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Abstract: The existence of solutions of nonlocal fractional symmetric Hahn integrodifference bound-
ary value problem is studied. We propose a problem of five fractional symmetric Hahn difference
operators and three fractional symmetric Hahn integrals of different orders. We first convert our non-
linear problem into a fixed point problem by considering a linear variant of the problem. When the
fixed point operator is available, Banach and Schauder’s fixed point theorems are used to prove the
existence results of our problem. Some properties of (g, w)-integral are also presented in this paper
as a tool for our calculations. Finally, an example is also constructed to illustrate the main results.

Keywords: fractional symmetric Hahn; boundary value problems; existence; fixed point theorem

1. Introduction

Quantum calculus has been proposed in the last three decades. The g-calculus, one
type of quantum presented by Jackson [1,2], has been extensively used in the studies of
mechanics, calculus of variations, and other problems in physics [3-13]). In 1949, Hahn [14]
presented the development of quantum calculus based on two parameters g and w, which
is called Hahn calculus. The Hahn difference operator is formulated from the forward and
g-difference operators, as defined by

_ flat+w) = (1) w

g-Dtw 7Ty

Dygwf(t)

The right inverse and properties of Hahn difference operator were further presented
(see [15,16]). Hahn operator was widly employed in many studies such as variational calcu-
lus [17-19], the initial value problems [20-22], the boundary value problems [23,24], and families
of orthogonal polynomials [25-27].

Later, symmetric Hahn difference operator was introduced by Artur et al. [28] as

flgt+w) = flg 7' (t —w))
(=g t+(1+g How

Dywf(t) == , t# wp.

For fractional quantum calculus, Agarwal [29] and Al-Salam [30] introduced fractional
g-calculus, and Dfaz and Osler [31] introduced fractional difference calculus. In 2017,
Brikshavana and Sitthiwirattham [32] proposed fractional Hahn difference calculus. In
2020, Soontharanon and Sitthiwirattham [33] introduced fractional (p, g)-calculus and
its properties. For some recent developments in fractional calculus, see [34—45] and the
references cited therein.
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Recently, Patanarapeelert and Sitthiwirattham [46] introduced the fractional symmet-
ric Hahn integral, fractional symmetric Hahn difference of Riemann-Liouville and Caputo
types, and their properties. However, after fractional symmetric Hahn operators have
been defined, there is one paper on the study of the boundary value problem for fractional
symmetric Hahn difference equation [47].

Motivated by the above result, we aim to enrich this research work by presenting the
new problem given by

Diu(t) = F[tu(t), (F,u)(t), Dyu(t), Dyiu(r)],
() + i Ditou(n) + a1 lou(m) = ¢a(u), M
Au(i) + 12 Dh2ou() + ko Iizu(m) = ¢o(u), 1,2 € IL, — {wo, T}

where t € I{;‘Flw = {g"T + wlk]; : k € No} U{wo}; « € (1,2]; 7,v,B1, B2, 01,62 € (0,1], v+
1<w; w>0;9g€(0,1); A, Ay py, o, k1,k €ERT; F € C(I;w X ]R4,R) is given function;
¢1, ¢2 are given functionals; and for ¢ € C (IqT w X IqT, s 0,00)), we define an operator of the
product of ¢u as
&Y 7y ‘7@) Nt r—1 y—1 7
(¥F)(t) i=(Llwpu) (1) = e /w 0 (t_s)w (L0701 () (07 (5)) dyos.

We note that our problem is in the form of fractional symmetric Hahn difference of
Riemann-Liouville type. The function F depends on fractional symmetric Hahn integral
and difference operators. Our boundary conditions are nonlocal and are assigned values at
two non-local points of both fractional symmetric Hahn integral and difference operators.
We investigate a linear variant of (1) in order to obtain fixed point operator and prove the
existence of solutions of problem (1) by using a fixed point theorem. Firstly, we convert
this nonlinear problem into a fixed point problem related to (1), by considering a linear
variant of (1). Once the fixed point operator is available, we use the classical fixed point
theorems to establish existence results.

Some definitions and lemmas related to fractional symmetric Hahn calculus are
revealed in Section 2. In Section 3, we employ the Banach fixed point theorem to analyze
the existence and uniqueness of a solution of the problem (1). The existence of at least one
solution of the problem (1) is also studied by using the Schuader’s fixed point theorem.
Finally, we give an example to show the application of our results.

2. Preliminaries
2.1. Basic Knowledge

Here, we provide the basic knowledge of fractional symmetric Hahn difference calcu-
lus as follows [28,46—49].

_ gk
For0<g<1,w>0,wy= 7<% and [k]; = %, we define some notations as follows.

q
2k
[’ﬂq _ 1122 = [k]qz, keN
1, k=0,
— — k 1 qZZ
@y o {Fallp Wy =TT3=0 ken
1, k=0

For k € N, the q, w-forward jump and g, w-backward jump operators are defined by

t—wlk
opo(t) = 't + wlkly and  pf ,(t) == ;Uqu, , respectively.
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Forn € Ny :={0,1,2,...},and a,b € R,

e The power function of the g-analogue is defined by

* The power function of the g-symmetric analogue is defined by

¢ The power function of the g, w-symmetric analogue is defined by

—0 ——n n—1

(@=b)g=1, (a—b),,=]] [a - aggl(b)]

i=0

For o € R, the power functions are defined by

—~ 0 1 (Z)q2i+l
a—>b) =a" a+#0,
( )q g 1— (g)qz(mlm 7
S — I3 o 11— (%)q%*l
—b), = — —(b— = (g — wy)* 0 ,
(1=t = (=) = (r=w0) = (a =) []— () it # wo
0
N o &
Ifb =0, ) =a = a*and (- w),, = (a—w)® Ifa=0b (0); = (0), =

—~—

(wo)g, = 0 fora > 0.

The g-symmetric gamma and g-symmetric beta functions are defined by

x—1 ——x—1
(1-¢», (-9,
) = | e = e ¥RV 2 )
[x—l}ql, xeN
8 o 1 1 xflT\—/EdN _fq(x)fq(y)
g(xy) = /o(q S) (_S)q qsfm,

respectively.

Lemma 1 ([46]). For m,n € Nygand o € R,
(@) (x= (), = (c—w)(d—q),
—_—— 0

(B)  (01a(x) = (X)), = " (x — cwo)*(1 = "),

qw

Next, the symmetric Hahn difference and integral are defined as follows.
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Definition 1 ([28]). Let f be a function defined on Iquw C Randg € (0,1), w > 0. The
symmetric Hahn difference of f is defined by

S fat @)~ flg - w))
Do O = (g

Dy f(wo) = f'(wo) where f is differentiable at cwy.

te Ig:w - {(/Jo},

Dy wf is called q, w-symmetric derivative of f, and f is q, w-symmetric differentiable on IqT, w-

For N € N, we define

D f(x) = f(x) and Dyl f(x) = DywDyie f (x)-

Definition 2 ([28]). Let f : I — R be a given function, where I is any closed interval of R
containing a, b and wy. The symmetric Hahn integral of f from a to b is defined by

/abf(t)ziq,wt:: /wbof(t)d'qlwt—/wif(t)jq’wt,

where
X

Tyuf(H) = [

wo

F()yt = (1 ) (x — o) ki P F(B), xel
=0

Provided that the above series converges at x = a and x = b, we call that function f is symmetric
Hahn integrable on [a, b], and it is on I if it is symmetric Hahn integrable on [a, b] for all a,b € I.

For N € N,
L) of(x) = f(x), Tuf(x) = Loy f(x),

Dq,qu,wf(x) = f(x), and iq,qu,wf(x) = f(x) = f(wo)-

We next introduce the fractional symmetric Hahn integral and fractional Riemann-—
Liouville symmetric Hahn difference as follows.

Definition 3 ([46] ). Let f be a function defined on I; wanda,w >0, 0 < q < 1. The fractional
symmetric Hahn integral is defined by

T = Ao [ G (o)) s

Ty(a) Jeo

 (1=9%)q9(t — wp) a1 .

= L (o) ()
(1— %)@ (t — wp)* = .

- L (1) (o)

and I0,,f)(t) = f(1).

Definition 4 ([40]). Let f be a function defined on IL{ wandx,w >0, 0 < g < 1. The fractional
symmetric Hahn difference operator of Riemann—Liouville type of order w is defined by

Djof(t) = Dy Zpu"f(t)

_ g /f (ti:);jf Fo ) ) s
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and D), f(t) = f(t) where « € (N—1,N), N € N.
Next, we introduce lemmas that are used in the main results.
Lemma 2 ([46]). Let a,w >0, 0<g <1land f: I;w — R. Then,
To o Df o f(£) = f(£) + Ca(t — wo)* ! + Cot — wp)* 2 4 -+ + Cn(t — wp)* N
forsome C; € R,i=1,2,...,Nanda € (N—1,N) for N € N.

Lemma 3 ([50]). (Arzeld—Ascoli theorem) A set of function in C|a,b] with the sup norm, is
relatively compact if, and only if, it is uniformly bounded and equicontinuous on [a, b].

Lemma 4 ([50]). If a set is closed and relatively compact, then it is compact.

Lemma 5 ([51]). (Schauder’s fixed point theorem) Let (D, d) be a complete metric space, U be a
closed convex subset of D, and T : D — D be the map, such that the set Tu : u € U is relatively
compact in D. Then, the operator T has at least one fixed point u* € U: Tu* = u*.

2.2. Auxiliary Lemmas
Lemma 6 ([47]). Let « > 0,9 € (0,1),w > 0and n € N. Then,

t

wp
.. t _ n i i q" . n+1
(”) (S (UO) dq,ws e (t (UO) 7
«o [n+ 1]q
bo—~——a—1 _ t— cwn)®
(iii) / (t=8)gw dgws = g,
w [a],

() [ Sy (052(5) — 0)P dyes = (¢~ w0) By (B + 1,0

wo

The following lemma describes the properties of the fractional symmetry Hahn integral.

Lemma7. Let «,>0, g€ (0,1), w > 0andn € N. Then,

O [ e () ) s = O g g1, ),

wo q[S a—n
. t—~——0-1 B a—n . (t—w )DH—G—TI _
(-1 _ 0
(i) /wo (t— s)q,w (aq,w (s) — wo) dgws = p Bj(a —n+1,0),
¢ g,q—'(g—l(x) e~ _‘3_1 7ﬁ:\/ a—1 (t _ wo)tx B
Gty [ [T e (@ =), s dper = g DL P

toronat(x) 0-1, T\ (t — wp)™t?
iv ’ t—x o Hx)—s Ay wsdpox = ——0 B (x+1,80).
(o) [ [ 0 (e (0 —5), | sy e et 1o

Proof. We use the definition of power function of g, w-symmetric analogue, Lemma 1,
Lemma 6, and Definition 2. Then, we obtain

() [ ot 06— wo) " dyes

wo

—B—1

— (1 )(t— wp) kiquk (t _ Uélfjl(t))/wi(q—ﬁ—l (a,?,’fjl(t) - wo))a—n
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S g e Bl »
=g P (L= )t = w0) P Y (L ) (g )"

k=0
a—pB—n 1 —~——p-1, Na-n .
=q pla ”)(t wp) / (1—s)qw (q 15) dg,ws
wp
F— wn)® B—n
( qﬁ(i)—n) By —n+1,-p)

! —B-1, g _ . .
(i) /w . o (007 () =) dyesdyern
t—~— —B=1| rogé L) fﬁ/l\/ a=l
:/wo(t—x)ru Vwo (o7 () s)w 0y s | dpox

_ [&1] (:0 (t/_ﬁ)ﬁf (0387 () — wo) " dpor
q
_ (Tx]w;")‘; By(a+1,—B)
q

Similarly, we can obain (ii) and (iv). O

2.3. Lemma for Linear Variant Form

In the following lemmas, we establish a linear variant form of the problem (1) and
investigate its solution that plays an important role in the upcoming analysis.

Lemma8. Let Q#0; w>0; g€ (0,1); a € (1,2]; B1,B2,61,02 € (0,1]; A1, Ao, pi1, o, %1,
Ko € RY; h e C(I] ,, R) be given function; and ¢y, ¢y : C(I; ,, R) — R be given functionals.
Then, the linear variant form

Db u(t) = h(t), tel,, )
)Liu(ﬂl') + ]’lng,lwu(ﬂz) + ijgfwu(ﬂi) = 4’1’(”), 171, c I’q]:a; _ {(»UO, T}, i = 1,2 (3)
has the unique solution
Ll( ) - fq(a) _/w0< _s)q/w (Uq,w (S)) q,ws
t— wp)e1
+%{B1®2[¢2/h] _qu)l[(Pl,h]} (4)
(t — CUO)’X72

_T {A1d>2 [(Pz, ]’l] —Ayd, [‘Plrh}}

where the functionals ®;[¢;, h], i = 1,2 are defined by

o " 7‘51
e Ag® e sl 1q @+ LD
d)z[‘l’z,h] -—‘Pz(u) fq(oc) o (771 S)q,w h(‘Tq,w (S))dq,ws mx
N (O (%) —Bi e a—1
/wo /w (i = X)g— (%f?’ 1<x>—s)q/whwg‘;l(s))dqwsdqwx

q
h(U;",;l (s) q,deq,wxr &)
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and the constants A;, B;, i = 1,2 and ) are defined by

, T, (w)
A= \:(n; — ( H—Bi(a—1) — a—pi—1 7 1
i i(ni — wo)™™ "‘Vq (i — wo) Fo(a— po)
a1y, yatf—1 La(®)
+ 5 2 (i — wo) Foa+6) (6)
, T(a—1)
B :=\:(n; — ( )—Bi(a—2) _ o‘_ﬁz_ZNq—
i i(1i — wo)*™ +.”q (17; — wo) Fo(a—pi— 1)
+0a-2) (a2 Lg@—1) ;
+ Klq 2 (’71 (A)O) fq(lx + 61 _ 1)’ ( )
Q Z:Ale —AzBl. (8)
Proof. We first take fractional symmetric Hahn integral of order « for (2) and use Lemma 2.
We find that
) t —~—a—1
— -1 -2, 9 1 7
u(t) = Cy(t — wo)™1 + Calt — )2 + i /wo (=g 1(73215)) dyaos. ©)
Then, we take fractional symmetric Hahn difference of order §;, i = 1,2 for (9);
we obtain
- 5. Cigl2") ft ———Bi-1 1 -
Do) = £ 55 [ =9 @7 6) =) s (10
Bi @y (B
Czq( 2 ) /t ——— —B;i—1 Bi— q( )+( )
+= t—s 0,0 (s)— st ad T i
() oy (e (70— ) s+ G

7‘3,71
t O'q’w’ (X) — 7181'7 ‘Bl—] a—1 . . B
/wo /wo (t — x)q,w ( q,w ( ) - S)q,w h(U}l;,w (S)) dq,a,sdq,wr.

Next, take fractional symmetric Hahn integral of order 6;, i = 1,2 for (9). Then,

9:
0. Cig\d) pt ——6—1 1=
Bl = £y [, 1= e (0016 = w0) s an
1
(gj)tmellel “2d~
= t— —
+"2Z -

N 0—1 - a2l
0;—1 o -1 7 4
FrE T o [ (0 ), (! 9)) dsr.
Substituting t = #;, i = 1,2 into (9)—(11), and from the conditions of (3), we have

A1Ci +B1Cy = D[y, 1], (12)
A,Ci+BG = @2[4)2, h] (13)

The solutions of the system of Equations (11)—(13) are given by

Jh| — Jh Jh] — ,
B1®; (¢ ]Qqu>1[<P1 I and C, = Ay Dy [y ]QA1‘1>2[<P2 h]

C =

Then, we get the solution (4) after substituting the constants C; and C; into (9). For the
converse, we can prove it by using direct computation. Our proof is complete. [
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3. Main Results

In this section, we present the existence results of problem (1).
3.1. Existence and Uniqueness Result

g7

Using Banach fixed point theorem, we firstlet C = C (I T R) be a Banach space of all
function u with the norm defined by

lulle = Null + 1DG oull + 1055 ull,

where |Ju|| = max |u(t)| and HD Ul = rnaTx
ell,

(Dy 1) (t)].

q.w

By Lemma 8, replacing h(t) by F [t, u(t), (¥gou)(t), Dy ,u(t), Dgi}u(t)} , an operator
A : C — C is defined as

(Au)(t) = FZ(()) / 0 () e Flotat (), u(521(5)), (Fgm) (0351(5)),
Dyt (0 (5) ), Dyt (0321 (5)) | dyaos
S 05, )~ Ba g1, Ful
U @3 1gn, F) - sy Fi]) 1)

where the functionals ®;*[¢;, F,,|, i = 1,2 are given by

Ag® 1 —~— o=

g B = 0i) 505 | 1= )g0 ol (), (05" ), (¥ (01 5)).

Dgrwu((fq”‘@l(s))D”Jg}u(Ug‘;l (s))} 008

(z)+( 2 Uqw “Bi-1, . a—1
- "‘)fq( Bi) / / ~ g (0‘7’51 1(x)_s)q,w 8
F[a;;1<s>,u(ag;1< ) (¥ >( 081(5)), Dyt (521 (5) )
Dg,ful“((f;‘,;l (S))} qu,deNq,wxr (15)

and the constants A;, B;, i = 1,2 and () are defined by (6)—(8), respectively.

In order to show that the solution of problem (1) exist, we need to prove that the operator
A has a fixed point.

Theorem 1. Let F : I;w x R* — R be a continuous function, and ¢ : IqT,w X IqT/w — [0, 00) bea

continuous function with ¢o = max {¢(t,s) : (t,s) € IqT, w X IqT, « |- The following hypotheses are
assumed.

(Hy) There exist positive constants {;, i = 1,2,3,4, such that for each t € I,]T,a, and u;,v; € R,
|F[t, u1, u, u3, ug] — F[t,01,02,03,04]| < l1|ug — 01| + Lo|up — 02| + £3|uz — v3| + Ly|ug — v4].
(Hy) There exist positive constants wj, i = 1,2, such that for each u,v € C,
i (1) — ¢i(v)| < wiflu—2fc.
(H3) E:=Lx+ w07 + w05 < 1,
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where
(T—(/JO)
L= {1+ 4 ,l3, 0 16
max{ 1+ 0= L,(r+1) 3,04 (16)
(2) *3")
qz 14 q 2 K—v
= T = T —
X Fagn L) +Fq(0c—1/+1)( o)
q(”_g_l) a—v—1 * *
+ m(’r—wo) +®]Ol "—@202 (17)
q
Of = 0;+0;+0,;,i=1,2 (18)
1 2\ .
O; == IQI{|B|(T wo)* " + A (T — wy) 2},z=1,2 (19)
A —v(a— f‘ (a) —V— v —V{K—
O = ey {IB Ve (T w0 g
fq(“_l) a—v—2 _
~q(a_v_1)(T—w) },1_1,2 (20)
O; = |(1)|{!Bi|q( b= (1) (a 1)%(T—wo)“‘”‘2+|Ai|q("21)—(v+1)(v«—2)><
[yla—1)
(T — 21
Fq(zx—v—z) o) } @1)
o P — @ a— &= :31 ato; ( _w )Dt+64
@ = Ag®Uimw) fz) (i — wo) PG >mio i~ 12,
1 [p(a+1) Hid [y [Sl+1 i Lyw+6;+1) :
(22)

Then, the problem (1) has a unique solution on I% w-

Proof. Foreacht € Ig:w and u,v € C, we have

Let

Flu —v|(¥)

¥ ou— ‘T’grwv‘ <

B [ (s ) ()

(7) T —~—— v—1
®0q*? / 4 ~
< Z — T— dgw
— rq('}’) Hu UH WO( S)q,w q.w$
o
T+ 1)

_Ht u(t), (Tg,wu)(t),Dg,wu(t),ng}u(t)} —F[t,v(t),(‘"}"g/wv)(t) D}i’,wv(t),ﬁg:,lv(t)} ]

Then, fori = 1,2, we have

@ [¢i, ] -

;" (¢, Fo
¢i(v)| +

(2) i —~— a—1 B
lq —s)  Flu-— a—1
rq( ) / (771 S)q,w ‘u U|( Ogw (S)) dﬂ,ws

Zﬁz / /Uqw

.7-"| v|( “ l(s)) dq,wsdq,wx

< i) —

-~ ((quﬁ’fl\(;) - s) X

~ )y
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AT o () -1, , T AL

Kiq 22 / l / iz Sl 61

t— (n; — x) 0w (x)—s X
L (a)Tq(0;) Jewo Jawg l 1w ( e )
Flu—| (U[;‘,;l (s)) dg,wSdy,wx

< willu—oll¢ + (€1|u — 0|+ 6[¥] u—F7 0| + Eg‘Dglwu — Dy v

D D 5 i — & a—p; A x—pB;
+ &‘Dwu - Dwv‘) lAiq(z)(’%“@) + g2 ) (i = wo)™ ™

To(a+1) Tl —Bi+1)
+ K-q(azei)w
< (wi+ LO;)]|u—v]lc.
In addition,
| (Au)(t) — (Ao) ()]

) T —— a—1

12 o a—1 7
< T, () /wo (T —=8)g Flu—1l (Uq,w (s)) dgw$

T — a—1 i . ) *
+(§U>T){|Bll\¢z[¢zfu1 — @3¢, Fol| + [Ba [0 91, Er] — i lg1, Fol| |

T — a—2 . . ) *
+(;U)‘|)){|A1||<Pz (92, Fu] — @3¢, Fo]| + |Az|| @91, Fu] — ] [¢1,FUH}
< @ (T —wo)* | w1+ L6, ol -
N {qu Ip(a+1) + Q] [|Bl|(T w)* ™+ |A1[(T — wy) ]

w2 + LB,

a [|Bz|<T—wo>“1+|Az|<T—wo>“}}|u—v|c

< (“)M ® i)
< {5[42 T (at1) + 0101 + 0,0,

+ w104 —|-LU2(92}|L£—U||C. (23)

We take the fractional symmetric Hahn difference of order v and v + 1 for (14). Then,
we have

(Dg o Au)(t) (24)

B+ ool vl T a=1
" L e (570 5),,
Floaat(s),u(0821(9)), (Fom) (052 (5) ), (Y ) (052 (5) ) | daos

(%) b~ —v-1 a1
+{B1®3(2, R~ Bl Ful b o [ (=), (7 ) — o) dyes

Qf'q(—l/) wo
* * 97(7) it vl —v—1 =25
—{A1®2 [¢2, Fu] — Ax P [¢1fFu]}m / . (E=5)0 (‘Tq,w (s) — C"0) dgws,
q W
and
(Dy Au)(b) (25)
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F {ag,;,l (s), u (g‘;{;l (S)), (¥7u) (a;;,l(s)>, (Y4, 0) (0-‘;:)1 ( S))} Jys

—v—1 .t

(727) —v-2 a=1_
‘I‘{qu); [4)2, Fu] — quDik [qb], P]A}h / . (t — S)q/w <0'q_,:;_2(s) — (,(]0) dq,ws
q J W

v—1

_{Alq>; 92, Fu] — A1, Fu]}QfZ(_—zv—l) /t (?:/S);:]—Z (01;5*2(5) - wo)“;jq,ws.

wo

Similary, we have

’(DglwAu)(t) - (D,‘;’w.Av)(t)‘ (26)
g{z q(«mm 10,01 + 0,0, | + w0 +w2@2} lu—ollc,
and
|(Dy & Au)(t) — (Dy i Av) (1)) (27)
<{£ ‘1(%571) (qu(c;)‘oz‘:;’—l + 0,01 4+ 0,0, | + w01 + wzéz} lu—v|c.

From (23), (26) and (27), we get
[ Au — Avlle < [Lx+w10] +@203]lu—vlc = Ellu—2lc.

From (Hj3), we can conclude that A is a contraction. Based on Banach fixed point theorem,
we can conclude that A has a fixed point. Thus, problem (1) has a unique solution on
I, O

q.w

3.2. Existence of at Least One Solution

The Schauder’s fixed point theorem is employed to prove that problem (1) has at
least one solution by using hypothesises (H;) and (H3) obtained from Theorem 1 in the
previous section.

Theorem 2. Assume that (Hy) and (Hz) hold. Then, problem (1) has at least one solution on IqT, w-

Proof. Step I. Prove that A map bounded sets into bounded sets in Bg = {u € C : |[u|¢ <

R}. Assume that max |F(t,0,0,0)| = F, sup |¢;(u)| = M, for i = 1,2. Then, we choose a
tely o ueC

constant

- Fx + M07 + MyO3

Rz 1-Lyx

(28)
Denote that
|7 (t,u,0)| = ‘F[t,u(t),l?g,wu(t),D;,wu(t),bg;}u(t)] ~ F[t,0,0,0,0]| +|F[£,0,0,0,0]|.

Fori=1,2,foreacht € IqT,w and u € Bg, we have

i A i —~— a1 W ~ )+
@ [, Fu] < M, + =1 / (i = 5)gw \f(aq,wl(s)ru,0)|dq,w5+ %x
q

Fala) oo Ey (@) ()
Ni [0qw (%) —Bi—1 e )
/wo /wo (i —x)g 0 ((Tq,w (x) _S>‘7/‘U | F(t,1u,0)| dyex
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gD oy () o1, , —— 1
Kiq 2 /I/w izl g1
TR R ~— T
Lg(a)T4(60;) Jwo Jewp (1 = %) g0 (q,w (x) )W
<M;+ {(€1|u| + O [¥] ou +£3)D},’,wu‘ _;_54‘[);:]14) +F}®i
<M+ [Llullc + F|©;,

| F(t,u,0)| dgox

(29)
and

) T a1 .
|(Au)(t)] < fZ(zx) / (t=5)gw |]-'((7;‘;,1(s),u,0) | dy0s (30)

(T —wo)*!
RS

T — a—2
<|;")0){|A1||<1>§[<P2,Fu]| + Aol @90, F|}

{B11|®3 (g2, Ful| + B2l [ @9, )| |

+

q@M 10,0, + 0,0,

< (Elllle+F) o 5

+ M101 + My Os.

Similary,

(DT ) oy

(51 (T —wo)™™

< (Ll +F) gD g s
q

q

+ @1@1 + @2@2 + w1@1 + WQC_)z,

and

[CHET] @)

a—v— T —w )aivil = =
<(L Byl T @)™ 55 1 0,0
< (el +F) g 3D 1000, + 0,0,

+ wq (51 + wo 62.
From (30)-(32), we obtain

[Aulle < (Lllulle + F)x + @101 + w20; < R. (33)

Hence, A is uniformly bounded.
Step II. We find that A is the continuous operator on Bg, since the continuity of F.
Step III. Examine that 4 is equicontinuous on Bg.
For any t,t, € IqT,w with #; < tp, we have

|(Fu)(12) — (Fu)(t1)]
&)
= fmil)l(tz —wp)* — (1 — wp)"|
. a—1 __ _ a—1
(2 — o) |Q|(t1 w)* | {1Bl|®3[g, Ful + B | @5 1, ]|}
. a—2 o a—2
(2 — o) |Q|(t1 wo)*”?| {|A1||q>§ (92, Fa]| + |As]| @ [4>1,Fu]l}/ (34)

(DgwFu)(tr) = (Dy o Fu)(t2)

(35)
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F (D(zv)
< el =) = (=)
q
q(?)_v(‘x—l) a—v—1 a—v—1 Fo% ) o E
Ay |t 0 = (= o) {193 4 R+ Bal i F
q(zv)*V(”‘ 2) a—v—D a—y—2 % *
Oy (2 @) = =0 {IA 93 Rl + Al |0 g, Rl
q
and

\(Dwfu)(m — (DY Fu) (k) G6)
||FH’7 2 a—v—1 a—v—1
L (t —(t; —
< rq(a_v) ‘( — wo) (t1 — wo) ’
( 1/+1)) (1/—‘,—1)(04 1) a—y—D A—y—D . %
a1y |t~ 0 = (= o) 2 {103 4 R+ Bal i Fil
g - e-2) ; X
a1y | e = = o) { A9 lga Full + el 25 Rl

The right-hand side of (34)—(36) tends to be zero when |t; — t1| — 0. Thus, A is relatively
compact on Bg. Therefore, the set A(Bg) is an equicontinuous set. By Steps I to IIl and the
Arzela-Ascoli theorem, A : C — C is completely continuous. Therefore, problem (1) has at
least one solution by Schauder fixed point theorem. [

4. Example

We provide the fractional symmetric Hahn integrodifference equation as

L4 1 , 1
D3 N = =3t(,2 10 —(27m+cos® tt) g2 ¢
1O = e | () e 1340)
. 1 .5
o (s 2u(t)' +e oI B () 1 tel’, (37)
2/3 2/3 2/5
with nonlocal fractional (p, q)-integrodifferene boundary condition
1 15 ~1 15 =3 15 2 Cilu(t; ;

A e 2 DS —_— 2 I4 t — 1 1
20nu(8>+ 007 %r§u<8>+ o %r§u<8> Z;1+|u i =03,3(10)
77 1 .2 77 1 .1 77 0 D‘\u( ) | )

100 — — D3 — — ] — = #/ =0 10
e”(48> * 100 %%”(48) * 100e %%”(48) ,:21 T+ i) 01310
e Is—tl 1

where ¢(t,5) = (e aoe = Lit1 Ci < o and fo0p < Li21 Di < g

Welet “—g/’)’:%/V:}pﬁlz%/ 2:%/91:%/92:%,42%,60:%1600
=3 T=10,m= 02%(10) =% m= a;% 10) = 2, Ay = o, Ay = 100¢, y =
o Cilu(t; _ yoo  Difu(t
200, p2 = g, 91 () = T2 iy, 92() = £ Ty and
Fltu(t), (Fam) (), (V) (1) = o [3 (2 + 2lu]) + e~ Crreos )

NI= NI—=

‘\If Zu(t)‘+e(3n+sin2t)
3

u(t) ‘ + 67(7T+coszt)
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Forall t € 1'%, and u,v € R, we have
2/3

‘F [t, u, ¥ o, Dy, D}i’::,l u} -r [t, 0, %7 .0, Dy v, ng:,lv} ‘
1 1
< ——|u—v|+
et (4 + 100e2) 2 (18 + 10022
™V

1 i
n ’D w—Dv v‘ 4
. (19j N 100@2) qw qw

[¥Fgwu = ¥hoo|

1 -
(54 o)

Vv
u—quwv‘.

Thus, (H;) holds with ¢; = 0.00002473, ¢, = 2.5212 x 107°, £3 = 1.0895 x 10~7 and
¢4 = 0.00005834.
Forall u,v € C, we have

9 27
91(0) =91 (0)| < s llu—vlle and [ga(u) = ¢2(0)] < —flu=llc.

Thus, (Hz) holds with w; = 0.00884, w, = 0.01147.
After calculating, we obtain

@0 = 0.04994, |A;| = 473.16723, |A,| = 175.89586,
IBy| = 0.02395, [B,| = 649.28092 and |Q| = 307214.2417.

In addition, we find that

L =0.00005834, ©; = 340.34486, O, = 38.32822,
O1 = 0.000365, O, = 0.004477, O; = 0.00004869, O, = 0.00235,
07 = 0.0003764, O, = 0.0028,
O] =0.0007901, O3 =0.009716 and x = 24.63249.

Therefore, (Hs) holds with
= = 0.01567 < 1.

Hence, by Theorem 1, problem (37) and (38) have a unique solution, and by Theorem 2, it
has at least one solution.

5. Conclusions

The new knowledge of fractional symmetric Hanh calculus was used in the studying
of existence results of the nonlocal fractional symmetric Hahn integrodifference boundary
value problems. After proving an auxiliary result concerning a linear variant of the our
problem, this problem is transformed into a fixed point problem related to (1). In Theorem 1,
we found the conditions for the existence and uniqueness of solution for problem (1) by
using the Banach fixed point theorem. We also found the conditions of at least one solution
by using Schauder’s fixed point theorem in Theorem 2. Some properties of fractional
symmetric Hahn integral needed in our study are also discussed. The results of the
paper are new and enrich the subject of boundary value problems for symmetric Hahn
integrodifference equations. In future work, we may extend this work by considering
solutions of new boundary value problems or study inequalities of symmetric Hahn
calculus.
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