
symmetryS S

Article

Periodicity on Neutral-Type Inertial Neural Networks
Incorporating Multiple Delays

Jian Zhang 1,2 , Ancheng Chang 3,* and Gang Yang 4

����������
�������

Citation: Zhang, J.; Chang, A.;

Yang, G. Periodicity on Neutral-Type

Inertial Neural Networks

Incorporating Multiple Delays.

Symmetry 2021, 13, 2231.

https://doi.org/10.3390/sym13112231

Academic Editors: Quanxin Zhu,

Fanchao Kong and Zuowei Cai

Received: 23 October 2021

Accepted: 12 November 2021

Published: 22 November 2021

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

1 School of Mathematics and Statistics, Changsha University of Science and Technology,
Changsha 410114, China; zhangjian@stu.csust.edu.cn

2 Hunan Provincial Key Laboratory of Mathematical Modeling and Analysis in Engineering,
Changsha 410114, China

3 Department of Mathematics, Hunan University of Information Technology, Changsha 410151, China
4 School of Science, Hunan University of Technology and Business, Changsha 410205, China;

yanggangmath@hutb.edu.cn
* Correspondence: webmaster@hnuit.edu.cn

Abstract: The classical Hopefield neural networks have obvious symmetry, thus the study related
to its dynamic behaviors has been widely concerned. This research article is involved with the
neutral-type inertial neural networks incorporating multiple delays. By making an appropriate
Lyapunov functional, one novel sufficient stability criterion for the existence and global exponential
stability of T-periodic solutions on the proposed system is obtained. In addition, an instructive
numerical example is arranged to support the present approach. The obtained results broaden the
application range of neutral-types inertial neural networks.

Keywords: neutral-type inertial neural networks; periodic solution; exponential stability; multi-
ple delays

1. Introduction

The well-known inertial neural networks (INNs) were first introduced by Babcock and
Westervelt [1,2], and can be expressed as the following functional differential equations:

s′′j (t) = −ajs′j(t)− bjsj(t) +
n

∑
k=1

cjk fk(sk(t)) +
n

∑
k=1

djk fk

(
sk

(
t− τjk

))
+ Ij, t ≥ 0, (1)

with the initial value conditions:

sj(v) = ϕj(v), s′j(0) = ψj, −τ+
j ≤ vs. ≤ 0, ϕj ∈ C([−τ+

j , 0],R), ψj ∈ R, (2)

where τ+
j = max

1≤k≤n
{τjk}, s(t) = (s1(t), s2(t), . . . , sn(t)) represents the state vector, s′′j (t) is

referred to an inertial item of the j-th neuron on (1), the parameters aj > 0, bj > 0, cjk, djk
and time delay τjk ≥ 0 are real numbers, Ij is the external input, fk is a continuous activation
function, j, k ∈ N := {1, 2, . . . , n}.

During the past thirty decades, by utilizing the reduced-order transformation, nu-
merous studies have been conducted on the stability and synchronization of system (1)
and its generalizations, such as [3–11]. However, the reduced-order method will affect the
dimensions of systems, thereby increasing a large amount of calculation, which will make
it difficult to achieve in practice. For the sake of avoiding the traditional reduced-order
method, the authors proposed several new criteria for the stability and synchronization
of the system (1) in [12,13] through making a new Lyapunov functional. On this basis,
references [14–21] extensively studied various dynamic behaviors of system (1) and its
generalizations via applying the non-reduced order approach.
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It is well known that the classical Hopefield neural networks have obvious symmetry,
numerous researchers have carried out extensive research on its related dynamic behav-
iors [16,22–24]. In particular, the authors in [25] investigate the exponential stability and
the almost sure exponential stability for a class of stochastic fuzzy Cohen-Grossberg neural
networks by fabricating an appropriate Lyapunov functional. In practical application,
owing to the finite switching and transmission speeds of signals in the networks, the
existence of time delays is inevitable in the working networks. It should be pointed out that
in addition to the state itself, there are also time delays in the derivatives of the state related
to the networks. This kind of delay is deemed as neutral delay, which not only appears
in the field of automatic control and population ecology [26,27], but also occurs in many
physical systems, including transmission lines, Lotka–Volterra systems, chemical reactors,
and others [23,24,28,29]. Particularly, if we use differential equations to model neural
networks (NNs) for the realization of electronic circuits, the influence of neutral delay often
exists. The authors in [24,29] investigated the effect of neutral delays on the partial element
equivalent circuit. The circuit was represented to a neutral-type functional differential
equation, and some new sufficient stability assertions were given by Lyapunov theory.
Furthermore, the dynamic behaviors of neutral-type inertial neural networks (NTINNs)
have been extensively studied by exploiting the reduced-order approach. For example,
the authors in [30] used the finite-time stability theory, inequality techniques and analysis
approaches to research the finite-time synchronization on fuzzy NTINNs. In [31], the
stability of NTINNs is studied via utilizing the Lyapunov–Krasovskii functional approach
and Linear Matrix Inequality (LMI) analysis.

On the other hand, periodic phenomena are widespread in biological systems. For
instance, seasonal influences of weather and food supplies, electronic systems, NNs etc.
Especially in the application of NNs, periodic phenomenon is one of the most important
dynamic behaviors to describe the symmetry of the Hopefield neural networks model, and
the existence and stability of periodic solutions will help us to understand the asymptotic
behavior of mathematical biological systems. Therefore, it is a very meaningful thing to
research the existence and stability of periodic solutions [24,32]. However, few researches
have discussed the periodic problem of the following NTINNs involving multiple delays:

s′′j (t)−
n

∑
k=1

ejks′′k (t− ξ jk) = −ajs′j(t)− bjsj(t) +
n

∑
k=1

cjk fk(sk(t))

+
n

∑
k=1

djk fk(sk(t− τjk)) + Ij(t), t ≥ 0, (3)

with the initial conditions:

sj(v) = ϕj(v), s′j(v) = ψj(v), s′′j (v) = ς j(v),−σj ≤ vs. ≤ 0, ϕj, ψj, ς j ∈ C
(
[−σj, 0],R

)
, (4)

where ξ+j = max
1≤k≤n

{ξ jk}, σj = max{τ+
j , ξ+j }, ejk and the multiple neutral delays ξ jk ≥ 0 are

constants, Ij(t) is a continuous periodic function involving period T > 0, and j, k ∈ N.
Enlightened by the above arguments, our major purpose in this article is to investigate

the existence and stability of periodic solutions on NTINNs involving multiple delays
through constructing a new and appropriate Lyapunov functional to replace the tradi-
tional reduced-order approach. Briefly speaking, the innovative contents of this article
can be presented as below. (1) A class of NTINNs involving multiple delays is proposed;
(2) Under certain assumptions, by exploiting the non-reduced order approach, one new
sufficient stability criterion to guarantee the existence and stability of the T-periodic so-
lutions on system (3) is gotten for the first time; (3) NTINNs here are second-order and
involve multiple neutral delays, which are different from the traditional NNs [33–40]
or INNs [3–9,11–15,17–21,30–32]. Compared with the results on exponential stability for
the neutral-type neural networks (NTNNs) [26,29,39,41] and INNs [13,14,18,19], we give
the exponential stability of the T-periodic solution for the NTINNs. (4) An instructive
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numerical simulation including comparisons is afforded to demonstrate the obtained
theoretical results.

This article is systematized as below. In Section 2, a few indispensable lemmas,
definitions and assumptions are given. In Section 3, the global exponential stability on the
T-periodic solutions of the NTINNs (3) is proved. In Section 4, an instructive numerical
simulation is afforded to evidence the validity and feasibility of the analytical results. A
concise conclusion is offered in Section 5.

2. Preliminaries

Throughout this article, a few indispensable lemmas, definitions and assumptions are
provided, which are useful in the following proving process.

Assumption 1. There is a nonnegative real number Lj obeying∣∣ f j(p)− f j(q)
∣∣ ≤ Lj|p− q|, for all p, q ∈ R and j ∈ N.

Assumption 2. For j ∈ N, there remain three real numbers δ̄j ≥ 0, β̄ j ≥ 0 and ᾱj > 0 agreeing
with that

Xj < 0, 4YjXj > Z2
j , (5)

where

Xj =
n

∑
k=1

(
δ̄j + β̄2

j

)
|ejk|+ 2ᾱj β̄ j +

n

∑
k=1

ᾱj β̄ j|ejk| − 2ajᾱ
2
j +

n

∑
k=1

ᾱ2
j |cjk|+

n

∑
k=1

ᾱ2
j |djk|

+
n

∑
k=1

ajᾱ
2
j |ejk|+

n

∑
k=1

ajᾱj β̄ j|ejk|+
n

∑
k=1

B1
kj +

n

∑
k=1

n

∑
l=1

B̃1
kjl ,

Yj =
n

∑
k=1

(δ̄j + β̄2
j )|ejk|+

n

∑
k=1

bjᾱ
2
j |ejk| − 2bjᾱj β̄ j +

n

∑
k=1

ᾱj β̄ j|cjk|+
n

∑
k=1

ᾱj β̄ j|djk|

+
n

∑
k=1

bjᾱj β̄ j|ejk|+ (
n

∑
k=1

ᾱ2
k |ckj|+

n

∑
k=1

n

∑
l=1

ᾱ2
l |elk||el j|+

n

∑
k=1

ᾱk β̄k|ckj|

+
n

∑
k=1

n

∑
l=1

ᾱl β̄l |elk||cl j|)L2
j +

n

∑
k=1

A1
kj +

n

∑
k=1

n

∑
l=1

Ã1
kjl + (

n

∑
k=1

Ckj +
n

∑
k=1

n

∑
l=1

C̃kjl)L2
j ,

Zj = 2(δ̄j + β̄2
j )− 2bjᾱ

2
j − 2ajᾱj β̄ j,

and

A1
kj = [δ̄k + β̄2

k + (ak + bk)ᾱk β̄k]|ekj|, Ã1
kjl = ᾱk β̄k(|ckl |+ |dkl |)|ekj|,

B1
kj = (δ̄k + β̄2

k + 2ᾱk β̄k + akᾱ2
k + bkᾱ2

k)|ekj|,

B̃1
kjl = ((δ̄k + β̄2

k + 2ᾱk β̄k)|ekl |+ ᾱ2
k(|ckl |+ |dkl |))|ekj|,

Ckj = (ᾱ2
k + ᾱk β̄k)|dkj|, C̃kjl = (ᾱk + β̄k)ᾱk|ekl ||dkj|, j, k, l ∈ N.

Definition 1. Given x(t) = (x1(t), x2(t), . . . , xn(t)) and y(t) = (y1(t), y2(t), . . . , yn(t)) as
two solutions of the NTINNs (3) to satisfy

xj(v) = ϕx
j (v), x′j(v) = ψx

j (v), x′′j (v) = ςx
j (v),

yj(v) = ϕ
y
j (v), y′j(v) = ψ

y
j (v), y′′j (v) = ς

y
j (v), j ∈ N,

(6)

where ϕx
j , ψx

j , ςx
j , ϕ

y
j , ψ

y
j , ς

y
j ∈ C([−σj, 0],R). The NTINNs (1.3) is said to have global exponential

stability when there are constants λ > 0 and Λ = Λ(ϕx, ψx, ςx, ϕy, ψy, ςy) > 0 obeying that∣∣xj(t)− yj(t)
∣∣ ≤ Λe−λt,

∣∣∣x′j(t)− y′j(t)
∣∣∣ ≤ Λe−λt, for all t ∈ [0,+∞) and j ∈ N.
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Lemma 1. Under the Assumptions 1 and 2, every solution of NTINNs (3) incorporating initial
values (4) exists and is unique on [0,+∞).

Proof. At first, set

ι = min
1≤j≤n

{
τ−j , ξ−j

}
, wj(t) = sj(t)−

n

∑
k=1

ejksk(t− ξ jk),

where τ−j = min
1≤k≤n

{
τjk

}
, ξ−j = min

1≤k≤n

{
ξ jk

}
and j ∈ N. Now, we prove that sj(t) exists and

is unique on [0, ι]. Actually, for all t ∈ [0, ι] and j ∈ N,

w′′j (t) = s′′j (t)−
n

∑
k=1

ejks′′k
(

t− ξ jk

)
= − ajs′j(t)− bjsj(t) +

n

∑
k=1

cjk fk(sk(t)) +
n

∑
k=1

djk fk

(
sk

(
t− τjk

))
+ Ij(t)

= − ajw′j(t)− bjwj(t)− aj

n

∑
k=1

ejkψk(t− ξ jk)− bj

n

∑
k=1

ejk ϕk(t− ξ jk)

+
n

∑
k=1

cjk fk(wk(t) +
n

∑
j=1

ekj ϕj(t− ξkj)) +
n

∑
k=1

djk fk

(
ϕk

(
t− τjk

))
+ Ij(t).

(7)

From the Assumption 1, one can discover that the solution w(t) of the second order

ordinary differential Equation (7) with initial conditions w(0) = {ϕj(0)−
n
∑

k=1
ejk ϕk(−ξ jk)}

and w′(0) = {ψj(0)−
n
∑

k=1
ejkψk(−ξ jk)} exists and is unique on [0, ι]. Consequently, s(t) =

w(t) + {
n
∑

k=1
ejk ϕk(t− ξ jk)} exists and is unique on [0, ι]. Using the same method, one

can discover s(t) = w(t) + {
n
∑

k=1
ejk ϕk(t− ξ jk)} exists and is unique on [ι, 2ι], [2ι, 3ι], · · · .

Hence, every solution of NTINNs (3) incorporating initial values (4) exists and is unique
on [0,+∞).

Lemma 2. Under the Assumptions 1 and 2, NTINNs (3) possess global exponential stability.

Proof. Label uj(t) = xj(t)− yj(t), then

u′′j (t)−
n

∑
k=1

ejku′′k (t− ξ jk) =− aju′j(t)− bjuj(t) +
n

∑
k=1

cjk f̃k(uk(t))

+
n

∑
k=1

djk f̃k

(
uk(t− τjk)

)
,

(8)

where

f̃k(uk(t)) = fk(xk(t))− fk(yk(t)), f̃k(uk(t− τjk)) = fk(xk(t− τjk))− fk(yk(t− τjk)).

In view of the Assumption 2 and the boundedness of NTINNs (3), one can select a
real number λ > 0 such that

X λ
j < 0, 4Yλ

j X λ
j > (Zλ

j )
2, (9)
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where

X λ
j =

n

∑
k=1

(
δ̄j + λᾱj β̄ j + β̄2

j

)
|ejk|+ λᾱ2

j + 2ᾱj β̄ j +
n

∑
k=1

(λᾱ2
j + ᾱj β̄ j)|ejk|

− 2ajᾱ
2
j +

n

∑
k=1

ᾱ2
j |cjk|+

n

∑
k=1

ᾱ2
j |djk|+

n

∑
k=1

ajᾱ
2
j |ejk|+

n

∑
k=1

ajᾱj β̄ j|ejk|

+ (
n

∑
k=1

B2
kj +

n

∑
k=1

n

∑
l=1

B̃2
kjl)e

λξkj ,

Yλ
j = λ(δ̄j + β̄2

j ) + λ
n

∑
k=1

(δ̄j + β̄2
j )|ejk|+

n

∑
k=1

(δ̄j + λᾱj β̄ j + β̄2
j )|ejk|

+
n

∑
k=1

bjᾱ
2
j |ejk| − 2bjᾱj β̄ j +

n

∑
k=1

ᾱj β̄ j|cjk|+
n

∑
k=1

ᾱj β̄ j|djk|+
n

∑
k=1

bjᾱj β̄ j|ejk|

+ (
n

∑
k=1

ᾱ2
k |ckj|+

n

∑
k=1

n

∑
l=1

ᾱ2
l |elk||el j|+

n

∑
k=1

ᾱk β̄k|ckj|+
n

∑
k=1

n

∑
l=1

ᾱl β̄l |elk||cl j|)L2
j

+ (
n

∑
k=1

A2
kj +

n

∑
k=1

n

∑
l=1

Ã2
kjl)e

λξkj + (
n

∑
k=1

Ckj +
n

∑
k=1

n

∑
l=1

C̃kjl)L2
j eλτkj ,

Zλ
j = 2(δ̄j + λᾱj β̄ j + β̄2

j )− 2bjᾱ
2
j − 2ajᾱj β̄ j

and

A2
kj = λ(δ̄k + β̄2

k)|ekj|+ (δ̄k + λᾱk β̄k + β̄2
k + (ak + bk)ᾱk β̄k)|ekj|,

Ã2
kjl = (ᾱk β̄k(|ckl |+ |dkl |) + λ(δ̄k + β̄2

k)|ekl |)|ekj|,

B2
kj = (δ̄k + λᾱk β̄k + β̄2

k + λᾱ2
k + 2ᾱk β̄k + akᾱ2

k + bkᾱ2
k)|ekj|,

B̃2
kjl = ((δ̄k + λᾱk β̄k + β̄2

k + λᾱ2
k + 2ᾱk β̄k)|ekl |+ ᾱ2

k(|ckl |+ |dkl |))|ekj|, j, k, l ∈ N.

Set

zj(t) = uj(t)−
n

∑
k=1

ejkuk(t− ξ jk),

then

z′j(t) = u′j(t)−
n

∑
k=1

ejku′k(t− ξ jk),

and

z′′j (t) = u′′j (t)−
n

∑
k=1

ejku′′k (t− ξ jk),

which yield that

z′′j (t) = −aju′j(t)− bjuj(t) +
n

∑
k=1

cjk f̃k(uk(t)) +
n

∑
k=1

djk f̃k

(
uk(t− τjk)

)
. (10)

Construct the Lyapunov functional:

W(t) =
4

∑
j=1

Wj(t), (11)
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where

W1(t) =
n

∑
j=1

δ̄jz2
j (t)e

λt +
n

∑
j=1

(ᾱjz′j(t) + β̄ jzj(t))2eλt,

W2(t) =
n

∑
j=1

n

∑
k=1

∫ t

t−ξkj

A2
kju

2
j (v)e

λ(v+ξkj)dv +
n

∑
j=1

n

∑
k=1

n

∑
l=1

∫ t

t−ξkj

Ã2
kjlu

2
j (v)e

λ(v+ξkj)dv,

W3(t) =
n

∑
j=1

n

∑
k=1

∫ t

t−ξkj

B2
kj

(
u′j(v)

)2
eλ(v+ξkj)dv +

n

∑
j=1

n

∑
k=1

n

∑
l=1

∫ t

t−ξkj

B̃2
kjl

(
u′j(v)

)2
eλ(v+ξkj)dv,

W4(t) =
n

∑
j=1

n

∑
k=1

∫ t

t−τkj

Ckj f̃ 2
j (uj(v))e

λ(v+τkj)dv +
n

∑
j=1

n

∑
k=1

n

∑
l=1

∫ t

t−τkj

C̃kjl f̃ 2
j (uj(v))e

λ(v+τkj)dv.

Firstly, the derivative of W1(t) along the trajectories of NTINNs (10) is obtained
as follows:

W ′1(t) = λ
n

∑
j=1

δ̄jz2
j (t)e

λt + 2
n

∑
j=1

δ̄jzj(t)z′j(t)e
λt + λ

n

∑
j=1

(ᾱjz′j(t) + β̄ jzj(t))2eλt

+2
n

∑
j=1

(ᾱjz′j(t) + β̄ jzj(t))(ᾱjz′′j (t) + β̄ jz′j(t))e
λt

= λ
n

∑
j=1

(
δ̄j + β̄2

j

)
z2

j (t)e
λt + 2

n

∑
j=1

(
δ̄j + λᾱj β̄ j + β̄2

j

)
zj(t)z′j(t)e

λt

+
n

∑
j=1

(λᾱ2
j + 2ᾱj β̄ j)

(
z′j(t)

)2
eλt + 2

n

∑
j=1

ᾱj

(
ᾱjz′j(t) + β̄ jzj(t)

)
z′′j (t)e

λt

= λ
n

∑
j=1

(
δ̄j + β̄2

j

)
u2

j (t)e
λt − 2λ

n

∑
j=1

(δ̄j + β̄2
j )uj(t)

n

∑
k=1

ejkuk(t− ξ jk)eλt

+λ
n

∑
j=1

(
δ̄j + β̄2

j

) n

∑
k=1

ejkuk(t− ξ jk)
n

∑
k=1

ejkuk(t− ξ jk)eλt

+2
n

∑
j=1

(
δ̄j + λᾱj β̄ j + β̄2

j

)
(uj(t)−

n

∑
k=1

ejkuk

(
t− ξ jk

)
)

×(u′j(t)−
n

∑
k=1

ejku′k
(

t− ξ jk

)
)eλt

+
n

∑
j=1

(λᾱ2
j + 2ᾱj β̄ j)(u′j(t)−

n

∑
k=1

ejku′k
(

t− ξ jk

)
)2eλt

+2
n

∑
j=1

ᾱj[ᾱj(u′j(t)−
n

∑
k=1

ejku′k
(

t− ξ jk

)
) + β̄ j(uj(t)−

n

∑
k=1

ejkuk

(
t− ξ jk

)
)]

×[−aju′j(t)− bjuj(t) +
n

∑
k=1

cjk f̃k(uk(t)) +
n

∑
k=1

djk f̃k

(
uk

(
t− τjk

))
]eλt
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= λ
n

∑
j=1

(δ̄j + β̄2
j )u

2
j (t)e

λt − 2λ
n

∑
j=1

n

∑
k=1

(δ̄j + β̄2
j )ejkuj(t)uk(t− ξ jk)eλt

+λ
n

∑
j=1

n

∑
k=1

(δ̄j + β̄2
j )ejkuk(t− ξ jk)

n

∑
k=1

ejkuk(t− ξ jk)eλt

+2
n

∑
j=1

(
δ̄j + λᾱj β̄ j + β̄2

j

)
uj(t)u′j(t)e

λt

−2
n

∑
j=1

n

∑
k=1

(
δ̄j + λᾱj β̄ j + β̄2

j

)
ejkuj(t)u′k(t− ξ jk)eλt

−2
n

∑
j=1

n

∑
k=1

(
δ̄j + λᾱj β̄ j + β̄2

j

)
ejkuk(t− ξ jk)u′j(t)e

λt

+2
n

∑
j=1

n

∑
k=1

(
δ̄j + λᾱj β̄ j + β̄2

j

)
ejkuk(t− ξ jk)

n

∑
k=1

ejku′k(t− ξ jk)eλt

+
n

∑
j=1

(λᾱ2
j + 2ᾱj β̄ j)

(
u′j(t)

)2
eλt − 2

n

∑
j=1

n

∑
k=1

(λᾱ2
j + 2ᾱj β̄ j)ejku′j(t)u

′
k(t− ξ jk)eλt

+
n

∑
j=1

n

∑
k=1

(λᾱ2
j + 2ᾱj β̄ j)ejku′k(t− ξ jk)

n

∑
k=1

ejku′k(t− ξ jk)eλt

−2
n

∑
j=1

ajᾱ
2
j

(
u′j(t)

)2
eλt − 2

n

∑
j=1

bjᾱ
2
j uj(t)u′j(t)e

λt

+2
n

∑
j=1

n

∑
k=1

ᾱ2
j cjku′j(t) f̃k(uk(t))eλt+2

n

∑
j=1

n

∑
k=1

ᾱ2
j djku′j(t) f̃k

(
uk(t− τjk)

)
eλt

+2
n

∑
j=1

n

∑
k=1

ajᾱ
2
j ejku′k(t− ξ jk)u′j(t)e

λt+2
n

∑
j=1

n

∑
k=1

bjᾱ
2
j ejku′k(t− ξ jk)uj(t)eλt

−2
n

∑
j=1

n

∑
k=1

ᾱ2
j ejku′k(t− ξ jk)

n

∑
k=1

cjk f̃k(uk(t))eλt

−2
n

∑
j=1

n

∑
k=1

ᾱ2
j ejku′k(t− ξ jk)

n

∑
k=1

djk f̃k

(
uk(t− τjk)

)
eλt

−2
n

∑
j=1

ajᾱj β̄ juj(t)u′j(t)e
λt − 2

n

∑
j=1

bjᾱj β̄ ju2
j (t)e

λt

+2
n

∑
j=1

n

∑
k=1

ᾱj β̄ jcjkuj(t) f̃k(uk(t))eλt + 2
n

∑
j=1

n

∑
k=1

ᾱj β̄ jdjkuj(t) f̃k

(
uk(t− τjk)

)
eλt

+2
n

∑
j=1

n

∑
k=1

ajᾱj β̄ jejkuk(t− ξ jk)u′j(t)e
λt+2

n

∑
j=1

n

∑
k=1

bjᾱj β̄ jejkuk(t− ξ jk)uj(t)eλt

−2
n

∑
j=1

n

∑
k=1

ᾱj β̄ jejkuk(t− ξ jk)
n

∑
k=1

cjk f̃k(uk(t))eλt

+2
n

∑
j=1

n

∑
k=1

ᾱj β̄ jejkuk(t− ξ jk)
n

∑
k=1

djk f̃k

(
uk(t− τjk)

)
eλt. (12)
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Moreover, one can give the following inequalities:

λ
n

∑
j=1

(
n

∑
k=1

(δ̄j + β̄2
j )ejkuk(t− ξ jk))(

n

∑
k=1

ejkuk(t− ξ jk))eλt

= λ
n

∑
j=1

(
n

∑
k=1

(δ̄j + β̄2
j )ejkuk(t− ξ jk))(

n

∑
l=1

ejlul(t− ξ jl))eλt

= λ
n

∑
j=1

n

∑
k=1

n

∑
l=1

(δ̄j + β̄2
j )ejkejluk(t− ξ jk)ul(t− ξ jl)eλt

≤ λ
n

∑
j=1

n

∑
k=1

n

∑
l=1

(δ̄j + β̄2
j )|ejk||ejl ||uk(t− ξ jk)||ul(t− ξ jl)|eλt

≤ 1
2

λ
n

∑
j=1

n

∑
k=1

n

∑
l=1

(δ̄j + β̄2
j )|ejk||ejl |u2

k(t− ξ jk) eλt

+
1
2

λ
n

∑
j=1

n

∑
k=1

n

∑
l=1

(δ̄j + β̄2
j )|ejk||ejl |u2

l (t− ξ jl)eλt

=
1
2

λ
n

∑
j=1

n

∑
k=1

n

∑
l=1

(δ̄k + β̄2
k)|ekj||ekl |u2

j (t− ξkj) eλt

+
1
2

λ
n

∑
j=1

n

∑
k=1

n

∑
l=1

(δ̄k + β̄2
k)|ekl ||ekj|u2

j (t− ξkj)eλt

= λ
n

∑
j=1

n

∑
k=1

n

∑
l=1

(δ̄k + β̄2
k)|ekj||ekl |u2

j (t− ξkj) eλt. (13)

Similarly,

2
n

∑
j=1

(
n

∑
k=1

(δ̄j + λᾱj β̄ j + β̄2
j )ejkuk(t− ξ jk))(

n

∑
k=1

ejku′k(t− ξ jk))eλt

≤
n

∑
j=1

n

∑
k=1

n

∑
l=1

(δ̄k + λᾱk β̄k + β̄2
k)|ekj||ekl |u2

j (t− ξkj)eλt

+
n

∑
j=1

n

∑
k=1

n

∑
l=1

(δ̄k + λᾱk β̄k + β̄2
k)|ekl ||ekj|(u′j(t− ξkj))

2eλt, (14)

n

∑
j=1

(
n

∑
k=1

(λᾱ2
j + 2ᾱj β̄ j)ejku′k(t− ξ jk))(

n

∑
k=1

ejku′k(t− ξ jk))eλt

≤
n

∑
j=1

n

∑
k=1

n

∑
l=1

(λᾱ2
k + 2ᾱk β̄k)|ekj||ekl |(u′j(t− ξkj))

2eλt, (15)

−2
n

∑
j=1

(
n

∑
k=1

ᾱ2
j ejku′k(t− ξ jk))(

n

∑
k=1

cjk f̃k(uk(t)))eλt

≤
n

∑
j=1

n

∑
k=1

n

∑
l=1

ᾱ2
k |ekj||ckl |(u′j(t− ξkj))

2eλt

+
n

∑
j=1

n

∑
k=1

n

∑
l=1

ᾱ2
l |elk||cl j| f̃ 2

j (uj(t))eλt, (16)
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−2
n

∑
j=1

(
n

∑
k=1

ᾱ2
j ejku′k(t− ξ jk))(

n

∑
k=1

djk f̃k(uk(t− τjk)))eλt

≤
n

∑
j=1

n

∑
k=1

n

∑
l=1

ᾱ2
k |ekj||dkl |(u′j(t− ξkj))

2eλt

+
n

∑
j=1

n

∑
k=1

n

∑
l=1

ᾱ2
k |ekl ||dkj| f̃ 2

j (uj(t− τkj))eλt, (17)

−2
n

∑
j=1

n

∑
k=1

ᾱj β̄ jejkuk(t− ξ jk)
n

∑
k=1

cjk f̃k(uk(t))eλt

≤
n

∑
j=1

n

∑
k=1

n

∑
l=1

ᾱk β̄k|ekj||ckl |u2
j (t− ξkj)eλt

+
n

∑
j=1

n

∑
k=1

n

∑
l=1

ᾱl β̄l |elk||cl j| f̃ 2
j (uj(t))eλt, (18)

2
n

∑
j=1

n

∑
k=1

ᾱj β̄ jejkuk(t− ξ jk)
n

∑
k=1

djk f̃k

(
uk(t− τjk)

)
eλt

≤
n

∑
j=1

n

∑
k=1

n

∑
l=1

ᾱk β̄k|ekj||dkl |u2
j (t− ξkj)eλt

+
n

∑
j=1

n

∑
k=1

n

∑
l=1

ᾱk β̄k|ekl ||dkj| f̃ 2
j (uj(t− τkj))eλt, (19)

−2λ
n

∑
j=1

n

∑
k=1

(
δ̄j + β̄2

j

)
ejkuj(t)uk(t− ξ jk)eλt

≤ λ
n

∑
j=1

n

∑
k=1

(
δ̄j + β̄2

j

)
|ejk|u2

j (t)e
λt

+λ
n

∑
j=1

n

∑
k=1

(
δ̄k + β̄2

k

)
|ekj|u2

j (t− ξkj)eλt, (20)

−2
n

∑
j=1

n

∑
k=1

(
δ̄j + λᾱj β̄ j + β̄2

j

)
ejkuj(t)u′k(t− ξ jk)eλt

≤
n

∑
j=1

n

∑
k=1

(
δ̄j + λᾱj β̄ j + β̄2

j

)
|ejk|u2

j (t)e
λt

+
n

∑
j=1

n

∑
k=1

(
δ̄k + λᾱk β̄k + β̄2

k

)
|ekj|(u′j(t− ξkj))

2eλt, (21)

−2
n

∑
j=1

n

∑
k=1

(
δ̄j + λᾱj β̄ j + β̄2

j

)
ejkuk(t− ξ jk)u′j(t)e

λt

≤
n

∑
j=1

n

∑
k=1

(
δ̄k + λᾱk β̄k + β̄2

k

)
|ekj|u2

j (t− ξkj)eλt

+
n

∑
j=1

n

∑
k=1

(
δ̄j + λᾱj β̄ j + β̄2

j

)
|ejk|(u′j(t))

2eλt, (22)
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−2
n

∑
j=1

n

∑
k=1

(λᾱ2
j + 2ᾱj β̄ j)ejku′j(t)u

′
k(t− ξ jk)eλt

≤
n

∑
j=1

n

∑
k=1

(λᾱ2
j + 2ᾱj β̄ j)|ejk|(u′j(t))

2eλt

+
n

∑
j=1

n

∑
k=1

(λᾱ2
k + 2ᾱk β̄k)|ekj|(u′j(t− ξkj))

2eλt, (23)

2
n

∑
j=1

n

∑
k=1

ᾱ2
j cjku′j(t) f̃k(uk(t))eλt

≤
n

∑
j=1

n

∑
k=1

ᾱ2
j |cjk|(u′j(t))

2eλt +
n

∑
j=1

n

∑
k=1

ᾱ2
k |ckj| f̃ 2

j (uj(t))eλt, (24)

2
n

∑
j=1

n

∑
k=1

ᾱ2
j djku′j(t) f̃k(uk(t− τjk))eλt

≤
n

∑
j=1

n

∑
k=1

ᾱ2
j |djk|(u′j(t))

2eλt +
n

∑
j=1

n

∑
k=1

ᾱ2
k |dkj| f̃ 2

j (uj(t− τkj))eλt, (25)

2
n

∑
j=1

n

∑
k=1

ajᾱ
2
j ejku′k(t− ξ jk)u′j(t)e

λt

≤
n

∑
j=1

n

∑
k=1

akᾱ2
k |ekj|(u′j(t− ξkj))

2eλt +
n

∑
j=1

n

∑
k=1

ajᾱ
2
j |ejk|(u′j(t))

2eλt, (26)

2
n

∑
j=1

n

∑
k=1

bjᾱ
2
j ejku′k(t− ξ jk)uj(t)eλt

≤
n

∑
j=1

n

∑
k=1

bkᾱ2
k |ekj|(u′j(t− ξkj))

2eλt +
n

∑
j=1

n

∑
k=1

bjᾱ
2
j |ejk|u2

j (t)e
λt, (27)

2
n

∑
j=1

n

∑
k=1

ᾱj β̄ jcjkuj(t) f̃k(uk(t))eλt

≤
n

∑
j=1

n

∑
k=1

ᾱj β̄ j|cjk|u2
j (t)e

λt +
n

∑
j=1

n

∑
k=1

ᾱk β̄k|ckj| f̃ 2
j (uj(t))eλt, (28)

2
n

∑
j=1

n

∑
k=1

ᾱj β̄ jdjkuj(t) f̃k(uk(t− τjk))eλt

≤
n

∑
j=1

n

∑
k=1

ᾱj β̄ j|djk|u2
j (t)e

λt +
n

∑
j=1

n

∑
k=1

ᾱk β̄k|dkj| f̃ 2
j (uj(t− τkj))eλt, (29)

2
n

∑
j=1

n

∑
k=1

ajᾱj β̄ jejkuk(t− ξ jk)u′j(t)e
λt

≤
n

∑
j=1

n

∑
k=1

akᾱk β̄k|ekj|u2
j (t− ξkj)eλt +

n

∑
j=1

n

∑
k=1

ajᾱj β̄ j|ejk|(u′j(t))
2eλt, (30)

2
n

∑
j=1

n

∑
k=1

bjᾱj β̄ jejkuk(t− ξ jk)uj(t)eλt

≤
n

∑
j=1

n

∑
k=1

bkᾱk β̄k|ekj|u2
j (t− ξkj)eλt +

n

∑
j=1

n

∑
k=1

bjᾱj β̄ j|ejk|u2
j (t)e

λt. (31)
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Submitting (13)–(31) into (12), we obtain

W ′1(t) ≤ eλt
n

∑
j=1
{[λ(δ̄j + β̄2

j ) + λ
n

∑
k=1

(δ̄j + β̄2
j )|ejk|+

n

∑
k=1

(δ̄j + λᾱj β̄ j + β̄2
j )|ejk|

+
n

∑
k=1

bjᾱ
2
j |ejk| − 2bjᾱj β̄ j +

n

∑
k=1

ᾱj β̄ j|cjk|+
n

∑
k=1

ᾱj β̄ j|djk|+
n

∑
k=1

bjᾱj β̄ j|ejk|]u2
j (t)

+[2(δ̄j + λᾱj β̄ j + β̄2
j )− 2bjᾱ

2
j − 2ajᾱj β̄ j]uj(t)u′j(t)

+[
n

∑
k=1

(
δ̄j + λᾱj β̄ j + β̄2

j

)
|ejk|+ (λᾱ2

j + 2ᾱj β̄ j) +
n

∑
k=1

(λᾱ2
j + ᾱj β̄ j)|ejk|

−2ajᾱ
2
j +

n

∑
k=1

ᾱ2
j |cjk|+

n

∑
k=1

ᾱ2
j |djk|+

n

∑
k=1

ajᾱ
2
j |ejk|+

n

∑
k=1

ajᾱj β̄ j|ejk|](u′j(t))2

+[
n

∑
k=1

ᾱ2
k |ckj|+

n

∑
k=1

n

∑
l=1

ᾱ2
l |elk||cl j|+

n

∑
k=1

ᾱk β̄k|ckj|+
n

∑
k=1

n

∑
l=1

ᾱl β̄l |elk||cl j|] f̃ 2
j (uj(t))

+[
n

∑
k=1

A2
kj +

n

∑
k=1

n

∑
l=1

Ã2
kjl ]u

2
j (t− ξkj) + [

n

∑
k=1

B2
kj +

n

∑
k=1

n

∑
l=1

B̃2
kjl ](u

′
j(t− ξkj))

2

+[
n

∑
k=1

Ckj +
n

∑
k=1

n

∑
l=1

C̃kjl ] f̃ 2
j (uj(t− τkj))}. (32)

In the following, by (10) and (11), we have

W ′2(t) =
n

∑
j=1

n

∑
k=1

A2
kju

2
j (t)e

λ(t+ξkj) −
n

∑
j=1

n

∑
k=1

A2
kju

2
j (t− ξkj)eλt

+
n

∑
j=1

n

∑
k=1

n

∑
l=1

Ã2
kjlu

2
j (t)e

λ(t+ξkj) −
n

∑
j=1

n

∑
k=1

n

∑
l=1

Ã2
kjlu

2
j (t− ξkj)eλt, (33)

W ′3(t) =
n

∑
j=1

n

∑
k=1

B2
kj(u

′
j(t))

2eλ(t+ξkj) −
n

∑
j=1

n

∑
k=1

B2
kj(u

′
j(t− ξkj))

2eλt

+
n

∑
j=1

n

∑
k=1

n

∑
l=1

B̃2
kjl(u

′
j(t))

2eλ(t+ξkj) −
n

∑
j=1

n

∑
k=1

n

∑
l=1

B̃2
kjl(u

′
j(t− ξkj))

2eλt, (34)

W ′4(t) =
n

∑
j=1

n

∑
k=1

Ckj f̃ 2
j (uj(t))e

λ(t+τkj) −
n

∑
j=1

n

∑
k=1

Ckj f̃ 2
j (uj(t− τkj))eλt

+
n

∑
j=1

n

∑
k=1

n

∑
l=1

C̃kjl f̃ 2
j (uj(t))e

λ(t+τkj) −
n

∑
j=1

n

∑
k=1

n

∑
l=1

C̃kjl f̃ 2
j (uj(t− τkj))eλt. (35)
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From (32)–(35) and the Assumption 1, one can get

W ′(t) =
4

∑
j=1

W ′j (t)

≤ eλt
n

∑
j=1
{[λ(δ̄j + β̄2

j ) + λ
n

∑
k=1

(δ̄j + β̄2
j )|ejk|+

n

∑
k=1

(δ̄j + λᾱj β̄ j + β̄2
j )|ejk|

+
n

∑
k=1

bjᾱ
2
j |ejk| − 2bjᾱj β̄ j +

n

∑
k=1

ᾱj β̄ j|cjk|+
n

∑
k=1

ᾱj β̄ j|djk|+
n

∑
k=1

bjᾱj β̄ j|ejk|

+(
n

∑
k=1

ᾱ2
k |ckj|+

n

∑
k=1

n

∑
l=1

ᾱ2
l |elk||cl j|+

n

∑
k=1

ᾱk β̄k|ckj|+
n

∑
k=1

n

∑
l=1

ᾱl β̄l |elk||cl j|)L2
j

+(
n

∑
k=1

A2
kj +

n

∑
k=1

n

∑
l=1

Ã2
kjl)e

λξkj + (
n

∑
k=1

Ckj +
n

∑
k=1

n

∑
l=1

C̃kjl)L2
j eλτkj ]u2

j (t)

+[2(δ̄j + λᾱj β̄ j + β̄2
j )− 2bjᾱ

2
j − 2ajᾱj β̄ j]uj(t)u′j(t)

+[
n

∑
k=1

(
δ̄j + λᾱj β̄ j + β̄2

j

)
|ejk|+ λᾱ2

j + 2ᾱj β̄ j +
n

∑
k=1

(λᾱ2
j + ᾱj β̄ j)|ejk|

−2ajᾱ
2
j +

n

∑
k=1

ᾱ2
j |cjk|+

n

∑
k=1

ᾱ2
j |djk|+

n

∑
k=1

ajᾱ
2
j |ejk|+

n

∑
k=1

ajᾱj β̄ j|ejk|

+(
n

∑
k=1

B2
kj +

n

∑
k=1

n

∑
l=1

B̃2
kjl)e

λξkj ](u′j(t))
2}

= eλt
n

∑
j=1

(
X λ

j

(
u′j(t)

)2
+Zλ

j uj(t)u′j(t) + Yλ
j u2

j (t)
)

= eλt
n

∑
j=1
X λ

j

(
u′j(t) +

Zλ
j

2X λ
j

uj(t)

)2

+
n

∑
j=1

(
Yλ

j −
(Zλ

j )
2

4X λ
j

)
u2

j (t)

≤ 0. (36)

This implies that W(t) ≤W(0) on [0,+∞), and

n

∑
j=1

δ̄jz2
j (t)e

λt +
n

∑
j=1

(ᾱjz′j(t) + β̄ jzj(t))2eλt ≤W(0).

Note that ∣∣∣z′j(t)∣∣∣ ≤ ∣∣∣z′j(t) + zj(t)
∣∣∣+ ∣∣zj(t)

∣∣,
we can easily see that there exists a constant Λ > 0 obeying∣∣∣u′j(t)∣∣∣ ≤ Λe−λt,

∣∣uj(t)
∣∣ ≤ Λe−λt, ∀t ∈ [0,+∞), j ∈ N.

This completes the proof.

Remark 1. When uj(t) is a periodic solution of NTINNs (3), Lemma 2 shows that all solutions of
NTINNs (3) and their derivatives are exponentially convergent to uj(t) and u′j(t), respectively.

3. Periodicity of NTINNs

Theorem 1. If the assumptions in Lemma 2 are satisfied, NTINNs (3) possess a globally exponen-
tially stable T-periodic solution.
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Proof. Denote ρj(t) by setting

ρ′′j (t)−
n

∑
k=1

ejkρ′′k (t− ξ jk) = −ajρ
′
j(t)− bjρj(t) +

n

∑
k=1

cjk fk(ρk(t))

+
n

∑
k=1

djk fk(ρk(t− τjk)) + Ij(t), (37)

and

ρj(v) = ϕ
ρ
j (v), ρ′j(v) = ψ

ρ
j (v), ρ′′j (v) = ς

ρ
j (v), ϕ

ρ
j , ψ

ρ
j , ς

ρ
j ∈ C([−σj, 0],R), j ∈ N. (38)

Hence, for any nonnegative integer n,

ρ′′j (t + nT)−
n

∑
k=1

ejkρ′′k (t + nT − ξ jk)

= −ajρ
′
j(t + nT)− bjρj(t + nT) +

n

∑
k=1

cjk fk(ρk(t + nT))

+
n

∑
k=1

djk fk(ρk(t + nT − τjk)) + Ij(t), ∀j ∈ N, t + nT ≥ 0, (39)

and µ(t) = ρ(t + T) is a solution of NTINNs (3), which satisfies

ϕ
µ
j (v) = ρj(v + T), ψ

µ
j (v) = ρ′j(v + T), ς

µ
j (v) = ρ′′j (v + T), ∀j ∈ N, v ∈ [−σj, 0].

By using Lemma 2, one can select a constant Λ = Λ(ϕρ, ψρ, ςρ, ϕµ, ψµ, ςµ) > 0 satisfying

|ρj(t)− µj(t)| ≤ Λe−λt, |ρ′j(t)− µ′j(t)| ≤ Λe−λt, ∀j ∈ N, t ≥ 0.

Therefore,

|ρj(t + mT)− ρj(t + (m + 1)T)| = |ρj(t + mT)− µj(t + mT)|

≤ Λe−λ(t+mT), ∀j ∈ N, t + mT ≥ 0

and

|ρ′j(t + mT)− ρ′j(t + (m + 1)T)| = |ρ′j(t + mT)− µ′j(t + mT)|

≤ Λe−λ(t+mT), ∀j ∈ N, t + mT ≥ 0.

Since

ρj(t + nT) = ρj(t) +
n−1

∑
m=0

[ρj(t + (m + 1)T)− ρj(t + mT)]

and

ρ′j(t + nT) = ρ′j(t) +
n−1

∑
m=0

[ρ′j(t + (m + 1)T)− ρ′j(t + mT)], j ∈ N,

we can easily reveal that in any compact subset of R, {ρj(t + nT)}n≥1, {ρ′j(t + nT)}n≥1 and

{ρ′j(t + (n + 1)T)−
n
∑

k=1
ejkρ′k

(
t + (n + 1)T − ξ jk

)
}n≥1 are uniformly convergent function

sequences and there is a differentiable function x(t) obeying

lim
m→+∞

ρ(t + nT) = x(t), lim
m→+∞

ρ′(t + nT) = x′(t).



Symmetry 2021, 13, 2231 14 of 18

Hence

x(t + T) = lim
n→+∞

ρ(t + T + nT) = lim
(n+1)→+∞

ρ(t + (n + 1)T) = x(t),

which indicates that x(t) is T-periodic on R. In addition, from the Assumption 2 and the
continuity of NTINNs (3), one can conclude that on any compact subset of R, {ρ′′j (t + (n +

1)T)−
n
∑

k=1
ejkρ′′k

(
t + (n + 1)T − ξ jk

)
}n≥1 is uniformly convergent. Setting n → +∞, it is

easy to acquire that

x′′j (t)−
n

∑
k=1

ejkx′′k
(

t− ξ jk

)
= − ajx′j(t)− bjxj(t) +

n

∑
k=1

cjk fk(xk(t))

+
n

∑
k=1

djk fk(xk(t− τjk)) + Ij(t),

which reveals that x(t) is a T-periodic solution of NTINNs (3). Finally, according to
Lemma 2 and Remark 1, we obtain that x(t) possesses global exponential stability. This
ends the proof.

Remark 2. In recent years, the dynamic behaviors of NTNNs [26,29,39,41] and INNs [3–9,11–
15,17–21,30–32]. have been widely studied. However, we note that the global exponential stability
of T-periodic solutions on the NTINNs has not been studied, hence our research is novel and further
promotes the previous research.

4. A Numerical Example

Example 1. Label n = 2, and consider the following NTINNs involving multiple delays:

s′′1 (t)− 0.2s′′1 (t− 1) + 0.1s′′2 (t− 2)
= −6.8s′1(t)− 8s1(t)− 0.4 f1(s1(t)) + 0.6 f2(s2(t))
+0.2 f1(s1(t− 0.4)) + 0.3 f2(s2(t− 0.5)) + 10 sin t,
s′′2 (t)− 0.1s′′2 (t− 1.2) + 0.15s′′2 (t− 1.8)

= −10.2s′2(t)− 11s2(t)− 0.2 f1(s1(t)) + 0.4 f2(s2(t))
+0.3 f1(s1(t− 0.2)) + 0.4 f2(s2(t− 0.3)) + 100 cos t,

(40)

where f j(u) = 1
8 (|u + 1| − |u− 1|), j = 1, 2.

Take δ1 = 34, δ2 = 66, β̄1 = 1, β̄2 = 1.2, ᾱ1 = 1.8, ᾱ2 = 2, Lj =
1
4 , j = 1, 2, we get

X1 = −17.9544, Y1 = −3.504, Z1 = −6.32,
X2 = −37.82, Y2 = −15.22, Z2 = −2.08.

It is easy to see that

Xj < 0, 4XjYj > (Zj)
2, j = 1, 2.

By utilizing Theorem 1, the NTINNs (40) possess a globally exponentially stable
2π-periodic solution x(t), and all solutions of (40) and their derivatives are exponentially
convergent to x(t) and x′(t), respectively. The simulation results of Figures 1 and 2 show
that the theoretical analysis is consistent with the numerical observation results.
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Figure 1. Numerical solutions s(t) on NTINNs (40) incorporating different initial values.
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Figure 2. The derivative s′(t) on NTINNs (40) incorporating different initial values.

Remark 3. Since the global exponential stability of the T-periodic solutions on NTINNs involving
multiple delays has never been studied, one can see that all the conclusions in references [42–69]
cannot be directly employed to verify the global exponential stability of the 2π-periodic solutions for
NTINNs (40).

5. Conclusions

In this article, we researched the problem of the periodic solutions on NTINNs in-
volving multiple delays. First, by exploring Lyapunov theory and inequality analysis, we
establish the exponential attractivity of all solutions. Second, we obtained the existence
of periodic solutions and their exponential stability. The effectiveness of the obtained
results has been illustrated by an instructive numerical simulation. In addition, the method
applied in this article offers a possible way to investigate the dynamic characteristics of
other NTINNs, such as NTINNs involving D operators, fuzzy NTINNs, Cohen–Grossberg
NTINNs and others.
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