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Abstract: We analyse the local discontinuous Galerkin (LDG) method for two-dimensional singularly
perturbed reaction—diffusion problems. A class of layer-adapted meshes, including Shishkin- and
Bakhvalov-type meshes, is discussed within a general framework. Local projections and their
approximation properties on anisotropic meshes are used to derive error estimates for energy
and “balanced” norms. Here, the energy norm is naturally derived from the bilinear form of
LDG formulation and the “balanced” norm is artificially introduced to capture the boundary layer
contribution. We establish a uniform convergence of order k for the LDG method using the balanced
norm with the local weighted L? projection as well as an optimal convergence of order k + 1 for the
energy norm using the local Gauss-Radau projections. The numerical method, the layer structure
lc‘r;’e(;:gtz); as well as the used adaptive meshes are all discussed in a symmetry way. Numerical experiments

- . are presented.
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1. Introduction

Academic Editor: José Carlos R. Over the past few decades, singularly perturbed problems have attracted consid-
Alcantud erable attention in the scientific community. Such problems arise in many applications,

including the modelling of viscous fluid flows, semiconductor devices, and more [1]. For
Received: 8 November 2021 reaction—diffusion problems, difficulties arise owing to the presence of boundary layers
Accepted: 26 November 2021 in the solution. Unless the meshes are sufficiently refined, traditional finite-difference or

Published: 1 December 2021 finite-element methods on uniform or quasi-uniform meshes yield oscillatory and inaccu-

rate numerical solutions. Consequently, three common approaches have been proposed
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with regard to jurisdictional chims in - Jayer-adapted meshes, such as the Shishkin-type (S-type) or Bakhvalov-type (B-type)
mesh [2-5]. Various parameter-uniform convergence results have been established in this
way; notably, the order of convergence and error constant are independent of the singular
perturbation parameters. The second approach is to use a stabilised numerical method,
such as the streamline diffusion finite-element method, interior-penalty discontinuous
B, Galerkin method, or local discontinuous Galerkin (LDG) method [6-8]; well-behaved
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The LDG method is a form of finite-element method; it was first proposed as a
generalisation of the discontinuous Galerkin (DG) method for a convection—diffusion
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problem [12]. Later, it was applied to solve the purely elliptic problem [13], convection—
diffusion problems [14], Stokes system [15], KdV-type equations [16], Hamilton—Jacobi
equations [17], time-dependent fourth-order problems [18] and other higher-order partial
differential equations [19]. Because the LDG method shares many advantages of the
DG methods and can effectively simulate the acute change of a singular solution, it is
particularly suited to solving singularly perturbed problems. For example, Cheng et
al. performed double-optimal local error estimates for two explicit, fully discrete LDG
methods on quasi-uniform meshes [6,7]. Xie et al. established uniform convergence and
super-convergence analyses of the LDG method on a standard Shishkin mesh [10,11,20].
However, few results have been established for the LDG method on general S-type or
B-type meshes.

Recently, we analysed the LDG method on several S-type meshes and a B-type mesh
for singularly perturbed convection—diffusion problems. Robust error estimates were de-
rived from the energy norm [9]. However, the reaction—diffusion case remains unexplored.
Despite its simpler appearance, reaction-dominated diffusion without convection differs
from convection—diffusion in the following three respects:

e  For singularly perturbed reaction-diffusion problems, the boundary layer structure is
considerably more complicated because of the parabolic layers along all boundary
edges [21]. As a result, the regularity of the solution is complex. This adds many
difficulties to the theoretical analysis, such as in the construction of layer-adapted
meshes and the estimates of various approximation errors.

®  Better than the convergence order obtained in [9] for the convection—diffusion problem,
we can establish an optimal convergence of order k + 1 for the LDG method in the
energy norm through a more elaborate analysis for the two-dimensional Gauss-Radau
projections on anisotropic meshes.

¢ In the reaction—diffusion region, the balanced-norm is more suitable to reflect the
contribution of the boundary layer component [22]. To date, balanced-norm error
estimates are only available for the Galerkin finite-element method (FEM) [23,24],
mixed FEM [22], and hp-FEM [25], but not for the LDG method. For the first time, we
establish the uniform convergence of the LDG method for the balanced norm.

Note that the numerical method, layer structure as well as the used adaptive meshes
are all discussed in a symmetry way, which simplify our analysis to some extent.

The remainder of this paper is organised as follows. In Section 2, we describe the
LDG method. In Section 3, we introduce a class of layer-adapted meshes and state some
elementary lemmas for them. In Section 4, we establish uniform convergence for the
balanced and energy norms. In Section 5, we present numerical experiments.

2. The LDG Method

Consider a two-dimensional singularly perturbed reaction-diffusion problem, ex-
pressed as

—eAu+b(x,y)u = f(x,y), inQ = (0,1)% (la)
u=0, on 90, (1b)

where 0 < & < 1is a perturbation parameter, and b(x,y) > 28% > 0 for any (x,y) € Q and
for some positive constant . In this section, we present the LDG method for (1).

Let Qyn = {Kl]}{j;zz be a rectangle partition of () with element Kj; = I; x J;,
where [; = (x;_1,x;) and J; = (yj-1,y;). Weset hy; = x; —x;_1, hyj = y; —yj-1, and
h= ming,.coy min{h, ; b, ;}. We let

Yy = {v e L2(Q): v|x € QF(K),K € Qn}, 2
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be the discontinuous finite-element space, where QX (K) represents the space of polynomials
on K with a maximum degree of k in each variable. Vy is contained in a broken Sobolev
space, expressed as

H'(Qn) = {v € L*(Q) : v|x € H'(K), K € Qy}, 3)
whose function is allowed to have discontinuities across element interfaces. For v € H!(Qy)
andy € J;, j = 1,2,...,Ny, we use vlfy = hmxﬁxii v(x,y) and v;j = limy%yji v(x,y) to

express the traces evaluated from the four directions. We denote

[[Uﬂi,]/ = U;;/ - U;y/ fOr i= 1/ 2/- . -/Nx - 1/ [[U]]O,]/ = Ua:y/ [[U]]ery = _vgix,y/
[0l = v;]. — vy, forj=1,2,...,Ny, =1, [v]0 = vro [0len, = —UeN,

as the jumps on the vertical and horizontal edges, respectively.
Rewrite (1) into an equivalent first-order system:

—px —qy +bu=f, sflp = Uy, silq =uy, inQ. 4

Let (-,-)p, be the inner product in L?(D). In order to determine the approximate
solution w = (u, p,q) € VI%] = Vy X Vn X Vy, we first multiply each of the Equation (4)
by arbitrary smooth functions v, s, r, respectively, and integrating over Kj;, we get after a
simple formal integration by parts in (4),

{ps v")Kz‘/ B <pi'y’ vi1y>J]- + <pl‘1'y’ vifl,y>h'
+ <q/ Uy>Ki/- - <qx,j/ U;'j>[ + <qx,jflr U;]‘_1>I» + <bul Z)>I(,-]- = <f/ U>Ki]"

-1 - + _
€ P Sh T (Wse)k — <”i«'/’ Sf,y>],» + <u"*1'y’si—1ry>h‘ -0

1 - o _
€ <W>Ki]- +(u, ry>1<ij - <”X/J’rx,j>1, + <”"'J*1’rxr]'*1>1v =0
i 1

Next, we replace the smooth functions v,s,r by test functions v, s, r, respectively,
in the finite element space Vy and the exact solution w = (u, p,q) by the approximate
solution w = (u, p,q). As this function is discontinuous in each of its components, we
must also replace the fluxes u;, uyj, piy, qx,; by the numerical fluxes 1; y, 1y j, Dy, Uy j-
Then, the LDG scheme is defined as follows. Find w = (u, p,q) € VIB(] such that in each
element Kj;, the variational forms

=~ - ~ +
<]p/ Wx>Kij - <]Pi,y, Wi'y>]j + <1pi—l,yr wl;l,lj>]]_

1

e (D, s)y,, + (s, — (T $;y>]‘ (187 1,y>,, =0, (5b)
] ]

el <q’]r>Kij + <u, er>Kij - <ﬁx,j/ ]r;/]«>l_ + <ﬁxrf—1’rj,jfl>1_ =0, (5¢)

vyl = (e ve), + (o viia), + 0wyl = Fv)g, 5

hold for any z = (v,s,r) € V3 where

@4 _ p;i—y+/\i,y[[u]]i,yl l :0/1/-'-/Nx _1/ (6a)

1, - — —_ .

! PNy ~ ANeyUngy 1= N

~ 0/ Z = 0/ NX/

Gy =4 { (6b)
' u, i=1,2,...,Ne—1,
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fory € Jjandj=1,2,...,Ny. Here, A;, > 0 (i=0,1,---, Ny) are stabilisation parameters
to be determined later. Analogously, for x € [;andi =1,2,..., Ny, we can define ax,j and
ﬁx,j forj=0,1,...,Ny.

Write (w, v) = EKUG oy (w,0) K Then, we write the above LDG method into a compact

form: Find w = (u, p, q) € V%, such that
B(w;z) = (f,v), Va=(v,sr1)eW, )
where
B(w;z) = Ti(w;z) + Ta(w; 2) + Ta(w; v) + Ta(1;v), ®)
with

Ti(w;z) = eil(p,$> + 871<q,rr> + (bu,v),

Ny Ny—1 Ny Ny_l
Ta(wa) = (s + 1 1wy lsdiy), + (m) + 1 4 (g [edis)
j=1 i=1 j i=1 j=1 !
Ny Ny—1
Towin) = 0w+ L | 1 (05 D), = (P ¥,
j=1"1i=0 ] ]
Ny Ny_l
o)+ ) [ x (a5 505, = (any vin, ), )
Ny Ny Ny Ny
Ta(wv) = 3 3 (iylediy, [¥0iy) ) + 3 Y (Ajladeje [v]e ),

3. Layer-Adapted Meshes

To introduce the layer-adapted meshes, we extract some precise information from the
exact solution of (1) and its derivatives in [21] (Theorem 2.2) and in [26] (Theorem 4.2).

Proposition 1. Assume that the solution u of (1) can be decomposed by

4 4
u=S+Y We+) Z, (xy)eQ, )
k=1 k=1

where S is a smooth part, Wy is a boundary layer part and Zy is a corner layer part. More precisely,
for 0 <i,j < k+ 2, there exists a constant C independent of € such that

i A i ~j i B A itj _ Bty
a;ays‘ <C a;aywl\ < Cehe VF, a;ayzl’ <CeTe Vi, (10)
.o in .. ditip
and so on for the remaining terms. Here, 9\,0,0 = oy

The layer-adapted mesh is constructed as follows: For notational simplification, we
assume that Ny = N, = N. Let N > 4 be a multiple of four. We introduce the mesh points

O=xp<x1<---<axy_1<axny=1 O=yo<y1 <---<yn—1<yn=1,

and consider a tensor-product mesh with mesh points (x;, y;). Because both meshes have
the same structure, we only describe the mesh in the x-direction.
Suppose ¢ is a function defined in [0,1/4] with

¢(0)=0,¢'>0,¢" >0. (11)
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We define the transition parameter

1 oy
4" B

where ¢ > 0is determined later. Assume that \/&¢ < N~! means that we are in the singularly
perturbed case. Moreover, ¢ is sufficiently small that (12) is replaced by T = M ¢p(1/4).

The mesh in the x-direction is equidistant on [7,1 — 7] with N /2 elements but it is
gradually divided on [0, 7] and [1 — 7, 1] with N /4 elements. Therefore, we set the mesh
points as

T_mln{

p(1/4)}, (12)

‘7;{ (i/N), fori=0,1,---,N/4,
xi=4T+2(1-27)(i/N—1/4), fori=N/4+1,--,3N/4—1, (13)
1- \/q)(l—i/N), fori =3N/4,---,N.

In Table 1, we list three typical layer-adapted meshes [2] (Sections 1.2 and 1.3): Shishkin
(S-mesh), Bakhvalov—-Shishkin (BS mesh) and Bakhvalov-type (B-type mesh), together with
P = e~ ¥ and the important quantity max |¢’|, which arises in error estimates. Figure 1
illustrates the divisions of () and the generated meshes for e = 1072 and N = 16.

Note that for these meshes and under the assumption /¢ < N~!, we always have

T> UT‘/ElnN.

Table 1. Layer-adapted meshes.

S-Mesh BS-Mesh B-Type Mesh
o(t) 4tIn N —In[1-41-N"1t]  —In[1-4(1-/e)t]
¥(t) N4 1-4(1-N"1)t 1—4(1— /et
max || ClnN C C
5231 (232 5133
1-
0 0y 0
& 2, 05
T -7 S-mesh
BS-mesh B-type mesh

Figure 1. The division of () and three types of layer-adapted meshes.
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In the following, we state two preliminary lemmas that will be frequently employed
in the subsequent analysis. Because h, ; = hy,i, i=1,2,...,N,wesimply use h; to denote
one of them.

Lemma 1. Suppose that

h, _:szfl .
@i:min{—l,l}e oE, i=12---,N/4
&

Ve

Then, there exists a constant C > 0 independent of € and N such that

L < -1 /
1§1}1Sa1\>[</4 ®; <CN™ " max|¢'|, (14a)
N/4
Y o <cC (14b)

i=1

Because of the symmetry of the mesh and layer function, (14) is also valid for the cases with y;,
1-—- Vi1 and 1 — Xi_1.

Proof. See in [9] (Lemma 3.1) for details. [

Lemma 2. We have hy /411 = hnjapo = -+ = hanyg and i > Cy/eN " max |¢'|. For the
S-type meshes,

1>hi/hj1>C i=12,---,N/4—-1, (15)
1>hiy/hi >C i=3N/4+1,3N/4+2,--- ,N—1
For the B-type mesh,
1>hi1/hi>C i=3N/4+2,3N/4+3,--- ,N—1
Moreover,
-t h
hy= max h<Co=C Ve, for S-typemeshes, (17)
=1, N /4 N-1Y, for a B-type mesh.
i=3N /4, N
Proof. It can be seen that hiN 441 = hn/at2 = -+ = hznya- (15) and (16) can be verified
trivially (see [9] (Lemma 3.2)). By (13) and (11), and ¢ = e~ ¢, we have
h > CyeN1min|¢'| = Cy/eN~|¢'(0)] = CveN~|¢'(0)| = Cv/eN ! max|¢/|.
Now, we prove (17). Combining the fact that b, < CN ~! with the inequality
hy < Cv/eN ™' max|g'| < Cv/eN !¢/ (1/4)],
we obtain
hyy < Cmin{\/EN_1|(p’(1/4)|,N_l}, (18)

which implies (17). O

4. Convergence Analysis

In this section, we perform uniform convergence analysis for the LDG method on
layer-adapted meshes. Two related norms are considered.
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The first is the energy norm, which is naturally derived from the formulation of the
LDG method; that is, ||w]|||2 = B(w; w). Therefore, we obtain

2
ol = el + e + [[61/2u]
N N ) N N )
+ Z Z<)\i,y/ [[ﬂl]]i,y> ‘ + Z Z<)&x,j, [u]]x,j>1', (19)
j=1i=0 U i ;

by using integration by parts and some trivial manipulations. Here,
2 2 2
12]” = Lkeay Izl and [|z[[k = {z,2)k-
However, this norm is inadequate for reaction—diffusion problems because the layer
contributions are not “seen” In fact, letting u = e~ P(*+¥)/ Ve, we have || (u, euy, euy)||g =
O(+/e), which vanishes as ¢ — 0. Thus, the following “balanced” norm is introduced:

— 2 _ 2
vl = eI + /2 al + [5/2u

£y §<1, [ulfy), + y %(L D (20)

j=1i=0 i=1j=0

i

This norm is balanced in the sense that both the regular and layer parts are bounded
away from zero uniformly in e. We drop the penalty parameter A because they will be
taken as O(4/¢) in the subsequent analysis and computation of balanced-norm error.

In the following subsections, we perform convergence analysis for these two norms. Dif-
ferent projections are introduced, and the related approximation properties are investigated.

4.1. Convergence of Balanced Norm

First, we analyse the LDG method for the balanced norm (20). Let w € Cl(QN)
and w > wp > 0 be a general weight function. We define the piecewise local weight L?
projection I, as follows: For each element K € Qy and for any z € L2(Qy), [1uz € Vy
satisfies

(Wlpz,v)g = (wz,v)g, Vv e QF(K). (21)

In the special case of w = 1, this operator reduces to the classical local L? projection,
which is denoted by I1.

Lemma 3. [27] (Lemma 2.14) There exists a constant C > 0, independent of the element size and
z, such that

Mozl (i) < Clizllpn i), (22a)

2 = Tzl iy < C [hfﬂ’ a§+1zH (22b)

+ o

L"(Kyj) Lm(K,»n} '

where m € {2,00}.



Symmetry 2021, 13, 2291

8 of 26

Lemma 4. Let ¢ > k + 1.5. Then, there holds

Ju—Tu| < C[Fe(N~max |y + N~ED], (239)
[ = Tlott]| g0y < C(N™H max|g'])*, (23b)
N N-1 2 )
y H u—Tlu);, ‘], C(N~Lmax [¢/])%1, (230)
j=1i=1
N N
ZZ<1'H”_HW”H%y> < C(N~'max |g/|)%+1, (23d)
j=1i=0 Jj
lp — Tp|| < Ced (N~ max [¢'|)¥+, (23¢)
N
> |- npryH, < Ce(N ™ max|y/|) 2+, (23f)
j=1
WA 2 1 \2k+1
Y L || = Tep)fy || < CeN Tt max ), (23g)
j=1i=0 j

where C > 0 is independent of e and N. A similar procedure applies for u and q in other spatial
directions.

Proof. The proof is provided in the Appendix A.1. [

Theorem 1. Suppose that A;y, = Ay; = /e fori,j = 0,1,--- ,N. Let w = (u,p,q) be the
solution to problem (1), satisfying Proposition 1; furthermore, let w = (u,p,q) € V3, be the
numerical solution of the LDG scheme (5) on layer-adapted meshes (13) when o > k 4 1.5. Here,
k > 0 is the degree of the piecewise polynomials used in the discontinuous finite element space.
Then, there exists a constant C > 0, independent of € and N, such that

e —w|z < CN~*(max[g/|)*1/2, (24)
Proof. Denotee = w —w =#—¢ as

1 = (MuMp,1g) = (u—Tyu, p —Tp,q —Tlg), (25a)
& = (Eu&p &) = (u—TTu,p —TIp,q — Ig) € V3, (25b)

where I}, is defined in (21) with weight w = b.
From Proposition 1 and the consistency of numerical flux, we obtain the error equation:

B(¢;z) = B(1;2) (26)
=Ti(g2) + T2(nu;z) + T(1;v) + Ta(ju; v).
It can be seen that 71 (1;z) = 0.
To bound 73 (174; z), we use the Cauchy-Schwarz inequality, inverse inequality, Cy/eN 1
max |¢'| <7 < CN~!,(23b), and e~ 1/2||s|| < |||z||g to obtain

[, 2)| < ZII??ulIKIISxIIK CZ|K|1/2”77HHL°° sl

1/
< (X allieiio) sl < CHENF(max /)12 | 2
K X
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and we use (23c¢) to obtain
N N— N N-1
P> 2< ) Blin), [ < €(X L | on ) a2
j=1i=1 j=1 i=1
< CV/e(N~ max [/ |)* || z |e -
Consequently, we have

Ta(ju;m) < C3/eN~*(max ¢/ )12 || z |- (27)

Analogously, we have

Tlr) = 3 [ T (i 105, = (O v,
j= i= ] ]
B 5 (015}, (i)
N N-1 » N
<c(L T e o] + e o[ ) (Ver 2 w])  8)
j=1i=0 ] ]:1
re(£ i+ Ee o) ey
1=1 j= !

< ChmV2\/e(N~ T max |¢/|) 712 v |
< C¥e(N" T max ¢/ ) ||z |k -
Here, (23f) and (23g) are used.

Finally, we use the Cauchy-Schwarz inequality, (23d), and the assumption that A;,, =
Ayj= Vefori,j=0,1,---,N, to obtain

N N N N
Ta(u; v ZZ< ly[[’ﬁt]]i,y/ [[W]]H +ZZ< m[[’ﬁlﬂxw [[W]]x1>
]:11:0 i=1j=0
N N
[ZO (LIl +20Dx,< 1) ] lzlle
i=0j= Ji j=01 i
< CV/e(N~ max [} 2| z | (29)

From (27)-(29), we have

IIEl2 = B(&:E) = B(; &) < C/eN~ (max [¢' )12 || &||IE, (30)
which implies
Ells < e V4] &l < CN~F(max|¢'|)k+1/2, (31)

from the definitions (19) and (20) and the choice of A;, = A, ; = Ve(@,j=0,1,---,N).
Using (23) and a trivial inequality, we derive (24). O

Remark that for the meshes listed in Table 1, one has balanced-norm error estimate

CN~¥(InN)¥1/2, " for S-mesh,
llw — wl|p < (32)

CN 7k, for BS-,B-type mesh.
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4.2. Improvement of Convergence in Energy Norm

By the analysis in Theorem 1, one can only obtain the energy-error bound of order
O({¥/eN~*(max [¢'|)¥+1/2). In this subsection, we perform an elaborate analysis and estab-
lish a more sharp convergence result in the energy norm. The following local Gauss—Radau
projections are required.

For each element K;j; € Qy and for any z € H'(Kj;), I172, 11z, [Tz € QF(K;;) are
defined as

(I~ z,v) Ky = (z,v) K Vv € Q5 1(Kj),

.\ /- k—1(7.
<(H z i’y’W>Ij = <Zl,y,\v>jj, Vv € P(T)), 5
<(H_z)*,j,w>ll - <zi].,w>ll, Vv € PF1(I),

<H;—Z’W>Kij = <Z'W>Kij’ Vv € Pk—l(Il-) ®Pk(]j)/
I} z); ={zF Vv € PX(J) (33b)
<( xz)l,y,w>]j <Zl,y’w>]j’ v i)
<H;Z,W>K = <Z,\V>K]_]_ VW c Pk(ll) ®'Pk71<]j)’
vt + k (330)
<(Hy z)x/].,w>fj = <zx/].,w>fj, Vv € PK(L).

Lemma 5. [9] (Inequality (4.4)) There exists a constant C > 0, independent of the element size
and z, such that

HH_ZHKU < C:||ZH1< hl/Z x]‘ hl/z ly‘ h1/2h1/2|z |], (34a)
Itz < Clllzllg, + 1172|210 WHJ (34b)
ol <t 97 ) -
@2 i) < C||z||Loo(K1,.), (34)

2 = ®zll i) < C :h;cﬂ a§+12HLm(Kﬁ) 4k Hal;HZ LW(KU)}, (34e)

where @ € {I17, 117, 11}, m € {2,00} and z; = z(xi_,yj_).
Lemma 6. Let o > k + 1.5. Then, there exists a constant C > 0 independent of e and N such that
| — T u|| < C[(¥e+ /@) (N~ max|y/|)*+1 + N~ (35a)

N
Y- 1175, || < ClVE+ o) (N max |y [HD 4 N2, (3s)
j=1 j

e 2||p— T p|| < CI(Ve+ o) (N~ max |g/|)+! + N~ (1)), (350)

i |- prNyH < C(N~max [/ |25+, (35d)

where ¢ is given by (17). Similarly, we can obtain the same conclusions in another spatial direction.
Proof. The proof is provided in the Appendix A.2. [
Theorem 2. Suppose that Ajy = Ayj = 0 fori,j=20,1,--- ,N—1 ANy = Ayn = Ve

Let w = (u, p,q) be the solution to problem (1), which satisfies Proposition 1; furthermore, let
w = (u,p,q) € V3, be the numerical solution of the LDG scheme (5) on layer-adapted meshes (13)
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with ¢ > k + 2. Here, k > 0 is the degree of the piecewise polynomials used in the discontinuous
finite element space. Then, there exists a constant C > 0 independent of e and N such that

(36)

" s < C [{‘/E(N_1 In N)F+1 4 N_(k“)} , for S-mesh,
w—wlg <
CN— (1), for BS-,B-type mesh.

Proof. We follow the proof of Theorem 1. Instead of the projection (ITy, I'l, IT) for u, p and
q, we use (IT7, TI{, IT;") in (25).
Using the Cauchy-Schwarz inequality, (35a) and (35¢), we obtain

Tilmz) < C(e™ /2y + &2 g + |72 ., I} I 2l
L2 (Qn)
< C[(¥e+ Vo) (N~ max [¢/ )i+ NIz (37)
From (33b), (33c) and (35d), ANy = Ay, N = V¢, and the Cauchy-Schwarz inequality,

we obtain

i

T v) = — i<(’7p)N,y’wN,y>j_ - i<(77‘1)x,N’wx,N>I
j= ] 1=

< (Sl + 5 amg oo n
< CV/e(N™ maxlwl)"“HmlHE- (38)

Similarly, we have
N
77u/ Z<)\Ny Nu Ny’WNy> +Z< x,N 77u er xN>

=1

[ﬁ

—.

< [ Sy |+ S Ao omin] Wl
j=1 ] i=1 i
< CYe|(Ve+ Vo) (N max |y M NTED iz, (39)

where (35b) is used.
To bound 7;(#4; z), we follow [9] (Theorem 4.1) and investigate the el/4factor in the
upper-bound. On each element Kj;, we define the bilinear forms as

A}j(’?u} ) <77urvx>1<,] <(;7u);y, vijy>]]. + <(77u>i:1,yr vitl,y>]j/
Az‘zj(ﬂu}v) = <’7u/0y> <(77”) J> <(17u);'j_1lvij_1>1i.

We have [9] (Inequality (4.15))

h.
1 . < | pkt2
| AL (150)| C\/}: I (k) Lw(KUJ lollg,,  (40a)

W
1 . ]
|Aij(’7u,v)| SC\/;||M||Lm(Kij)|U||Kij (40b)

k2 Hal;rzuH

ak+2u H
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forany v € Qk(Kij). Because u = 0 on d(), we obtain

Ta2(nu;z) = Z A}j(ﬂu?S)‘f‘ Z A?j(ﬂu}r)~

K,']‘GQN K,’jGQN
By (40a), we have
Y, Al(s;s)

KijEQN
h‘
<cC W7 h’.‘“‘ ok+2g k2 ‘ak“s]
- Ki]EZ(:)N hi[l * HLW(K,-j)+ ] ‘ Y ‘L“’(KU)]HSHKU

1/2
y (\@max|tp’|)1N2(k+2)] 5/l

KijeOn\O

< CN"® 5]l 4 C

< C¥eN~ED |z,

because 1; > C1/eN~!max [¢/| > C\/ehjmax |¢'| and ¢ 71/2||s|| < |||z||. Denote Qx; =
Qll U 021 U 031, QXM = Q]z U 022 U 032, and QXR = 013 U 023 @] 033. USil"lg (40&) and
o > k + 2, we obtain

s
Awim) <€ T Wil sl
Kij€QxmUQxr !

B
—1/4,~ "t
<c X eV s,
Ki]'EQXMUQXR

< CYeN~ 6 |1z || .

KijEQXMUQXR

Using (40), ¢ > k 42, and Lemma 1 yields

Z A}j(UW1;$)

K,‘jGQXL
<c ¥ /il min {HE2]
KijeQxr, i

akJrZW H
* ! LOO(KI']

k+2 || yk+2
SRR Wl sl

<C Y (Vemax[y'|) 2082 ls|g,

KijeQxy,
1/2 N NLE v k+3/2 1/2
< CVe(max|y/) V2 L Y @) ( max @FY2)(e1/2)s])
j=1i=1 1<i<N/4

< CYe(N"Tmax [¢' ) |z || -

Analogously, we can bound ZKI_]EQN A}j(qq,; ) for ¢ = Wy, W3, Wy, Z1, Z5, Z3, Z4. Con-
sequently,

To(ipusz) < CVe (N~ max ¢/ || z ||k - (41)

Using (37)—-(41), we obtain

IIgIIE = B(&:€) = B(1:8) < C|(/e+ o) (N~ max ¢/ + N~V g,
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which leads to
lglle < C[(Ve+ o) (N~ max [/ + N~0+D], 42)

The final assertion follows by repeating similar arguments as before. This completes
the proof. O

5. Numerical Experiments

In this section, we present some numerical experiments. All calculations are conducted
in MATLAB R2015B. The system of linear equations resulting from the discrete problems
are solved by the lower-upper (LU)-decomposition algorithm. All integrals are evaluated
using the 5-point Gauss-Legendre quadrature rule.

The LDG method (5) is applied to the layer-adapted meshes presented in Table 1,
where ¢ = k+1, k = 0,1,2,3. We let eV be the error in either ||e|r or ||e||z for an
N-element. As assumed in Theorems 1 and 2, we take the flux parameter Ay = Ay = /¢
and A; =0( =1,2,...,N — 1) to compute the energy-error |||e||g, and choose A; = /¢
(i=0,1,...,N) to compute the balanced-error ||e|||s. The corresponding convergence rates
are computed by the following formulae:

_ logeN —loge?N

_ logeN —loge?N
log p B '

"2 log 2

rs

with p = 2In N/ In(2N). Here, we use rg to reflect the convergence rate with respect to the
power of N ~1In N, see the error estimates in (32) and (36).

Example 1. Consider a linear reaction—diffusion problem

—eAu+2u = f(x,y), inQ=(0,1)% (43a)
u=020, on 0Q), (43b)

where f(x,y) is suitably taken such that the exact solution is u(x,y) = g(x)g(y) with

e~ V/VE _ o= (1-0)/ Ve
g(v) = YA — cos(7v). (44)

We set e = 1078, small enough to bring out the singularly perturbed nature of (44). In
Table 2, we list the balanced-norm errors and their convergence rates. The convergence rate is
plotted in Figure 2. We observe convergence of order k 4 1/2, which is a half-order superior to the
estimate from (24). In Table 3, we present the energy norm errors and their convergence rates. The
convergence rate is plotted in Figure 3, which agrees with our estimate (36).

We show the relevance of these errors to the small parameter e. We let N = 256, k = 1, and
vary the values of . We see that the errors in the balanced norm are almost unchanged, whereas the
errors in the energy norm change slightly. For a visual understanding, we plot the energy errors
via e on log-log coordinates. In Figure 4, we observe the subtle influence of the e*2>-factor on the
energy errors; the results agree with our predictions.
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Table 2. Balanced error and convergence rates for Example 1.

S-Mesh BS-Mesh B-Mesh
k N Balanced Balanced Balanced
Error rs Error 2 Error 2
0 8 1.37 - 1.36 - 1.55 -
16 1.09 0.57 1.04 0.39 1.10 0.49
32 8.36 x 1071 0.57 7.47 x 1071 0.47 7.67 x 1071 0.52
64 6.31 x 101 0.55 530 x 101 0.50 536 x 1071 0.52
128 473 x 1071 0.54 3.74 x 101 0.50 3.76 x 1071 0.51
256 352 x 101 0.53 2.64 x 101 0.50 2.65 x 101 0.51
1 8 3.67 x 1071 - 248 x 1071 - 3.86 x 1071 -
16 222 x 101 1.25 9.83 x 102 1.33 1.22 x 1071 1.66
32 1.19 x 1071 1.32 3.75 x 1072 1.39 417 x 1072 1.55
64 5.83 x 1072 1.40 1.39 x 1072 1.43 1.46 x 1072 1.51
128 2.68 x 102 1.44 5.04 x 1073 1.46 516 x 1073 1.50
256 1.18 x 1072 1.46 1.81 x 1073 1.48 1.83 x 1073 1.49
2 8 1.61 x 1071 - 7.24 x 1072 - 1.45 x 1071 -
16 7.40 x 1072 1.92 1.58 x 1072 2.20 2.26 x 1072 2.69
32 2.68 x 1072 2.16 311 x 1073 2.35 3.71 x 1073 2.61
64 8.19 x 1073 2.32 5.83 x 1074 242 6.34 x 1074 2.55
128 223 x 1073 2.42 1.06 x 104 2.45 1.11 x 10~* 2.52
256 562 x 1074 2.46 1.91 x 10> 248 1.95 x 10> 2.51
3 8 7.16 x 1072 - 2.16 x 1072 - 5.87 x 1072 -
16 252 x 1072 257 252 x 1073 3.10 422 x 1073 3.80
32 6.29 x 103 2.96 2.55 x 104 3.30 329 x 1074 3.68
64 1.21 x 1073 3.23 242 x 107> 3.40 2.74 x 107° 3.59
128 1.96 x 1074 3.38 222 x 107° 3.45 235 % 1076 3.54
256 2.85 x 107> 3.45 2.01 x 1077 3.47 2.06 x 1077 3.51
Table 3. Energy error and convergence rates for Example 1.
S-Mesh BS-Mesh B-Mesh
k N Energy Error rs Energy Error 12 Energy Error 2
0 8 222 x 1071 - 222 x 1071 - 221 x 1071 -
16 113 x 107! 1.67 1.13 x 1071 0.96 1.13 x 1071 0.98
32 5.67 x 1072 1.46 5.66 x 1072 0.94 5.66 x 1072 0.99
64 2.84 x 102 1.35 2.83 x 102 0.99 2.83 x 102 1.00
128 1.43 x 1072 1.28 1.42 x 1072 1.00 1.42 x 1072 1.00
256 7.15 x 1073 1.23 7.08 x 1073 1.00 7.08 x 1073 1.00
1 8 2.30 x 102 - 2.29 x 102 - 2.30 x 1072 -
16 6.06 x 1073 3.29 5.77 x 1073 1.99 5.81 x 1073 1.98
32 1.73 x 1073 2.67 1.45 x 1073 1.99 1.46 x 1073 1.99
64 540 x 10~4 2.27 3.64 x 1074 2.00 3.66 x 1074 2.00
128 1.77 x 1074 2.07 9.12 x 10 2.00 9.17 x 107° 2.00
256 5.81 x 107> 1.99 2.29 x 107> 1.99 2.30 x 107° 1.99
2 8 2.20 x 1073 - 1.66 x 1073 - 223 x 1073 -
16 7.06 x 1074 2.80 226 x 1074 2.87 2.89 x 1074 2.95
32 224 x 1074 244 3.05 x 107> 2.89 3.72 x 107° 2.96
64 6.01 x 1075 2.58 4.04 x 10 292 477 x 107° 2.96
128 139 x 1075 2.72 530 x 10~ 2.93 6.08 x 107 2.97
256 2.85 x 10~° 2.83 6.90 x 1078 2.94 7.74 x 1078 2.97
3 8 7.11 x 1074 - 2.19 x 1074 - 6.89 x 1074 -
16 231 x 1074 2.77 2.03 x 107° 3.43 437 x 1075 3.98
32 527 x 107> 3.14 1.60 x 10~° 3.66 2.75 x 10 3.99
64 9.15 x 10~ 3.43 1.16 x 1077 3.79 1.73 x 10~7 3.99
128 1.29 x 1076 3.63 8.05 x 1077 3.85 1.08 x 10~8 3.99
256 156 x 107 3.77 5.43 x 10710 3.89 6.80 x 10710 3.99
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Figure 2. Convergence rate of balanced-norm error in Example 1.
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Figure 3. Convergence rate of energy-norm error in Example 1.
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Figure 4. Energy norm error from ¢ in Example 1.
Example 2. Consider the nonlinear reaction—diffusion problem
—eAu+ 2+ xy(1—x)(1—y)u = f(x,y), inQ=(0,1)%, (45a)
u=20, on 0Q), (45b)
where f(x,y) is suitably taken such that the exact solution is u(x,y) = h(x)h(y) and
h(v) =1+ (v —1)e %/ Ve —pe=(170)/ Ve, (46)

We let e = 1078, In Tables 4 and 5, we list the error and convergence rates for the balanced
and energy norms, respectively. We still observe convergence of orders k +1/2 and k + 1 for
the balanced-norm and enerqy norm errors. See the convergence rates for the balanced-norm and
energy-norm errors in Figures 5 and 6.

Moreover, we test the dependence of these two types of errors on e. We observe that the errors
in the balanced norm are almost constant, whereas the errors in the energy norm change slightly.
In Figure 7, we confirm the influence of the factor €2> on the enerqy norm errors obtained for the
three layer-adapted meshes. Note that for this example, the e*2°~factor is clearly observed on both
the S-type and B-type meshes. This may be due to the fact that the regular part of the exact solution
belongs to Vy, as described in [10] (Theorem 3.5).
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Figure 5. Convergence rate of balanced-norm error in Example 2.
Table 4. Balanced error and convergence rates for Example 2.
S-Mesh BS-Mesh B-Mesh
k N Balanced , Balanced , Balanced ,
Error § Error 2 Error 2
0 8 1.32 - 1.30 - 1.63 -
16 1.09 0.48 9.81 x 10! 0.41 1.10 0.57
32 8.83 x 101 0.45 7.07 x 1071 0.47 7.47 x 1071 0.56
64 6.99 x 1071 0.46 501 x 1071 0.50 515 x 1071 0.54
128 542 x 1071 0.47 354 x 1071 0.50 3.59 x 1071 0.52
256 413 x 1071 0.49 250 x 1071 0.50 252 x 1071 0.51
1 8 5.07 x 101 - 333 x 10! - 541 x 101 -
16 312 x 1071 1.20 1.37 x 1071 1.28 1.72 x 1071 1.65
32 1.68 x 107! 1.32 527 x 1072 1.38 5.88 x 1072 1.55
64 8.25 x 102 1.40 1.96 x 1072 1.43 2.06 x 1072 1.51
128 3.79 x 1072 1.44 7.11 x 1073 1.46 7.29 x 1073 1.50
256 1.67 x 1072 1.47 255 x 1073 1.48 258 x 1073 1.50
2 8 227 x 1071 - 1.01 x 107! - 2.05 x 1071 -
16 1.05 x 107! 1.91 2.22 x 1072 2.19 318 x 102 2.69
32 3.80 x 1072 2.16 437 x 1073 2.34 522 x 1073 2.61
64 1.16 x 1072 2.32 8.19 x 1074 2.42 8.93 x 104 2.55
128 3.15 x 1073 242 150 x 1074 245 156 x 1074 2.52
256 795 x 1074 2.46 2.69 x 107> 2.47 2.74 x 107° 2.51
3 8 1.01 x 1071 - 3.06 x 1072 - 8.30 x 1072 -
16 357 x 1072 257 3.56 x 1073 3.10 5.96 x 1073 3.80
32 8.90 x 1073 2.96 3.61 x 1074 3.30 4.66 x 1074 3.68
64 1.71 x 1073 3.23 343 x 107° 3.40 3.87 x 107° 3.59
128 2.78 x 1074 3.38 3.15 x 107 345 3.33 x 107° 3.54
256 403 x 107° 3.45 2.84 x 1077 3.47 291 x 1077 3.51
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Table 5. Energy error and convergence rates for Example 2.

S-Mesh BS-Mesh B-Mesh
k N
Energy Error rs Energy Error p) Energy Error 2
0 8 1.06 x 1072 - 9.30 x 1073 - 151 x 1072 -
16 8.15 x 1073 0.65 557 x 1073 0.74 7.65 x 1073 0.98
32 579 x 1073 0.73 312 x 1073 0.84 3.96 x 1073 0.95
64 3.85 x 1073 0.80 1.69 x 1073 0.89 2.05 x 1073 0.95
128 241 x 1073 0.86 8.95 x 104 0.92 1.05 x 1073 0.96
256 1.45 x 1073 0.91 469 x 1074 0.95 536 x 1074 0.97
1 8 5.07 x 1073 - 3.29 x 1073 - 6.42 x 1073 -
16 2.86 x 1073 1.41 1.12 x 1073 1.56 1.76 x 1073 1.86
32 137 x 1073 1.57 3.35 x 1074 1.74 468 x 1074 1.91
64 573 x 104 1.70 948 x 107> 1.82 123 x 1074 1.93
128 217 x 10~4 1.80 2.60 x 107> 1.87 318 x 107° 1.95
256 759 x 107° 1.88 6.97 x 106 1.91 8.19 x 10° 1.96
2 8 227 x 1073 - 9.73 x 1074 - 234 x 1073 -
16 9.63 x 1074 2.11 1.75 x 1074 2.47 311 x 1074 291
32 3.15 x 1074 2.37 271 x 107> 2.69 408 x 107° 2.93
64 849 x 10°° 2.57 3.89 x 10° 2.80 531 x 107 2.94
128 1.96 x 1072 2.72 536 x 1077 2.86 6.86 x 1077 2.95
256 4.04 x 10 2.82 7.23 x 1078 2.89 8.80 x 108 2.96
3 8 1.00 x 1073 - 291 x 1074 - 9.59 x 1074 -
16 327 x 1074 2.76 2.80 x 107> 3.38 6.15 x 107° 3.98
32 7.46 x 107° 3.14 2.23 x 107° 3.65 3.87 x 107° 3.99
64 1.29 x 107> 343 1.62 x 1077 3.78 243 x 1077 3.99
128 1.83 x 107° 3.63 1.13 x 1078 3.85 1.53 x 1078 3.99
256 221 x 1077 3.77 7.62 x 10710 3.89 9.56 x 10710 4.00
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Figure 6. Convergence rate of energy-norm error in Example 2.
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Figure 7. Convergence rate of energy-norm error in Example 2.
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Appendix A

In this part, we provide the technical proofs for Lemmas 4 and 6.

Appendix A.1. Proof of Lemma 4
Letny, = u —Ilyu, 17, = p — llwp and 1, = q — I1,q. We prove (23) separately.
(1) Prove (23a). Recalling the decomposition u = S + Z;le Wi + Z;f:l Zy, we have

4 4
bl < sl + ([l + X Iz - (A1)
k=1 k=1
Using (22b) with m = 2 and (10), we obtain
Insll < N~ ||k s+ [|ok s || < en=(+D), (A2)

because ; < CN~!fori=1,2,...,N.
We have

Il = T lwlz+ X i, =6+ Ae (A3)
K,‘jEQXL ! KijGQXMUQXR !
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For A1, we use (22a) and (22b) with m = 2 to obtain the two estimates

2

Bx

e Vel o,

2
A <C ) ||W1H1<ij <C )
Kl‘/'EQXL KijEQXL

A <C Z [h?.(k-i-l)
KijeQxt,

h; 2(k+1) (k+1)
: CKijGZ(;XL [<$) +h]2 - ]

Kij

2 20k+1) || ak+1 147 |12
G L
Kij+ / v Iy

87;4’1 Wl ’

px |12

e Ve

Kij

(A4)

(A5)

respectively, where we have used (10). Combining (A4) with (A5) and using h;/+/e >

CN~' > Chj, Y, hj = 1,0 > k+ 15 and (14), we have

o (B 5
N/4 B N 2(k+1) W, N
<CZZ;m1n{(\/l§) " ,1}\/53 x/Elmm{\/%,l}(]ghj)

< Cye max O 2k+1)

1<i<N/4 ! ©; < CVe(N™! max [y},

=

i=1

where we use the trivial inequality

Bx

e Ve

2 2Bx;_q 2ph; 2Bx;_ .
\/g 2By 2Bh; “PYi1 . hl
=Y"he V¢ (1—e Vv <C\fhe Ve min{ —,1°%,
K. 28 / ( ) {\/E }

if
because 1 — e~ < min{1,x} for x > 0. For A, we use (22a) and (10) to obtain

1 1 2px _2pt
m<c Y ||w1||§<,jgc/ dy/ ¢ Vedx < Cyee Ve < CveN~%.
k 0 T

KijeQxmUQxr
Inserting (A6) and (A7) into (A3) yields
7w, || < C/e[(N" max ¢! + N7,

In addition,

lnzl*= ¥ Izl + X lnzll, =&+ 2

KijeOy Ki;eQn\Qnp

Using (22a) and (22b) with m = 2 gives the two estimates

N ) _ Bty ||2
B <C Y, ||Z1||1<,-]-§C Yo olle v ,
KijeOn KijeOn K;j
2 2
g<Cc Y [hf“‘*” a’;“zl‘ +h2.("“>H }
K;; ] ¥ K
K,‘]‘EQH g g
.\ 2(k+1) B~ 2(k+1)7 || _ BGty) |2
<c o () ()Tl
Kijeﬂll \/E \/g Kij

respectively. This leads to

(A6)

(A7)

(A8)

(A9)

(A10)
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& <C Z min{(f}%)xkﬂ) (\7) (kH),l}

K;; 6011

Kij

N/4  2Byjq

<Cme{(\/lg)2(k+1),1}ee_ Ve min{ﬁ,l}xe_ NG min{\h},l}

i=1

T

|

—
™

N/4 h

e min{(20) e min {20} Ve min { 1) (A1)

j=1

I 7==
[-=

< Ce max O; 2(k+1)

@.
1<i<N/4 ! !

N N
1 1
©;+Ce max @Y @) 0,

—
I
—_
Ju
A
<l
IN
=z
S~
W~

i= J

< Ce(N~"max |y'|)2k+1),

where we use ¢ > k + 1.5, Lemma 1, the trivial inequality min{1,a + b} < min{1,a} +
min{1,b} and

2 2P(xi—1+yj—1) 2Bl _2ph;
= —¢ Ve (1—e vE)(1—e V&)

< Ceeimiiligyjil) mm{\h} 1}mm{\h/]g,1}

Similar to before, we have

_ 2B(x+y)
B<C Y |zl < C/ e V¢ dxdy < Cee Ve < CeN™%.  (A12)
K,‘]‘EQN\Q“ / . QN\QH
From (A11) and (A12), we obtain
H’721H < Cye(NT! max|1p’|)k+1. (A13)

Similarly, we can bound the other terms in (A1) and arrive at (23a).
(2) Prove (23b) and (23c¢). It can be seen that

ﬁgH (1)

N N-1

N N—
’ ; ; illns |k, <C]Zi 12 N2 < N (@),

For K;; € Qxy, we obtain from the L*-stability (22a), the L*-approximation (22b),
and Lemma 1 that

2
|| ’7Wl H L°°(K1‘j)

< Comin { Wi = iy TS
< Cmin {1, (\%)z(kﬂ) h]?“‘“)}e‘mﬁl (A14)

< co”* Y < C(N~! max|y/]) 2k,

where we have used (10) and ;//e > CN~! > h;. For Kjj € Qxpm U Qxg, we obtain from
the L*-stability (22a) and o > k + 1 that

2 2 -4 -4 ~2(k+1
H’1W1HL°°(K,7) < CWhfe(k;) < Ce V© <Ce V¢ <CN (k+1),
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Consequently, we obtain from (14) that

N N-1 5 N/4 N (k+1) N 2(k41)
ZZHWWW\ <CZZ’1@ +C ) ZhN
j=1 i=1 i=1 j=1 1N/4+1/

<C ®2k+1 @ h CN~ (2k+1)
13, ;;‘g *

< C[(N~" max [¢p/])@F+D) 4 N~ @41, (A15)

Moreover, we have ||17z, ||i°°([<~) < CN—2(k+1) fop Kj; € Oy \ Q1. For Kj; € Oy1, we
ij
obtain

ol
|

k 1

O L Y

(k+1) (k+1)y _ 2PLUiatyi1)
< Cmin {1, ( ) ( ) } Ve

< C(© <"“)+®("“)) < C(N~Vmax g/ ] )26+,

using o > k + 1. In a similar fashion, we obtain

N N—
;;H 12 )iy

\ < CI(N™" max|y'[) @41 4 N~ (A16)

From the solution decomposition and similar arguments for the other terms, we arrive
at (23b) and (23c).
(3) Prove (23d). We start from the following inequality:

ZZ< [[nu]]ly> <2| ZZ/ ’7u1+1y2d]/+22/ ()7 ey

j=1i=0 j=1i=1 j=1i=1

For the first term, we notice that

Zz/nmnf@<22mmme

j=li=1 j=1li=1

and proceed as before. For the second term, we use (23c). Thus, (23d) follows.
The remaining inequalities of (23) can be proved analogously; we omit the details
here.

Appendix A.2. Proof of Lemma 6

The conclusions are more precise than Lemma 4.1 of [9]. The proof proceeds similarly
to Lemma 4. We mention several differences and use the same notations to prevent
confusion.

(1) Prove (35a). As before, we have

sl < CN~(+D., (A17)
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To bound ||7w,
the two estimates

, we express it as (A3). Using (34a) and (34e) with m = 2, we obtain

2 12 7 )
A<C X [l +ml v+l ovog |+ o) ;2]
KijeQxy, ! Jj
_Bx||?
<C ) e v\, (A18)
KieQx Kjj
r 2 2
A<C Y hf<k“)’a’;+1w1‘ +h]?("“)Ha’;+lw1H }
KijGQXL - Kij Kij
r/ ko 2(k+1) _Bx|)?
<C Z 4) +h]2(k+1)}He Ve , (A19)
Kij€Qxr ~ Ve K

i

respectively, where we use (10) and the monotonic decreasing property of the function

e~P¥/VE_Consequently, we obtain the same estimate for A as before. For A,, we use the
stability (34a) and (10) to obtain

2 1 —1? 2
AZ =C Z [HW]HKU + hJH(Wl)x,] ’I- +hz (Wl)i,y ‘ _ +h1h]|<wl)z,] ]
KijGQXMUQXR B ]/
_Bx|? 1 1 2px _r
<c oV :c/ dy/e Vidx < Cyfee v < CyEN~2. (A20)
KijEQXMUQXR Kij 0 T

As a result, we have
7w, || < CV/e[(N~ max ¢! + N~ (A21)

The term ||77, || must be treated carefully. We decompose it as

2 2 2 2
lrwsll™ = 2 sl + 2 sl + 2 sl =To+ T2 + T,
KijEQXL K,‘]‘EQXM KijEQXR

Using L*-stability and (10), we have

N/4 N
2 2
Kl‘]‘EQXL i=1 j=1
~2B(1-1) _2pT
< Cl[Wsllfwiy,) <Ce V¢ < Cyee v <CVeN ™%, (A22)

because 2(1 —7) > 1+27tfor0 <t <1/4,ande ¥ < x~! for x > 1.
Using the L2-stability, the uniformity of the mesh in Qx,,, and Proposition 1, we have

2 12 —1? 2
rp<Co Y (Wl | Wa) g ) W | it (Wa) P
KijeQxm ! 7
|2 N  2B(1-v3/4)
<C Z e Ve +C2hjh3N/4€ Ve (A23)
KijeQxm Kjj j=1

_2pr _2pr
<Cyee vV +N7le v <C(Ve+ N )N,

To bound B3, we decompose it into two parts:

S 2 T G pp)
= Y Yl + X Yl =T57+157.  (a29)
i=3N/4+2j=1 ie{3N/4+1,N} j=1
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From (34a), (34d), and Lemma 2, we have

N-1

N
< vy [Iwalk, 4|0,

2
|+
i=3N/4+2 j=1 i

(W)

’i +hihj|(W3){j|2]

_2p(1-x) ||2

e Ve

(A25)

<C ),

Kl‘]'EQXR

Kij

Using (34e) with m = 2 yields

rM<c Y [h?("“)‘

1
K,‘jEOXR

2 2
OF+IW. H h?(k+1)Hak+1W H }
x 3 Kij+ : y 3 K

2

N 2(k+1 _ B(-x)
<c Y. ﬁ)( )+h?<"+”}He v (A26)

]
KijEQXR \/E

K,‘j

Then, combining (A25) and (A26), we obtain

i <c 3 min{ (M) e T i (1)

< Cv/e(N~" max [g/])2k+1), (A27)

as before.
In a similar manner to (A14), we have

2 2(k+1 -
||;7W3||L°°(Ki/) < C®i( . < C(N~! max |¢/|)2(k+1)-
Because h; < Co fori =3N/4,.., N, we have
(2) - 2 1 2(k+1
)< Y kil < Co(N " max|y|)PEH. (A28)
i€{3N/4+1,N}j=1 /
Combining (A27) with (A28) leads to
I3 < C(ve+ 0) (N~ max |¢])2K+1), (A29)

Collecting up (A22), (A23) and (A29) yields
[mws]] < C [((‘/E+ VO (N~ Tmax ¢ + (Ve + N‘”Z)N‘("“)]. (A30)

Similarly, we can prove the remainder of (A1) and arrive at (35a).
(2) Note that (17,) 5 y = UNy — T (un,y), where 71, is a one-dimensional Gauss-Radau
projection regarding vy and satisfies analogous stability and approximation conditions to

that in Lemma 5. From the solution decomposition, we express un,, = Sy, + Eny + Fny,

where Sy, Eny and Fy,, are functions of one variable y and satisfy |5§\],)y| <C, |E§\],)y| <
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Ce™//2e=P¥/VE and |F1(\§)y| < Ce1/2e~P(1-¥)/ Ve Following the similar line to that used to
prove (34a), we obtain

< N*Z(k‘l’l)

M=

-
Il
_
=

(1s)ny

(E) g, < CVEL(N ™ max [y/)205D 4+ N72],

M=

-
Il
_
=

M=

-
Il
_
=

(ME) Nyl < C|:(\/§+Q)(Nilmax|ll]/|)2(k+1) + (ﬁ+N—1)N72(k+1)]'

Using the triangle inequality leads to (35b).
The proofs of (35c) and (35d) are similar and therefore omitted.
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