symmetry

Article

Periodicity on Neutral-Type Inertial Neural Networks
Incorporating Multiple Delays

Jian Zhang 12

check for

updates
Citation: Zhang, J.; Chang, A ;
Yang, G. Periodicity on Neutral-Type
Inertial Neural Networks
Incorporating Multiple Delays.
Symmetry 2021, 13, 2231.
https:/ /doi.org/10.3390/sym13112231

Academic Editors: Quanxin Zhu,

Fanchao Kong and Zuowei Cai

Received: 23 October 2021
Accepted: 12 November 2021
Published: 22 November 2021

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

, Ancheng Chang 3*

and Gang Yang *

School of Mathematics and Statistics, Changsha University of Science and Technology,

Changsha 410114, China; zhangjian@stu.csust.edu.cn

Hunan Provincial Key Laboratory of Mathematical Modeling and Analysis in Engineering,
Changsha 410114, China

Department of Mathematics, Hunan University of Information Technology, Changsha 410151, China
School of Science, Hunan University of Technology and Business, Changsha 410205, China;
yanggangmath@hutb.edu.cn

*  Correspondence: webmaster@hnuit.edu.cn

Abstract: The classical Hopefield neural networks have obvious symmetry, thus the study related
to its dynamic behaviors has been widely concerned. This research article is involved with the
neutral-type inertial neural networks incorporating multiple delays. By making an appropriate
Lyapunov functional, one novel sufficient stability criterion for the existence and global exponential
stability of T-periodic solutions on the proposed system is obtained. In addition, an instructive
numerical example is arranged to support the present approach. The obtained results broaden the
application range of neutral-types inertial neural networks.

Keywords: neutral-type inertial neural networks; periodic solution; exponential stability; multi-
ple delays

1. Introduction

The well-known inertial neural networks (INNs) were first introduced by Babcock and
Westervelt [1,2], and can be expressed as the following functional differential equations:
1 !/ 3
sj () = —ajs;(t) — +kzldjkfk(5k(t—

b]'S]'(t) + i Cjkfk(sk(t)) T]k)) +1,t>0, (1)
k=1

with the initial value conditions:
5i(v) = ¢;(v), s3(0)

= max {Ti}, s(t) = (s1(6),s2(8), -,

where T

referred to an mertlal item of the j-th neuron on (1), the parameters a; > 0, b; > 0, cj, djx
and time delay Tjp > Oare real numbers, | jis the external input, f; is a continuous activation
function, j,k € M:={1,2,...,n}.

During the past thirty decades, by utilizing the reduced-order transformation, nu-
merous studies have been conducted on the stability and synchronization of system (1)
and its generalizations, such as [3-11]. However, the reduced-order method will affect the
dimensions of systems, thereby increasing a large amount of calculation, which will make
it difficult to achieve in practice. For the sake of avoiding the traditional reduced-order
method, the authors proposed several new criteria for the stability and synchronization
of the system (1) in [12,13] through making a new Lyapunov functional. On this basis,
references [14-21] extensively studied various dynamic behaviors of system (1) and its
generalizations via applying the non-reduced order approach.

=, —T].J’ <ws.<0, ¢; € C([—T] ,0,R), p; € R, )

su(t)) represents the state vector, s;/ (t) is
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It is well known that the classical Hopefield neural networks have obvious symmetry,
numerous researchers have carried out extensive research on its related dynamic behav-
iors [16,22-24]. In particular, the authors in [25] investigate the exponential stability and
the almost sure exponential stability for a class of stochastic fuzzy Cohen-Grossberg neural
networks by fabricating an appropriate Lyapunov functional. In practical application,
owing to the finite switching and transmission speeds of signals in the networks, the
existence of time delays is inevitable in the working networks. It should be pointed out that
in addition to the state itself, there are also time delays in the derivatives of the state related
to the networks. This kind of delay is deemed as neutral delay, which not only appears
in the field of automatic control and population ecology [26,27], but also occurs in many
physical systems, including transmission lines, Lotka—Volterra systems, chemical reactors,
and others [23,24,28,29]. Particularly, if we use differential equations to model neural
networks (NNs) for the realization of electronic circuits, the influence of neutral delay often
exists. The authors in [24,29] investigated the effect of neutral delays on the partial element
equivalent circuit. The circuit was represented to a neutral-type functional differential
equation, and some new sufficient stability assertions were given by Lyapunov theory.
Furthermore, the dynamic behaviors of neutral-type inertial neural networks (NTINNs)
have been extensively studied by exploiting the reduced-order approach. For example,
the authors in [30] used the finite-time stability theory, inequality techniques and analysis
approaches to research the finite-time synchronization on fuzzy NTINNSs. In [31], the
stability of NTINNS is studied via utilizing the Lyapunov-Krasovskii functional approach
and Linear Matrix Inequality (LMI) analysis.

On the other hand, periodic phenomena are widespread in biological systems. For
instance, seasonal influences of weather and food supplies, electronic systems, NNs etc.
Especially in the application of NNs, periodic phenomenon is one of the most important
dynamic behaviors to describe the symmetry of the Hopefield neural networks model, and
the existence and stability of periodic solutions will help us to understand the asymptotic
behavior of mathematical biological systems. Therefore, it is a very meaningful thing to
research the existence and stability of periodic solutions [24,32]. However, few researches
have discussed the periodic problem of the following NTINNSs involving multiple delays:

(1) - kzl sl (=) = —ajsl(t) — bys;(t) + kzl Cfelsi(8))
FY st -T) F L0, 20, O
k=1

with the initial conditions:
5i(v) = 9;(v), 5j(v) = ¢;(v), s/ (v) = ¢j(v), —0j < vs. <0, @;, 9j,6; € C([~0;,0,R), (4)

where ‘:j+ = 1r£1’fl<xn{§ ik}, 0= max{T].*, (;‘;r}, ej and the multiple neutral delays ¢j > 0 are

constants, [;(t) is a continuous periodic function involving period T > 0, and j, k € M.
Enlightened by the above arguments, our major purpose in this article is to investigate
the existence and stability of periodic solutions on NTINNs involving multiple delays
through constructing a new and appropriate Lyapunov functional to replace the tradi-
tional reduced-order approach. Briefly speaking, the innovative contents of this article
can be presented as below. (1) A class of NTINNs involving multiple delays is proposed;
(2) Under certain assumptions, by exploiting the non-reduced order approach, one new
sufficient stability criterion to guarantee the existence and stability of the T-periodic so-
lutions on system (3) is gotten for the first time; (3) NTINNSs here are second-order and
involve multiple neutral delays, which are different from the traditional NNs [33—40]
or INNs [3-9,11-15,17-21,30-32]. Compared with the results on exponential stability for
the neutral-type neural networks (NTNNs) [26,29,39,41] and INNs [13,14,18,19], we give
the exponential stability of the T-periodic solution for the NTINNSs. (4) An instructive
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numerical simulation including comparisons is afforded to demonstrate the obtained
theoretical results.

This article is systematized as below. In Section 2, a few indispensable lemmas,
definitions and assumptions are given. In Section 3, the global exponential stability on the
T-periodic solutions of the NTINNS (3) is proved. In Section 4, an instructive numerical
simulation is afforded to evidence the validity and feasibility of the analytical results. A
concise conclusion is offered in Section 5.

2. Preliminaries

Throughout this article, a few indispensable lemmas, definitions and assumptions are
provided, which are useful in the following proving process.

Assumption 1. There is a nonnegative real number L; obeying
\fi(p) = fi@)| < Ljlp —ql, forallp,q € Randj e MN.

Assumption 2. For j € N, there remain three real numbers 5]- >0, Bj > 0and & >0 agreeing
with that
2
X <0, 4V > Zj, (5)

where
noo 5 - " ~ 5 L ",
X]' - Z (‘EJ' ﬁ]) ‘ejk| 2[(]'/3]' kzi £_tJ':BJ'|e]7<| Zajaj kzi ‘_kj |C]'k‘ Zi E"j |dfk|

k=1
n

n n n n -
+) “j&]z|ejk‘ + Z a;&;Bjlejx| + Y. Bl%j +) ) Bl%jlr
k=1 k=11=1

k=1

n n
Y= Z (& + B7)leje| + Z bz e — 208 + Y &;Bjleil + Y a;pjldl
k=1 k=1

k=1

n n n
+ 2 bjajBileje| + (Z ag ol + 2 25612|61k||€z]‘| + 2 &k Br cxjl
+ 2 Zﬂézﬁz|€zk||01] L + Z A+ Z ZAk]l + Z Cyj + Z chﬂ
=11=1

Zj = 26 + Bj) — 2bja] — 20;3;B;,
and
[+ Bi + (ax + b axpllexl, Ay = iBilen| + ldial ) lexil
(8 + Bf + 2P + ity + by lexj],
Biy = ((Ok+ B+ 2aiBr) lewt| + &7 (|cw| + [dia])) lex,
Coj = (@ + &Bi)ldijl, Cijp = (@ + Bo)axlenlldil, k1€

Definition 1. Given x(t) = (xq1(t),x2(t),..., xu(t)) and y(t) = (y1(t),y2(t),...,ya(t)) as
two solutions of the NTINN s (3) to satisfy

(6)

where @3, 97, c7, (p]y, I,U]y, g]y. € C([~0;,0],R). The NTINNS (1.3) is said to have global exponential
stability when there are constants A > 0and A = A(¢*, ¢*,¢*, ¥, ¢Y,¢¥) > 0 obeying that

|x(t) —y;(t)| < Ae™ ™, xj(t) — y;(t)‘ <Ae ™M, forall t €[0,+00)andjcN.
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Lemma 1. Under the Assumptions 1 and 2, every solution of NTINNS (3) incorporating initial
values (4) exists and is unique on [0, +00).

Proof. At first, set

l:min{r (:} i eixsk(t — Cix),

1<j<n

where T = min {T‘ }, - = min { ; }and i € 9. Now, we prove that s;(t) exists and
j = min \Tp, & = min | Gy j p i(1)

is unique on [0, (]. Actually, forall t € [0,/ and j € N,
n
w;-’ Z ksk (t - C]k)

= —a;si(t) = bys;(t Z ciefi(se(t) + Y dife <5k (t — Tjk)) + Ii(t)
=1
n ()
= —awj(t) — bjw;(t) ]Ze]quk —Cik) —bjkzejk(/’k(f—ﬁjk)
=1

n n
+ ) cifi(we(t) + Z e @i(t— ki) + Y dixfr <€0k (t - Tjk)) + Li(t).
k=1 j=1 k=1
From the Assumption 1, one can discover that the solution w(t) of the second order
n
ordinary differential Equation (7) with initial conditions w(0) = {¢;(0) — ¥ ex@r(—Gix)}
k=1

n
and w'(0) = {;(0) — T ejtr(—Cjx)} exists and is unique on [0,]. Consequently, s(t) =

k=1

n
w(t) +{ T ejxqr(t — i)} exists and is unique on [0,¢]. Using the same method, one
k=1

can discover s(t) = w(t) + { Z eix@x(t — Cjx)} exists and is unique on [1,24], [2¢,34], - -

Hence, every solution of NTINNS (3) incorporating initial values (4) exists and is unique
on [0, +0). O

Lemma 2. Under the Assumptions 1 and 2, NTINNs (3) possess global exponential stability.

Proof. Label u;(t) = x;(t) — y;(t), then
Z ety (t— Cjr) = — ajuj(t) — bju;(t) + ki citcfi(ur(t))
=1

n (8)
+ ) dicfe (uk(f - Tjk))/
=1

where

Felur()) = filxe(t) = filvi(t), fielwe(t = i) = fielxr(t = Tix)) — fi(we(t — i)

In view of the Assumption 2 and the boundedness of NTINNSs (3), one can select a
real number A > 0 such that

X]A <0, 4ijjA > (Z]?‘)z, )
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where

n n
X]’/\ = kzl ((5]' + )uijﬁj —+ 512) |ejk| + /\5612 -+ Z&jﬁj —+ kzl (/\56]2 + 5‘jﬁj)|ejk|
2 - 2 - 2 < 2 - 2
— 261j5(]- + Z Eéj |Cjk| + Z 0_6]- |djk|+ Z ﬂjﬁ(j |ejk| + Z Lljﬁ_cjﬂ]'|€]'k|
k=1 k=1 k=1 k=1
n o non AEs
+() B+ ) ) Bi)e™,
k=1 k=11=1
n n
y]/\ = /\(5]‘ + ,312) + /\]; ((5]' + ,312)|€]k| + ]; (5]' + Ali]'ﬂj + ,[3]2)|e]k|

n n n n
+ Z bjaleje| — 2bjt;B; + 2 aipjlejl + Z 2iBjldj| + Z bjdt;leje]

+(

aglex| + 2 Zaz lerx]ler;] +- 2 RicBrlck] + Z 2“1/31|€zk\|61, )12
2 A+ Y Y A2 (Y Gyt Y Y G 26N,
k=1 k=11=1

k=1 k=11=1
ZN = 2(5_]' + )\5(]'5]' + ,B]z) — Zb]‘lijz — 2&1]'5(]'5]'

:\M:

and
ARy = A8k + Bi)lexs| + (B + Ay + B + (ax + br) &) [exj.
Ay = (@Br(lew| + Idual) + Ak + BY) el lexl,
B = (O + APy + B} + AGE + 2By + iy + bad) ley,
Bfy = (O + AmeBi + Bi + Aaf + 28 Bi) lewa| + a7 ([c| + [dia])) lexs|,  jo k1 € 2.
Set
n
zi(t) = uj(t) = ) ejur(t — i),
k=1
then
Z; Z e]kuk g]k
and
zj (t) Z ety (t— Cix),
which yield that

z/(t) = —aju(t) — bju;(t) +ki cirfie(ue(t)) + i dicfi (uk(f - Tjk))- (10)
=1

k=1

W)=Y, Wi(t), (11)
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where
n n
Wi(t) = Y dizi (e + Y (wzh(t) + Bz (1)),
=1 =1
n t t
Wy(t) =) 2/ A%]ujz(v)e)‘(”gki)dv +Y ) Z/ Ak]luz(v) (0+8k) g,
j=1k=1"t"Ck j=lk=1i=1"t=¢
n t 2 n noort
Ws(t) = B2 (1 (v)) M te) gy 4 BZ. (u(v (0+8k) 4oy
(1) gkzl/tC 2 (o)) Jgkzllzl/t . Ba(@)
non t n n o n t _
Wi =Y Y [ Cufu@)e o+ Y Y Y [ Cffln(e)e o

-
Il
-
-~
I
—
|
a
Rep
-
Il
—_
-~
I
—
Il
—
A
R

Firstly, the derivative of Wy (t) along the trajectories of NTINNs (10) is obtained

as follows:
Wi(t) = Ai_jZ?(t)eAt+2ingj(t) ]( M+/\Zi uc]] +,B]z]())zeM
= = j=
+2é<a, 2(6) + Bz (0) @20 (1) + Bz (1))e

=AY (5+B2)2 (0 +2 i (8 + A2y + B2 )z (1)z)(1)e
+Y (A& +2¢x]/3])( ) AUrzz ( t) + Bjzi(t )) 2/ (1)
= Af(5j+5]2) 2/\25+[S] Zekukt—C]k)
+A g (5]« + Bj) g ettt — &) g et (t — e

+22((5 +)ux],8]+,3]) u;(t Ze]kuk( —ijk))

B8 208 050 ~ 1o (1 8) e
=1

+2i&j[&j(u}(t)— kzlejku;(t_gjk))w, ui( f o (£ )]
j= = k=1

X [—ajuf(t) = bju(t) + :Zl Ciefic(ue(£)) + k; e (= ) )™
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. A
A Y6+ B 2/\2 Z (6 + B7)ejeuj (Eyug (t — G )e
j=1 j=1lk=
NS s a2 . At
FAY Y (6 + B et (t— i) ) eun(t — Ciple
j=1k=1 k=1
. z At
+2 Y (8 + Ay + B2 ) uj(t)uf(t)e
j=1
n n _
-2Y )" (5 + A&;B; + )e/ Dug(t — Ei)e
j=1k=1
n n _ _
-2 2 Z ((5]- +Aw;B; + )e]kuk = Cjru ( Je M
j=1k=1
n n n A
+2) ) (5 + Aa;B; +ﬁ]) ejktr(t — Gjk) Z ity (= Cjr et
j=1k=1 k=1
2 AN (1) Ao Y 2 At
+ 21 (A&j +2a;B;) (u](t)) et —2 Z%kzl (A&j + 20 B;)ejpuj(t)ur (t — Gjr)e
j= j=1k=
n n _ n i
+) ) (A& 2wBy e (t — Gix) Y e (t— G)e'
j=1k=1 k=1
= (e A 2 1AL
—2) a4 (u](t)) M =2 biriui(t)uj(t)e
j=1 j=1
NS PYEE SR At
+2) ) adepu () filur(t))e +2) | ) asdyui(t) fi (uk(t - T]k))e
j=1k=1 j=1k=1
n n 1 n n 5 1
+2Y° Y aja; ejiu(t — Gk )uj ui(t)e+23 " ) biajejeui(t — Gji)uj(t)e f
j=1k=1 j=1k=1

S
M=
M=

p=J}
—N

gt~ ) 1 cufelul)e

-
Il
—_
-
I
—

S
M=
M=

p=J}
\N

]kuk(t_gjk Zd]kfk<uk(t_r )) M

.
S
>~

Il
—_

S

—ZEaj&j,Bjuj(t) Z ],3] ]

+22 Z“]ﬁj cjittj (1) fie (e (t) M+22 Z“;ﬁ] ikt ( )fk(uk(f—T )) M

j=1k=1 j=1k=1
n

+2 Z Xn: aj&jﬁje]-kuk( é,(]k) /\t+2 Z Z b D‘],B] ]kuk(tL (:]k)u]( )

==t Sk

=2 Y @Beju(t — Ei) Y cjefieux(t))e
=i k=1

+2 Y Y aBiejun(t — i) Y dinf (“k(f - Tjk))eM- (12)
o | k=1
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Moreover, one can give the following inequalities:
n n _ >
A E (Z (5]' + :Bj)ejkuk g]k 2 e]kuk t - g]k))
=1 k=1
n n _ >
= A'Z;(kzi (6 + By ejeuk(t — Cji)) Zeﬂul —&jt))e
]: —
n n n _ - 3
= AY D ) O+ B epejup(t — E)u(t — E)e
j=1k=1i=1
n n n _ 5 At
< A )Y G+ B lellejifur(t — G l|ui (t = Gn)le
j=1k=1I=1
LN v v (5L @2 2 At
< A Y)Y 6+ Bl lelu(t — Gjx) e
=1 k=11=1
1 n n n _ > 5 At
tA Yo )Y (6 Bl lejlu (t —Ein)e
= k=11=1
Ly v v s 2 2 At
= AL D) Gkt Bo)lexjl e (t = i) e
=1 k=11=1
Ly v v s @ 2 At
+5A 002 ) B+ Bi)lew|lexjluf (t = Gije
j=1lk=11=1
n n n _ > » 3
=AY Y ) (O + Bo)lexllewu (t — Ciy) €. (13)
j=1k=1i=1
Similarly,
n n _ _ 5 n
2]; (k; (6; + Aa;jBj + By )ejur(t — i) Z ity (F— Cii) e
n n n _ _ o ) N
<)Y Y (B AdiBr + B lexllew|uf (t — Cije
=1 k=1i=1
n n n _ s ’ A
+ )0 Y (G AdiBy + Br) lewlexs| (1 (t — 8ij)) e, (14)
= k=11=1
n n 5 _
; (kzl (/\56]- + 20—‘jﬁj)e]'kuk C]k 2 e]kuk g]k
]: —
n n n 5 _ 9 4
< Y)Y (Aag +2aB) lewgllen | (u(t — 8ij)) e, (15)
j=1k=1I=1
n n 5 n . Iy
=2 (Y &Fejpup(t — &) ) () cinfrlux(t)))e
=1 k=1 k=1
n n n 2 5 /\t
< YY) &lewgllen | (ui(t — Gi)) e
j=1k=11=1
n n n 5 ’\2 A
+3 00 Y arlewlleyl £ (uj(t))e, (16)

i
A
=
]
I
i
I
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.
D=
i
D=
s

e (t—Gir)) Zd/kfk e (t — ) e

-
Il

MR

—

IN

M:
= L
-

2
lejl ekt | (1} (F = Gip)) e

\.
i
I\
T
[N
=
[

_l’_

D=
7= 7
ol

& x| 7 (uj (£ = i) ), 17)

-
Il
_
-
Il
—
—
I
—

|
VM=
M:

-
Il
—_
-
Il
—

iBieu(t — k) Z Citcfi(uge(t))e

k=1

IA
F’J:
M:
M:

i Brlews e |uF (£ — Gij)e

-
I
—
-~
Il
—_
—
Il

4
™=
= 1
r;::

Bile| |Clj|J?j2(”j(t))eM’ (18)

-
Il
—
-
Il
_
—
Il
—_

IN
= "’ﬁ:
1= ~

aiBiejux(t — &) Y dife (uk(t - Tjk))e/\t
p

—
~
Il

&g Brlej|ldua |17 (¢ — Gyj)e

.
Il
—_
-~
Il
-
—
Il

+
-
0= 7=
="

\
Il
_
=
Il
—

54k5k|€kz||dkj\fj2(“j(t — 7j))e, (19)

|
N
=

™=

(8 + B ) e (0yue (¢ — G

+ B2 el (t)e

—_

x~
Il

-

INA
>
I M:
M:
/N
NSl

-

O + B%) lexj uF (t — Gxj)e™, (20)

-
Il
—
-
Il
—

+
o >
1= TP=
1= M=

i+ AR+ B ) ejeat (D) k(£ — Eji)e

N
A
=
i
N

+ )LR]'E]‘ + 5]2) |ejk\u]2(t)e/\t

-
I
A
-~
Il
—_

IN
+ =
- Fg:\
1= =

-
Il
—
-
Il
_

(G + A+ B ) legl (£ — &) e, 1)

|
™=
=

\
i
I
T
[N

(5]. +Aa;B; + ;B]Z)ejk”k(t — &pui(t)e

+ AP + B leig 3 (¢ — Eig)e

-
Il
—_
T
—

IN
+ =
& 0
1= /al

-
Il
_
-~
Il
—

(51‘ + A + ﬁf) lejel (uf(£)) e, (22)
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j=1k=1
< LY (AG2 + 2B eje] (] (t)) %™
j=1k=1
+ ) ) (AE + 2B ) e (ui (£ — %’))ZEM/ (23)
j=1k=1
23 Y afcpa(t) filug ()M
j=1k=1
< Y Y alepl ()M + ) Y agle |7 (wi(1)e, (24)
j=1k=1 =1k
2Y° Y adpad(t) fi(wi(t — Typ) e
j=1k=1
< Y Y @l (wi(6)%eM + Y Y- iyl £ (uj (- 1ig)e, (25)
j=1k=1 j=1k=1
2) Y aageju (t — Gu)uj(t)e
j=1k=1
< VY wiflel (uf(t— )M + Y- Y aadlen (uf(1)) %M, (26)
j=1k=1 j=1k=1
2 Z Z bjﬁéjz-(fjkuk<t §]k)u](t)e)‘t
j=1k=1
< VY beaRleg| (uj(t — &) M + Y- Y bialelud(t)e, (27)
j=1k=1 j=1k=1
2% Y @Bjciu(t) fi(ug(t))e
j=1k=1
< Z Z E‘]:B]|C]k|” M + Z Z “kﬁk|ck]|f] (”]( )) ’ (28)
j=1k=1 j=1k=1
2y, kZ a;Bid e (1) fi (uge(t — T ) )
j=1k=1
< Y Y @iBjldplur (e + Z Z i Prldij] f7 (uj(t — i) e, (29)
j=1k=1 j=1k=
2) ) ajriBieju(t — & )u(t)
j=1k=1
< Z Z ”k“kﬁkkk}l“ (t— ‘:k] M+ Z Z a; ],B]|e]k|( ( ))2 M (30)
j=lk= j=1k=
2Y N biaBiejeur(t — Ej)uj(t)e
j=1k=1
< Z Z bk“kﬁk‘ekﬂ” (t— gk] Z Z ],B]|e]k|u ) M (31)
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Submitting (13)-(31) into (12), we obtain

n n
wi(t) < MY {IAG +/3] +)\Z (9 +[3] el + 3 (6 +/\5‘fﬁf+ﬁ12)|ejk|
j=1 =

n n
Z b'E‘JZ|ejk| — 2b; "‘]/3] + Z ],B]|C/k| + ; ]ﬁ]‘d1k| + Z ]:B]|e]k| ( )

k=1 —
+[2(5 +/\¢x]/3]+,8]) -—Za]-oa]-ﬁ]] ui(t)u (t)

n n
+) (5]' +ARB; + ﬁ?) lejk| + (ARF +28;8;) + Y (A&F + &;B;) [ej]
k=1 k=1
n
—20;07 + Z &3 [ej] + Z &3 [dji |+ Z aii?lepe| + Y ajiflenl] ()2
k=1
n n n

+[Y & leij + 2 Z lerkll il + 2 &Pl cxj| + i i&l,gl|elk||clj|]fj2(uj<t))

k=1

n
+Y AL+
k=1

ARlf (£ = &) + 2 Bf; + E Z By (u( ~ &)

=11=1

it £7 (i (t — i) }- (32)

™=
- *

I
I

11

I
—

sl
M=
0
+
D=
ol

»
I
—
-
I
—
—
I
—

In the following, by (10) and (11), we have

j=1k=1 j=1k=1
SONC N 52 2 A SN v 52 2 A
+3 ) ) Agui(te ) — 33y A (t — &rg)e™, (33)
j=1k=11=1 j=1k=11=1
/ SR 2 2 A(t+E) SR 2 (.1 2 At
WS(t) = ZZBk](u](t)) e / ZZBk](u](t_é’])) 4
j=1k=1 j=1k=1
n n n ~ > /\t n n n ~ ) i
) By (uj(t)) e (H+8y) — IS B (uj(t — k) e L3
j=1k=11=1 j=1k=11=1
Wit) = Y Y Chiff(ui(0)eM T = Y Y o (it — wg))e
j=1k=1 j=1k=1
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From (32)—(35) and the Assumption 1, one can get

4
Wit = ) Wit)
=1
At 3 6 =2 LI _ -
< e Zi{[A (6 + B3) + Z (3 + B?) lejel + Z(5j+mjﬁj+ﬁj)|ejk\
]: : :
+ Z bj; |e]k\ 2b; tx]ﬁ] + Z Dé],B]|C]k| + Z tx]ﬁ]|d]k| + Z b; tx],B]|e]k\
k=1
2 n 2 _ n n
+(Y alel + Y. Y aflewd eyl + Z & Brl ki + Z Z Bilewlei|) L
k=1 k=11=1 k=1 k=1i=1
5 n n ~ AF n n n 5 At
+(Y A+ Y Y Aje % () Gy + Z Y Cijp)Lie’ ™ ]us ()
k=1 k=11=1 k=1 k=11=1
+[2(5) + AwBj + B7) — 2bjat — 2a;a;B;Juj()ul(t)
n n
—i—[Z( /\zx],B]+ﬁ/>|e]k\+)wc +2a;B; + Z )ux +&;B;) lejk]

k=1 k=11=1 !
n 2
_ M Zl <X]A (u;(t) + Z].)‘u](t)u;(t) + y]/\ujz(t))
]:

< 0. (36)

Note that

we can easily see that there exists a constant A > 0 obeying

u;-(t)‘ <AeM, |ui(t)| < Ae”M, Ve [0, +00), jEN.

This completes the proof. [

Remark 1. When uj(t) is a periodic solution of NTINNs (3), Lemma 2 shows that all solutions of
NTINNS (3) and their derivatives are exponentially convergent to u;(t) and u}(t), respectively.

3. Periodicity of NTINNs

Theorem 1. If the assumptions in Lemma 2 are satisfied, NTINNs (3) possess a globally exponen-
tially stable T-periodic solution.
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Proof. Denote p;(t) by setting

Z%ﬂ &) =wmww+§%mmm
Y dfiloelt— ) + (8, -
k=1

and
0i(0) = 9f(0), p(0) = ¥ (0), ! (0) = (0), o, 4l cf € C(I-0, O R), j M. (38)

Hence, for any nonnegative integer ,
p] t+nT Ze]kpk t+TlT—€]’k)

= —u]-p;-(t +nT) — ]-p]-(t +nT) + 2 cjkfk(pk(t +nT))
k=1

n
+ Y difilor(t+nT — 7)) + Ii(t), Vi €M, t+nT >0, (39)
k=1

and p(t) = p(t + T) is a solution of NTINNS (3), which satisfies
(p?(t)) = pj(v+ T),zp]”(v) =pj(v+ T),g?(v) =pj(v+T), VjeN ve[-00]
By using Lemma 2, one can select a constant A = A(¢”, ¢°,c?, p¥, p#,c#) > 0 satisfying

lpj(8) = ()] < A, |pi(t) —pi(t)] < AeM, Wjiem, t>0.

Therefore,
loj(t+mT) —pi(t+ (m+1)T)| = |p;(t +mT) — p;(t +mT)]
< Ae MM i e M, ¢4+ mT >0
and
[Pt +mT) — (¢ + (m+ 1)T)| = |}t + mT) — (¢t + mT)|
< Ae M) i e, ¢+ mT > 0.
Since
n—1
oj(t+nT) = pi(t) + ¥ loj(t+ (m +1)T) — p;(t + mT)]
m=0
and

pj(t+nT) = Zp]t—i— (m+1)T) —pj(t +mT)], j €N,

we can easily reveal that in any compact subset of R, {p;(t +nT)},>1, {p;(t +nT)},>1 and
n
{pi(t+ (n+1)T) = ¥ eppy (t +(n+1)T - é’jk) }n>1 are uniformly convergent function
k=1

sequences and there is a differentiable function x(t) obeying

lim p(t+nT) = x(t), 152 o' (t+nT) = x'(¢).

m——+00
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Hence

X(EET)= lim p(t+T+aT) = lim  ot+ (0 1)T) = (1)

which indicates that x(t) is T-periodic on R. In addition, from the Assumption 2 and the
continuity of NTINNS (3), one can conclude that on any compact subset of R, { p;-’ (t+ (n+

n
NT) — ¥ ejroy (t +(n+1)T - gjk) }n>1 is uniformly convergent. Setting n — o0, it is
k=1

easy to acquire that
n I n
W (5) = Y et (£ 8e) = — aj(t) = () + 3 cjefie(xe(t))
k=1 k=1
n
+ ) difile(t — ) + Li(8),
k=1

which reveals that x(t) is a T-periodic solution of NTINNs (3). Finally, according to
Lemma 2 and Remark 1, we obtain that x(¢) possesses global exponential stability. This
ends the proof. [

Remark 2. In recent years, the dynamic behaviors of NTNNs [26,29,39,41] and INNs [3-9,11—
15,17-21,30-32]. have been widely studied. However, we note that the global exponential stability
of T-periodic solutions on the NTINNs has not been studied, hence our research is novel and further
promotes the previous research.

4. A Numerical Example
Example 1. Label n = 2, and consider the following NTINNs involving multiple delays:

sy (t) —0.2s)(t —1) +0.1s5 (t — 2)

= —6.855(1’) — 851(t) —04f (Sl(f)) + 0.6f2(52(t))
+0.2f1(s1(t — 0.4)) +0.3f2(s2(t — 0.5)) 4+ 10sin ¢,
SU(t) — 0154 (t — 1.2) + 0.15s% (t — 1.8)

= 210.25}(£) — 11s5(t) — 0.2f1(s1(£)) + 0.4f> (s2(t))
+0.3f1(s1(t —0.2)) +0.4f2(s2(t — 0.3)) 4+ 100 cos t,

(40)

where fi(u) = §(lu+1|—[u—1]), j = 1,2
Take 6, = 34,6, = 66,B1 = 1,82 = 1.2,21 = 18,8, = 2, L;= %,]' =1,2, we get

X, = —17.9544, Y, = —3.504, Z; = —6.32,
X, = —37.82, Y= -1522, Z, = —2.08.

It is easy to see that
X <0, 4XY;>(2)% j=1L2

By utilizing Theorem 1, the NTINNs (40) possess a globally exponentially stable
27t-periodic solution x(t), and all solutions of (40) and their derivatives are exponentially
convergent to x(t) and x’(t), respectively. The simulation results of Figures 1 and 2 show
that the theoretical analysis is consistent with the numerical observation results.
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1,2

5,0

Figure 1. Numerical solutions s(t) on NTINNSs (40) incorporating different initial values.

15 I I I I I I I I I |

Figure 2. The derivative s’(t) on NTINNS (40) incorporating different initial values.

Remark 3. Since the global exponential stability of the T-periodic solutions on NTINNs involving
multiple delays has never been studied, one can see that all the conclusions in references [42—69]
cannot be directly employed to verify the global exponential stability of the 27t-periodic solutions for
NTINNS s (40).

5. Conclusions

In this article, we researched the problem of the periodic solutions on NTINNS in-
volving multiple delays. First, by exploring Lyapunov theory and inequality analysis, we
establish the exponential attractivity of all solutions. Second, we obtained the existence
of periodic solutions and their exponential stability. The effectiveness of the obtained
results has been illustrated by an instructive numerical simulation. In addition, the method
applied in this article offers a possible way to investigate the dynamic characteristics of
other NTINNSs, such as NTINNs involving D operators, fuzzy NTINNs, Cohen—Grossberg
NTINNSs and others.
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