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Abstract: This paper investigates the Schur-convexity, Schur-geometric convexity, and Schur-harmonic
convexity for the elementary symmetric composite function and its dual form. The inverse prob-
lems are also considered. New inequalities on special means are established by using the theory
of majorization.
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1. Introduction

Throughout the article, the n-dimensional Euclidean space is denoted by R", and
RY = {(x1,...,00) | x; >0,i=1,...,n}. R! is denoted by R for simplicity.

In 1923, Schur [1] introduced the concept of the Schur-convex function. It can be
applied to many aspects, including extended mean values [2-7], isoperimetric inequal-
ities on the polyhedron [8], theory of statistical experiments [9], gamma and digamma
functions [10], combinational optimization [11], graphs and matrices [12], reliability [13],
information theoretic topics [14], stochastic orderings [15], and other related fields.

Zhang [16] and Chu et al. [17] proposed the notations of Schur-geometric convexity
(or “Schur-multiplicative convexity”) and Schur-harmonic convexity, respectively. Then
the theory of majorization was enriched [18-27].

Letx = (x1,...,x,) € R", the k-th elementary symmetric function and its dual form,
denoted by Ej(x) and E; (x), respectively, are defined as

Ex(x) =

k
H inj’ k:1,2,...,1’l.

1<ip << <n j=1

k
Y, I, Ei(x)=

1<ip << <n j=1

Let f : I — R be a function on an interval I C R. In this paper, the k-th elementary
symmetric composite function and its dual form are denoted by

E(f,x) = Ec(f(x1), -, f(x)), Ei(f,%) = Eg(f(x1),-

Clearly Ey(f, %) = Ej(f, ), Eu(f, ) = E; (f, ).

Schur [1] obtained that Ei(x) is Schur-concave, increasing on R’} . Shi et al. [21-23]
proved that E} (x) is increasing Schur-concave on R", E;(x) and E; (x) are increasing Schur-
geometrically convex and Schur-harmonically convex on R”. Xia et al. [24], Guan [25],
Shi et al. [26], Sun [27], Chu et al. [17] constructed and studied the Schur-convexity, Schur-
geometric convexity, and Schur-harmonic convexity of various special cases of Ei(f,x) and
E{(f,x); many interesting inequalities were established and proved.

S (xn))-
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Schur [1], Hardy et al. [28] studied the Schur-convexity of E;(f,x) (or E;;(f,x) ) and
obtained that:

Theorem 1 ([1,28]). E1(f,x) (or E};(f,x)) is Schur-convex on I" if f is convex on I C R.
If f is continuous, the inverse problem of Theorem 1 also holds [29]. That is:

Theorem 2 ([29]). If f is continuous on I, then f is convex on I if E1(f,x) (or E;:(f,x)) is
Schur-convex on I".

In 2010, Roventa [30] investigated the Schur-convexity of E»(f,x) and E,_1(f, x) and
obtained that:

Theorem 3 ([30]). Let I C Ry be an interval. If f : I — Ry is differentiable in the interior of 1
and log f is convex and continuous on I, then Ey(f,x) and E,_1(f, x) are Schur-convex functions
on L.

However, Roventa did not discuss the case of 3 < k <n — 2.
In 2011, Wang et al. [31] proved the following two results.

Theorem 4 ([31]). Let I C R be symmetric and convex with non-empty interior, and let
f I — Ry be differentiable in the interior of I and continuous on 1. If log f is convex, then
Ex(f, x) is a Schur-convex function on I" forany k = 1,2,...,n.

Theorem 5 ([31]). Let I C Ry be symmetric and convex with non-empty interior, and let
f I — Ry be differentiable in the interior of I and continuous on 1. If log f is convex and
increasing, then E(f,x) is a Schur-geometrically convex and Schur-harmonically convex function
onI" foranyk =1,2,...,n.

In 2013, Zhang and Shi [32] gave a simple proof of Theorems 4 and 5. In 2014,
Shi et al. [33] obtained the following two results.

Theorem 6 ([33]). Let I C Ry be symmetric and convex with non-empty interior, and let
f + I — Ry be differentiable in the interior of I and continuous on I. If log f is convex, then
E;(f,x) is a Schur-convex function on I" forany k = 1,2,...,n.

Theorem 7 ([33]). Let I C Ry be symmetric and convex with non-empty interior, and let
f I = Ry be differentiable in the interior of I and continuous on 1. If log f is convex and
increasing, then Ej (f, x) is a Schur-geometrically convex and Schur-harmonically convex function
onlI" foranyk =1,2,...,n

Theorem 2 is the inverse problem of Theorem 1. Thus, the first aim of this paper is to
study the inverse problems from Theorems 3 to 7. In contrast with these results, our study
suggests that the functions that do not have to be monotonous and continuous.

The arithmetic mean of x,y € R is defined by

X+
Ax,y) = Zy'

The geometric mean, harmonic mean, identity mean, and logarithmic mean of x,yy > 0
are respectively defined by
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2x
Gloy) = VA, Hny) = =5
1
1/ x%\*v x—y
— JR— 1 1 x 7
I(x,y) . (]/y> , X 75]// L(x,y) _ {IOgX—IOgy #y
x, x=y, X r=Yy

It is well known that the following inequalities on special means
H(x,y) < Glxy) < Lxy) < I(xy) < Alx,y), %y >0 )

have many important applications. Another aim of this paper is to establish new inequali-
ties on special means by use of the Schur-convexity of Ex(f, x), E{(f,x), and the theory of
majorization.

2. Definitions and Lemmas

First, we introduce the concepts of Schur-convex function, Schur-geometrically convex
function, and Schur-harmonically convex function.
For positive vector x = (x1,...,x;) € R, we denote by

1 1 1
—i==,...,— 1 = (1 ool = (eM, ..., e ).
x <x1/ 7 xﬂ)/ ng ( ngll 7 ng}’l)/ e (e 7 /e )

A function ¢ : O C R"” — R is said to be increasing on Q if x; < y;(1 < i < n) implies
p(x) < @(y) forany x = (x1,...,%xn), ¥y = (Y1,--.,Yn) € QL

Definition 1. Let x = (x1,...,%xn), y = (Y1,...,yn) € R".
(i) ([34]) x is said to be majorized by y (in symbols x < y) if

1=

k
Y X <
i=1 |

1

n n
yig for 1<k<n—1 and Y x;=Yy,
* i=1 i=1

where xjy) = -+ > xpp and ypy) = -+ > Yy are rearrangements of x and y in a descending
order.
(ii)  ([34]) A function ¢ : Q C R" — R is said to be Schur-convex (Schur-concave) on ) if

x=<y=¢x) < (>)p(y), VxyeQ.

(i) ([16]) A function ¢ : QO C R — R is said to be Schur-geometrically convex (Schur-
geometrically concave) on Q) if

logx <logy = ¢(x) < (>)e(y), Vx,yec Q.

(iv) ([23]) A function ¢ : Q C R — Ry is said to be Schur-harmonically convex (Schur-
harmonically concave) on Q) if

1 1
5 p(x) < (Z)o(y), VxyeQ.

Next, we introduce the concepts of convex function, geometrically convex function,
and harmonically convex function.

Definition 2 ([22,23]). Let I C R be an interval, and let f : I — R be a function.
(i) fis called a convex (concave) function on I if

FOx+(1=A)y) < (M) +A-Df@), Yryel 0<A<L



Symmetry 2021, 13, 2351

40f13

(i) f:1C Ry — Ry iscalled a geometrically convex (geometrically concave) function on I if

fEYN < GIF@IMFWIY Yrye, 0<A<L

(iii) f:1C Ry — Ry is called a harmonically convex (harmonically concave) function on I if

f((;\Jrl;)‘)l) < (>)(f?x)+1f(_y;‘)l, Vx,yel,0<A<L1.

Lemmal. Let f: [a,b] CRy — Ry and ¢ : QO C R — Ry be functions.

(i) ([22]) f is geometrically convex (geometrically concave) on [a, b] if and only if log f(e*) is
convex (concave) on [loga,logb].
1

(ii) ([23,35]) f is harmonically convex (harmonically concave) on [a,b] if and only if O] is
concave (convex) on H, %]

(iii) ([22]) ¢ is Schur-geometrically convex (Schur-geometrically concave) on Q) if and only if
¢(e*) is Schur-convex (Schur-concave) on {logx | x € Q}.
(iv) ([23]) ¢ is Schur-harmonically convex (Schur-harmonically concave) on Q) if and only if

1) - - 1
(p( ) is Schur-convex (Schur-concave) on {x | x € Q}

X

Lemma 2 ([16,36]). Let I C R be an interval, and let f : I — R be a continuous function.

(i) f is convex (concave) on I if and only if

f(A(xy) < (2)Af(x), f(¥), Vxy el

(i) f:1C Ry — Ry is geometrically convex (geometrically concave) on I if and only if

f(G(xy) < (Z)G(f(x), f(y), Vxyel

(iii) f:1C Ry — Ry is harmonically convex (harmonically concave) on I if and only if

f(H(xy)) < ()H(f(x), f(y)), Vxyel
Next, we prove the convexity of some functions involving I(x,a + x) and L(x,a + x).

Lemma 3. Let a > 0. Then

(i) I(x,a+ x)and L(x,a + x) are concave on R.

(i) I(x,a+ x), L(x,a + x) and el/L&09)] are geometrically convex on Ry, elt/1(xa+2)] s
geometrically convex on [a, +0c0).

(iii) I(x,a+ x)and L(x,a + x) are harmonically convex on R .

Proof. For simplicity, we denote f(x) = I(x,a+ x), g¢(x) = L(x,a + x).

(i) By asimple calculation, we can obtain that

£7() = () [(log £ ()" + (log f(x))] = T3 [ + (log(1 + 9)7]
7 (x) _ —a? [(2x-+a)(log(x+a)—log x)—2a]
§ 3‘2(XJ”‘)ZDog(i‘ﬂrﬂ)flogx]3 :

Let
fi(t) = —t—1+(logt)2+2, t>1;
¢x(s) = (2x +s)(log(x +s) —logx) —2s, s>0, x>0,
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(ii)

(iii)

then

FOALHS iy —2:(a)

7

fr(x) = 22 x2(x + a)2[log(x + a) —logx]?’/

and

fi(h) = F(=t+  +2log#) <0,

47;((5) = _logxijts - x+s > 0.
Note that f1(1) =0, ¢x(0) = 0, s0 f1(t) < 0(t > 1) and ¢«(s) > 0(s > 0). It follows
that f”/(x) < 0and ¢"(x) < 0 onR.. Hence, f(x) and g(x) are concave on R.
Note that

X

(log f(e))" = & [tr +log ;% | >0, x€R,

(log gle))” = Berele oglitae Ol 5 o, xR,

(ﬁ)ﬂ (,H_gx)z >0, xeR.

It means that log f(e*) , log g(e*) and ( ¥) are convex onR. So f(x), g(x) and el!/8(¥)]

are geometrically convex on Ry by Lemma 1(i).
Next we prove that ell/f(¥)] is geometrically convex on [a, +-0). Clearly we have

(ﬁ)” = uZ;'Z():,x) { (log s T 1— u+ex) + (log aix)z}, x > loga.

Let
p(t) = (17 —1)(logt +1— ) + (log )2, % <t<l.

1 " B Epr(%)
then (k)" = F7 and

p'(t) = 1[(t—1)+ (2— 1) logt} <0.

1
Note that p(1) = 0, so p(t) > 0 (3 < t < 1). It follows that (f(ex)> > 0 on

[log a, +c0) and e'/f(¥) is geometrically convex on [a, +00) by Lemma 1(i).
Note that

"
1 —a
L’(}c)] _(ax+1)2<0’ x> 0.

So ﬁ is concave and g(x) is harmonically convex on R by Lemma 1(ii).
Next,xwe prove that f(x) is harmonically convex on R . Clearly we have

"
[ ! ] = ! [—Zaxlog(ax+l)+ i +(log(ax+1))2 , x> 0.
f(%) a2x4f(%) ax +1
Let
h(t) = =2(t—1)logt+t+ % —2+(logt)?, t>1,
"
then { 71 )] :lz(jf fJé)) and

W(t) = (11) <11+210gt) <0
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"

Note that h(1) = 0,s0 h(f) < 0(t > 1) and [f(ll)} < 0(x > 0). Hence f(ll) is concave

and f(x) is harmonically convex on R by Lemma 1(ii).
O

In the following, we introduce some relevant conclusions on the Schur-convexity of
the composite function. For further details, please refer to [22,23,29].

Lemma 4 ([29]). Let I C R be an interval, and let ¢ : R" — R, f : I — Rand p(x) =
o(f(x1),---, f(xn)) : R" — R be functions.

(i) If f is convex and ¢ is increasing Schur-convex, then  is Schur-convex on I".
(i) If f is concave and ¢ is increasing Schur-concave, then 1 is Schur-concave on I".

Lemma 5 ([22,23]). Let I C R be an interval, and let ¢ : R, — Ry, f : I — Ry and

P(x) = @(f(x1), -+, f(xn)) : R = Ry be functions.

(i) If f is geometrically convex and ¢ is increasing Schur-geometrically convex, then  is Schur-
geometrically convex on I".

(ii) If f is geometrically concave and ¢ is increasing Schur-geometrically concave, then 1 is
Schur-geometrically concave on I".

(iii) If ¢ is increasing and Schur-harmonically convex and f is harmonically convex, then  is
Schur-harmonically convex on I".

Symmetric functions E(x) and E; (x) have the following properties.

Lemma 6 ([1,21-23]). Ei(x) and E;(x) are increasing Schur-concave, Schur-geometrically convex
and Schur-harmonically convex on R,

Lemma 7 ([29]). Let I C Ry be an interval, and let ¢ : I" — R be a continuous symmetric
function. If ¢ is differentiable on 1", then ¢ is Schur-convex (Schur-concave) on I" if and only if

(1 — 1) <9<P(x) _ 34)(?6)) > 0(< 0).

dxq x>y

Let Eg(x3,- - ,x4) =1, Z?:1 x; = 0, it is easy to induce that

n n
Ei(x) =) x, Ef(x) =] [~
i=1 i=1

Ek(x) = xlEkfl (X3,- o /xﬂ) + xZEkfl(x:’w T rxﬂ) + xlXZEk72(x3/ T /x")
+Ek(3€3,"',xn), Zékgn/

OE;(x) Ef(x) E;(x)
Fro PO e a2, 2sk=mn
*1 3<iy<o<ip y<n X1 H Liq Xij 3<ij<ii p<n X1 T X2+ Y1 X
OE;(x) Ef(x) E;(x) 5 <k <
FP k1 k2. s cSKsh
*2 3<ij<<ip_q<n X2 T 21:1 Xip  3<ij<-<ip_p<n X1+ X2 F Zj:l Xi;

Hence, by use of Lemma 7, Lemma 1(iii), (iv) and Lemma 6, we have

Lemmas8. Letk=1,2,---,n, then

(i)  Ex(e*) and Ej (e*) are increasing and Schur-convex on R".
(i) Ex(logx) and Ej (log x) are increasing and Schur-geometrically concave on {e*|x € R} }.
(iii) Ex(1)and E} (1) are decreasing and Schur-harmonically concave on R'L.
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3. Main Results

In this section, we prove our main results. Firstly, we investigate the Schur-convexity
of Ex(f,x) and E{(f, x) and their inverse problems. Note that Theorems 1 and 2 study the
cases of E1(f, x) and E;;(f, x), so we only consider the other cases in the following.

Theorem 8. Let I C R be an interval, and let f : I — Ry be a function.

(i) Iflog f is convex, then Ex(f, x)(2 < k < n)and E;(f,x)(1 < k < n — 1) are Schur-convex
on I". Conversely, if Ex(f,x)(2 < k <n)or E{(f,x)(1 <k < n— 1) is Schur-convex on
I'and f is continuous, then f is convex.

(ii) If f is concave, then Ex(f,x)(1 < k < n) and E{(f,x)(1 < k < n) are Schur-concave on
I". Conversely, if E1(f,x) or E;(f, x) is Schur-concave on I" and f is continuous, then f is
concave. If Ex(f,x)(2 < k <n)or E{(f,x)(1 < k < n—1) is Schur-concave on I" and f
is continuous, then log f is concave.

Proof. We only prove that the results hold for Ei(f,x). A similar argument leads to the
proof of the results for E{(f, x).

(i) Iflog f is convex, then Ex(f,x) = Ex(e°8/,x) is Schur-convex on I" by Lemmas 4(i)
and 8(i). Conversely, if 2 < k < n and Ei(f, x) is Schur-convex on I", note that Ei(x)
is Schur-concave on R, so for all (xq,- -+, x,) € I", we have

Ex(f(A(x1,x2)), f(A(x1,%2)), f(x3), -+, f(xn))
<Ex(f(x1), f(x2), f(x3), -+, f(xn))
<Ep(A(f(x1), f(x2)), A(f(x1), f(x2)), f(x3), - -+, fxu)).-

Since Ei(x) is increasing on R", then

f(A(x1,%2)) < A(f(x1), f(x2))-

Since f is continuous, f is convex by Lemma 2(i).

(ii) If f is concave, then Ei( f, x) is Schur-concave on I" by Lemmas 4(ii) and 6. Conversely,
if E1(f, x) is Schur-concave on " and f is continuous, then —E;(f,x) = E1(—f, x) is
Schur-convex on I"”, so — f is convex on I by Theorem 2. Hence f is concave.

If 2 < k < nand Ei(f, x) is Schur-concave on I", note that Ei(e*) is Schur-convex by
Lemma 8(i), so for all (x1,- -+ ,x,) € ["and 2 < k < n, we have

Ex(f(A(x1,x2)), f(A(x1,x2)), f(x3),- -+, f(xn))
>Ex(f(x1), f(x2), f(x3), -+, f(xn))
(108 0), clog02), g (3) .. log )

>E, (eA(logf(xl)Jng(xz)),eA(logf(xl)Jng(xz)),elogf(xs),. . ,elogﬂxn))
=Ex(G(f(x1), f(x2)), G(f(x1), f(x2)), f(x3), -~ f(xn))-

Since Ex(x) is increasing on R’ , then

f(A(x1,x2)) = G(f (x1), f(x2))-

Since f is continuous, log f is concave by Lemma 2(i).
O

Secondly, we prove the Schur-geometrically convexity of Ex(f,x) and E;(f, x) and
their inverse problems.
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Theorem 9. Let 1 < k <mnand I C Ry bean interval, and let f : I — R be a function.

(i)

(ii)

If f is geometrically convex, then E(f,x) and E;(f, x) are Schur-geometrically convex on I".
Conversely, if E,(f, x) or E{(f,x) is Schur-geometrically convex on I" and f is continuous,
then f is geometrically convex. If Ex(f,x)(1 < k < n—1)or Ef(f,x)(2 < k < n)is
Schur-geometrically convex on I" and f is continuous, then e/ is geometrically convex;

If f is geometrically concave, then E,(f,x) and E}(f,x) are Schur-geometrically concave
on I". If e/ is geometrically concave, then Ex(f,x)(1 < k < n—1) and E}(f,x)(2 <
k < n) are Schur-geometrically concave on I". Conversely, if Ex(f,x) or E;(f,x) is Schur-
geometrically concave on 1" and f is continuous, then f is geometrically concave.

Proof. We only prove that the results hold for Ex(f, x). A similar argument leads to the
proof of the results for E{(f, x).

(i)

(i)

If f is geometrically convex, then Ei(f,x) is Schur-geometrically convex on I" by
Lemmas 5(i) and 6. Conversely, if E,,(f, x) is Schur-geometrically convex on I", then
forall (xq,---,x,) € I", we have

n n

En(f(G(x1,%2)), f(G(x1,%2)), f(x3), -+, f(xn)) = f2(G(x1,22)) [T f(x) < TTf(x)-

So we have
f(G(x1,x2)) < G(f(x1), f(x2)).

Since f is continuous, f is geometrically convex by Lemma 2(ii).
If Ex(f,x)(1 < k < n—1) is Schur-geometrically convex on I", note that Ei(log x) is
Schur-geometrically concave by Lemma 8(ii), so for all (x1,-- -, x,) € I", we have

(G(x1,%2)), f(G(x1,%2)), f(x3), - -, f(xu))
f(x1), f(x2), f(x3), -+, f(xn))
logef logef( 2) logef(x3),- .. ,1og€f(xn)>

Ex(f
<Ei(
Ek(
<E, (1ogc (ef31), ef (%)) 1og G(ef (D), f(%2)) Jog e/ 53) . .. ,logeﬂxn))
=Ex(A(f(x1), f(x2)), A(f(x1), f(x2)), f(x3), - -+, f(xn))-

Which implies that
f(G(x1,x2)) < A(f(x1), f(x2)).

Since f is continuous, ef is geometrically convex by Lemma 2(ii).
If f is geometrically concave, then ]17 is geometrically convexity, it follows that the
function

e == (7)

is Schur-geometrically convex on I" by (i); hence, E,(f,x) is Schur-geometrically
concave on [".

If ef is geometrically concave, then forany 1 < k < n —1, Ex(f,x) = E¢(log ef,x) is
Schur-geometrically concave on I" by Lemmas 5(ii) and 8(ii).

Conversely, if Ei(f, x) is Schur-geometrically concave on ", note that Ei(x) is Schur-
geometrically convex on ", so for all (x1,--- ,x,) € I", we have

Ex(f(G(x1,x2)), f(G(x1,%2)), f(x3),- -+, f(xn))
Ex(f(x1), f(x2), f(x3), -+, f(xn))
Ex(G(f(x1), f(x2)), G(f(x1), f(x2)), f(x3), -+, f(xn))-

>
>
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Which implies that

f(G(x1,x2)) > G(f(x1), f(x2)).

Since f is continuous, f is geometrically concave by Lemma 2(ii).

Finally, we prove the Schur-harmonically convexity of Ei(f,x) and Ej (f, x) and their

inverse problems.

Theorem 10. Let 1 < k <mnand I C R be an interval, and let f : I — Ry be a function.

(i)

(i1)

If f is harmonically convex, then Ei(f,x) and Ef(f, x) are Schur-harmonically convex on I".
Conversely, if Ex(f,x) or E(f, x) is Schur-harmonically convex on I" and f is continuous,
then 1 7 is harmonically concave.

If % is harmonically convex, then Ex(f, x) and E; (f, x) are Schur-harmonically concave on I".

Conversely, if Ex(f, x) or E{(f,x) is Schur-harmonically concave on I" and f is continuous,
then f is harmonically concave.

Proof. We only prove that the results hold for Ei(f,x). A similar argument leads to the
proof of the results for E;(f, x).

(i)

(ii)

If f is harmonically convex, then Ei(f,x) is Schur-harmonically convex on I" by
Lemmas 5(iii) and 6. Conversely, if Ex(f, x) is Schur-harmonically convex on I", note
that Ey(1) is Schur-harmonically concave by Lemma 8(iii), so for all (xq,- - -, x,) € I",
we have

(f(H(xler)) f(H(x1,x2)),

~—
—
'\'\
—
=
[*)
~
~
—
=
=
~—

<Ej f xa),"',f(xn))
1
T
f(xl) fxz) fx3) Flxn)
( 1 1 1 )
, - i )
H(f(xl)’f(}fz)> flxs) flxn)
Which implies that

1 1 1
F(H(xn, %)) — H(Jf(xn’f(xz))‘

Since f is continuous, % is harmonically concave by Lemma 2(iii).

-1
If 117 is harmonically convex, note that {Ek(%)} is increasing Schur-harmonically
convex on R by Lemma 8(iii), so the function

1
(Ex(f,x)) ' = (Ek (}x))
f

is Schur-harmonically convex on I" by Lemma 5(iii). It follows that Ei(f, x) is Schur-
harmonically concave on I". Conversely, if Ex(f, x) is Schur-harmonically concave
on I", note that Ei(x) is Schur-harmonically convex on I" by Lemma 6, so for all
(x1,+-+,x) € I", we have

E(f(H(x1,%2)), f(H(x1,%2)), f(x3), -+, f(xn))
>E(f(x1), f(x2), f(x3), -+, f(xn))
>E(H(f(x1), f(x2)), H(f (x1), f(x2)), f(x3), -+, f(x)-
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Which implies that

f(H(x1,x2)) > H(f(x1), f(x2))-

Since f is continuous, f is harmonically concave by Lemma 2(iii).
O

4. Applications to Means

Now, we use Theorems 8-10 to establish new inequalities on special means.
Letx = (xq1,---,x,) € R, the arithmetic mean, geometric mean, harmonic mean of
X1, , Xy are respectively defined by

1/n -1
1 n n n B
An(x) = =) x;, Gu(x) = <| |xi> , Hn(x)—n<2xi 1)
ni3 i=1 i=1
For simplicity, we denote

I(x,a+x)=(I(x,a+x1),--,[(xp,a+xy)),
L(x,a+x) = (L(x;,a+x1),- -+, L(xy, a4 xy)).

If we replace f(x) with I(x,a + x) and L(x,a + x), respectively, in Theorem 8(ii), then
by Lemma 3(i) and Theorem 8(ii) we can get:

Theorem 11. Leta > 0,x = (x1, -+ ,x,) E Ry, n>2,1 <k <, then

k
L TTietn) < () A0+ Anx), ©
1§i1<“'<l‘k§71]‘:1
k n .
HL(xij,ﬂ+xij) S <k>L(An(x>/a+A1’l(x)) 4 (3)

l§i1<~-<l’k§1’l ]:1

k
[T X IGipatx) < kOI(Au(x),a+Au(x), 4)

1§i1<-~~<ik§nj:1

k
[T Y L(xa+x)<kDL(A(x),a+ A ()0, )

1§i1<~'~<ikfl’l ]:1
In particular, if we let k = 1 in (2) and (3), respectively, then we have

An(I(x,a+x))

I[(An(x),a+ An(x)), (6)
Ap(L(x,a+x)) <L

<
< L(An(x),a+ Ay (x)). )

If we replace f(x) with I(x,a +x), L(x,a + x), ell/1®a+9)] and [1/L(xa+2)] respectively
in Theorem 9(i), then by Lemma 3(ii) and Theorem 9(i) we have:

Theorem 12. Leta > 0,x = (xq, -+ ,xy), 1 > 2,1 <k <mn, then
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k n
Y, Jlixi,a+x) 2<k>1 x),a+ Gu(x))k, x e R", (8)
1< << <n j=1
k
Y He[l/l(x, a+xi) 2 <n>ek/1(cn x),a+Gu(x))] x € [, +oo)", ©)
1<ip<---<ip<n j=1 k
k
Y TTL( Xi;, @ + ;) Z(Z)L x),a+ Gu(x))k, xcR", (10
1<ip << <n j=1
k (a+ x;,
)3 H( ) ()a Gl ) xERY, (1)

1<ip < <ix<n j=1 Xi; Gn x
k

[T X ix,a+x)>kP1(Gu(x),a+ Galx)¥, xERY,  (12)
1§i1<~-<ik§nj:l
k

I1 Ze[l/l(x, atx;;)] > k0l ()/1(Gn(x),a+Ga(x))] x€[a,4+00)",  (13)
1< << <n j=1
k

[T Y Lxipa+x;) > kVL(Ga(x),a+ Gu(x)) ¥, xR, (14)
1<ip << <n j=1

1
a4+ x; ; (})/a

1_[ Z( i ) > k) (‘Z_‘_G”(x)> , xR (15)

1< <<k <n j=1 Gn (x)

In particular, if we let k = n in (8), (9), (10) and (11), respectively, then we have
Gu(I(x,a+x)) > I(Gu(x),a+ Gu(x)), x € R}, (16)
Hy(I(x,a+x)) < I(Gy(x),a+ Gu(x)), x € [a,+0)", (17)
Gu(L(x,a4+x)) > L(Gu(x),a+ Gy(x)), x € R, (18)
Hu(L(x,a+x)) < L(Gu(x),a+ Gu(x)), x € R, (19)

If we replace

by Lemma 3(iii) and Theorem 10(ii), we can get:

Theorem 13. Leta > 0, x = (xq,- - -

D

1<ip << <n j=1

x 1

1§i1<~--<ik§nj:1

I Yo

1<ip << <n j=

)3

1<iy <---<if<n j=1

In particular, if we let k = 1 in (20) and (21), respectively, then we have

7

__ 1
I(xij/ a—+ xi]')

1
- <
L(xl]/a+x1]) o (

1

<

)
le,a—i—xl) < K

n

) I(Hy(x),

S ¥ (9]
L(xl’].,ﬂ + xl]) -

1

xp) €ERY,n>2,1<k<n,then

a+ Hy(x))k’

1
> L(Hy(x),a+ Hy(x))k’

1

I(Hy(x),a 4 Hyu(x))x’

1

L(Hp(x),a+ Hy(x))k

I(Hy(x),a+ Hy(x)),
L(Hy(x),a+ Hy(x)).

1 oy with ] (x,a+ x) and L(x,a + x), respectively, in Theorem 10(ii), then

(20)

(21)

(22)

(23)

(24)
(25)
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By the inequalities (6), (7), (16)—(19), (24) and (25), we can obtain the following new
inequalities.

Theorem 14. Leta > 0,x = (x1,- -+ ,x,) € R, n > 2, then

I(Hp(x),a+ Hy(x)) < Ho(I(x,a 4 x)) < I(Gu(x),a + Gn(x))
<Gu(I(x,a+x)) < Au(I(x,a+x)) < I(An(x),a+ An(x)), x € [a,+o0)", (26)
L(Hy(x),a + Hn(x)) < Hp(L(x,a + x)) < L(Gn(x), 4 + Gu(x))
< Gu(L(x,a+x)) < Au(L(x,a+x)) < L(An(x),a+ Au(x)), x e R (27)

5. Discussion

In this paper, the Schur-convexity, Schur-geometric convexity, and Schur-harmonic
convexity and the inverse problem for Ei(f, x) and E(f, x) are established in Theorems 8-10,
then some results in the papers [1,17,24-33] are generahzed.

The inequalities involving special means (arithmetic mean, geometric mean, harmonic
mean, identity mean, and logarithmic mean) are very important. In this paper, by use
of Theorems 8-10 and the theory of majorization, new inequalities on special means are
established in Theorems 11-14.
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