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Abstract

:

The problem of setting prices for construction works is significant for both the investor and contractor companies. The periodically occurring instabilities in the economy require investment process participants to perform detailed market analyses and assessments, as well as to monitor price forecasts in construction. It is only after such an assessment that it is possible within the framework of the initial assumptions for cost calculation to select the basis for setting prices and their levels. The identification and analysis of the risks related to uncontrolled price increases allow contractors to secure their businesses by developing bids that ensure maximum profit. In view of the above, this study proposes an approach based on the use of game theory against nature to identify the optimal variant of a bid estimate. The study considers price forecasts for construction products, which may reduce the negative impact in case the prices increase. The obtained results confirmed the effectiveness of the used decision-making support methods, indicating the optimal strategy to reduce financial losses in times of market instability. The proposed approach also allows for a balance (symmetry) between maximum profit and probability of winning the contract.






Keywords:


bid price predicting; civil engineering; construction company marketing; construction project management; cost management; decision-making methods; game theory












1. Introduction


Forecasting economic phenomena is one of the methods used for minimizing the impact of risk factors involved in business activities. It is also a way to increase competitiveness among other market participants. Price forecasts are particularly important for construction companies, assisting them in preparing their long-term projects or employment plans.



Econometric models constitute an effective tool for forecasting prices in construction. When estimating the prices of construction products, linear autoregression models with lagged values of a response variable are most commonly used. These models allow one to take into account the variability in the relation time between variables. The price, constituting the response variable, is affected by the prices from previous periods (so-called explanatory variables, which constitute response variables delayed by several periods).



The problem of setting prices for construction works is significant for both the investors and the contractor companies. During times of market instability, investors and those in charge of investment estimates are forced to perform a far-sighted price analysis and valuation of construction works. Before the calculation is started, it is necessary for the investor to conduct a detailed analysis and evaluation of the market and to become familiarized with economic and price related forecasts in the construction industry. It is only after such an assessment that it is possible within the framework of the initial assumptions for cost calculation to select the basis for setting prices and their levels [1,2]. Given the inability to include various forms of risk in investment estimates, it is unjustified to use average prices of production and works factors, especially in periods of uncertain and volatile market situation.



When using a design-build system, which involves a long time between the planning stage and the realization of the project, taking into account expected prices of construction production factors may have a crucial impact on the successful execution of a project.



The examination of price forecasts is also fundamental for construction companies conducting long-term projects, where rapidly increasing prices result in execution problems. Due to the growing price pressure coming from subcontractors, combined with the rising prices of resources, materials, as well as wage expectations of physical and technical staff, general contractors are facing increasing costs resulting in a dramatic decline in the profitability of the construction industry.



Pricing strategies in the construction industry are mainly based on a cost-based approach. Newer models used for example in the oil industry [3] try to close the gap between the models and the real conditions of the bidder’s decision-making process. Most modern and more advanced bidding strategy models require input information about competitors, such as their minimum and maximum markup, and some of them require information about customers/owners; most of the time, this information is not readily available.



Pricing strategies in construction include various pricing models for bid price determination, such as the Friedman-Gates models, expected utility models, risk-pricing model, and the crew-day, multiple regression, and fuzzy-set pricing models [4]. The techniques proposed so far are sophisticated, which may hinder their implementation in the construction industry. The methodology proposed by authors, based on the game theory against nature, allows for an easier and simpler application of pricing strategies by practitioners and engineers in the construction industry.



Owing to the negative consequences of increasing prices, contractors are forced to pay more attention to risk when calculating bids. It is a significant problem that requires reliable support methods. Consequently, the purpose of this study was to apply game theory against nature to select the optimal bid option for construction works. This optimal variant also allows for a balance (symmetry) between maximum profit and the probability of winning the contract. In an unstable market situation, a contractor can set the price of a bid with minimized risk related to a possible price increase by using game theory and projected unit prices of construction products. The example below illustrates the benefits resulting from the application of the proposed approach in reducing the uncertainty associated with the increase in the prices of construction products.




2. Materials and Methods


2.1. Game against Nature Theory as a Decision-Making Tool


Decision theory describes and explains the behavior of a complex system consisting of human and information resources. A decision is considered to be the choice of action to be taken to solve a particular problem. This selection is mostly based on the available information. A decision can be understood as a chain of interconnected activities, which is often referred to in the literature as a decision-making process. In the process, a decision-maker makes an informed choice between several options all of which are considered to be achievable [5].



The result of the combination of a decision-maker’s preferences and various decision options is the identification of a subjective solution that meets the decision-making criteria to the highest possible degree [5].



Many researchers are now interested in decision-making problems in construction [6]. A variety of decision-making methods have been used in selecting general contractors for construction works [7,8,9,10], choosing the optimal organizational options [11,12,13], or optimizing construction projects [14,15,16]. Decision-making models have also been used in the identification, analysis, and projection of investment risk [17,18,19] as well as in conflict management in works related contracts [20,21].



One of the decision-making tools, which finds application in the presented research problem, is game theory against nature. This concept should be understood as a model of a conflict situation presented numerically in the form of a win or a loss of individual parties, where the conflict parties aim to achieve different goals. In a given game, the players use specific strategies, and the result of the game is obtained depending on which strategy is applied, or which decision is made.



In a game against nature, one of the players is a person or an institution acting as a decision-maker. The other player is nature and can affect the outcome of the game to various degrees. Nature constitutes a set of conditions affecting the results of taken decisions, such as the unstable prices of construction products, which determine the choice of technology for the realization of individual construction activities. Games with nature are a special case of a two-player zero-sum game where nature is a passive player for whom winning is not important [22,23].



A set of possible choices that constitute the strategies of a decision-maker is formulated as:


  A = {  a 1  ,    a 2  ,   …    a i  } ,  



(1)




while future states of nature, unknown at the time when the decision is made, are formulated as follows:


  S = {  s 1  ,    s 2  ,   … ,    s j  } .  



(2)







To resolve the game against nature, it is necessary to define either the function of the decision maker’s loss L(a, s) or the function of decision effectiveness V(a, s). The first one is understood as the loss that will be incurred as a result of the choice of strategy a in a given state of nature s, while the latter is understood as the decision-maker’s victory which benefits from the decision a in the state of nature s.



To resolve a game of nature, it is required to apply certain decision-making criteria indicating the choice of the optimal decision which is to be made under the conditions of uncertainty concerning the future states of nature in a particular decision-making situation. The method of resolving the game with nature boils down to selecting one of the possible decision-making criteria.



In Wald’s criterion [24], based on the loss function, the optimal decision corresponds to the lowest value of the maximum loss. On the other hand, when using the effectiveness function, the decision that maximizes the lowest value of the effectiveness function is the optimal one.



In the case of Hurwicz’s criterion [25], the parameter α is adopted to determine the coefficient of pessimism (expectations as to the realization of a given state of nature) about the possible future states of nature. This criterion determines the optimal decision, which maximizes the average value of the lowest and highest decision efficiency function with the weights α and 1-α respectively. For a specific loss function, Hurwicz’s criterion determines the optimal decision which minimizes the average value of the highest and the lowest loss function with the weights α and 1-α respectively.



Savage’s criterion [26], which is based on Wald’s criterion, refers to the minimum regret function (alternative loss function) resulting from wrong decisions for particular states of nature. The minimum regret function is formulated based on the decision effectiveness function or the loss function. According to Savage’s criterion, it is first necessary to find the relative loss matrix (regret matrix). A loss is defined as the difference between the largest win possible in a particular state of nature, and the win corresponding to the decision currently under investigation.


   r  i j   =   max  i  {  v  i j   } −  v  i j   ,  



(3)




where:    r  i j    —elements of the alternative loss function matrix,



   v  i j    —elements of the decision efficiency function matrix.



The optimal decision in Savage’s criterion is the one that minimizes the greatest possible alternative loss. Thus, the next step (operating on the regret matrix) is to determine the maximum loss for each strategy and choose the strategy for which the maximum loss will be the smallest.


  V ( a ,   s ) =   min   a ∈ A       max   s ∈ S    V ¯  ( a ,   s ) =   min  i      max  j   r  i j   ,  



(4)




where    V ¯  ( a ,   s )   is an alternative loss function based on the decision effectiveness function V(a, s).



Game theory makes it possible to mathematically present and resolve conflict situations in the management of construction projects which require continuous decision-making. One is therefore allowed to make the most beneficial choice from a set of various options [27].



Grzyl et al. [20] used game theory to indicate the best strategy leading to winning legal trials in the event of a conflict between the general contractor of construction works and the investor. Based on the developed game model, the expected profits for players were calculated and the probability of winning the dispute was determined, which allowed the general contractor to choose the best strategy.



Barough et al. [28] investigated the application of game theory in dispute resolution in construction project management. Two decision-making models were developed to analyze how the selected decisions affected the other participants of the construction project.



To solve complex technical and human-related problems in negotiations between the participants of an investment process, San Cristóbal [21] developed a model based on game theory, which made it possible to determine the actions responsible for project delays and the distribution of costs among them.



Dong-hong and Xi-yan [29] developed a decision-making game model for analyzing the phenomena occurring in tender procedures. The results of the analysis increased the probability of winning the tender by accurately estimating the costs of the project. The scholars’ work also demonstrates a method to boost the competitiveness of a tender participant.



Peldschus et al. [11] used game theory for a balanced multi-criteria assessment. The study aimed to select the optimal variant of the construction site.



The example of a game against nature presented in this paper is an alternative, widely applicable approach to the problem of decision-making related to the choice of the optimal cost estimate option for construction works.




2.2. Forecasting Economic Phenomena


The information about future states of certain phenomena plays an important role in supporting decision-making in the economy, as it reduces the impact of business-related risks. The necessity to take inflationary or deflationary risks into account when negotiating and determining contractual remuneration for projects that are expected to be performed over long periods is the reason why various types of forecasts are used by many researchers [30].



Jaśkowski et al. [31] proposed a model enabling a user to determine the volume of orders and to select supply channels for building materials. To take account of irregular fluctuations in the prices of building materials, they applied fuzzy logic and analyzed different scenarios for future price changes. Through this solution, it was possible to develop an optimal supply plan regardless of the actual scenario of material price changes, as well as to reduce the total cost of resources.



Czarnigowska and Sobotka [32] investigated the possibility of using a simple regression model to predict the duration of road construction based on early cost forecasts. The studies confirmed the universal nature of Bromilow’s time-cost model and its statistical correctness.



Leśniak and Juszczyk, in turn, [33] developed a regression model, based on artificial neural networks, which makes it possible to predict overhead construction costs. The developed method allowed for a more accurate estimate of the costs at an early stage of the construction project.



Kim et al. [19] developed a structural equation model (SEM) to estimate the success of international construction projects which are difficult to evaluate. By comparing it with multiple regression analysis and artificial neural networks, SEM allows for a more accurate result estimation due to its ability to continuously and accurately take into account various risk factors. Moreover, the use of SEM provides a possibility of a visual representation of how variables are related to each other, to facilitate the understanding of the complex system and its key assumptions, which the success of a project depends on.



Tatiya et al. [34] investigated the problem of demolition and the storage of waste resulting from the abandoning of residential, service, or industrial buildings. The phenomenon is becoming increasingly common due to the economic collapse in many countries. As opposed to demolition, deconstruction represents a balanced approach to the systematic dismantling of buildings, which allows the materials to be reused and recycled. However, the rising costs are the major problem that stops decision-makers from taking advantage of deconstruction. To solve the problem, the authors developed a novel cost forecasting model based on artificial intelligence. Studies indicate that the accuracy of the proposed forecasting model is greater than 95% and that the model offers a way to make the deconstruction cost lower than the demolition cost.



In the construction industry, a big problem is the complexity of the cost calculation. The price for construction works includes prices of many materials, machines, workers of various professional specialties. Even with price forecasts made with more reliable methods than linear regression, it should be taken into account that errors in price forecasts of many materials will accumulate. Uncertainty of the decision-making situation also increases the issue of accuracy of input estimates.



Forecasting and game theory are both effective tools that may be used to support finance-related decision-making and reduce the impact of risk factors in the management of construction projects.



Construction sector productivity is also of great importance for the government and policymakers because it determines a nation’s future living standards and creates a competitive business environment. Factors that affect productivity include management and control, workforce, financial, external, project, and material and equipment. According to previous research, the most important is the management team competency level and workforce quality in enhancing labor productivity. Moreover, client support and efforts by government authorities are found to be significant for labor productivity improvements [35,36,37].



Searching for effective decision-making tools is crucial for the construction industry. Effective management of a construction company allows achieving strategic goals such as profit maximization, variable cost coverage, and revenue maximization.



Taking into consideration the foregoing facts, a thorough step-by-step procedure of the proposed method, as shown in Figure 1, can be accurately presented through the following basic steps:





3. Results


The construction industry in most countries of the world is one of the highest competitive, high-risk, and profit margins generally low when compared to other economic areas. Therefore, pricing is one of the most important aspects of marketing in the construction industry. However, unlike in other industries, transactions and contracting in the construction industry are conducted through a competitive bidding process so pricing mostly takes place in a bidding process. Most often only one pricing approach is used in the construction industry: cost-based pricing. A typical procedure of cost-based pricing involves estimating project costs and then applying a markup of profit. This approach was proposed by many researchers [38,39,40]



The proposed approach studies the situation in which a contractor is considering participating in a tender procedure for the construction of a school building with a gymnasium, which is to be realized with the use of modernized traditional technology. Due to the investor’s budget constraints and the adopted design and build system, the project cannot start earlier than a year from now. When submitting the tender under such circumstances, the contractor must consider a possible increase in the prices of the construction products which will be used in the future. To achieve maximum profit in an uncertain market situation, it is advisable to take the predicted price level of building materials into account.



In the case under study, the analysis includes the prices of building materials as well as the plumbing and electrical installations. Due to the uncertain economic situation, the contractor preparing a bid should consider various scenarios for the increase in the price of materials: the pessimistic one, the optimistic one, and the most probable one. The price forecasts were increased and decreased symmetrically by an ex-post error, thus obtaining, in turn, a pessimistic and optimistic scenario. The most probable scenario, on the other hand, is a price increase equal to the value presented in the forecast. The percentage values of the forecasts and their ex-post errors were established based on market reports prepared by Polish construction price book publishers (Figure 2).



The econometric models used to estimate the forecasts and the errors made it possible to obtain high values of determination coefficients (about 0.8), which leads to a conclusion that they represent an effective tool for forecasting the prices of construction products. A summary of the forecasts and the ex-post errors is presented in Table 1.



The value of the bid price b can be presented as follows:


   b i  =  c i  +  f i  ,  



(5)




where: ci—the cost of the completion of works, fi—bidder’s profit.



In accordance with the method of bid presentation in public tenders in Poland, the cost of the works consists of the direct costs cid and the indirect costs ciind:


   c i  =  c i d  +  c i  i n d   .  



(6)







The indirect costs are most often expressed as a percentage of the sum of the labor cost and the plant cost:


   c i  i n d   =  w i  i n d   (  c i L  +  c i P  ) ,  



(7)




where    w i  i n d     represents a rate of overhead applied by a decision-maker individually.



Direct costs consist of the labor costs ciL, the materials costs ciM, and the plant costs ciP:


   c i d  =  c i L  +  c i M  +  c i P  .  



(8)







The cost of materials constitutes the sum of the products of the number of works, the norms for the consumption of materials, and the unit prices of the materials.



In accordance with the Polish cost estimate guidelines and the industry practice, profit is most often referred to as the product of the profit rate    w i f    and the sum of the labor costs    c i L   , the plant costs    c i P   , and the indirect costs    c i  i n d    :


   f i  =  w i f  (  c i L  +  c i P  +  c i  i n d   ) ,  



(9)




where    w i f    is the profit rate adopted by a decision-maker individually. This approach is also used in market reports prepared by Polish construction price book publishers.



By factoring in real prices of construction products     c ^  i M   , it is possible to estimate the loss resulting from the difference    c i M    between the prices that were assumed at the time of the bid development and the real prices at the start of the project. In practice, one assumes the prices which are at an average level or the prices which are the most likely according to forecasts. Thus, a bidder preparing an offer can minimize the risks connected with the unstable situation in the market of construction materials. Taking the Formulas (5)–(9) into account, the contractor’ profit mark-up can be determined as follows:


      F (  a i  ,  s j  ) =   ∑  i = 1  m    F i    =   ∑  i = 1  m  [    c ^  i M  (  s j  ) −  c i M  +  f i  (  a i  ) ] ,       i = 1 ,   2 , … ,   m ,       j = 1 ,   2 ,   … ,   n .      



(10)







The parameter i refers to the number of possible choices that are the strategies of the decision-maker. In this study, these are different variants of the decision maker’s offers depending on the level of profit. Parameter j, on the other hand, describes future states of nature, unknown at the time of decision making. In this paper, there are different scenarios of building material price increases.



The expected profit E(F) is defined as the product of the contractor’s mark-up, minus the loss resulting from the increase in the price of building materials and the probability of winning, based on the contractor’s winning experience in past tender procedures. Friedman [41] presented a recursive algorithm allowing to determine the approximate values of the profit rate (and the bid price) ensuring the greatest probability of winning the tender assuming that it has a normal distribution. This assumption has been verified in the papers [42,43] as well as the range of values and possibilities for the bids ranging from 5% and 11% of profit margins. The probability curve was assumed based on the results of the study [43].



The optimal decision will correspond to the expected value of the profit depending on the strategy adopted by the decision-maker:


  E ( F ) = F (  a i  ,  s j  ) ∗ P (  a i  ) .  



(11)







Game theory against nature offers an option to select a strategy that minimizes the maximum loss associated with the increase in the price of materials in different states of nature, which will correspond to the situation on the market of building materials. The states of nature were determined based on three scenarios (optimistic, pessimistic, and most probable) of an increase in the prices of building materials, plumbing, and electrical installations. To determine the number of all possible scenarios for various price levels of building materials, the Cartesian product of three 3-element sets was calculated:


     X × Y × Z = { (  x n  ,    y n  ,    z n  ) :    x n  ∈ X ∧  y n  ∈ Y ∧  z n  ∈ Z } ,   n = 1 , 2 , 3 ;       X = {  x 1  ,  x 2  ,  x 3  } ,   Y = {  y 1  ,  y 2  ,  y 3  } ,   Z = {  z 1  ,  z 2  ,  z 3  }    ,  



(12)




where: x—increase in the price of building materials,



y—increase in the price of plumbing materials,



z—increase in the price of electrical materials,



1—optimistic scenario,



2—pessimistic scenario,



3—most probable scenario.



The result provided a set of 27 ordered three-element subsets of projected prices reflecting the number of the states of nature: S = {s1, s2,…, sj}, sj = (xn, yn, zn), j = 1, 2,…, 27, n = 1, 2, 3.



The decision-maker’s strategies, presented in Table 2, reflect the levels of the profit rate that will allow the expected profit value E(F) to be achieved: A = {a1, a2,…, ai}, ai = {5%, 5.5%, 6%…, 11%}, m = 1, 2,…, 13.



For example, following Equations (9) and (10), the expected profit value related to the a1 strategy for the s1 state of nature was calculated by real price of construction products equals 1,826,537.09 EUR, the price that was assumed at the time of the bid equals 1,799,593.88 EUR, the direct costs equal 2,669,556.80 EUR, the indirect costs equal 566,345.86 EUR, the profit rate equal 5% and the probability of winning equal 99.99675%, which resulted in the amount of 44,870.77 EUR:


  [ 5 % × ( 2,669,556.80   −   1,799,593.88   +   566,345.86 )   +   1,799,593.88 ]   ×   99.99675 %   =   44,870.77   [ EUR ]  











To select the optimal decision, Savage’s criterion is used. It is assumed by the contractor that making a decision involves the risk of a mistake which may lead to a loss resulting from failing to select the optimal variant. The criterion minimizes the potential relative loss. The decision is made in two steps. The first one requires a regret matrix reflecting the value of relative losses to be created rij (Table 3).



It is then necessary to select the column with the lowest maximum:   V ( a ,   s ) =   min   a ∈ A       max   s ∈ S    V ¯  ( a ,   s ) =   min  i      max  j   r  i j     = 1622.41. A contractor whose target is to minimize lost benefits should choose the a7 strategy with a profit of 8%, as in this case, the potential relative loss (relative to the best possible state of nature) is the smallest.



Following a more cautious criterion focused on risk minimization (Wald’s criterion), the contractor should opt for the a8 strategy with a profit rate of 8.5%. On the other hand, using Hurwicz’s criterion, the optimal decision depends on the value of the degree of pessimism assumed:



	
for the value range   0 < α < 0.75  —the optimal strategy is the strategy a7;



	
for the value range   0.75 < α < 1  —the optimal strategy is the strategy a8.







4. Discussion and Conclusions


The effective development of bid pricing requires a detailed analysis of market conditions, trends observed in particular material markets, and projected changes in legislation. The conducted studies confirmed the effectiveness of the proposed methods of supporting decision-making by indicating the optimal strategy to reduce financial losses in times of uncertain market situation. Most modern and more advanced bidding strategy models require input information about the competitors, which is very difficult to obtain. Smaller companies with a limited budget are not able to invest in forecasting studies, so they are often forced to use publicly available statistical data. In Poland, such analyses are published in price publications and industry journals. These commonly available data were used in this study which allows for easier application of the proposed methodology to the construction industry.



The conducted research allowed obtaining a pricing strategy which, with maximum profit for the contractor, keeps a high probability of winning the contract in an uncertain economic situation. A significant part of the research on bid pricing is based, among others, on the Friedman–Gates models, expected utility models, risk-pricing model, and the crew-day, multiple regression, and fuzzy-set pricing models. The application of the game theory against nature allows for the easier and simpler implementation of pricing strategies by practitioners and engineers in the construction industry. The presented methods used to identify and protect against the risks associated with uncontrolled price increases are extremely important especially for the companies engaged in long-term projects.



The results of the analysis made it possible to identify the optimal option in light of the adopted criteria. However, it is necessary to remember that the result depends on the projected price values of building materials. If the assumptions are changed, a new, possibly more favorable solution than the one obtained in the study may become available. For this reason, an analysis of the sensitivity of the results in the case of the prices of construction products reaching different values than expected was performed. As a result, it turned out that the change in material costs may have a significant impact on the contractor’s profit. In the case of the chosen option, a 4% increase in prices is enough to reduce the contractor’s profit by almost a half.



Given the obtained results, it appears necessary to analyze the remaining bid price components and to study the impact which they have on the level of profit. To determine the risk of profit reduction, a contractor should additionally assess the probability of an increase in the prices of production factors, which will constitute the direction of further research.
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Figure 1. The computational procedure of the proposed method. 
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Figure 2. An example of a price change forecasts of building materials with an econometric model in the function form and a coefficient of determination, adopted for research. 
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Table 1. A summary of the forecasts and the ex-post errors of the prices of construction products which were analyzed.
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	Forecast (%)
	Ex-Post Error (%)





	Construction materials
	1.7
	0.834



	Plumbing materials
	2.2
	0.414



	Electrical materials
	8.1
	4.742
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Table 2. The expected profit value [EUR] is related to the decision-maker’s strategies for the particular states of nature.
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	a1
	a2
	a3
	a4
	a5
	a6
	a7
	a8
	a9
	a10
	a11
	a12
	a13



	s1
	44,870.77
	52,044.49
	59,184.66
	66,181.30
	72,668.80
	77,675.29
	79,194.56
	74,241.11
	60,476.15
	39,687.65
	19,247.98
	6347.56
	1327.28



	s2
	28,357.40
	35,533.52
	42,684.87
	49,725.96
	56,363.48
	61,796.07
	64,326.55
	61,355.14
	50,716.05
	33,702.61
	16,523.96
	5501.32
	1160.03



	s3
	11,844.02
	19,022.56
	26,185.09
	33,270.62
	40,058.15
	45,916.85
	49,458.55
	48,469.16
	40,955.96
	27,717.58
	13,799.94
	4655.08
	992.78



	s4
	43,664.63
	50,838.52
	57,979.52
	64,979.40
	71,477.86
	76,515.47
	78,108.59
	73,299.92
	59,763.27
	39,250.50
	19,049.01
	6285.75
	1315.07



	s5
	27,151.26
	34,327.56
	41,479.73
	48,524.06
	55,172.53
	60,636.25
	63,240.59
	60,413.94
	50,003.17
	33,265.46
	16,325.00
	5439.51
	1147.81



	s6
	10,637.88
	17,816.59
	24,979.94
	32,068.72
	38,867.21
	44,757.02
	48,372.59
	47,527.97
	40,243.08
	27,280.43
	13,600.98
	4593.27
	980.56



	s7
	42,458.49
	49,632.56
	56,774.37
	63,777.50
	70,286.92
	75,355.65
	77,022.63
	72,358.73
	59,050.39
	38,813.35
	18,850.05
	6223.94
	1302.85



	s8
	25,945.12
	33,121.59
	40,274.58
	47,322.16
	53,981.59
	59,476.42
	62,154.63
	59,472.75
	49,290.30
	32,828.32
	16,126.03
	5377.70
	1135.60



	s9
	9431.74
	16,610.63
	23,774.79
	30,866.82
	37,676.26
	43,597.20
	47,286.63
	46,586.77
	39,530.20
	26,843.28
	13,402.01
	4531.46
	968.34



	s10
	35,196.69
	42,371.82
	49,518.55
	56,541.22
	63,116.61
	68,372.72
	70,484.39
	66,692.09
	54,758.37
	36,181.42
	17,652.16
	5851.80
	1229.30



	s11
	18,683.32
	25,860.86
	33,018.76
	40,085.88
	46,811.28
	52,493.50
	55,616.39
	53,806.11
	44,998.27
	30,196.38
	14,928.14
	5005.56
	1062.05



	s12
	2169.95
	9349.90
	16,518.97
	23,630.54
	30,505.96
	36,614.28
	40,748.39
	40,920.13
	35,238.18
	24,211.34
	12,204.12
	4159.32
	894.79



	s13
	33,990.55
	41,165.86
	48,313.40
	55,339.32
	61,925.67
	67,212.90
	69,398.43
	65,750.89
	54,045.49
	35,744.27
	17,453.19
	5789.99
	1217.08



	s14
	17,477.18
	24,654.90
	31,813.61
	38,883.98
	45,620.34
	51,333.68
	54,530.43
	52,864.92
	44,285.39
	29,759.23
	14,729.18
	4943.75
	1049.83



	s15
	963.81
	8143.93
	15,313.82
	22,428.64
	29,315.01
	35,454.46
	39,662.43
	39,978.94
	34,525.30
	23,774.20
	12,005.16
	4097.51
	882.58



	s16
	32,784.41
	39,959.90
	47,108.25
	54,137.42
	60,734.72
	66,053.08
	68,312.47
	64,809.70
	53,332.61
	35,307.12
	17,254.23
	5728.18
	1204.87



	s17
	16,271.04
	23,448.93
	30,608.46
	37,682.08
	44,429.40
	50,173.86
	53,444.47
	51,923.72
	43,572.51
	29,322.09
	14,530.21
	4881.94
	1037.61



	s18
	−242.33
	6937.97
	14,108.68
	21,226.74
	28,124.07
	34,294.64
	38,576.46
	39,037.74
	33,812.42
	23,337.05
	11,806.20
	4035.70
	870.36



	s19
	25,522.62
	32,699.16
	39,852.43
	46,901.15
	53,564.42
	59,070.15
	61,774.23
	59,143.06
	49,040.58
	32,675.19
	16,056.34
	5356.05
	1131.32



	s20
	9009.25
	16,188.20
	23,352.64
	30,445.81
	37,259.09
	43,190.93
	46,906.23
	46,257.08
	39,280.49
	26,690.15
	13,332.32
	4509.81
	964.07



	s21
	−7504.13
	−322.77
	6852.85
	13,990.47
	20,953.76
	27,311.71
	32,038.22
	33,371.10
	29,520.39
	20,705.11
	10,608.30
	3663.57
	796.81



	s22
	24,316.48
	31,493.20
	38,647.28
	45,699.25
	52,373.47
	57,910.33
	60,688.27
	58,201.87
	48,327.70
	32,238.04
	15,857.38
	5294.24
	1119.10



	s23
	7803.11
	14,982.23
	22,147.49
	29,243.91
	36,068.14
	42,031.11
	45,820.27
	45,315.89
	38,567.61
	26,253.00
	13,133.36
	4448.00
	951.85



	s24
	−8710.27
	−1528.73
	5647.71
	12,788.57
	19,762.82
	26,151.89
	30,952.26
	32,429.91
	28,807.51
	20,267.97
	10,409.34
	3601.76
	784.60



	s25
	23,110.34
	30,287.23
	37,442.14
	44,497.35
	51,182.53
	56,750.51
	59,602.31
	57,260.67
	47,614.82
	31,800.89
	15,658.41
	5232.43
	1106.89



	s26
	6596.97
	13,776.27
	20,942.35
	28,042.01
	34,877.20
	40,871.29
	44,734.30
	44,374.69
	37,854.73
	25,815.85
	12,934.39
	4386.19
	939.63



	s27
	−9916.40
	−2734.69
	4442.56
	11,586.67
	18,571.87
	24,992.07
	29,866.30
	31,488.72
	28,094.63
	19,830.82
	10,210.38
	3539.95
	772.38
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Table 3. Alternative loss matrix.
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	a1
	a2
	a3
	a4
	a5
	a6
	a7
	a8
	a9
	a10
	a11
	a12
	a13



	s1
	34,323.79
	27,150.07
	20,009.89
	13,013.25
	6525.75
	1519.27
	0.00
	4953.44
	18,718.41
	39,506.91
	59,946.58
	72,847.00
	77,867.27



	s2
	35,969.16
	28,793.03
	21,641.68
	14,600.59
	7963.08
	2530.49
	0.00
	2971.42
	13,610.50
	30,623.94
	47,802.59
	58,825.24
	63,166.52



	s3
	37,614.53
	30,435.99
	23,273.46
	16,187.93
	9400.40
	3541.70
	0.00
	989.39
	8502.59
	21,740.98
	35,658.61
	44,803.47
	48,465.77



	s4
	34,443.97
	27,270.07
	20,129.08
	13,129.19
	6630.73
	1593.13
	0.00
	4808.67
	18,345.32
	38,858.09
	59,059.58
	71,822.85
	76,793.53



	s5
	36,089.34
	28,913.03
	21,760.86
	14,716.53
	8068.06
	2604.35
	0.00
	2826.65
	13,237.42
	29,975.13
	46,915.60
	57,801.08
	62,092.78



	s6
	37,734.71
	30,555.99
	23,392.65
	16,303.87
	9505.38
	3615.56
	0.00
	844.62
	8129.51
	21,092.16
	34,771.61
	43,779.32
	47,392.03



	s7
	34,564.14
	27,390.08
	20,248.27
	13,245.13
	6735.72
	1666.99
	0.00
	4663.91
	17,972.24
	38,209.28
	58,172.58
	70,798.70
	75,719.78



	s8
	36,209.51
	29,033.04
	21,880.05
	14,832.47
	8173.04
	2678.21
	0.00
	2681.88
	12,864.33
	29,326.31
	46,028.60
	56,776.93
	61,019.03



	s9
	37,854.88
	30,676.00
	23,511.84
	16,419.81
	9610.36
	3689.42
	0.00
	699.86
	7756.43
	20,443.35
	33,884.61
	42,755.17
	46,318.28



	s10
	35,287.70
	28,112.57
	20,965.85
	13,943.17
	7367.78
	2111.67
	0.00
	3792.31
	15,726.03
	34,302.97
	52,832.24
	64,632.59
	69,255.09



	s11
	36,933.07
	29,755.53
	22,597.63
	15,530.51
	8805.11
	3122.89
	0.00
	1810.28
	10,618.12
	25,420.01
	40,688.25
	50,610.83
	54,554.34



	s12
	38,750.18
	31,570.24
	24,401.16
	17,289.59
	10,414.18
	4305.85
	171.74
	0.00
	5681.96
	16,708.79
	28,716.01
	36,760.81
	40,025.34



	s13
	35,407.88
	28,232.57
	21,085.03
	14,059.11
	7472.77
	2185.53
	0.00
	3647.54
	15,352.95
	33,654.16
	51,945.24
	63,608.44
	68,181.35



	s14
	37,053.25
	29,875.53
	22,716.82
	15,646.45
	8910.09
	3196.75
	0.00
	1665.51
	10,245.04
	24,771.20
	39,801.25
	49,586.68
	53,480.60



	s15
	39,015.13
	31,835.01
	24,665.12
	17,550.29
	10,663.93
	4524.48
	316.51
	0.00
	5453.64
	16,204.74
	27,973.78
	35,881.42
	39,096.36



	s16
	35,528.06
	28,352.58
	21,204.22
	14,175.05
	7577.75
	2259.39
	0.00
	3502.77
	14,979.86
	33,005.35
	51,058.24
	62,584.29
	67,107.60



	s17
	37,173.43
	29,995.54
	22,836.00
	15,762.38
	9015.07
	3270.61
	0.00
	1520.75
	9871.95
	24,122.38
	38,914.25
	48,562.52
	52,406.85



	s18
	39,280.07
	32,099.78
	24,929.07
	17,811.00
	10,913.68
	4743.11
	461.28
	0.00
	5225.33
	15,700.70
	27,231.55
	35,002.04
	38,167.38



	s19
	36,251.61
	29,075.07
	21,921.80
	14,873.08
	8209.81
	2704.08
	0.00
	2631.17
	12,733.65
	29,099.04
	45,717.89
	56,418.18
	60,642.91



	s20
	37,896.98
	30,718.03
	23,553.59
	16,460.42
	9647.14
	3715.30
	0.00
	649.15
	7625.74
	20,216.08
	33,573.91
	42,396.42
	45,942.16



	s21
	40,875.23
	33,693.87
	26,518.25
	19,380.64
	12,417.34
	6059.39
	1332.88
	0.00
	3850.71
	12,665.99
	22,762.80
	29,707.54
	32,574.29



	s22
	36,371.79
	29,195.07
	22,040.99
	14,989.02
	8314.80
	2777.94
	0.00
	2486.40
	12,360.57
	28,450.23
	44,830.89
	55,394.03
	59,569.17



	s23
	38,017.16
	30,838.03
	23,672.77
	16,576.36
	9752.12
	3789.16
	0.00
	504.38
	7252.66
	19,567.26
	32,686.91
	41,372.27
	44,868.42



	s24
	41,140.18
	33,958.64
	26,782.20
	19,641.34
	12,667.09
	6278.02
	1477.65
	0.00
	3622.40
	12,161.95
	22,020.57
	28,828.15
	31,645.31



	s25
	36,491.97
	29,315.08
	22,160.17
	15,104.96
	8419.78
	2851.80
	0.00
	2341.64
	11,987.48
	27,801.42
	43,943.89
	54,369.88
	58,495.42



	s26
	38,137.34
	30,958.04
	23,791.96
	16,692.30
	9857.10
	3863.02
	0.00
	359.61
	6879.58
	18,918.45
	31,799.91
	40,348.12
	43,794.67



	s27
	41,405.12
	34,223.41
	27,046.16
	19,902.05
	12,916.84
	6496.65
	1622.41
	0.00
	3394.08
	11,657.90
	21,278.34
	27,948.77
	30,716.34
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