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Abstract: Symmetries play a crucial role in the dynamics of physical systems. As an example,
microworld and quantum physics problems are modeled on principles of symmetry. These problems
are then formulated as equations defined on suitable abstract spaces. Then, these equations can be
solved using iterative methods. In this article, an Ostrowski-type method for solving equations in
Banach space is extended. This is achieved by finding a stricter set than before containing the iterates.
The convergence analysis becomes finer. Due to the general nature of our technique, it can be utilized
to enlarge the utilization of other methods. Examples finish the paper.
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1. Introduction

We are concerned with finding x. solving
F(X) =0, 1)

where F : D C E — E; is an operator acting between Banach spaces E and E; with
D # @.
The famous Ostrowski-type method is defined for xg € D and eachn =0, 1,2, ... by

vi = xx—F'(x) 'F(x)
X1 = Yk — ArF(xp), ()

where Ay = 2[yy, x3; F] ™' — F/(x) !, with [.,., F] : D x D — L(E, Eq). There are numerous
results for the convergence of iterative methods utilizing the information (D, xo, F, F ") and
higher order derivatives [1-39]. However, higher order derivatives cannot be found on
method (2). Moreover, these results do not give uniqueness ball or estimates on ||x; — x.||
or ||xg 1 — x¢||. That is why we are motivated to write this paper, where only hypotheses
on the derivative and divided differences of order one are used. Notice that only these
operators appear on method (2).

The method (2) is shown to be of order four using Taylor expansion and assumptions
on the fifth order derivative of F, which is not on these schemes [5]. So, the assumptions
on the sixth derivative reduce the applicability of this method.

For example: Let E = E; = R, D = [—0.5,1.5]. Define A on D by

{ Blogt? +# —t* ift#£0

AlE) = 0 if t = 0.
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Then, we get t* =1, and
A"(t) = 6log t* + 601> — 24t + 22.

Obviously, A”/(t) is not bounded on D. So, the convergence of method (2) is not
guaranteed by the previous analyses in [5].

The rest of the study is organized as follows: Section 2 contains results on majorizing
sequences. In Section 3, we develop the semi-local convergence analysis based on ma-
jorizing sequences. The local convergence analysis can be found in Section 4. Numerical
examples can be found in Section 5. The paper ends with some concluding remarks in
Section 6.

2. Majorizing Sequences

We recall the definition of a majorizing sequences.

Definition 1. Let {vy} be a sequence in a complete normed space. Then, a non-decreasing scalar
sequence {dy} is called majorizing for {v} } if

Hka - Uk” < dk+1 - dk foreach k =0,1,2,....

Then, the convergence of sequence {vy} reduces to studying that of {dy } [40].
Let 7 > Oand L,L;,i = 0,1,2,3,4 be positive parameters. Set My = %,
M=5M = % and M, = % Define sequences {t;}, {sx}, {ax} and {Bx} for each

k= ,1,2,...byt0:0,50:17

Mos? Mys? N Ms}
1- L150 (1 — Llso)(l — Loso) 1- LOSO/
Mt — to)z +1t — 5o

tl = S()+

51 = K+ 1— L0t1
tr = skt ag(se —tr),
_ M(tn+1 — tn)z + L4tn(tn+1 — Sn)
Snt1 = fpp1 T+ 1 Toty1 ,
M (sp — )
= 0 L+ ) (1= Lo ®
n My (sk — ) M(s; — )

(1—L1(Sk+t+k))(1—Losk) 1 — Logsy !
M(tgy1 — t) + Laty
1— Lotks1

Br =

Moreover, define quadratic polynomials and functions on the interval [0, 1] for some
b>1
pi(t) = 2 — (1 — Lot1)t + Lytq,

Zbthl)
b—17"

pa(t) = +t—(1—Lot),
1(t) = (Myb + Mab + M)t

pa(t) = +t—(1-

and
(t) = ME((1+ 1)t = 1) (1 + 1)) + (14 £)*2(Lg + Lot (1 + 1)).
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Denote by g, y1 or Y2 or 3, 74, the non-negative zeros of py, pa, p3 if they exist. Further-
more, define sequences of functions on the interval [0,1] for 6 = 6(¢) = (1+t)t by

FU() = Mybts™ 1 + Mobts" 1ty + Mt6" Uty + Lot(1+ 0+ ...+ ")t — t
and
D) = M 4 15" Y+ Ly(1+ 0+ ...+ ")t + Lot (1 + 0+ ... +8")t — L.
Next, we present two results on the majorizing sequence for method (2).

Lemma 1. Suppose that for eachk =0,1,2,.. ., items

1
Sk < frgp < I 4)
0
and ,
Sk + tk < — (5)
Ly

hold. Then, sequences {sy} and {t} are increasing, bounded from above by Lio and converge to
their unique least upper bound s, € [0, Llo]

Proof. It follows from (3)—-(5) that sequences {si }, {t } are increasing, bounded from above
by L% and as such they converge to s,. O

Remark 1. Conditions (4) and (5) hold only in some special cases. This is why we present stronger
conditions that can be verified more easily.

We shall use the following set of conditions denoted by (A) in our second result on
majorizing sequences for method (2).
Suppose: there exists v € S := (0, \/5271

), b > 0,17 > 0 satisfying

0

IN

g <79, 0< By <,
b—1
1, L 1, Lit —_,
1 < 1t1 < b

¥ <71 if g2(t) > 0foreach t € S,

Loy

IN A

Yo

or

0if g»(t) <0 foreacht €S,
T2

INIA

IN

73 Y < 7.

Then, under the preceding notation and conditions (A), we can show.

Lemma 2. Under conditions (A), the conclusions of Lemma 1 hold for sequences {s;},{ty}.
Moreover, the following assertions hold for each k =0,1,2, ...

0<sp—t <7 (1+7) 1t —t), 6)

0 < b1 — sk < YA+ )t — 1), (7)
1— k+1

0<s < 0 151 (8)

1-9
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and
1— (5n+2

< < ———
0t = ——5

t. )
Recall that 6 = (v + 1) and §(t) = 4.

Proof. We shall show using induction on 7 that the following hold.

0<an <7, (10)
0<Bn<7, (11)
Lotn <1, Losy < 1, Li(sy + £4) < 1, (12)
and
th <sp < tyy1. (13)

Estimates (10)—(13) hold for n = 0, by the initial conditions and conditions (A). We
also have

0 < so—tg<1n,0<t1—s9<91,0<s1—t <y(th —to),

0 < th—s1 <2t —to),

0 < sp—tr <Y*(1+79)(t1 —to),

0 < =5 <Y (1+7)(t—t),

0 < sp—ty <Y"(147)""(t1 —t), (14)

0 < tyyr—sa <" (A+7)" Mt —to), (15)
i1 < sa+ Y"1+ )" T (0 —to) <t + " (14 7)" (0 — b)

+" L+ )" (1 — )
< b1 +9)" Nl - to) YL+ ) ( — to) +

Y A+ 7))t —t) + "1+ )" — to)
1— 5n+2
(1+6+...+6"hHy = 5

IN

t1 (16)

and

1— §n+1
1-9¢

Suppose these estimates hold for all integers smaller or equal to n. Then, evidently,

(10) holds (since m < b), if we show instead using (14)—(17) that

S <t + Y"1+ <. < t. (17)

Mib(sy —ty) n Mob(sy — ty) . M(sy —ty)

1
1-— LOtn 1-— L()Sn 1-— L()Sn ( 8)
or
Mybyd" 1t + Mabyd™ 't 4+ Myé" 1ty
FyLo(14+8+... 46t —y <O0. (19)

Notice that expression (19) is obtained if we replace s, — t;;, t,, s, by the right hand
sides of (14), (15) and (17), respectively, in (18), remove denominators and move all terms
at the right hand side of the inequality.
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Estimate (19) motivates us to define functions f,gl) on the interval [0,1] and show

instead of (19)
() <oatt=1. (20)
We shall find a relationship between two consecutive functions f,gl). We can write in
turn that
FUE) = Mt + Mpbts™ + Mty + Lot(1 4+ 6+ ...+ 8" )ty — ¢

—Mbts" e — Mpbts" 't — M6y
—Lot(1 43+ ...+ 5"k +t+ £V ()
= f(t) + (Mybts™ty — Mybto" 1)
+(Mabtd"ty — Mpbtd" 1) + (Mt t; — Mtd" 1) + tLed" ity
= £V + (6 = 1)E(Myb + Mpb + M)s" 1ty
= B+ E-Dnne
< e,

since t € [0, ¥5—], so

£ < D). (1)
Define function ) )
6= 1im V). 22)
k—> 400

By the definition of functions f,gl) and fo(ol ), we get

(1) o tLot1 B
foo! (1) = T3 t (23)
Then, we can show instead of (20) that
(1) _
fo'(t) <0att=1, (24)

which is true by the definition of p3 and 3 < ¢ < 4. Similarly, (11) holds if

M2 L 48" O+ L1+ 4.+ 0"t

FLoy(1+6+...+ 8" —7 <0 (25)
or
This time, we have
f;gi_)l(t) = M(tzéﬂ +t5n)t1 +L4(1+(5+...+5n+1)t1

+Lot(A+6+...+ 8" ) —t
M2 4t Y — LA+ 5+ ..+ ")
—Lot(1+6+...+ 0" +t+ £2 (1)

= fP 4 M(P6" 4 16" — 25" — 15" )y
+Ly0" T + Lotd" 2

= £ +g(00" ',

SO
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£ = £ (1) + g2 (5" . (27)
Define function
) = 1im £ (). (28)
k— 400
Then, we get
(2) o Latq Lottq B
foo (t)_—l_t+—l_t t. (29)

If v <y < 1, then g»(t) > O foreach t € S and fo(f)(t) < 0 holds at t = vy. However,
if go(t) < Oforeacht € S, then

20 < 12 ), (30)

In this case, (26) holds if fl(z) (t) < 0att = v, which is true. Therefore, the induction
for (10)-(13) is completed. Hence, sequences {s}, {;} are non-decreasing, bounded from
above by 1%151?1 and as such they converge to s, satisfying s, € [7, 1%15} O

3. Semi-Local Convergence

We shall use conditions (H):
Suppose

(H1) There exist xg € D, 7 > 0 such that F/(xg) is invertible and

IF (x0) ~F(x0)[| < 7.
(H2) Foreachu € D
IF" (x0) ™ (F' (1) — F'(x0))|| < Lollu — xo-
Set Dy = U(xx, 15) N D.
(H3) For each v, w € Dy
[IF (x0) "' (F'(w) — F'(0))|| < Lllw — o],

1" (xo%) ™ ([0, w; F) = F'(x0)) || < Lu(llo = xoll + lw = xoll),
1F" (x0) ™ ([0, w; F] = F'(w))|| < Lallo —w]|
1" (x0) ™ ([0, w; F] = F'(v)) || < Ls|o —w].

and
IF (x0) "' F'(w) || < Laflw — xol|.

(H4) U[xg,s«] C D
and
(H5) Conditions of Lemma 1 or Lemma 2 hold.

Then, based on conditions (H), we present the semi-local convergence analysis of
method (2).

Theorem 1. Suppose hypotheses (H) hold. Then, sequences {xy}, {yy } generated by method (2) with
starter xo are well defined in U|[x, s |, remain in U|[xo, s«] foreachn = 0,1,2, ... and converge to a
solution x, € U[x,s«] of equation F(x) = 0. Moreover, the following error estimates hold

Proof. Mathematical induction is employed to show

k1 — yill < tegpr — sk (32)
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and
ke — xkll < s — ty (33)

Iterate yy is well defined by the first substep of method (2) and (H1). We can write
lyo — xoll = |[F'(x0) " F(x0)|| <1 = s0—to = s0 < s,
so Yo € U[xp, s«]. Using (H3), we get in turn for v, w € U(xp,s«)

IF" (x0) ™ ([0, w; F] = F'(x0)) | Li(|lo = xoll + [lw — xol[)

Li(ss +5:) = 2Lys, < 1 (34)

IA A

by the Lemma on invertible opertors due to Banach [41,42], leading to

1

v, w; F] 7 F (x0)|| < )
e B} F o)l < T =0T+ Two ==l

(35)

Similarly, iterate x; is well defined by the second substep of method (2). We also have
by (H2) for w € U(xo,s*)

IF" (x0) ™} (F'(w) — F'(x0)) | < Lollw — xol| < Los™ <1,

so F'(w)~! € L(E, E) and

1
!/ -1 <
HF (w) F (xO)H =71_ LO”w*xOH. (36)
Hence, by (35) for v = yp and w = xg and (36) for w = x(, we have
x—yo = —lyo,x0; F]""(F'(x0) — [yo, x0; F])F' (x0) " F (o)
—[vo, x0; F] "' (F'(y0) — [y0, x0; F1)F' (yo) ~"F(yo)
—F'(yo)"F(yo)- (37)

In view of (H3), (35), (36) (for v = yo, w = x0), (37) and triangle inequality, we get in turn

LLy|lyo — xollllvo — xol|
2(1 — Ly ([lyo — xoll + [|xo — xoll)) (1 — Lol|x0 — xol|)
LLs||yo — xollllvo — xol|*
2(1 = Ly(|lyo — xoll + llxo — xoll)) (1 — Lollyo — xol|)
Lllyo — xol*
2(1 = Lollyo — xoll

[x1 —yoll <

+

) < 060(50 — to) =1t —Sp, (38)

and
|1 — xol| < |lx1 — ol + llyo — xoll < t1 —so+s0—to =t1 < sx,

so x1 € U[xg, s«]. Thus, estimates (32) and (33) hold for n = 0, where we also used

IF'(x0) 'F(yo)ll = ||AlF’(xo)_l(F'(XOJr@(yo—xO))—F/(XO))(yo—xO)dGH
L
2

L
5 lyo = x0l* < 5 (50— t0)* (39)
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We know that (36) holds for w = x1, so iterate y is well defined by the first substep of
method (2) for n = 1, and we can write

F(x;) = F(x1) — F(x) — F'(x0)(x1 — x0)
+F'(xo) (x1 — yo)

1
= [ (F/(r0-+0(x1 = x0)) = F'(30)) (31 = %0)d0 + F'(x0) (11 = o).~ (40)
Then, we obtain by method (2), (36) (for w = x1), (40) and the triangle inequality

5|21 — x0|% + [|21 — ol
1— Lol|x1 — ol
M(ty —tg)> +t —sp

1— Loty N

N

ly1 — x|l <

IN

s$1— 1. (41)

Then, we have
ly1 — xoll < llya — 2l + [lx1 —xoll < s1—t1+t =51 <54,

so i1 € U[xp,s«]. Suppose estimates (32) and (33) hold for all integers smaller or equal to
n — 1. Then, simply repeat the preceding calculations with x, v, x1 replaced by X, Vi, X1,
respectively, and use the induction hypotheses to terminate the proof for (32) and (33). By the
Lemma sequence {t;} is Cauchy in a Banach space E and as such it converges to some
x, € U[xg, s«| since it is a closed set. Finally, using (40), we get

- L
IF(x0) ' F(xisn) || < §|lxk+1*xk|\2

Lyl xe — xoll k41 — x|

L
< E(tkH — t)? + Lty (b1 — sx) — 0

as n — oo implying F(x,) = 0 (by the continuity of F). [
The point s, can be replaced by L% or 1%, respectively, given in closed form.

Next, a uniqueness of the solution x, of equation F(x) = 0 is presented.

Proposition 1. Suppose:
(a) There exists a solution x, € D of equation F(x) = 0;
(b) There exists s > s, such that

%(s—i—s*) <1 (42)

Set D1 = U|xg, x| N D. Then, the only solution of equation F(x) = 0 in the region Dy is x..

Proof. Let x** € D; with F(x**) = 0.Set M = fol F/(x** + 6(x, — x**))d6. Using (H2) and
(42), we obtain in turn that

IF (x0) (M~ F'(x0))| < Lo ./:((1 = 0)[lxx = xol| +0[[x™ — xo]|)d6
< Ly /01(1—9)3{;19+L0/01 0s.,d6
< %(sjts*) <1, (43)
so x** = x, follows from the invertability of linear operator M and the identity

M(xs —x*)=F(xy) —F(x*)=0-0=0. O
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4. Local Convergence

Let ¢, Kj, j=0,1,2,3,4 be positive parameters. Define function ¥ : [0, 61—0) — [0, +00)
by

() = ot
Nl =50 =
and set
S (44)
PA= S0 ¥ 0

Define functions g : [0, élT,) — [0, +00) by

q(t) = Ly(T+ 91 (1)t — 1.

By this definition, we have 4(0) = —1 and g(t) — +oast — 61—07. It then follows
from the intermediate value theorem that function g has zeros in (0, %) Denote by p, the
smallest such zero. Similarly, denote by p, the smallest zero of function p : [0, 21—0) —

[0, +-00) defined by p(t) = Loyp1(t)t — 1. Set p = min{p,, 0, }. Moreover, define function
¥2:(0,p) — [0, +-00) by

(i (t)t
2(1 — Loy (1)t)
O30y (1 + Py (B)) 1 (1)t
(1= Lo (1)) (1 — L1 (1 + 1(1))t)
Oy (1+ P1(1))
A= 6+ pu()n7) O

(t) =

Set
u(t) = o(t) — 1.

We have again ¢(0) = —1and p(t) — +ocoast — p~. Denote by p, the smallest
zero of function y in (0, o). We shall show that

p« =min{pa, oy} (45)
is a convergence radius for method (2). Set T = [0, p«). Then, it follows from these
definitions that foreach t € T

0</{t<1, (46)
0<q(t) <1, (47)
0<p(t) <1, (48)
and
0< pi(t) <1,i=1,2. (49)

The conditions (C) shall be used together with the preceding notation provided that
x, is a simple solution of equation F(x) = 0.
Suppose:

(C1) Foreachu € D
1E ()~ (F () = F'(x:)) | < ol — xol-

Set Dy = U(xs, 7-) N D.
(C2) Foreachv,w € D,

1F' () 7 (F'(w) = F'(0) || < €llw =],

IF' () T ()] < faflo = ]l
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IF () ([0, 0 F] = F'(0)) || < L2(f|w —o])),
IF" () ([w, 0 F] = F'(w)) || < fa]|w — o]

and
IF' (x.0) " ([w, 0; F] = F'(x:))|| < La(flw = xi]| + [[o = x« ).

(C3) U[x,p«] C D.
Next, we present the local convergence analysis of method (2).

Theorem 2. Under the conditions (C) further suppose that xo € U(xx, px) — {x«}. Then, we
have limy_, oo Xk = Xs.

Proof. We shall use mathematical induction to show
[y — 2l < Pr(llxen — x| llxn — x| < [[xn — 24]] < s (50)

and
%041 = x| < P2(llxn — 2l f2en — 2| < |20 — x4 (51)

where functions ; are given previously and radius p. is defined by (45). Letz € U (x4, px) —
{x}. Then, using (C1), (45) and (46), we obtain

IF (2) "H(F'(2) = F' ()| < Lollz = x|l < lopu < 1,

so F/(z) is invertible with

1
Fz) 'F (x| € ———— 52
IFE) P )l < T 62)
and iterate yg exists by (52) for z = x(. Then, we can write
1
vo—x = [ F/(xo) (P (e +0(x0 — x.)) = F'(x0) (0 — x.),
so by (C1), (C2) and (52) (for z = x), we get
U0 — x|
— Xx <
o= 5l = 30 =4l — 1)
< Pr(llxo = xal)llxo — x|
< flxo = xll < s, (53)
so Yo € U(x4,7) and (50) hold for n = 0. As in (52), we also show
1
Fl(yo) F(x)|| € ———— 54
IF (o) F )l < g 64
and 1
Iy, x0; F 71 F' (x| < (55)

1= La(llyo — xell + 10 — x[])°
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so iterate x1 exists. Then, we can write in turn by the second substep of method (2) that

x1— X = yo—x—F(yo) 'F(yo)

+(F'(y0) ™" = [yo, x0; F] ") F(yo)

+([yo, x0; FI ™" = F'(x0) ") F (o)

o — x« — F'(yo) 'F(yo)

+F'(y0) " ([yo, x0; F — F'(y0)) [vo, x0; F] " F(y0)

+[yo, x0; F] " (F'(x0) — [yo, X0; F1)F'(x0) " F(yo)- (56)

Then, in view of (45), (49) (C2), (52) (for z = yp) and (54)—(56), we get in turn that

< Cllyo — x. ||
= 2(1 = bollyo — x«))
n 3]lyo — xol|4allyo — x|
(1 —Lollyo — x| (1 = L1 (llyo — x| + [[x0 — x«][))
Lallyo — xol|4llyo — x«|]
(1= (llyo — xl| + [lx0 — x4]))?
< a(llxo — x4 [|x0 — x| < [ xo — x4, (57)

1 — x|

showing (51) for n = 0 and x; € U(x, p«), where we also used (53) and

lyo —xoll < [lyo — xall + [[x+ — x0|
< rllxo — x| 1o — x| 4 [l x0 — 2|
(T4 1([lxo — xl)) lx0 — xs]]-

If we exchange xo, yo, X1 by Xy, Y, Xm+1, respectively, in the previous calculations we
complete the induction for (50) and (51). Then, from the estimate

¢ms1 — xal| < Aqlloem — x4]], (58)
where A1 = P (||xo — x«||) € [0,1), we conclude limy, ;0 X, = X+. We also have
[ym = x|l < Aaflxm — 2l < s, (59)

where Ay = 91 (||xo — x«||) € [0,1), solimy— 400 Y = x+. O

Next, we present a uniqueness of the solution result.

Proposition 2. Suppose:
(a) x« € D is a simple solution of equation F(x) = 0.

(b) There exists § > 0 such that

%05 <1 (60)

Set Dy = D N U|xx,§|. Then, the only solution of equation F(x) = 0 in the region Dy is x..

Proof. Let x** € Dy with F(x™) = 0.Set Q = f01 F' (x4 + 6(x** — x4))d6. Then, using (C1)
and (60), we obtain

— ¢ Kk
IF' () H(Q = F'(x:))| < Eol\x — x|
< %O§< 1,

50 x** = x,,since Q7' € L(E1, E) and Q(x*™* — x,) = F(x™) —F(xs) =0—-0=0. O
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5. Numerical Experiments

We provide some examples, showing that the old convergence criteria are not verified,
but ours are. The divided difference is chosen by

1
[, 0;F] = / F'(0+6(u — v))d6.
0
Example 1. Define function

h(t) = cot + ¢1 + cpsincst, tg = 0,

where cj, j = 0,1,2,3 are parameters. Then, clearly for c3 large and cy small, % can be small
(arbitrarily).

Example 2. Let E = E; = H([0,1]) the domain of functions given on [0, 1], which are continuous.
We consider the max-norm. Choose D = U(0,d), d > 1. Define G on D be

G(x)(s) = x(s) — w(s) — e /01 P(s, )23 (H)dt, 61)

x € E,s € [0,1],w € E is given, € is a parameter and P is the Green’s kernel given by

_J I—e)er, e <e
Plez er) = { e(1—e€1), e <e.

By (61), we have
1
(G'(x)(2))(s) = z(s) — 36/0 P(s, t)x>(t)z(t)dt,
t € E,s € [0,1]. Consider xo(s) = w(s) = Land |e| < §. We get
3
IT= G (xo)ll < glel, G'(x0) ™" € L(Ex, E),

€]

8 B L — 12]e|
8—3le]" T~ 83|’

! —1 < —
1P (x0) 1) < o= gkl

_ 67e]
and L = 5=3le]"

Example 3. Let E, E1 and D be as in the Example 5.3. It is well known that the boundary value
problem [4]
¢0)=0,(1)=1,

" _ —C—ACZ

can be given as a Hammerstein-like nonlinear integral equation

) =5+ [ Kl D@0+ A1)t

where A is a parameter. Then, define F : D — Eq by

[F(x)](s) = x(s) —s — /01 K(s, t)(x3(t) + Ax?(t))dt.
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Choose Co(s) = s and D = U({o, po)- Then, clearly U (&, po) C U(0,p0 + 1), since
l€ol| = 1. Suppose 2A < 5. Then, conditions (A) are satisfied for
_ 2A+3pg+6 :/\+6p0+3

Lo = L
0 8 ’ 4

and n = % Notice that Ly < L.
Example 4. Consider the motion system
Ti(x) =€, Ty(y) = (e =y +1, T(z) =1

with Ty (0) = T,(0) = T3(0) = 0. Let T = (Ty, T, T3). Let E = E; = R3,D = B[0,1],x. =
(0,0,0)T. Define function T on D for w = (x,y,z)" by

-1
T(w) = (" = 1,5y +y,2)".

Then, we get

e* 0 0
T(w)=| 0 (e—1)y+1 0 [,
0 0 1

soly=e—1,0 = erT = ly,ly = U3 = %, by = %0 Then, the radii are:
pa = 0.3827 = p*,p, = 1.7156.

6. Conclusions

A finer convergence analysis is presented for method (2) utilizing generalized condi-
tions. This analysis includes weaker criteria of convergence and computable error bounds
not given in earlier papers.
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