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Abstract: Ebisu and Iwassaki proved that there are three-term relations for 3F,(1) with a group
symmetry of order 72. In this paper, we apply some specific three-term relations for 3F, (1) to partially
answer the open problem raised by Miller and Paris in 2012. Given a known value 3F,((a,b, x), (¢, x +
1),1),if f — x is an integer, then we construct an algorithm to obtain 35 ((a,b, f), (¢, f + n),1) inan
explicit closed form, where 7 is a positive integer and 4, b, ¢ and f are arbitrary complex numbers. We
also extend our results to evaluate some specific forms of , 1 F,(1), for any positive integer p > 2.
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1. Introduction

The Clausen’s hypergeometric function with unit argument [1] is defined to be the
complex number
ai,az,as
3h [

bl/b4

_ v (@)n(a2)n(as)n
1] _ngb (b1)n(b2)un! ’
where R (b1 + by — a1 — a2 —a3) > 0,

(), = IW =a(a+1)---(a+n—1)
denotes the Pochhammer symbol, I'(s) is the Euler’s I'-function, and the complex numbers
a;, bj are called the numerator and denominator parameters, respectively. The denominator
parameters are not allowed to be zero or negative integers (b; € Z<).

The classical hypergeometric function, which is often called the Gauss hypergeometric
function, is defined by

Z] _ iwg R(c—a—0b) >0,|z| <1,c ¢ Z<y.

The most famous formula is the Gauss formula:

2F [a;b 1] = W, §R(C —a— b) > 0. )

Another interesting formula is the Ramanujan’s formula ([2] (Page 39)):

11 1 (2k\2
5, ,,n 1671 n ( )
sh| ¥ 2 = 5y A, 2)
1,n+1 ﬂn(%) i— 16
n

where 7 is a positive integer. When Ramanujan’s collected papers were published in 1927,
Equation (2) attracted great attention. There are numerous hypergeometric series identities
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in the mathematical literature (see [3,4]). The evaluation of the hypergeometric sum 3F(1)
(the Clausenian hypergeometric function with unit argument) is of ongoing interest, since
it appears ubiquitously in many physics and statistics problems [5-7].
There is a formula worth noting in ([8] Equation 3.13-(37)):
E a,b f+1 _F(c)l"(c—a—b)[ B ab
32 T T(c—a)T(c—D) fla+b+1—c)

o f ], R(c—a—-b)>1. (3)

In 1971, Karlsson [9] has deduced the summation formula

_T(OT(e—a—b) & (m\  (~1a)(d)
11 = Fe—arie—6) & (k) e rath-ay

a,b, f+m
o f
For the sake of simplicity, in this paper we assume that the parameters of the hypergeo-
metric series 3F,(1) are such that it converges and the summation formula for it makes

sense. Miller and Srivastava [10] and Miller and Paris [11] have obtained the following
generalized form. The value of
1‘|
(a)k(b)k —k, (fr +my)

“(1+a+b— )kk!”“[ ()

(4)

342
k=0

b, (fr+ ny)
¢ (fr)

a,
re2Fri

is equal to

I'(c)T(c—a—b)
I(c—a)T(c—D)f

=

11 . ®)

Thus, one may ask for a similar formula for 3F, (1) where at least one pair of numera-
torial and denominatorial parameters differs by a negative integer. Miller and Paris [12]
gave the following formula for positive integers n and p:

a,b,n _ ! 1k p—1 (1—=0)gan
o cn+p ' _(p)n;g( A )k< k )(1—ﬂ)k+n(1—b)k+n ©)
F(c)l"(c—a—b - n—1 (c—a—Db)
+(n)pr(0*“ Z < k )<1a)k+p(1zgjk+p‘

Shpot and Srivastava [6] derived an elegant summation formula for Clausen’s series
3F, with the unit argument, with which they determined that:

1 ab,c
Ot @Oner > 2 b+ 14 me+14n
equals
B(1—a,b) -n,bb—c—n B(l—a,c) -n,c,c—b—n
e 1 —— = 3F, 1], 7
(c=D)ur1” *[1+b—a1+b—c (0—ni1” 1+c—al+c—b @

where B(x,y) = r((x)i(y)) is the Euler beta function. Miller and Paris [12] indicated that the

problem remains of deriving a summation formula for the series:

ab, f

F
e, ftn

1, ®)

where 7 is a positive integer and 4, b, c and f are arbitrary complex numbers.
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In this paper, we try to answer this question. In fact, we evaluate this Clausen’s
series 3F>(1) under some additional conditions. That is, if we can find a known value

a,b,x . . ..
3F2[ 41 1] and f — x € Z, then we can follow our algorithm to give the explicit value
c, X
a,b, f e . . .
of 3F, ft 1|, for any positive integer n. We state the Algorithm 1 in Section 4.
, n

We will use this algorithm to obtain equivalent forms of Equations (6) and (7), and
some other formulas as our examples.

Leta = (ay,a,,a3,a4,a5) € C°. Ebisu and Iwasaki [13] proved that there exist unique
rational functions u(a), v(a) € Q(a) such that

ai,az,as3 a1+ p1,a2 + p2, a3 + p3
3b 1| =u(a)sh 1 )
a4,4d5 a4 + p4, a5 + ps
a1 +4qi1,a2 +4qz,a3 +
+0(a)sb 1T4q1,82 742,43 T {3 1|,
ag + q4,a5 + qs

where p = (p1, 2,03, P4, P5),9 = (41,92,93,94,95) € Z° are distinct shift vectors ([13]
Theorem 1.1). They presented a systematic recipe to determine u(a) and v(a) in finite
steps. The three-term relation (9) admits an S x (S3 X S3)-symmetry of order 72. Karp
and Prilepkina [14] also gave an alternative method for computing u(a), v(a) for given
shifts. Some of our results could be viewed as particular cases of the results (9). However,
our algorithm aims to answer the open problem raised by Miller and Paris. The method of
proof in our work is also different from theirs.

Here, we present one more formula obtained by our algorithm as the last example in
this introductory section. For any non-negative integer n, we know that:

:

:0i 2
VBE o (n) (-1 EE L 6j—1 27())
o L0 & a0 e gy

121
r|3327"
32 3

1,5

is equal to

We will list some known 3F, (1), which we could use as an initial value in our algorithm
in Section 6. In the final section, we extend our results to evaluate some specific forms of
pi1Fp(1), for p > 2.

2. Preliminaries

7 bl
For the sake of brevity, we sometimes denote 3F2[ “ +x1 1] as F(x). We cite an
c,x
explicit formula in ([8] Equation 3.13-(41)) which we need to use later.
a,b,1  (e—1) Fc—1DT(c—a—b+1)
3F2[ 02 1] = (a—l)(b—l)[ Te—a(c—0) | (1

wherea #1,b#1,and R(c—a—b+1) > 0.
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Lemma 1. Let a,b, c, x be complex numbers with x +1,¢ ¢ Z<o, x+1 # ¢, and R(c —a —b) >
—1. Then,

a,b,x

c,x+1

ab,x+1
c,x+2

(x+1—a)(x+1-b)
(x+1-o)(x+1) 72
T(c)T(c+1—a—b)
(x+1—-0)(c—a)l(c—b) (12)

3h

Proof. We rewrite this hypergeometric series F(x) as

a,b,x
c,x+1

n+1(b)n+1x

; C n+1 ( n+1(”+1+x)
H L

(a)n(b)n (a+mn)(b+n)x
() (D)y (

3b

n(c+n)(n+1)(n+1+x)

If c # 1and ¢ # x + 1, we regard the inner summand:

(a+n)(b+n)x
(c+n)(n+1)(n+1+x)

as a rational function of 7. Then its partial fraction decomposition is the following decomposition:

x(b—c)(a—c) +(b—1)(a—1)_(b—x—l)(a—x—l)
(c=1)(c=1=x)(c+n) (¢c—=1)(n+1) (c—x—1)(n+1+x)’

if c # 1 and ¢ # x + 1. We substitute this representation into the above formula of F(x),
then we have:

a,b,x x(b—c)(a—c) a,b,c
F —1+
e x+1 cle—1(c—1-2)"2cc+1
(b—1)(a—1) _|ab,1 (b—x—-1)(a—x—1) _|abx+1
+——~"3b 1 - 3b
(c—1) ¢2 (c—x—1)(x+1) ¢, x+2
We know that
E a,b,c _ a,b 1
326,6+1 _216+1 '

Using Equation (11) and the Gauss formula Equation (1), we can evaluate the first two

hypergeometric series in the right-hand side of the above equation. Therefore, we get
Equation (12),if ¢ # 1and ¢ # x + 1

a,b,x
c,x+1

(x+1—a)(x+1-0)
(x+1—c)(x+1) 72

I'(c)T(c+1—a—b)
(x+1—0c)T(c—a)T(c—b)

On the other hand, if ¢ = 1 and x # 0, we regard the inner summand

ab,x+1
c,x+2

3b

(a+n)(b+n)x
(n+1)2(n+1+x)
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as a rational function of n. Then its partial fraction decomposition is the following decomposition

b-1)@-1) Gb-x—1@@—-x—-1) ab—ax—bx—a—b+2x+1
(n+1)2 x(n+1+x) a (n+1)x ’

We substitute this representation into the above formula of F(x), then we have

11

a,b,x+1
1,x+2

a,b,x
c,x+1

3b :1—(

ab—ax —bx —a—b+2x+1) lﬂ,b,l
3b
X 1,2

a,b1,1
1,2,2

+(a—1)(b— 1)41:3[

(a—x-1)(b—x—-1)
1]4_ x(1+x) 3B

We simplify the first three terms on the right-hand side of the above equation, then the
resulting identity matches Equation (12) withc =1. O

We reverse Equation (12) and get another recurrence relation for our F(x).

a,b,x

c,x+1

Lemma 2. Let a, b, ¢, x be complex numbers with x,c ¢ Z<o, x # a, x # b, and R(c —a —b) >
x(x —c a,b,x —1
3h = ()17)35[

—1. Then,
1
(x —a)(x— c,x ]

X I(c)T(c+1—a—b)
(x—a)(x—b) T(c—a)l(c—Db)

+ (13)

3. Main Results

We will solve the recurrence relations in Lemmas 1 and 2 as explicit formulas with a
specific known value F(f).

Theorem 1. Let m be a non-negative integer, a, b, c, f be complex numbers with f +m,c & Z<y,
m+f#a,m+ f #b,and R(c —a—b) > —1. Then,

a,b, f+m
e, f+m+1

_ (f+1)m(f+1_c)m L a,b, f
RS M R P S|

+F@H@—a—b+1ﬁ§fU+1—@Af+l—mk
I(c—b)I(c~a) FHDelf +1= )k |

Proof. Applying the recurrence relation in Lemma 2, a positive integer ¢ times, we get

a,b,x a,b,x—/¢ T(k+1)
F 1| =T(¢)sF + A
32c,x—|—1 ()32C,x+1— 2 x—k—c’
where
_ T()T(c+1—a—b) Lo (x4 1-)(x+1—-c—))
A= T[(c—a)l(c—Db) ,and T(¢ H (x+1—a—j)(x+1-b—j)

=

Using the mathematical induction on the integer ¢, we know that the above formula
is correct. Let x = f + m and we use the Pochhammer symbols to rewrite the function T.
Then we have

Tty = U 1= (FH1—alf +1-b)
FH1—a)m(f+1-b) (FH1—c)(f+1)
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Therefore,
a,b, f+m a,b,f T(k+1)
F =T FE

32c,f+m+1 (m)3 2lc,f—l— 4 Z‘x— k—c
/b, m—1 _

= T(m)3b5 a,b, f 1| + A M

¢, f+1 = f+1+k—c
_ 4 Dn(f+1=0)m .5 a,b,f
Frl-am(f+1=b)m )| > 2|e fr1

+

= A (f+1—a)(f+1—-b)
S frltk—c (fH1)(f+1—0) |

This result is what we want. [

Similarly, if we apply the recurrence relation in Lemma 1 a positive integer ¢ times,
then we get

a,b,x a,b,x+ ¢ — T(k)
F =TW)3F 14
32c,x—l—l ()32c,x+1—|—€ Z 1+k (14)
where ,
A:F(c)l"(c+1—a—b) H x—a+])(x—b+]).

T(c—a)T(c—b) (x—c+j)(x+])

]:
Using the mathematical induction on the integer ¢, we prove that the above formula
is correct. Now we apply this formula to get the following theorem.

Theorem 2. Let m be a non-negative integer, a, b, c, f be complex numbers with f —m +1,c ¢
Z<o, f —m+1+#c,and R(c —a—Db) > —1. Then,

a,b,f—m
3b
o, f—m+1

_ D=0 [ Tabf
T 1) u(fr1-Db)m® f+1

I(c)[(c—a—b+1) Z (f+1—a)4(f+1—-0b)_
Te—-bl(c—a) Z F+D4(f+1=0)pn [

where (a) _y. is defined by

_Tla—-k) 1 - 1
W+="Fa) ~-B@- kD@1 @Ry

Proof. We set x = f — m in Equation (14) and we use the Pochhammer symbols to rewrite
the function T. Then we have

Ton— k)= A DnlfH1=0)n (FH1-a) ((f+1-b) 4
Fri—a)w(f+1-b)m (FH1-ok(f+D

Therefore,
a,b,f—m ab, f - k)
E =T F
32[C,f m-+1 (m) 3k ,f+1 Z‘x+1—|—k—c
ab, f m (= k)
=T FE 1| - A _—
(m)32lc,f+1 ] k§f+1—k—c
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_ (f+1)—m(f+1_c)—m e a,b, f
(f+1—=a)-m(f+1—0b)-m f+1

_ i A (f+1—a) 1 (f+1-b) 4
S ftl—k—c (f+) 4 (f+1-c)x |

We obtain the desired result. [

For any non-negative integer n, we know that

Thus, we apply the Gauss formula (i.e., Equation (1)) to get

5 <k> <—1>k<x>k _ Zpll—n,x

k=0 Yk y

T(y+n)T(y—x)

1] _TT(y+n—x)

We state this result as the following lemma.

Lemma 3 (Chu-Vandermonde identity). For any complex number x,y with R(y — x) > 0, and
any non-negative integer n, we have

Lo (DR (=2
1§)<k> W W (15)

If we set y = x + 1, then Equation (15) will become

(1)l

k=0 () n+1

This formula is a special case in ([15] Equation (14)).

Theorem 3. Let m be a positive integer, a, b, c, f be complex numbers with f,c & Z<g. Then,
m—1 _ _1\k
1| = U i Y (m 1) (=) 3h
(m - = k ) f+k
Proof. First, we know that

(o _TE+TE+m) _ (Fa
Frmm T rntmT()  (Frm

ab,f
¢.ft+m

ab, f+k

35
o f+k+1

1].

(17)

Therefore, we have

a,b, f
¢, f+m

o]

- (f) (f)m
‘| ; nn' f+m Z nn' f+n)m

n=0

3b

Applying Equation (16) withn = m — 1 and x = n + f, we have

nm -1\ (-DF (m—1)
k20< k )n+f+k_(f+n)m'
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Thus,
a,b, f S @a(0)n (lm F(m—-1) (=DF
3 ¢, f4+m 11_72) (c)pn! (m—l)!%( k )n—i—f—i—k
(P 1\ (<D [abf ik
_(m—l)!k_0< k )f+k3F2 o f+k+1

This completes the proof. [

4. Algorithm
In this section, we will use Theorems 1-3 to give an algorithm. Under an additional

a,b, fo+n ] ,
1| in

condition that F(fj) is known, we can use Algorithm 1 to express 3F,
¢, fo+tn+m

explicit form.

a,b, fo+n

Algorithm 1: Express 3 F
§ P 32qﬁ+n+m

1] in an explicit form.

a,b, fo
C,f() +1
a integer, and f = fo +n.

1: Given 3F2[

1] as an explicit value. Let m be a positive integer, n be

7 b/
2: Using Theorem 3 results in 3, ab. f 1] a linear combination of
¢, f+m
b, f+k
3b ab, f 1|,where0 <k <m—1.
of+k+1
3: for k< Otom — 1.
4: do
5: if n+k < 0 then
6 Applying Theorem 2 yields 35| “”/ ™% |1 as a finit d add
: in eorem 2 yields as a finite sum and a
PPyIng YIS k41
. a,b, fo
a constant multiple of 35, 1].
c, f() +1
7: else
. . ab, f+k .
8: Using Theorem 1 results in 3F, 1| as a finite sum and add
o, f+k+1
tant multiple of 55| 770 |1
a constant multiple o .
P 32aﬁ+1
9: end if
a,b, fo+n ..
10: We get 3, fo 1| as an explicit value.
¢, fo+rn+m

Therefore, we have partially solved the open problem of Miller and Paris. Now we
will use our algorithm to evaluate some Clausenian hypergeometric functions with unit
argument. The first example is concerned with a kind of hypergeometric series,
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11,
R(r) =3B| *'? , (18)

which is generated by elliptic integrals. Ramanujan stated without proof in his first letter
to Hardy a particular case of R(r) with r € N ([16] (Equation (2))). Ramanujan [16] gave
the explicit formulas for R(r) and R(r + 1) with r € N, and also the values at r € {1,1,1}.

Example 1. Prove that

L[] s 1y

R|*" % 1| = oo (40967 +711-T( - | | 19
2,9 88,70472 T <4) (19)
Proof. Let us run an exact value by using our algorithm. Since — % - % = —3is an integer,

the known value used in this example is [16]:

1 331
R(3) =3B "%

_u _
=S 2 ()

k=0 —4 Ttk

Third, we need to calculate

11 11
7r7r77+k
3 2{2 S ‘ (20)

7
1,-7+

for0 <k <4.
Fourth, for 0 < k < 2, we have -3 < n+k < —1 < 0. We apply Theorem 2 to
evaluate Equation (20). We obtain the following three values.

53 -%.] 5 1\*
B|% % 1| = ——— [ 454470 — 45T = 21
32[ 1,-7 8624n2<5 4 <4) ) @1
4
11,7 1 2176w —251(})
sh| 2 1] = , (22)
1,-3 1008722
4
L33 (3

Fifth, for 3 < k < 4, wehave 0 < n+k < 1. The case k = 3, Equation (20) is R(%). For
k = 4, we apply Theorem 3 to evaluate Equation (20).

5 1\*
1] - 1447T2<6471+1"(4> ) (24)

5 1\*
11 - W<40967r+7111"<4) ) (25)
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This is what we want. [

Reference [17] gave many explicit formulas for

| &gatn
1Lq+n+1

where 7 is an integer and g = 1, £, 4, withi € {1,2}, and j € {1,2,3}. It s clear
that all the formulas appearing in [17] are special cases for Theorems 1 and 2 with
a=1/6,b=5/6,c=1. We present a more general formula which could not be obtained
in [17] as our second example.

Example 2. For any non-negative integers n, m with m > 0, we can get that the value of

5
eatn
1—+n+m
is equal to
( + n) m=1 (—1)k7m+k(2rt2k) 3v3log(2 +.\/§) i (3j
Z ( ) n+k % ntk=1 (3j+ 1)16](2;-)
m(3n+3k+ 1163 | +2

= @+1227()

%, b= g, c=1land f = % + n. Applying Theorem 3 yields

:(%-Fi’l)mmil m—1\ (1) " beptntk|
(m—1)! ko)1 1,2

k=0 3 +n+k

Solution. Leta =

1 1
B a2 tn
11+n+m

—

Since n + k > 0 and we have obtained ([17] (Equation (17))) as follows.

S\flog(2+\f) N
(Bk+1) 165 G5 %, (26)
+2 E (2k +1) 227k(2’<)

o (2n41) 270 (%)
T 2n(3n41) 16" Gy

where 1 is a non-negative integer. By replacing the parameter 7 in the above formula with
our new parameter 1 + k, we get the required formula. W
5. More Examples

We will use our algorithm to obtain equivalent forms of Equations (6), (7) and (10) in
this section.

Example 3. Let a, b, c be complex numbers witha # 1,b # 1, R(c —a — b+ 1) > 0. For any
positive integres n and p, we have

a,b,n
3h

i @7)

a,b,1
X 3F2 02

( > (=" (@)nsk-1(2= )ik

n+k ( - a)n+k71(2 - b)n+k71

1l + F(C)F(C —a—b+ 1) ntk-2 (2 — 61)5(2 — b)g
Flc=b)T(c—a) /= (2e2-c)eq1 |

cn+p




Symmetry 2021, 13, 1783 11 of 19

Solution. Since 7 is a positive integer, we use Equation (11) as our known value. First, we
set fo =1, f = n, m = p. Second, we use Theorem 3 to yield

() K p-1\ (D
(p—li)!2< k )n+k3F2

k=0

a,bn+k
cn+k+1

a,b,n
cn—+p

3b

a,bn+k
on+k+1

Sincen+k—12>0,for0 <k < p—1, weuse Theorem 1 to evaluate
35 _ (2)n+k—1 (2 - C)n+k—1 JF a,b,1 1
(2—a)nsk1(2=0)nyk c,2

F(O)(c—a—b+1)"E2 2 —a),(2-1b),
Tle=bT(c—a) [ (2e2-c)er1 [

+

Therefore, we get our conclusion. W

It should be noted that our formula is different from ([12] (Equation (1.7))), but it is an
equivalent form.
In 2018, Paris [18] gave two proofs to evaluate a special type of 3F(1):

1,1,c
2
dn—+2

N e

B Z ( )<n+l—c> k![tp(r;?;ll);tp(ln:-kl)—k)]}

This type of hypergeometric series could be obtained by letting b — 1 in the above
example (Ref. [18] (Method 1)). Therefore, the known value we need in our algorithm in
this case is the limit case of Equation (11) (see [8] (Equation 3.13-(42))):

1,1
3b

d,2 c—1

d—1
11 = =1 —9(d—0)]. (28)
The following is the formula which is obtained by our algorithm.
Example 4. Let c,d be complex numbers with R(d — ¢ +n) > 0. Then

1,1
dn+2

1

3h =(n+1)

" n+1 X 2—d) & )-(2—0¢)y
1)k +1) @9
+k§)<k+1)( J U+ D) =0, eg £+1 2-d, @

Solution. We use Theorem 3 with f = 1,m = n + 1 to this hypergeometric series,

c,1,1
dn+2

c,1,k+1

F
32 dk+2

D (YL

n! k) k+13

k=0

For 0 < k < n, we use Theorem 1 with f = 1,m = k to the above identity

- 2( >k+)1k 11

1,1
2
dn+2

22 —d) | o1l
W2 =) > 4,2
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LT@T@ - o) K2 (@d-1)- (1,20, H

Td-ol(d) = (2)e2—d)e

We substitute Equation (28) into the above equation and simplify them.

1,1

F
372 dn+2

-x (Zji)(l)ﬂkﬂ)ﬁ””k“[wdl) )

— C)kt1

i n+1) K - )-(2—c¢)¢
+ -1 k+1
,g(k%—l( A Z E—i—l (2—d)p1
We apply Equation (15) with x =2 —d,y =2 — ¢, then

é, (Zib(—l)k(kjtl)(&_i)k“ — 41y (Z)(_l)k%_i))k (éiz))

k1 k=0 ( e
- <l—d)-(d—c)n
=(n+1) (1—¢c)-(1—c)y
Hence, we have
anaa 1] = 0= G- va-en=3:

C)n
" 41 1) -d)& (@d-1)-2-c)
Z(kﬂ) S e, B ) @D

This formula is then obtained. W

Example 5. Shpot and Srivastava [6] derived the elegant formula for Clausen’s series 3F, with
unit argument:

a,b,c
b+1+m c+1+n

-
(b)m+1 (C)n+1

1] n (B(l—a,c) E

b— C)n+1n!3 2

—m,b,b—c—n
14+b—a,1+b—c

_ B(1—a,b)
B (C_b)n+1m!3 2

-n,c,c—b—m 1
1+c—al+c—b
We still can use our algorithm to get any specific values of a,b,c,m, n, but the formula is very

complicated. Therefore, we just state the process of how we apply our algorithm to get the exact value.
First, the known initial value is from ([8] (Equation 3.13.(38)))

a,b,c c F a,b d a,b,c (30)
= — _— ya ,
ld+1,c+1 c—d*Md+1 —d>|d,c+1
withd = band z = 1. That is,
ﬂ,b,C bC T(b) P(C) :|
= —T(1—- - . 31
2lb+1,c+1 c—b ( a)[l"(l—zﬂ—b) I1—a+c) S

Second, the process we use is stated as below. For any non-negative integers p, q,

a,b,c Theorem 3 a,b,c+k
2 1| 22 R 1[,0<k<gqg
b+1+pc+1+g f=cm=q+1 b+1+pc+1+k
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Theorem 1 [ a,b,c
—3h
f=em=k b+1+p,c+1
[ ac,b+i )
Theorem 3 r ] ‘ 0<j<p

f=bm=p+1 32 c+1,b+1+4j

Theorem 1 [ a,b,c
B E— 3F2
f=b,m=j b+1,c+1

Thus, we can write this hypergeometric series as a finite sum and add a constant multiple of the
known initial value (Equation (31)). M

For0 <s < %andogkg 1, let

1 1
T 5—S5+Ss
K (k) = 221:1[2 12

kzl
be Ramanujan’s generalized elliptic integral of the first kind of order s. The moment K, s is

defined by
1
Kps = / KK (k) dk,
0

where 7 is a real number. Borwein et al. ([19] (Theorem 2)) proved that, for 0 < s < %,

1 n+1
7T 55, 2 +s,
Kn,s = [

2(n+1)° 1,148

11 . (32)

1]
Koo = 7 pS + D oG+ D]+ =26, )

They also defined the generalized Catalan constant

KOS ! S/2+S/2
=20 _Top
Gs 2 43 [ 1,

and gave the formula ([19] (Theorem 6))

\SJ[¢V]

fors > 0and , . , 3
Koo = g¥'(7) — g¥'(3) = 2Go,

) 1 is the Catalan constant. The function R(r) (see Equation (18))

where Go = G =Y. ~0 2nt1)

is related as follows: s
"
R(r) = ;Kzr 1,0- (34)

The odd moments of K° can be evaluated by ([19] (Theorem 3)). If we assume that
Equation (33) is evaluable, here we can use our algorithm to evaluate the even moments
of K*:

Kans 1 n +F(%+S)F(% k;() (5 k(%)kﬂ -

Borwein et al. [19] said that the results for s = 1/6 are especially interesting. Therefore,
we derive the following formula, relating Gy /4 = %ﬁ log(2) as our final example.
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a,b,2a

F
32 a+1,2a—b+1

a,ba+b
a+1,b+1
E 2a—1,a,b
32 2a,a+%
a,l—ab
a+1,2b—a

312

3b

a,b,c
a+1,b+1

1,a,b
b

3h

Example 6. For a non-negative integer n, we have:

(2)°

Solution. The initial value that we use is:

. 3log(2)
(=1)kr? (3k)(2k)2 1 27](])2
T *2 517 e

e

k=0

|

121
27279 3[
3le3 7 ] = *G1/6— 710g( )-
1,5
First, we leta = %, b= %, c=1,fo= %, and f = % — n. Second, we use Theorem 3
to yield
3F2 %/%/%—i’l 1 _ (%_n)n-‘rl i (1’1) (—1)k 3F2 %/%/%_n‘Fk 1 (36)
1/% n! k=0 k %—n+k %—I/I-Fk
We set n — k as the new index k in the summation and then we have
121 2n k 12
3,3, — N ( ) n n (*1) 7 /7_k
F|37372 1| = 3732 1l 37
“[ 1,3 ] 4 kg(k>1—2k“ 1,3k (37)

Third, we apply Theorem 2 to yield

@M L,
1]‘() >k{3F2[31,3;

3 1
2/)-k\2
7 (5
6/—k\6

1| =
] I(3)r(3)
Combing them all together, we get our conclusion. W

6. Some Known Initial Values

An important part of our algorithm is to find the corresponding initial value F(fp)
first. Therefore, we enclose a list of some known initial values in this section.

|- e e
1) - “;;i)b(f;l)( a ;bgih;{), R(a+b) (39)
- @EZ;(%);(W;?E’)_ 2 o<t 4o
] = st bR e D >0 @
1: L )(r(ar—(z)+ 0y~ r(br—(lz)+ 1)>' “7b “2)
1 - (afcl)_(;—l) <F(c ;(i)f(;:);r(i::)_ . _1>' S%?il_ifz% SR T
] - Z_i(gb(b—l) $(b—a)), a A1, R(b—a)>0, (44
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3b

3b

3h

3b

3b

3h

3b

3b

1| =(@a-1)y'(a—-1), R(a) > 1, (45)
] _ sin(7ma) a+1 a1 1
| cos(ma) [ a 1 a 3 1 1
1 —727_“1 (l[)(2+4)lp(2+4)>+2a, 0<a< 5 (47)
' 232
1| =2G 231—’2{ . 1], (48)
] 6>
1| =3— , 49
| I EY )
] 10 sr(d)
W=9 " Z8sn (50)
1 15
1| = 1o (4= V27 +2v2log(1 + v2)), (51)
1 :5\[ (2 +V3), (52)
| 7+8G
=" (53)
1| = \[\f — iB (54)
2 T
1 3 3
1| = \/gﬁA+ 2\/18, (55)
3 3r
123/4(C - D)
b= 27 ’ 50)
9-12%/4(C+ D)
1| = —7—F7——, 57
1437 7
The parameters A and B in Equations (54) and (55) are defined by:
—log((1-273)2+ (1+275v3)?) —log((1-275)2+ (1-273V3)?),  (59)
3
B = arctan| ————— |, 59
<3 +V2+ 33/41) 59
and the parameters C and D in Equations (56) and (57) are defined by:
1 35/4 _ 33/4 + ﬁ 35/4 + 33/4
C=-lo , and D = arccos| ———— |. 60
2 g<35/4—33/4—ﬁ 2V/5+3V3 o

Here, we list the references where all the known values mentioned above can be found:
Equations (38) and (39) are derived from Dixon [1,8]; Equation (40) is derived from
Watson [1,8]; Equation (41) is derived from Whipple [1,8]; Equation (42) is derived from ([8]
Equation 3.13-(38)); Equation (43) is derived from ([8] Equation 3.13.(41)); Equation (44) is
derived from ([8] Equation 3.13.(42)); Equation (45) is derived from ([8] Equation 3.13.(43));
Equation (46) is derived from ([19] Equation (29)); Equation (47) is derived from ([19]
Equation (51)); Equation (48) is derived from ([19] Equation (82)); Equations (49) and (50)
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are derived from [20]; Equation (51) is derived from [21]; Equation (52) is derived from
Watson [22]; Equation (53) is derived from [22]; Equations (54)—(57) are derived from [23].

The initial value we used in Example 1 is Equation (38) witha = 1, b = 1. In
our Example 2, the initial value is obtained from Equation (47) with a = % The initial
values used in Example 3, Example 4, and Example 5 are Equation (43), Equation (44), and
Equation (42), respectively. The initial value in Example 6 that we used can be obtained by

Equation (46) with a = %, or Equation (47) witha = %.

7. Evaluations of Some Specific Forms of , 1F,(1)

Let r be a positive integer. If all elements of the vector g = (21,82, -.,8r) are distinct,
then we have the following partial fraction decomposition [24]:

1 m Bl
=)y 1 (61)
(g1 +x)(g2+x) - (gm+x) [Hgtx
m
where B; = [ [ (g0 — g¢)- This will provide us with the following lemma so that we can
v=1
0Fq

extend our results to evaluate some specific forms of ,,1F,(1).

Lemma 4 ([24]). Suppose r is a positive integer, £ = (f1, f2, ..., fr) is a complex vector, m =
(my, my, ..., my) is a vector of positive integers, m = my + my + - - - + m,, and all elements of the

vectorg = (f1,f1+1,....,.A+mi—1,....fr, fr+1,..., fr+m—1)= (81,8, ..-,9m) are
distinct. If R(1+c—a —b) > 0, then:

a,b, f mo(f a,b,
r+2Fr 1 ‘ 1] =) @31:2 819 , (62)
C,f+m q:1gq q C,gq+1
m
where By = H(gv —gq), f+m=(fi+my, ..., fr+m), and (£)m = (f1)m - (fr)m,-
v=1
v#q

Proof. Applying the partial fraction decomposition (61), we have:

B o Byt (gg)n
= (f)m q; PR

B B (Dm
(Frm)y  (Etmm  T0(gy+ 1)

where (f), = (f1)n(f2)n - -+ (fr)n. Therefore,

ﬂ, br gq

F,
r4+2Lr41 C/gq +1

ab, f o(f
1‘| = 27( )Bm3F2
c,f—l—m qzlgq q

This completes the proof. [

We combine the algorithm of 3F, (1) with the above lemma, and get the following results.

Theorem 4. Suppose r is a positive integer, £ = (f1, f2,..., fr) is a complex vector, n =
(n1,ny,...,n.) is a vector of integers, m = (my, my, ..., m,) is a vector of positive integers,
m = my + my + - -+ + m,, and all elements of the vector g = (f1+mny, +m+1,..., 1+
m+m—1,...,fr+n, fr+n+1,.., fr+n+m—1)= (81,8, -..,8m) are distinct. If

a,b, f;

R(1+c—a—>b)>0,and for1 <i <r, the values of 3F
( ) f f 3 ZL,f1+1

1] are known, then we can

a,b,f+n

express yy2F 11 cfintm
7

1] in explicit form.
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Here, we provide some examples.

Bxample 7. Leta — 46— §,c = 1,£ = (1,3,1),n = 00,0, m = (111, g = (3,1}
and m = 3. We substitute these parameters into Theorem 4 to get:
15111 151 151 151
5F4[616324354 1] :23F2[61632 ] 93F2[616 3 1 85| ° 654 1
727374 ) 73 74
3 3/4
2 4-12
3‘[ og(2+V3) — 9f\[ 9fB+ (C—D),
s T
where A, B, C, and D are defined in (58)—(60).
Example 8. For any distinct numbers a, b, c with R(a + b + ¢) < 3, we have:
a,b,ck (63)
PlavLbr1,e+1
abc abc abc
=——+——B@l—-k)++——+——BMb1-k)+ —++—B(c,1—k
@ 0o @ Y e o P T T e B R
where k = a + b+ c and B(x,y) is the Euler beta function.
Proof. Applying Lemma 4, we have:
E a,b,ck b a,ck N a E b,ck
Plavyortert] | b—a®avter1| [a—b bt 1c41

Using Equation (42) in the above formula, we get our result. [

We use Equation (63) to evaluate the following hypergeometric series.
1 -3 1 -3 2_(1 =3
11 = 33(1'4> ‘3(2'4) 33(4 i )

2 2
L4, 4 1 VR 1y
9 9ym \4 6/t \4
Example 9. Suppose r is a positive integer, £ = (f1, fa,..., fr) and m = (my,my, ..., m;)

are vectors of positive integers, m = my + my + - - - + m,, and all elements of the vector g =
(f, A+L..., A+m—=1,..f,fr+1,..., fr+m —1) = (31,82, --.,9m) are distinct. If

GO i e followi
n tne joLlowin
c,f+m §

a#1,b#1,R(1+c—a—b) >0, then we can express r+2Fr+1[

|
T(O)T(c+1—a—b)S=> (2—a)(2—b), o
TTe-are-b) A @i2-0m )|

explicit form:

- (F)m <2)grl(2 - C)gqﬂ a,b,1
q:zl 8qBq { (2—a)g,-1(2=b)g,—1 (31?2[ c,2

a,b,n
c,n+

Proof. Example 3 gives the explicit formula of 3F2[ 1] ,forany n, p € N. Therefore,

we set p = 1 in that formula and get
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a,b,n
cn+1

_ (2)711 abl
_(2_’1)71 12 bnl

+F()T(c+1—a— Z (2-0) }

T'(c—a)l(c - — )41

From the above formula and Lemma 4, we complete the proof. [

1].

The parameters of this hypergeometric series are a = % =bc=1f=(2456),
m=(1,1,2),m =4,and g = (2,4,6,7). Applying Equation (64), we have

1]=i(2)1(4>1(6)2 <2>gq1<1>gq1< 1&2 3 )

Let us use Equation (64) to evaluate

11
l2,2,246

1,3,5,8

11
A l2,2,246

1,3,58 = 8B (3)3-1 \7
_ 21 40 _ 609 n 851,240 16 7,023,364
5 9¢ 12257 160,083t 5 1,288,287x
348,741,632
96,621,5257
In fact, if a = b = % and ¢ = 1, then we could use Equation (2) to get a more
beautiful form:
11 8q—1 (2k\2
1L 169 (B S5 ()
2/ 2/ m k
r+2Fr+l l] = Z 2 Z k (65)
1/f +m g=1 ﬂg%Bq(z(éq) k=0 16
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