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Abstract: In this paper, we develop a new time-space fractional constitution relation to study
the unsteady boundary layer flow over a stretching sheet. For the convenience of calculation,
the boundary layer flow is simulated as a symmetrical rectangular area. The implicit difference
method combined with an L1-algorithm and shift Grünwald scheme is used to obtain the numerical
solutions of the fractional governing equation. The validity and solvability of the present numerical
method are analyzed systematically. The numerical results show that the thickness of the velocity
boundary layer increases with an increase in the space fractional parameter γ. For a different stress
fractional parameter α, the viscoelastic fluid will exhibit viscous or elastic behavior, respectively.
Furthermore, the numerical method in this study is validated and can be extended to other time-space
fractional boundary layer models.

Keywords: time-space fractional order; finite difference method; Grünwald scheme; stretching sheet;
boundary layer flow

1. Introduction

In recent years, the application of fractional operators in viscoelastic fluids has become more
widespread. The Navier-Stokes (N-S) equations, motion equations describing the conservation of
momentum of viscous incompressible fluids, were originally proposed by Navier in 1827. Due to the
complex flow behavior of viscoelastic fluids, the relationship between strain and stress can no longer
be linear. Combining the non-local properties and memory properties of the fractional derivative, it is
applied to describe the flow behavior of viscoelastic fluid. Caputo and Mainardi [1,2] found that the exact
results agree well with the experimental results when the fractional operator described a viscoelastic
material. Scholars later conducted more in-depth studies based on this finding. To reveal the flow
behavior of viscoelastic fluids, several models have been proposed, such as the Oldroyd-B and Maxwell
models. Friendrich [3] introduced the Riemann–Liouville fractional operators to establish the Maxwell
double fractional model with relaxation parameters. Makris et al. [4] predicted the dynamic response
of viscoelastic fluids by using a general boundary-element formulation. Palade et al. [5] proposed the
modified fractional Maxwell model with linear viscoelasticity. In their experiment, Li et al. analyzed
the characteristics of xanthan gum and tianjing gum with a fractional order model [6–8]. Tan and Xu
studied a plane surface suddenly set into motion in a fractional viscoelastic fluid, and obtained an exact
solution of a viscoelastic fluid model between parallel plates [9,10]. Zhu et al. [11] investigated the shear
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stress and velocity distribution characteristics of Maxwell fluids. The peristaltic flow of a fractional
Maxwell fluid through a medium was examined by Tripathi et al. [12]. Vieru et al. [13] discussed
the flow of the fractional Maxwell fluids between two walls perpendicular to a plate. Applying the
exponential rational function method, the solutions of nonlinear partial differential equations in
different physical problems were given by Bekir and Kaplan [14]. More analyses on the numerical
method of fractional order equations were given in the literature [15–17].

For the models discussed above, the space fractional derivative or the time fractional derivative the
fractional parameters were usually used respectively. Recently, the time-space fractional models have
been applied as a more effective tool than single-time or space fractional models [18–20]. Chen et al. [21]
investigated the unsteady boundary layer flow with a time-space fractional derivative on a moving
surface. A novel time-space heat conduction model with Cattaneo–Christov upper-convective
derivative flux was proposed by Liu et al. [22]. Povstenko [23] studied a space–time fractional heat
conduction equation and, furthermore, analyzed the significance of the time-space fractional derivatives.
Atanacković developed a new generalization on heat conduction problem by using the space–time
fractional derivative [24]. Chen et al. [25] studied the fractional constitutive equations characterizing
magnetohydrodynamics (MHD) flow and heat transfer in viscoelastic fluids. Jannelli et al. [26] obtained
numerical and analytical solutions of the time-space fractional diffusion equation. In recent articles,
Pan et al. studied the fractional boundary layer problems of the Blasius flow of viscoelastic fluid over a
plate [27]. Zhang et al. [28] considered the MHD flow of a fractional Maxwell fluid driven by a variable
pressure gradient and obtained analytical and numerical solutions. Yang and Zhu [29] exhibited the
pipe flow of a viscoelastic fluid by introducing the double fractional Maxwell model. To date, as we all
know, the time-space fractional model on the boundary layer problem is still sparse, and the theoretical
analysis of the numerical methods is a particularly challenging subject. To the best knowledge of the
authors, the boundary layer flow with the time-space fractional constitutive relationship has never
been mentioned.

Based on the above discussion, this paper proposed a new space-time fractional constitutive
relationship to study the unsteady boundary layer flow of viscoelastic fluids. The finite difference
method with the shifted Grünwald formulae and the L1 algorithm was used to obtain the numerical
solution of the fractional governing equations. In addition, we also discussed the unique solvability of
discrete equations and the validity of numerical methods. Finally, we analyzed the influence of all the
parameters on the velocity distribution.

2. Governing Equations

The flow and heat transfer processes in the boundary layer are complex. As far as we know,
the time-space fractional constitutive relationship on the boundary layer problem is sparse. Motivated
by the above-mentioned discussions [3,16,17,21], the generalized law of Newton inner friction for the
viscoelastic fluid used in this study can be expressed as:

σxy + λα
∂ασxy

∂tα
= µγ

∂γu
∂yγ

, 0 ≤ α ≤ 1, 0 ≤ γ ≤ 1, (1)

where λ is the relaxation time, σxy is the shear stress, α and γ are the fractional parameters, and µγ is
the fractional dynamic viscosity, which depends on the properties of the fluid. ∂α/∂tα and ∂γ/∂yγ

are the Caputo fractional order operator, and R–L are the fractional order operator [30], respectively,
and are defined as:

∂ασxy

∂tα
=

1
Γ(1− α)

∫ t

0
(t− ξ)−α

∂σxy(x, y, ξ)

∂ξ
dξ, (2)

∂γu
∂yγ

=
1

Γ(1− γ)
∂
∂y

∫ y

o
(y− η)

−γ

u(x, η, t)dη, (3)

where Γ(·) is the Gamma function.
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The two-dimensional unsteady boundary layer flow of viscoelastic fluids are considered over a
stretching sheet with uw = axn, where a and x are constants, and the coordinates are aligned along the
stretching surface shown in Figure 1. u and v are the velocity components of the fluid in the x and y
directions. At time t = 0, the fluid and sheet are at rest, u = 0 and v = 0. When t > 0, the fluid starts to
flow due to the continuous stretching of the sheet with a linear velocity of uw = axn. By introducing
the constitutive Equation (1) to the basic equations of mass and momentum, we obtain the fractional
boundary layer governing equations:

∂u
∂x

+
∂v
∂y

= 0, (4)

∂u
∂t

+ u
∂u
∂x

+ v
∂u
∂y

+ λα
∂α+1u
∂tα+1

+ λα
∂α

∂tα

(
u
∂u
∂x

)
+ λα

∂α

∂tα

(
v
∂u
∂y

)
=

1
ρ
∂
∂y

(
µγ
∂γu
∂yγ

)
(5)
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For the convenience of the calculation, we introduce the following dimensionless variables:

u∗ =
u

u∞
, v∗ =

v
u∞

, x∗ =
x
Lδ

, y∗ =
y

Lδ
, t∗ =

tu∞
Lδ

, λ∗ =
λu∞
Lδ

, and R̃e =
Lδγu∞ρ
µγ

.

The boundary layer governing equations become as:

∂u
∂x

+
∂v
∂y

= 0, (6)

∂u
∂t

+ u
∂u
∂x

+ v
∂u
∂y

+ λα
∂1+αu
∂t1+α

+ λα
∂α

∂tα
(u
∂u
∂x

) + λα
∂α

∂tα
(v
∂u
∂y

) =
1

R̃e

∂1+γu
∂y1+γ

(7)

The corresponding initial and boundary conditions are:

t = 0: u = 0, v = 0; (8)

t > 0: u = 0, v = 0 at x = 0; u = axn, v = 0 at y = 0; u = 0 as y→∞. (9)

3. The Numerical Technique

Since the governing Equations (6) and (7) are highly coupled and nonlinear, to the best
of our information, it is difficult to find their analytical solutions based on the current theory.
Some numerical methods, and the calculation software have been applied as an effective tool to
simulate the flow of non-Newtonian fluids [31–33]. In this section, the numerical solutions of governing
Equations (6) and (7) are obtained by an effective finite difference method.



Symmetry 2020, 12, 1446 4 of 12

3.1. Discretization Method

In this section, the finite difference combined with the Grünwald scheme and L1-algorithm is
employed to solve the governing equations. We defined ∆x and ∆y as special steps, and ∆t is the time
step. uk

i, j and vk
i, j represent the values of the velocity of the fluid at the mesh point

(
xi, y j, tk

)
.

First, for the Caputo fractional derivative (0 < α ≤ 1), we employ L1-approximation as follows [34]:

∂αu(i, j, k)
∂tα

=
∆t−α

Γ(2− α)

u(i, j, k) −
k−1∑
s=1

(
α1

s−1 − α
1
s

)
u(i, j, k− s) − α1

k−1u(i, j, 0)

+ O
(
∆t2−α

)
(10)

For the R-L fractional derivative (0 < γ ≤ 1), we employ the shifted Grünwald formulae as follows:

∂γ+1u
(
xi, y j, tk

)
∂yγ+1

=
1

∆yγ+1

j+1∑
l=0

(
1−

γ+ 2
l

)
ωl−1

γ+1u
(
xi, y j−l+1, tk

)
+ O(∆y) (11)

Second, we use the following discrete format for integer order terms:

∂u
∂t

∣∣∣∣∣
t=tk

=
u
(
xi, y j, tk

)
− u

(
xi, y j, tk−1

)
∆t

+ O(∆t), (12)

u
∂u
∂x

∣∣∣∣∣
t=tk

= u
(
xi, y j, tk−1

)u
(
xi, y j, tk

)
− u

(
xi−1, y j, tk

)
∆y

+ O(∆x + ∆t), (13)

v
∂u
∂y

∣∣∣∣∣
t=tk

= v
(
xi, y j, tk−1

)u
(
xi, y j, tk

)
− u

(
xi, y j−1, tk

)
∆y

+ O(∆y + ∆t). (14)

Applying the discrete format above, we have:

∂α+1u
∂tα+1

∣∣∣∣∣∣
t=tk

=
∆t−1−α

Γ(2− α)

uk
i, j − uk−1

i, j −

k−1∑
s=1

(αs−1 − αs)
(
uk−s

i, j − uk−s−1
i, j

)+ O(∆t), (15)

∂α

∂tα
(
u∂u
∂x

)∣∣∣∣
t=tk

= ∆t−α
∆xΓ(2−α)

[
uk−1

i, j

(
uk

i, j − uk
i−1, j

)
−

k−1∑
s=1

(αs−1 − αs)uk−s−1
i, j ×

(
uk−s

i, j − uk−s
i−1, j

)]
+ O

(
∆t + ∆t2−α + ∆x

)
,

(16)

∂α

∂tα

(
v∂u
∂y

)∣∣∣∣∣
t=tk

= ∆t−α
∆yΓ(2−α)

[
vk−1

i, j

(
uk

i, j − uk
i, j−1

)
−

k−1∑
s=1

(αs−1 − αs)vk−s−1
i, j ×

(
uk−s

i, j − uk−s
i, j−1

)]
+ O

(
∆t + ∆t2−α + ∆y

)
.

(17)

Note that:

r1 = λα
∆t−α

Γ[2− α]
; r2 =

∆t

R̃e∆yγ+1
; A1 =

k−1∑
s=1

[αs−1 − αs](uk−s
i, j − uk−s−1

i, j );

A2 =
k−1∑
s=1

[αs−1 − αs]uk−s−1
i, j (uk−s

i, j − uk−s
i−1, j); A3 =

k−1∑
s=1

[αs−1 − αs]vk−s−1
i, j (uk−s

i, j − uk−s
i, j−1).

Finally, the discrete format of the boundary layer governing equations is represented as follows:

vk
i, j = vk

i, j−1 +
∆y
∆x

(uk
i−1, j − uk

i, j), (18)
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−

[
(1 + r1)

∆t
∆y vk−1

i, j + r2ω
γ+1
2

]
uk

i, j−1 +
[
(1 + r1) +

∆t
∆x (1 + r1)uk−1

i, j + (1 + r1)
∆t
∆y vk−1

i, j − r2ω
γ+1
1

]
uk

i, j

−r2ω
γ+1
0 uk

i, j+1 − r2

j−2∑
l=0

ω
γ+1
j−l+1uk

i,l = (1 + r1)uk−1
i, j + r1A1 + r1

∆t
∆x A2 + r1

∆t
∆y A3 + (1 + r1)

∆t
∆x uk−1

i, j uk
i−1, j.

(19)

The discrete formats of the initial and boundary conditions are written as:

u0
i, j = v0

i, j = 0, uk
0, j = vk

0, j = 0, uk
i,0 = axn, vk

i,0 = 0, uk
i,N = 0.

3.2. Solvability of the Implicit Difference Scheme

In order to prove the unique solvability of the numerical equation, we rewrote Equations (19) and (20)
in the matrix form as follows:

BVk = −
∆y
∆x

BUk,

GUk = JUk−1 +

r1∆t
k−1∑
s=1

(αs−1 − αs)

× (
I∇t + Φ1∇x + Φ2∇y

)
Uk−s

The coefficient matrix G is:

G =



H1 0 0 · · · 0 0
Q2 H2 0 · · · 0 0
0 Q3 H3 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · HM−1 0
0 0 0 · · · QM HM


, B =



1 0 0 · · · 0 0
−1 1 0 · · · 0 0
0 −1 1 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · 1 0
0 0 0 · · · −1 1


,

where Hi (i = 1, 2, · · · , M) and Qi (i = 2, · · · , M) are the block matrixes:

Hi =



ai,1 −r2ω
γ+1
0 0 · · · 0 0

bi,2 ai,2 −r2ω
γ+1
0 · · · 0 0

−r2ω3
1+γ bi,3 ai,3 · · · 0 0

−r2ω4
1+γ

−r2ω3
1+γ bi,4

. . .
...

...
...

...
... · · · ai,N−2 −r2ω

γ+1
0

−r2ωN−1
1+γ

−r2ωN−2
1+γ

−r2ωN−3
1+γ

· · · bi,N−1 ai,N−1


, Qi = −

∆t
∆x

(r1 + r2)


uk−1

i,1 0 · · · 0
0 uk−1

i,2 · · · 0
...

...
. . .

...
0 0 0 uk−1

i,N−1

,

 ai, j = (1 + r1) +
∆t
∆x (1 + r1)uk−1

i, j + (1 + r1)
∆t
∆y vk−1

i, j − r2ω
γ+1
1 , j = 1, 2, · · · , N − 1

bi, j = −(1 + r1)
∆t
∆y vk−1

i, j − r2ω
γ+1
2 , j = 2, · · · , N − 1

and the coefficient matrix J, Φ1, Φ2 are:

J =


1 + r1 0 · · · 0

0 1 + r1 · · · 0
...

...
. . .

...
0 0 · · · 1 + r1

,
Φ1 = diag

(
uk−s−1

1,1 , uk−s−1
1,2 , · · · , uk−s−1

1,N−1, uk−s−1
2,1 , uk−s−1

2,2 , · · · , uk−s−1
2,N−1, · · · , uk−s−1

M,1 , uk−s−1
M,2 , · · · , uk−s−1

M,N−1

)
,

Φ2 = diag
(
vk−s−1

1,1 , vk−s−1
1,2 , · · · , vk−s−1

1,N−1, vk−s−1
2,1 , vk−s−1

2,2 , · · · , vk−s−1
2,N−1, · · · , vk−s−1

M,1 , vk−s−1
M,2 , · · · , vk−s−1

M,N−1

)
.
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where:
Uk =

[
uk

1,1, uk
1,2, · · · uk

1,N−1, uk
2,1, uk

2,2, · · · , uk
2,N−1, · · · , uk

M,1, · · · uk
M,N−1

]T
,

Vk =
[
vk

1,1, vk
1,2, · · · vk

1,N−1, vk
2,1, vk

2,2, · · · , vk
2,N−1, · · · , vk

M,1, · · · vk
M,N−1

]T
,

Uk−1 =
[
uk−1

1,1 , uk−1
1,2 , · · · uk−1

1,N−1, uk−1
2,1 , uk−1

2,2 , · · · , uk−1
2,N−1, · · · , uk−1

M,1, · · · uk−1
M,N−1

]T
,

Uk−s =
[
uk−s

1,1 , uk−s
1,2 , · · · uk−s

1,N−1, uk−s
2,1 , uk−s

2,2 , · · · , uk−s
2,N−1, · · · , uk−s

M,1, · · · uk−s
M,N−1

]T
,

∇tuk
i, j =

uk
i, j − uk−1

i, j

∆t
, ∇xuk

i, j =
uk

i, j − uk
i−1, j

∆x
, ∇yuk

i, j =
uk

i, j − uk
i, j−1

∆y
.

From the above, we can clearly observe the G and B are full rank matrices, then the numerical
schemes Equations (19) and (20) are uniquely solvable.

4. Validation of the Numerical Discretization Method

To verify the correctness of the numerical discretization method, we construct new governing
equations by introducing f (x, y, t):

∂u
∂x

+
∂v
∂y

= 0, (20)

∂u
∂t

+ u
∂u
∂x

+ v
∂u
∂y

+ λα
∂1+αu
∂t1+α

+ λα
∂α

∂tα

(
u
∂u
∂x

)
+ λα

∂α

∂tα

(
v
∂u
∂y

)
=

1

R̃e

∂1+γu
∂y1+γ

+ f (x, y, t). (21)

with initial and boundary conditions, which are:

u(x, y, 0) = v(x, y, 0) = 0, u(x, 0, t) = v(x, 0, t), u(x, 1, t) = 0 (22)

The exact solutions can be obtained as follows:

u(x, y, t) = x2(x− 1)2y2(1− y)2t2, (23)

v(x, y, t) = 2x(x− 1)(1− 2x)
(1

3
y3
−

1
2

y4 +
1
5

y5
)
t2. (24)

Combining the initial and boundary conditions, we obtain the following expression of f (x, y, t):

f (x, y, t) = 2x2(1− x)2y2(1− y)2t
(
1 + λαt−α

Γ(2−α)

)
+ 2x3(1− x)3y4(1− y)4(1− 2x)

(
t4 + 24λαt4−α

Γ(5−α)

)
− 4x3(1− x)3y(1− y)(1− 2x)(1− 2y)

(
1
3 y3
−

1
2 y4 + 1

5 y5
)(

t4 + 24λαt4−α

Γ(5−α)

)
−

2
R̃e

x2(1− x)2t2
(

y1−γ

Γ(2−γ) +
12y3−γ

Γ(4−γ) −
6y2−γ

Γ(3−γ)

)
.

(25)

Equations (21) and (22) are solved numerically by applying the implicit difference method. Figure 2
shows a comparison of numerical and analytical solutions. As the figure shows, the two curves are
almost identical, which can indicate the correctness of our numerical method. In order to test the
convergence of the numerical method, Tables 1 and 2 present the L2 error, L∞ error, and convergence
order of ∆y for different fractional parameters γ and α at t = 1. As indicated by the tabular data,
the numerical results are in good agreement with the analytical solution, and the convergence order
reaches the expected first order. Thus, we conclude that the numerical technique in this study is valid
and can be extended to other time-space fractional boundary layer problems.
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Table 1. Temporal error and convergence order for different γ with α = 0.1.

α = 0.1
γ = 0.98 L2 Error Order L∞ Error Order

1/8 3.9055e-05 - 8.4866e-05 -
1/16 1.9529e-05 0.9989 4.2644e-05 0.9282
1/32 9.7050e-06 1.0088 2.1337e-05 0.9901
1/64 4.8460e-06 1.0019 1.0655e-05 1.0018

α = 0.1
γ = 0.95 L2 Error Order L∞ Error Order

1/8 4.0576e-05 - 8.9865e-05 -
1/16 2.0305e-05 0.9988 4.4954e-05 0.9993
1/32 1.0087e-05 1.0093 2.2335e-05 1.0092
1/64 5.0183e-06 1.0071 1.1127e-05 1.0052

Table 2. Temporal error and convergence order for different α with γ = 0.8.

α = 0.3
γ = 0.8 L2 Error Order L∞ Error Order

1/8 5.7726e-05 - 1.3641e-04 -
1/16 2.6869e-05 1.1033 6.3664e-05 1.0993
1/32 1.2973e-05 1.0504 3.0797e-05 1.0477
1/64 6.3905e-06 1.0215 1.5257e-05 1.0133

α = 0.4
γ = 0.8 L2 Error Order L∞ Error Order

1/8 5.6212e-05 - 1.3151e-04 -
1/16 2.6040e-05 1.1101 6.1069e-05 1.1067
1/32 1.2539e-05 1.0543 2.9888e-05 1.0309
1/64 6.1704e-06 1.0230 1.4809e-05 1.0131

5. Results and Discussion

In the calculation, we choose Xmax = 1 and Ymax = 7 (Xmax represents a point on the surface that
can be extended qualitatively, and Ymax corresponds to y→∞ ). The fractional governing equations
at each internal node form a system of equations at each specific time node that can be solved by
the Gauss algorithm. After multiple numerical simulations, we assign the space and time step sizes
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∆x = 0.05, ∆y = 0.05, and ∆t = 0.01. Differently sized spatial grid steps were selected to test the
convergence of the connection.

In this section, the effects of all the parameters embedded in the velocity and temperature within the
boundary layer are graphically illustrated. Without loss of generality, the other parameters are fixed as
α = 0.1, γ = 0.9, λ= 0.1, and R̃e = 5 when examining the influence of a specific parameter. The results
in Figure 3 show that the solutions for different grid steps are almost consistent, which indicates that the
selected step size is valid. Figure 4 presents three-dimensional distributions of dimensionless velocity
by one set of parameters, which demonstrate good stability and convergence of our numerical solutions.
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Figures 5 and 6 demonstrate the spatial evolution of the nondimensional velocity in the steady-state,
where the value of x is taken as Xmax = 1 with space fractional parameterγ and time fractional parameter
α. Figure 5 shows the distribution of the velocity over differences in the space fractional parameter
γ and indicates that the change of velocity versus the space fractional parameter γ is consistent.
The smaller the fractional parameter γ is, the smaller the velocity is. That is, the thickness of the
velocity boundary layer decreases with a decrease in space fractional parameter γ. The influence
of time fractional parameter α on the velocity field is given in Figure 6. The smaller the value of α,
the faster the velocity decreases, accompanied by a decrease in the velocity boundary layer thickness.
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Figure 6. Velocity distributions for different α response to y.

Figure 7 shows the distribution of the velocity for a different stress fractional parameter α in response
to t. As the stress fractional parameter α increases, it can be seen that the velocity will eventually appear
as an oscillations phenomenon and then stabilize at a greater speed, i.e., the viscoelastic fluid presents
anelasticity behavior. On the contrary, for a smaller stress fractional parameter α, the fluid exhibits stronger
viscous behavior, which stabilizes the flow in a faster time. Figure 8 presents the velocity distribution for
different relaxation time parameter λ in response to t. It can be found that as the relaxation parameter λ
increases, the velocity will stabilize in a longer time. In other words, the relaxation parameter results in a
delay on the flow process. Therefore, the velocity tends to stabilize more slowly for a larger relaxation
parameter λ.
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6. Conclusions

This paper presents the flow of a fractional viscoelastic fluid over a stretching sheet. The space-time
fractional constitutive relationship is introduced into the momentum equation. The shifted Grünwald
formula is used to approximate the space fractional derivative, and an L1-scheme is applied to
approximate the time-fractional derivative. Then the governing equations are solved numerically
by an effective finite difference method. The effects of the space fractional parameter γ and the
time fractional parameter α in response to y are analyzed. The numerical results indicate that the
thickness of the velocity boundary layer increases with an increase in the space fractional parameter
γ. Similarly, the smaller the fractional parameter α is, the thinner the velocity boundary layer is.
In addition, we also analyzed the influence of stress fractional parameters α and the relaxation
parameters λ in response to t on the velocity distribution. It is found that for a larger stress fractional
parameter α, the viscoelastic fluid exhibits a stronger elastic behavior, and for a smaller α, the fluid
exhibits a stronger viscous behavior. In addition, a larger relaxation parameter will cause a delay in
the flow process.
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Nomenclature

Term Definition
u velocity component in the x-direction
v velocity component along y-direction
a constant parameter
n stretching index
τxy shear stress
ρ density of fluid
α stress fractional parameter
γ space fractional parameter
λ relaxation parameter
R̃e Reynolds number
µγ fractional dynamic viscosity

References

1. Caputo, M.; Mainardi, F. A new dissipation model based on memory mechanism. Pure Appl. Geophys.
1971, 91, 134–147. [CrossRef]

2. Caputo, M. Vibrations on an infinite viscoelastic layer with a dissipative memory. J. Acoust. Soc. Am.
1974, 56, 897–904. [CrossRef]

3. Friedrich, C. Relaxation and retardation functions of the Maxwell model with fractional derivatives.
Rheol. Acta 1991, 30, 151–158. [CrossRef]

4. Makris, N.; Dargusf, D.F.; Constantinou, M.C. Dynamic analysis of generalized viscoelastic fluids.
J. Eng. Mech. 1993, 119, 1663–1679. [CrossRef]

5. Palade, L.I.; Verney, V.; Attane, P. A modified fractional model to describe the entire viscoelastic behavior of
polybutadienes from flow to glassy regime. Rheol. Acta 1996, 35, 265–279. [CrossRef]

6. Li, J.; Jiang, T.Q. The Research on Viscoelastic Constitutive Relationship Model with Fractional Derivative Operator;
South China Technological University Press: Guangzhou, China, 1993.

7. Song, D.Y.; Jiang, T.Q. Study on the constitutive equation with fractional derivative for the viscoelastic
fluids—Modified Jeffreys model and its application. Rheol. Acta 1998, 27, 512–517. [CrossRef]

8. Song, D.Y. Study of theological characterization of fenugreek gum with modified Maxwell. J. Chem. Eng.
2000, 8, 85–88.

9. Tan, W.C.; Xu, M.Y. Plane surface suddenly set in motion in a viscoelastic fluid with fractional Maxwell
model. Acta Mech. Sin. 2002, 18, 342–349.

10. Tan, W.C.; Pan, W.X.; Xu, M.Y. A note on unsteady flows of a viscoelastic fluid with the fractional Maxwell
model between two parallel plates. Int. J. Nonlinear Mech. 2003, 38, 645–650.

11. Zhu, K.Q.; Lu, Y.J.; Shen, P.P.; Wang, J.L. A study of start-up pipe flow of Maxwell fluid. Acta Mech. Sin.
2003, 35, 218–233.

12. Tripathi, D.; Pandey, S.K.; Das, S. Peristaltic flow of viscoelastic fluid with fractional Maxwell model through
a channel. Appl. Math. Comput. 2010, 215, 3645–3654. [CrossRef]

13. Vieru, D.; Fetecau, C. Flow of a viscoelastic fluid with the fractional Maxwell model between two side walls
perpendicular to a plate. Appl. Math. Comput. 2008, 200, 459–464. [CrossRef]

http://dx.doi.org/10.1007/BF00879562
http://dx.doi.org/10.1121/1.1903344
http://dx.doi.org/10.1007/BF01134604
http://dx.doi.org/10.1061/(ASCE)0733-9399(1993)119:8(1663)
http://dx.doi.org/10.1007/BF00366913
http://dx.doi.org/10.1007/s003970050138
http://dx.doi.org/10.1016/j.amc.2009.11.002
http://dx.doi.org/10.1016/j.amc.2007.11.017


Symmetry 2020, 12, 1446 12 of 12

14. Bekir, A.; Kaplan, M. Exponential rational function method for solving nonlinear equations arising in various
physical models. Chin. J. Phys. 2016, 54, 365–370. [CrossRef]

15. Uchalkin, V.V. Fractional Derivatives for Physicists and Engineers, Backgraound and Theory; Springer: Berlin, Germany,
2013; Volume 2.

16. Zhao, J.H.; Zheng, L.C.; Zhang, X.X.; Liu, F.W. Unsteady natural convection boundary layer heat transfer of
fractional Maxwell viscoelastic fluid over a vertical plate. Int. J. Heat Mass Transf. 2016, 97, 760–766. [CrossRef]

17. Sun, H.G.; Zhang, Y.; Wei, S.; Zhu, J.T.; Chen, W. A space fractional constitutive equation model for
non-Newtonian fluid flow. Commun. Nonlinear Sci. Numer. Simulat. 2018, 62, 409–417. [CrossRef]

18. Helin, T.; Lassas, M.; Ylianen, L.; Zhang, Z.D. Inverse problems for heat equation and space–time fractional
diffusion equation with one measurement. J. Diff. Equ. 2020, 269, 7498–7528. [CrossRef]

19. Lopushansky, A.; Lopushansky, O.; Sharyn, S. Nonlinear inverse problem of control diffusivity parameter
determination for a space-time fractional diffusion equation. App. Math. Comput. 2020, 391, 125589. [CrossRef]

20. Li, L.; Lin, R.M.; Ng, T.G. A fractional nonlocal time-space viscoelasticity theory and its applications in
structural dynamics. Appl. Math. Model. 2020, 84, 116–136. [CrossRef]

21. Chen, S.; Zheng, L.; Shen, B.; Chen, X. Time–space dependent fractional boundary layer flow of Maxwell
fluid over an unsteady stretching surface. Theor. Appl. Mech. Lett. 2015, 5, 262–266. [CrossRef]

22. Liu, L.; Zheng, L.; Liu, F.; Zhang, X. Heat conduction with fractional cattaneo-christov upper-convective
derivative flux model. Int. J. Therm. Sci. 2017, 112, 421–426. [CrossRef]

23. Povstenko, Y. Thermoelasticity based on space-time-fractional heat conduction equation. Solid Mech. Appl.
2015, 219, 171–190.
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