriate operation is a gyrocommutative gyrogroup,
which is also called the Einstein gyrogroup. The gyrogeometric mean is defined for V; similarly.
If s — oo or v € V; such that ||v|| is small enough, 7y — 1. So, in the case,

)_>a1+a2+~-+an

Gn({a]/aZ/"' /an} 1

is hold. It is simply proved by induction.

6. Proof that (V, ) Is a Gyrocommutative Gyrogroup

A magma (G, @) is a non-empty set G with a binary operation &. A magma (G, @) is a gyrogroup
if its binary operation @ satisfies the following axioms (G1) through (G5):

(G1)  There exists a left identity 0 in G such that
0Oba=a

foralla € G.
(G2)  For each a € G there exists a left inverse ©a € G such that

Sada=0.

(G3)  Forany a,b,c € G there exists a unique element gyr|[a, b]c € G such that the binary operation
obeys the left gyroassociative law

a® (badc) = (adb)®gyra, blc.

(G4) Themap gyr[a,b] : G — G given by ¢ — gyr[a, b|c is an automorphism of the magma (G, ®).
It is called a gyroautomorphism. gyr|a, b] generated by a,b € G is called a gyration.
(G5)  The gyroautomorphism gyr[a, b] generated by any a, b € G satisfies the left loop property:

gyr[a,b] = gyr[a® b, b].
The gyrogroup (G, @) is called gyrocommutative if the following (G6) holds for every pair a,b € G

(G6) a®b=gyr[ab](b®a).

We prove that the Einstein gyrogroup (V, ©) is in fact a gyrocommutative gyrogroup only by
simple calculations. Proof of (G1) and (G2) are simple and omitted.
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We prove (G3). We prove that u @ (v ®pw) = (u @ v) & gyr[u, v]w holds for all u, v, w € V.
First, we prove the left cancellation law which is given by the equation

foralla,b € Vg. Put Dyy =1

X

Putl+ Slz((—a) . X) = D(fa)x

1
Ora®px =

1

D(
We compute,

Diap = 1

=1

and

Hence we have

Sea P (a Pk b) =

_|_
1+ 7,

D(fa)x

—a)x

Sra P (a D b) =b,
+ %7 forany u,v € V; and put
= adeb

1 1 1 7a
Dab{ Ya +521+'7a

(a- b)a}.

. We have

1 1
_a [R— —
{ )Xt

1 1 D 1 1
{ a4 + Ya ab o
')’aDab

1

+ 5 ((=a) - x)
)+ 1 7

1

2 2
+—(a-b b

{Ha” ’Ya( Szl ,)/a(a )Ha” }

1 (va2—1 1 (a-b) Ya (a-b)y.2—1
{ 7 T 2 2 2 }
Doy, Ya Ya S 1+7a s Ya

1 1 1 Ya—1
—— 11— — + —(Dyp—1)+ Doy — 1
Dab{ ,)/az ')’a( ab ) Ya ( ab )}

1
Dabsz

Ya?Dap”

Opa®Pex
1 1+ 7D 1

2 aYab

D —a)+ a+—b
1 Dap{(-a) + (et )
2D, —1
Ya 2ab a}

Ya Dab

Ya

1 D 1
1 7a aba—%-fb)—i— Ya
1+ 7a Ya 1+ 7a
Ya + 'yazDab ')’asDab — 'Ya)a
1+ 7a 1+ 7a

_'YazDaba+'Ya( ('YazDab - 1)3

b+ (—7a’Dap + +

b.

Next, we prove the following equation

gyr[u, vilw = Op(u®g v) O (uBE (VOEW)).

(14)
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It is known in [5] ((2.84), (2.85)) that the Equation (14) can be rewritten as

Au + Bv

D (15)

gyrju, viw = w +

by applying computer algebra, where

1 'Yuz 1 2 ’Yuz'sz
A = _— o —1)(u- vuyy (V- il . .
Sz%+1('y )(u w)—i—SZ'yu'y (v w)+s4 (7u+1)(7v+1)(u v)(v-w)
B= 5" (v + D@ w) + (u = Dl(v-w)
s2yv+1
u-v
D = 7pl+—7)+1

We prove (15) without applying computer algebra. Put

z = @E(u DE V)
_ 1 1 1 Y
= 1+%{u+"yuv+szl+'yu(u v)u}
1+ yuDuv 1
= - u-— v,
Duv(l + ')’u) YuDuv
x = (VOpw)
1+ vvDyw 1
= A% + W.
Dvw(l + ’YV) YvDvw
Put also
y = u®p(vepw)
= udpx
1 + yuDux 1
= u X
Dux(1 + 'Yu) YuDux
_ 1+ YuDux u 1+ yvDyw 1

v+ w
Dux(1+ 7u) DuxDywyu(1+ 7v) DuxDywYuyv

Then gyr[u, v]w is given by the following:

gyrju,viw =z &y

14 vzDzy 1
- Dzy(1+7z)z 'YzDzyy
N _(1 +')’zDzy)(1 +'YuDuv)u_ 1+ 72Dzy v
DzyDuy(1+92)(1+7u)  DzyDuv(1+72)7u
" 1+ vuDux u 1+ yvDyw v
DzyDux’)/z(1 + Yu) DzyDux'Yz'Yu<1 + )
1
- DzyDuxDvw'Yz'Yu')/vw

We will calculate each coefficient of u, v, w of the equation above.
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We prove that the coefficient of w is 1, i.e., Dzy DuxDywYuYv?Yz is 1. The equation £ 2 =D, —1
holds for all a,b € V. Applying this equation, we have

u-Xx
Dux =1+ —-

:1+l{ 1+ YoDvw ( v)—l—i(u-w)}

Dvw(l + ')/v) " YvDvw
~ Dywyv(I+7v) +7v(1 4+ ¥vDyw)(Duy — 1) + (1 + 9v) (Duw — 1)
B Dywyv(1+7v)
. ')’szuvaw + YvDuv + YvDyw + YvDuw + Duw — 29y — 1
N Dvw’)/v(1 + ’)’v)

7

N
'*<

u-v)

DuyDux(1 4+ 74)? DuyDuxDvwru (1 + 7u) (1 + 7v)

1 (1+ YuDuv)(1 4+ (1 + YuDuy)(1 + yvDyw)
. 7{ ulluv u ux) Hqu + ulluv vlvw (
T 1+ YuDuv 1+ yuDux

u- + u-v
DuvDuxDvw"}’u')’v(1 + ')’u) ( ) l)uvl)ux"}/u(1 + ’)/u) ( )
1+ vvDyw 5 V-W
+ ; V]2 + 7}
DyyDuxDvwYu (1 + 'Yv) DuvDuxDywyu*yv

Multiplying DyxDyw from the right-hand side of the last equation, and applying the gamma factor,
we have

Dzy(DuxDvw>
— DuxDow — (1 + 'YuDuv)(l + ’YuDux)("}’u - 1)Dvw
Duv (1 + 7u)7u?
_ (14 YuDuy) (1 + yvDyw)(Duv — 1) _ (14 7uDuy)(Duw — 1)
Duvyu(1+ vu) (1 +v) DuvYuYv(1+ 7u)
. (1 + 'YuDux)(Duv - 1)Dvw . (1 + ')/vaw)(’)/v - 1) . Dyw —1
Duv')/u(1 +r ) Duv')’uz')’v2 Duv'Yuz')/v'

Dividing the common denominator DyuyYu?1v2(1 + 7u)(1 + 9v) and multiplying yuyvyz to
DzyDuxDyw, where 7y, = Yop(uogy) = Tudpy = DuvYu?v, we have

DzyDuxDvwYuYv7z
1
(1+u)(1 +'Yv){
— (14 74Duv) (1 + YuDux) (7u — 1) Dywrv? (1 + 7v) (16)
— (1+ 7uDuv) (1 + 1wDyw) (Duy — 1) Yurv® — (1 + YuDuv) (Duw — 1) (1 4+ 7v) Yurv
(
(

DuvDuxDvw'YuZ')’v2(1 +7u) (T +7v)

— (14 YuDux)(Duv — 1)DVW’Yu7v2 — (14 vDyw) (vv = D) (1 4 7u) (1 +7v)
— (Dyw = 1)yv(IT+7u)(1 + ')’v)}~
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We compute {-} of the Equation (16).

{} = DuvDuxDyw7ra*1v? + DuvDuxDvw¥u> ¥v? + DuyDuxDywYu”1v°
+ DuvDuxDvw'Yug'Yv3 - Dvw'Yu’Yv2 + Dvw’)’v3 - Dvw')’u')’v3 + DVW'VVZ
— DywDux7u”1v* + DywDux7uv® — DywDux7u* v + DyvwDuxvu1v’
— DuvDyw7u*7v? + DuyDywurv® — DuvDyvw¥u®1v° + DuvDvwrurv’
— DuvDvwDux7u>1v* + Duy DywDux7u*¥v° — DuvDvw Dux V> 1v°

+ DuvawDux’)/uzf)/v2 + ’)/u’)’vz + Duv')’uZ’sz + Dvw’)/uva3 + Duvawr)/uZ’)’v3

— Duvru¥v? — Dayru®1v® — DuvDowrurv® — DayDyvwyu? v’

+ YuYv + Yurv? + Duvyu®¥v + Duvyuv?

— DuwYuYv — Duwru1v? — DuwDuvYu*¥v — Duw Dy yu?1v?

+ Dyw7u¥v® + Dywru¥v® + DywDuxvu”1v” + DywDux1u1v°

— DuvDywYu¥v” — DuvDyw7u¥v” — DuyDywDuxu7v

— DuvDywDux7a® 1w — 1> + 1= 1a1v® + 7u — Dowrv® + Dyw v

— Dyw7u¥v> + Dywru¥v + v + Yurv + 12 + Yurv® — Dyvw¥v — DywYurv
— Dyw7v? — DywYu v’

Applying

DuxDvw'Yv(1 + ')’v) = ’szDuvaw + ’YvDuv + r)/vaw

17)
+ YvDuw + Duw — 277y — 1

for underline items, we infer that

DuvDywDuxVu’1v° + DuvDyvwDux7u’ v

= Duv7u Vv DuxDvwrv(1 + 1v)

= D2, DywYu’ v’ + D2y 7u® 1 + DuvDowYu®7v? + DuwDuvyu®1v?
+ DuwDuvyu?®¥v — 2Duvyu?¥v? + Duvyu®

So, we have

{-} = —DywYuv? — Dyw7urv> — DuxDywrv (1 + ) (7e*1v — Tutv)
+27uYv” + DywYurv® — DuvYuv® — DuvDyvwrurv®
+ 7arv — DuwYu¥v — DuwYu¥v” + DuxDyw v (1 4 7v) 7u> v
+1+7a+ v+ 7urv
=1+70)1+w),

hence we have Dy DuxDywYuYvyz = 1.
Next, we prove that coefficient of u is %.
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Wehave 1l + v, = 14 DuyYuYv = D. Then we compute the coefficient of u applying the equation
DzyDuxDvw')/u')/v')’z =1

B (1+92Dzy)(1 + YuDuy) 1+ yuDux
DzyDuv(14+72)(1+7a)  DzyDux¥z(1+ 7u)

. —(1 + 'YzDzy)(l + ’YuDuv)'YzDux + (1 + 'YuDux)(l + 'Yz)Duv

N DzyDuxDuvD')’z(1 + '7u)

DywYuYv ) )
=57 1 1 (Pux7z + DuxD + DgyD + DyyDuxD
DDuV(1+%){ (Dux7z + DuxDuvru?z + DayDux7z 2y DuxDuvYz"Tu)

+ Duv + Duv?Yz + DuxDuvYu + DuxDuv')/u')/z}

_ DywYuYv
DDuv(l + 'Yu)
TuYv

= W{Dvw + DuvDvwYuYv — 1 — YuDuv
u

D D2
{Duv + Dlzlv')/u’)/v + DuxDuv')’u(1 - ')/v) - Duv - %%}
vw vw

+7u(l—7v)

')’VZDuvaw + YvDuv + YvDyvw + YvDuw + Duw — 27y — 1 }
Yv(1+7v)

’)’u(’)’v_
v—1)D 1-—
"Yv(ly )Duw + ( 1+ 7y

v —1 o, Y DRy 1)
1+ 'yv)%%Duvaw It Yv(1+7v) }

— TYuYv { o Tu ) Dvw

T DA+l
Tv—1

—(1+
( 1+ 9y

)YuDuv + (1 —

By Dyy = 1 + ¥

s2 7

2
~ 5{- g e - D - 2
Loty 9w =)
2 (rut+tD(w+1)
1 274%9? 1 290
- P (ra+ (v +1) (u-v) - P (ra+D (1w +1)
2, 2
— jZL’Ylu)(’rYYi — 1+ (u52V) n (VSZW) n S%(u.v) (v-w))
_ Tuv ')’uz(z')’v2 — v —1) }
1+ (ra + 1) (v +1)

Yuyv (1 +7u + v — TuIv)
(ru +1) (v +1)

w) +

T 1 742 1 2 a2
= _—_= v—1)(u- Yy (V- l ) )
D{ Sz’varl(’Y )(u V)"‘Sz'Yu’Y (v W)+S4 (7u+1)(7v+1)(u v)(v w)}
_A
D

Finally, we prove that the coefficient of v is %

_ 1+ 'YzDzy 1+ 9vDyw

DzyDuv<1 + ')/z)')/u DzyDux')’z')/u(1 + ’Yv)
. _(1 + ’)’zDzy)DuxDvw’)’z(l + 'Yv) + (1 + ’)’vaw)Duv(l + 7z)
N IjzyDuXIDuVIDVWID’YZ’)/u(1 + 7V)

- m{il)“xl)vwz(l +7v) = DayDuxDvw72* (1 + 1)

+ Duv(l + ')’z) + Duvaw’)’v(1 + 'YZ)}-
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Using (16) and Dy DuxDvwYz = then we have

_1
YuYv’

:#{— DuyD D D Duw + 22D
DDuv(1+'7v) ('Yz')/v uvDvyw + YzDuv + YzDyw + 7z uw+'7v uw

Yz _ Yz(1+ 7v)
2 (27, +1)) - 22 )
1 (u-v)  (v-w)

1
= BomT g A T e (v w)

+ Duv(1 + ’)’z) + Duvaw')/v(1 + ')’z)}

—Yuy (1+ (usﬁv) + (V;zw) + l4<u v)(v-w))

S
—Yuy (1+ (usﬁv) + (u;zw) + < (u-v)(u-w))

— Yuyv(1+ (usév) + (u;zw> + %(u v)(u-w))

+7u')’v(2')’v + 1)(1 + (11572‘7)) _ '7v2(1 + (uS'ZV))}
— —M{ﬁ{'}’u(?v + 1)(11 . W) + ('Yv — 1)')/u(v . W)}

O w

Hence gyr[u, vlw = w + w holds. By applying the left cancellation law for the Equation (14),
we obtain (G3).

We prove (G4). We prove that gyr|u, v] is automorphism for every pair u, v € V. To prove (G4),
we first show the gyration preserves, the inner product of V and the norm. So, we compute

gyrju,v]a-gyrju,v]b=a-b

forall a,b,u, v € V. By applying the Equation (15), we have

D
and 4 B
gyrju,vlb =b+ %

respectively, where

1 7’ 1 2 a2
A, = —— “D(u- - . ol . ‘a),
a ) ,yu+1(’7v )(u a)"‘Sz'Yu'YV(V a)+s4 et (7w £ 1) (u-v)(v-a)
Ba:_l A {’Yu(’)’v‘i‘l)(u'a)-i-(’Yu—l)’yv(v~a)}.
52y +1

The terms Ay, and By, are defined in the similar way an A, and Bprespectively. Then we have

Aa(u-b) + Ba(v-b) . Ap(u-a)+ Bp(v-a)

1
+ 53 {Aadp|[ul® + AaBy(u-v) + ApBa(u - v) + BaBy [v[*},

gyr(u,v]a-gyrfu,vlb =a-b+
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We show that terms other than a - b of the right-hand side of the Equation (18) equal to zero.
Az(u-b) +Ba(v-b)
L (e (- a)(u-b) ¢ (v a)(u-b)
) Ya+ 1 v u u Sz’)’u')’v u
2 ’Yu 'Yv
+ = . . -b
At i AR
L) - 5Ty (v avb)
SZIYUI)/V u-a)(v 527v+1 Tu .
Ap(u-a)+ By(v-a)
L e ()b (a2 b)
s2yu +1 m " g2 Tuv
2 'Yu 'Yv
l . . b
+s4 (’Yu+1)(’yv+1)(u v)(u-a)(v-b)
e e ) - 5Ty (v avb)
2 Turv(v-a)(u 2yet1 Tu v-a)(v-b).
Aa(u-b)+Ba(v-b)+ Ap(u-a) + By(v-a)
2 ')’uz 2 'Yu ')/v
_Z v —1)(u- . z . .
Sty = D))+ (v (- a)(v-b)
2 ’)’uz 2 ’)’uZ'YV
S = (v a) b + G T (v (vea) (v b)
Then we compute each terms of the sum
AaAv||ull*> + AaBy(u - v) + ApBa(u - v) + BaBy [ v/
AaAp|ul®
P T - 1P ) b) - 5 (g~ Dara(u-a)(v-b)
54(7 +1)2 styu+1
2 1’ T’
_Z -1 . . b
Fr 1 VG T e s (wra)(usb)
e () b) + (v a) (v b)
4 u Vr}/ +1 S4 u v
2 Yu2 1y (19)
+s67u7v(7u+1)(7v+1) (ll V)(V a)(v b)
) a2 -
_576(')’u+1)(')’v+1) ,)/u+1(7v D(u-v)(v-a)(u-b)
2 2, 2
T j‘;)z; Ty (e v)(v-a)(v-b)
4 Tyt 2
Eomen 1 e AL L)
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2 2_
By ”l;,“ = rY}; 3 ! this equation is rewritten in the following.
u

AaAp|u|?

fl ')/uZ ( 1)2 1 b 1 1 1 b
T2 (1) Yv— 1) (yu —1)(u-a)(u- )_577u7v(7u— Y(yv —1)(u-a)(v-b)

2 ,),u2,)/v2
(- D - D)) b

— Slz')’u')’V(')’u —D(w—1)(v-a)(u-b)+ 512%2(%2 —1)(v-a)(v-b) (20)

3
A (= D v)(v-a) (v b)
S2 M 1)~ 1)(u-v)(v-a)(ub)
s4 (7u+1)(’7v+1) T "
4

7u27v4
et Dy F e D v)2(v-a)(v-b).

Then we obtain

AaBy(u-v)
e (- (v a) e b)
R = D - D) wa)(veb)
- P a) e b) - 5 T (1) w)(va)(vb)
ot

2 wiw
$6 (yu +1) (v +1)

2, 4
2w HO 1)(u-v)*(v-a)(v-b).

(u-v)*(v-a)(u-b)

TS (rat D)+ 1 o
ApBy(u-v)
1 7w
=A T, F1p (v~ D v)(u-a)(u-b)
2~ 2
" sl“ (7u ft{)?% -1 (ru =D (v =1 (u-v)(u-b)(v-a)

3
- ) (v b)u-a) - 5 I gy 1) v)(v-a)(vb)

2 %3%3
S Dl V(v b)(u-a)

2 7u27v4
) por yT e s AR v)2(v-a)(v-b).
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Calculating B, By, ||v||? in a way similar to the calculation of A, Ay ||u||?, we have
BaBy||v]|?
= L - 1) a) (- b) + e~ D~ 1)(u-2)(v-b)

+ Slzr)’u'Yv('Yu —1)(yv —1)(v-a)(u-b)

2
L (= 1)%(1y —1)(v-a)(v-b).

(22)

Szr)/v+1

Hence, comparing the Equations (19) with (22) we have
AaAp|[ul* + AaBy(u - v) + ApBa(u - v) + BaBy v

2
:Slz’)’zj-l(ryv_1)(u'a)(u'b){(')’u+1)(')’v+1)

u-v
+ (e =Dlw-1) +2'7u')’vST}

1 'Yu 'Yv
A (%H)(%H)( v)(u-a)(v- ){('ru+1)(%+1)

u-v
+(ru =Dl =1 + 27— }
)

1 7d?

527u+1<7v {7u+1 )y +1)

u-
+(ra =D =1+ 2% rv— 2

St D 1)
+(ra =1 (w—1) +27u7vuszv
=—D(Aa(u-b)+ Ba(v-b) + Ap(u-a)+ Bp(v-a)).

“)
L) (vea) (v b{ (g D + 1)
J

We conclude that gyr[u, v]a - gyr[u,v]b = a-b.
To prove that gyr|u, v] is a homomorphism for all u, v € V,, we show

gyr[u, vl(x &g y) = gyr[u, v]x ©f gyr[u, v]y (23)

for all x,y € V5. Applying (15) we have

1
gyt{u, VI(X BEY) = XBE Y + 5 (Axepyt + Byeyy)

Put
1+ yxDxy 1

X+
ny(1 +7x) TxDxy

By a simple calculation we infer that

XPEy = y = Exyx+ Fyy.

Axopy = ExyAx + FyAy
Byopy = ExyBx + FuyBy.
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We have

gyr[u, vl(x Bpy)

1
= Exyx+ Byy + 5 { (ByAx + By Ay)u+ (ExyBx + By By)v) |
(24)

1 1
_ Exy{x + 5 (Axu+ va)} + ny{y + 5 (Ayu+ Byv)}
= Exygyr|[u, v]x + Fygyr[u, vly.
Then the right-hand side of the Equation (24) is rewritten as the following equation.
gyr[u, vix Or gyrfu, vly
= Egyr[u, vixgyr[u, v]ygyr[u, v]x + ngr[u, vixgyr[u, v]y8YT [u, v]y.

Since gyr[u, v] preserves the inner product and the norm of V, we have

Tgyrfu, v]x =

Peyrlu, visgyr[u, vly = Py
so that

Egyrlu, vixgyr[u, vly = B
and

Foyrlu, vixgyr[u, vy = B

Hence gyr[u, v](x ®ry) = gyr[u, v]x & gyr[u, v]y. We conclude that gyr[u, v] is a homomorphism.
We observe that gyr[u, v| is bijective for every pair of u,v € V,. To prove this, we compute
gyr[u, v](gyr[v, ulw) = w for every w € V. We denote

2 2~ 2
Aan(€) =~ L (0 = D@+ )+ Framnb- ) + G b)(b )
Ban(€) = 5= 2 {na(mm + D@0+ (ra = v (b-0)},

where a, b, ¢ € Vs. Then applying (15), we have

gYTlu vI(gYTlv, ulw)

gyt v (s + A Brn(w)u
oo 4 AV 4 B (0

Avu(W)V + Byy(w)u
D )"}'

1
+—{Auv(w+ D

) Ju+ Buy(w +

We compute

Avu(W)v+ Bvu(w)u)
D
1 742 Avu(W)V + Byy(w)u

== o (e~ - (o D),

Auv (W +

+ Slz'Yu'Yv(V' (w+ M))
2 Yol ye?
T e (v (o A B

— Ay (W) + %Avu(w)Auv(v) + %Bvu(w)Auv(u)
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and

Avu(W)v + Bvu(w)u)
D

Buv(w +

[+ (e (o ST Bl

Avu(W)V + Byy(w)u
5 N}

Ava(W) B (v) + %Bvu(w)Buv(u).

+ (ra = Dyv(v- (w+

1
— Buv(W) + B

So, we have

gyr[w, vl(gyr[v, ujw)

=W + {Bvu[gw) + AuV(W) + iz(Avu(W)Auv(V) + BVU(W)A“V(u))}u

D
n { Avu(w)

(W) | BurlW) | (Ava(W)Bay () + B (W) Buv(w) }v.

We show that the coefficients of u and v vanish. We compute the coefficient of u.

'Yu2'7v2
Yu+1)(w+1)

2 'yuz

BVll<w) +AuV(W) — _577 +1
u

(re = D) w)+ 57 (wv)(v-w).

We also have

Avu(W)Auv (V) 4+ Byy (W) Ayy (1)

1 'sz 1 'Yuz 1 '7v2 1 2
_577v+1(7u 1)(v w)?7u+1(7V 1)(u-v) S*z,yVJrl('Yu 1)(v W);g')’u')’V”"H
1 % 2 Y1y 2
[ — J— 1 .w — u.
2 %Jrl(% )v-w) 4 (%+1)(%+1)( v)[|v|
'Yuz 1 1 2
- 577u7v(u'w),yu_|_1(7v_1)(‘1"’)+877uWV(u'W)577uVV|‘V||

1 2 ’Yuz'sz 2
+ SZ'Yu'Yv(u w) S (ra+ (v +1) (w-v)[v|

2 'YHZ'YVZ 1 ’yuz
_Z ) oL g .

st (’Yu+1)('yv+1)(u V(v w)sz ,Yu+1(’)’v )(u-v)

2 ')/u2')’v2 1 2

F et e D) VW vl

2 Tt 2 Y21 2
+ 3 u-v)(v-w a-vv

st ('Yu"‘l)(')’v‘f'l)( ) >S4 (7u+1)('yv+1)( vl

! L 7’ 21 1
+577u7v(vW)szr)/u_i_l(r}’vfl)Hu” 7572’}/“7V(v'w)5727u’)’v(u‘v)

25, 2
r}/u ’YV (u . V)2

2 Tu A et (W +1)

1 'Yuz 'Yu2 2
- o —1)(u- v —1
I = e w) 2 = 1) ]
1 a2 1
- ?7u11(7v - 1)(“'“’);'%'%(““’)
2 2 2
_l Tu ( v_l)(uw)%( Yu" Yv (I.I'V)2.

Yu+1) (v +1)
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Applying the gamma identity, we have the following.

Avu(W) Auy (V) + Byu (W) Auy ()
1
4

Yu Vv (u-v)
at Dre + 1) ) (= = 12000 )
u-v u2 u— v — 2
12')’u')’V(V W)mv( ) 12(% (12— 1)+ 2 Wull(;r Y )
5347::1(%—1)’7u’rv(u-V)(u~w)
1 'YuZ'YvZ B 1 1) - 1 1 5 (u V)
S D e W) (O = D = 1) (e D 1) = 2rv )
+ 2T - w) (e 1)+ 57

= _D(Bvu(w) + Auv(w))‘

So, the coefficient of u vanishes.
We compute the coefficient of v.

2 2, 2
Avu(W) + Byy(w) = 7532’)’3‘-71- 1(’7u —1)(v-w) + — < (7a _:/li)’(yr‘;v ) (u-v)(u-w).

We also have

Avu (W)Buv(v) + Byu (W)Buv(u)
1 (

_52’)/V+1 Yu

1 7%
s2 vy +1

~ 1) W) rre(u )

(a= D) W) T (g~ 1)v]?
Yu 52 ,),V+1 Tu

1 1 1 1 22 )
- ST'Ytt'YV(“ : W);z'h'ﬁ(“ V) — Si'YU'YV(“ : W)sz,y T1 (ru = D|lv|]
v

. g ’Yu2'7v2
st(ru+1) (1w +1)
2
)

(w0 v) (- w) Srarv(av)

17
52 Tv +1

1 ,sz
1 .
W) g e = ()

2
st(ru +1) (1w +1)

(u-v)(u-w)

(va = DIv[?

1 1 , 1
+ ;ﬂu%(v ‘ W);%%IIHII + ;ﬂuvv(v

1 'Yuz 1 2
I e = ) w) ranelul
1 72 1 7?2
?7u+1(7v 1)(u W)?7V+1(7u D(u-v)
2 W (u-v)
= 25 e = DO W {0 (e D =1+ (rat Dl +1)]
2 ’Yuz'sz

v w){(u 1)1 +1)

(u- V)}

_57(7u+1)(7v+1

+ (ru =D —1) +rurv
:_D(Avu( )+BuV( ))



Symmetry 2020, 12, 1333 24 of 26

So, the coefficient of v vanishes. Thus, gyr[u, v](gyr[v, u]w) = w holds for every w € V,. Changing u
and v, gyr[v, u](gyr[u, vlw) = w also holds for every w € V. We conclude that gyr[u, v] is bijective.
Thus, gyr[u, v] is an automorphism; a proof of (G4) is complete.

To prove (G5) we first observe gyr[u @g v, v] = gyr[u, v] for every pairu, v € V,. Letu,v,w € V.
Applying (15) we have that

A'u + B
gyr[u ®g v, vilw =w + %
A1 + 'YuDuv 1 A’ l
=W + _ 1 —_ + B 7
D’ Duy(1 + 7u) D’ (Duv'Yu )V
where
, 1 ')/u@gvz 1
A =— ?m(q’v —1)(u@pv-w)+ 577u€BEV7V(V "W)
2 ')/u@Evz’sz
+ = uPgpv:-v)(v-w
5 Cramn + Dy 71 OEV VW)
B =— l o {Wu@sv(')’v +1)(u@pv-w)+ (’y“@EV —Dy(v: W)}
2y +1
D’ =Y (usgv)®gv +1
(Wdpv) - v

:')’u@Ev')’v(l + 572) + 1.

We prove that gyr[u @g v, vlw = gyr[u, v]w for every u,v,w € V;. We have

14 yuDuv
UPrv) W= ————(u-w) + V-W),
( E ) Duv(1+’)/u)( ) Duv’}/u( )
1+ YuDuv 1 2
udPrv) v=——(u-v) + v|(*,
( E ) Duv(l + ’)/u) ( ) Duv’}/u H ||
'YuéBEv + 1=D.
Then A’ is computed as in the following.
I 1 2 1+ yuDuy (uw) 2 1 (vw)
A *m{_”fu%v (vw—1) Duv(1 + 74) 2 Yuogv (vv — 1)m572

2 'Yueagvz'sz 1+ yuDuy

1
— Yud y 1 . — . .
+t 2 YuepvYv(Tuoey + 1) (V- W) + S (79 £1) Du(l £ 70) (u-v)(v-w)

2 '}‘u@gvz'sz 1 2
—- = (V- W)||V
S Do Wl 12}

1 2 2.0 1+ yyDyy (u-w) 2 2.0 1 (v-w)
=—q— D -1 — D -1
D { 7‘1 ’YV uv('YV ) Duv(l 'Yll) 52 'Yu ’)’v uv('yV ) Duv'Yu 52
1 2 2 'Yu27v4D2 1+ YuDuv
o D Day +1)(v-w) + = uv v)(v-
2 TuTv uv (YuYvDuv + 1) (v - W) & (7e+1) Dav(l+74) (u-v)(v-w) (25)

2~ 212 2 _
%'Yu v Dgv 1 Tv 21(V~W)}
$2 (rw+1) Dwra v

1 1 72

— 2
7*{—Duv7v (1 + ’YuDuv) 2 m

. (v = 1)(uw)

1
+ Dqu/vz(1 + WuDuV)STVuWV(V W)

+ DuV'sz(1 + VuDUV)E%(u v)(v- w)}
st (v + 1) (v +1)

A
:Duv')’vz(l + ')/uDuv)B-
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D’ can be computed as in the following.

1+ 7uDuy 1 'sz —1
D' =yu v’ Duyi 14+ — 2" (Dyy — 1) + +1
Tulv uv{ Duv(l + ')’u) ( i ) Duv'Yu 'sz }
_ YuTy2 (2Dyy — 1+ 'YuDlzlv) 2
= -+ ')/V
1+ 74
_’sz(l + 'YuDuV)2

14+ 7u

Al 1+’)/uDuv _A
Hence 4 D' Davlitya) = D

Next, we compute the coefficient of v. B’ can be computed as in the following.

B/:_l Yv 1+ YuDuy

D l)=—F———(u-
2y +1 {’Yu’)’v uv (v + )Duv(l Fra) (u-w)
73 Duv (1 +1) 5= (v- W) + (1D = Drv(v-w) |
__1 Tv
2 (1 D) {71 +1+%(v.w)}.
2
The Equation (25) is rewritten by A’ uv’Yu =4 Y (1,+YZ“D“">. Then
AL Ly
uvYu
*(1+9uD 1 1
S B LT (e = 1w+ (v w)

2 ')’u'sz 1 7 1 v
il . w)—D(= i = .
+S4(,Yu+1)(%+1)(u v)(v-w) (521+7u(u w)—l—szl_'_%(v w))}

')’vz(l + 'YuDuv) 1
Tv

1
+ 57 (’)’V(1 + ’)’u) - (’Yu')’vDuv + 1) 1+

+ (')’u'YVDuV + 1)’)/11)(11 : W)

(14 7)) (v-w)

v

2 'Yu')’vz
+S—ZW(DW—1)(V.W)}

2
_ I (14 vuDuv) _l
D +7a) { 2 Vurv(1 4 7uDuv)(w- w)
1 2
+ 2 1:):/,)/ (1+7uDuy) (1 = yu)(v- W)}
D/
—53‘
Hence 3 (A’ Du\}')/u + B') = . We conclude that gyr[u ® v, v]w = gyr[u, v]w for all u,v,w € Vj,
so (G5) holds.

We conclude that (Vs, &) is a gyrogroup. Finally, we prove that it is gyrocommutative.
We prove (G6). We prove that a@® b = gyr[a,b](b @ a) for all a,b € V. Gyroautomorphic
inverse property defined by Ungar in [1] (Definition 3.1, p. 51) is given by the equation

Op(a®pb) = CpaSgb,
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where a,b are arbitrary elements in V;. According to Theorem 3.2 in [1] (p. 51), (Vs, @)
is gyrocommutative if and only if it has the gyroautomorphic inverse property. So, we observe
the gyroautomorphic inverse property:

Or(adpgb) = —(adpb)
1 1 1 7
= — +—b+ a-b)ay,
1 aszb{ v 521+fya( ) }
©pa©pb = (—a)®g(-b)
1 1 1 7a
= — = b)(—a
1+aszb{ v 521—1—%( ) )}
= ©p(adeb)

Hence (Vs, ®F) is gyrocommutative.

Author Contributions: Conceptualization of gyrogeometric mean, T.H. The proof that the Einstein gyrogroup
is a gyrogroup is by T.H. Except these all authors contributed equally to this article. All authors have read and
agreed to the published version of the manuscript.

Funding: This research was funded by the Japan Society for the Promotion of Science: 19K03536.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Ungar, A.A. Analytic Hyperbolic Geometry and Albert Einstein’s Special Theory of Relativity; World Scientific
Publishing Co. Pte. Ltd.: Hackensack, NJ, USA, 2008; 628p, ISBN 978-981-277-229-9. 981-277-229-4.

2. Suksumran, T.; Wiboonton, K. Einstein gyrogroup as a B-loop. Rep. Math. Phys. 2015, 76, 63-74. [CrossRef]

3. Bhatia, R; Holbrook, ]. Riemannian geometry and matrix geometric means. Linear Algebra Appl.
2006, 413, 594-618. [CrossRef]

4. Ando, T.; Li, C.-K,; Mathias, R. Geometric means. Linear Algebra Appl. 2004, 385, 305-334. [CrossRef]

5. Ungar, A.A. A gyrovector space approach to hyperbolic geometry. In Synthesis Lectures on Mathematics and
Statistics; Morgan & Claypool Publishers: Williston, VT, USA, 2009; 182p, ISBN 978-1-59829-822-2.

@ (© 2020 by the authors. Licensee MDP]I, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).



http://dx.doi.org/10.1016/S0034-4877(15)30019-7
http://dx.doi.org/10.1016/j.laa.2005.08.025
http://dx.doi.org/10.1016/j.laa.2003.11.019
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	The Metric Space (V1,E,E)
	The Gyroconvex Set and the Gyroconvex Hull in a Gyrovector Space
	The Gyrogeometric Mean
	Properties of the Gyrogeometric Mean
	Proof that (Vs,E) Is a Gyrocommutative Gyrogroup
	References

