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Abstract: The Cayley—Klein (CK) formalism is applied to the real algebra so(5) by making use of
four graded contraction parameters describing, in a unified setting, 81 Lie algebras, which cover
the (anti-)de Sitter, Poincaré, Newtonian and Carrollian algebras. Starting with the Drinfel’d-Jimbo
real Lie bialgebra for so(5) together with its Drinfel’d double structure, we obtain the corresponding
CK bialgebra and the CK r-matrix coming from a Drinfel’d double. As a novelty, we construct
the (first-order) noncommutative CK spaces of points, lines, 2-planes and 3-hyperplanes, studying
their structural properties. By requiring dealing with real structures, we found that there exist
63 specific real Lie bialgebras together with their sets of four noncommutative spaces. Furthermore,
we found 14 classical r-matrices coming from Drinfel’d doubles, obtaining new results for the de
Sitter s0(4,1) and anti-de Sitter s0(3,2) as well as for some of their contractions. These geometric
results were exhaustively applied onto the (3 + 1)D kinematical algebras, considering not only the
usual (3 + 1)D spacetime but also the 6D space of lines. We established different assignations between
the geometrical CK generators and the kinematical ones, which convey physical identifications for the
CK contraction parameters in terms of the cosmological constant/curvature A and the speed of light
c. We, finally, obtained four classes of kinematical r-matrices together with their noncommutative
spacetimes and spaces of lines, comprising all xk-deformations as particular cases.

Keywords: quantum groups; classical r-matrices; contractions; symmetric homogeneous spaces;
Anti-de Sitter; Carroll; Newton-Hooke; kappa-deformation; noncommutative spacetimes; noncom-
mutative spaces of lines
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1. Introduction

The notion of Cayley—Klein (CK) Lie algebras along with their corresponding Lie
groups and symmetric homogeneous spaces date back to early studies of projective metrics.
In particular, CK Lie groups appear in a natural way within the context of the consideration
by Klein that most geometries are, in fact, subgeometries of projective geometry and
also in relation to Cayley’s theory of projective metrics [1-3]. However, the complete
classification of CK geometries, understood as geometries endowed with a projective
metric, was not given by Klein himself. The two-dimensional (2D) geometries were studied
under the name of “quadratic geometries” by Poincaré, who followed a modern group
theoretical approach.

The classification of CK geometries for an arbitrary dimension N was finally achieved
by Sommerville in 1909 [4], where he showed that there exist exactly 3N different CK
geometries in dimension N, each of them corresponding to a different choice of the kind of
measure of distance between points, lines, 2-planes, ..., (N — 1)-hyperplanes, which can
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be either of elliptic, parabolic or hyperbolic type [3]. Then, CK groups are just the motion
groups of the CK geometries acting as groups of isometries of the symmetric homogeneous
CK spaces. In dimension N, such CK groups are semisimple pseudo-orthogonal groups
SO(p,q) (p+9 = N+ 1) and some of their contractions, such as the inhomogeneous
ISO(p",q') (p' +4q' = N).

In order to set up the main ideas and the formalism that we shall follow along the
whole paper, let us consider the well-known nine 2D CK geometries [3,5-12]. These emerge
as the different possibilities for considering the measures of distance between two points
and the measure of an angle between two lines, with each of them being either of elliptic,
parabolic or hyperbolic type. The CK groups are the simple real Lie groups SO(3) and
SO(2,1), the non-simple inhomogeneous Euclidean ISO(2) and Poincaré ISO(1,1) and the
twice inhomogeneous Galilean IISO(1) (in this notation ISO(1) = R).

The 2D CK geometries are constructed through the coset spaces of the above 3D Lie
groups with a precise 1D isotropy subgroup. Early, the usual procedure for describing
these geometries made use of hypercomplex numbers with two hypercomplex units ¢; and
12 [2,3,5,6]. We recall that a hypercomplex number is defined by z := x + 1y, where (x,y)
are two real coordinates and ¢ is a hypercomplex unit such that 2e {—1, +1, O}.

Hence, there are three possible kind of hypercomplex numbers according to the
specific unit « (1) If 2 = —1, then ¢ is an elliptical unit providing the usual complex
numbers; (2) If > = +1, 1 is a hyperbolic unit yielding the so-called split complex, double
or Clifford numbers; and (3) if /2 = 0, ¢ is a parabolic unit leading to the dual or Study
numbers. Alternatively, 2D CK geometries can also be studied in terms of two real graded
contraction parameters wi and w,, which can take positive, negative or zero values [7-12].
By taking into account the above two approaches, we display the specific 2D CK geometries
in Table 1, where they are named in their original geometric form [3], as well as in their
physical (or kinematical) terminology (second and third rows).

Table 1. The nine two-dimensional Cayley-Klein geometries as homogeneous spaces according to
two real graded contraction parameters (w1, wy) and to two hypercomplex units (11, 1).

Measure of Distance

Measure of Angle Elliptic Parabolic Hyperbolic
w1 >0 2=-1 wr=0 2=0 w1 <0 2=+41
Elliptic e Spherical e Euclidean o Hyperbolic
wr>0 5=-1 SO(3)/S0(2) 1SO(2)/SO(2) SO(2,1)/S0(2)
Parabolic e Co-Euclidean o Galilean o Co-Minkowskian
wp=0 5=0 or Oscillating NH or Expanding NH
ISO(2)/R IISO(1) /R ISO(1,1)/R
Hyperbolic e Co-Hyperbolic o Minkowskian e Doubly Hyperbolic
wr <0 5=+1 or Anti-de Sitter or De Sitter
S0(2,1)/50(1,1) ISO(1,1)/50(1,1) S0O(2,1)/50(1,1)

Consequently, the family of 2D CK geometries contains nine homogeneous spaces
of constant curvature: the three classical Riemannian spaces in the first row of Table 1;
the three (Newtonian) spaces with a degenerate metric in the second row; and the three
pseudo-Riemannian or Lorentzian spaces in the third row.

In the procedure that makes use of the real parameters (wq, wy) [7-12], the generic
CK Lie algebra is denoted by s0.,,,w,(3) = span{Jo1, Jo, Ji2}, which corresponds to a
two-parametric family of Lie algebras with commutation relations given by

12, Jo1] = Joz, 12, Jo2] = —w2]o1, ot Joz] = w12 1)

The vanishing of a given parameter wy, (i.e., wyu — 0) is equivalent to apply an
Inonti-Wigner contraction [13]. The CK algebra has a single quadratic Casimir given by
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C=wd + 5 +wi ). )

The 2D CK geometry is then defined as the following coset space between the CK Lie
group SO, w, (3) with Lie algebra so., «, (3) (1) and the isotropy subgroup of a point H,
spanned by Ji2 [9]:

Strwr 7= 0w, (3)/H,  H =504,(2) = (o). ©

Hence, J1; leaves a point O invariant (the origin) acting as the generator of rotations
around O, while Jy; and o, are the generators of translations that move O along two basic
directions on the space. The CK geometry (3) has a metric, provided by the Casimir (2),
which is of constant (Gaussian) curvature equal to w; and with metric signature given by
diag(+1, wy) (see Table 1).

Spacetimes of constant curvature in (1 + 1) dimensions arise as particular cases of the
CK geometry (3) through different assignations between the geometrical generators ],
and the kinematical ones, which require appropriate relations between the CK parameters
(w1, wy) and physical quantities. Explicitly, let { Py, P;, K} be the generators of time transla-
tions, space translations and boost transformations. Under the particular identification

Jo1 = P, Joo = Py, Ju=K, w1 = —A, wy = —c 2, 4)

where A is the cosmological constant and c is the speed of light, we find that the CK algebra
(1) adopts the form

1
[KrPO} =P, [Klpl] = CfZPO, [PO/Pl] = —AK. (5)

Thus, under the relations (4), the CK group SO, «, (3) with Lie algebra (5) becomes
a kinematical group acting as the group of isometries of six relevant (1 + 1)D spacetime
models [14] of constant curvature equal to —A, which are all contained in (3). These are
the three Lorentzian spacetimes with the metric signature diag(+1, —c~2), mentioned in
the third row of Table 1, along with their non-relativistic limit ¢ — oo leading to the three
Newtonian spacetimes with degenerate metric diag(+1,0) in the second row of Table 1
(NH means Newton-Hooke). All of the kinematical algebras and spacetimes can also be
described within the CK framework except for the static algebra [14]; at this dimension,
the latter is just the abelian algebra.

In principle, the very same results can be obtained by making use of the formalism in
terms of hypercomplex numbers [2,3,5,6] since, roughly speaking, one finds the relations
2 ~ —w. Nevertheless, in addition to simply dealing with real numbers instead of
hypercomplex ones, the main differences between both approaches clearly appear in the
pure contracted case corresponding to consider the parabolic unit /> = 0 and to set w = 0.
In particular, the contraction of exponentials of a Lie generator | could give rise to different
results; for instance:

exp(2x]) =1, exp(ix]) = 14w, exp(wx]) =1, exp(vVwx]) =1,

where x is a real number. We stress that this kind of exponential often appears in quantum
groups, and, moreover, terms depending on some /w;, will be omnipresent through-
out the paper (within Lie bialgebra structures), so that both procedures could be no
longer equivalent in a quantum deformation framework. Thus, we shall make use of
the graded contraction approach with real parameters w,, in such manner that a smooth
and well-defined w;,, — 0 limit of all the expressions that we shall present here will be
always feasible.

In addition, we stress that the same CK group SO(2, 1) appears three times in Table 1,
and two of their CK spaces are “similar” (see [15,16] for a very detailed description of
these three geometries in terms of hypercomplex numbers). The structure of the three CK
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geometries involved, hyperbolic and the (anti-)de Sitter ones, can be better understood by
considering not only the usual CK space (3) shown in Table 1 but also their 2D homogeneous
spaces of lines, as it was performed in [8,12] and likewise for the Euclidean and Poincaré
groups, which appear twice in Table 1.

In arbitrary dimension N, the CK algebra depends on N real graded contraction
parameters wy, (m =1,...,N) and is denoted by s0.,,... wy (N + 1). This family comprises
3N semisimple and non-semsimple real Lie algebras (being some of them isomorphic),
which share common geometric and algebraic properties. The signs of the parameters
wy # 0 determine a specific real form so(p, ) and when at least one wy, vanishes the CK
algebra becomes a non-semisimple one.

In algebraic terms, a CK algebra can be defined as a graded contracted Lie algebra
from so(N + 1) [17], which keeps the same number of algebraically independent Casimir
invariants as in the semisimple case, regardless of the values of wy, [18]. This definition
implies that all of the 3N particular CK algebras have the same rank (even for the most
contracted case with all w,;, = 0), so that they are also known as quasisimple orthogonal
algebras [18,19]. From this viewpoint they can be seen as the “closest” contracted algebras
to the semisimple ones.

In this respect, we remark that the CK contraction sequence ensures to always obtain
a non-trivial quadratic Casimir (like (2)), which, in turn, means that there always exists a
non-trivial metric on the ND CK geometry, although degenerate in many cases. This fact
explains the absence of the static algebra in the CK family. Obviously, if one goes beyond
the CK Lie algebra contraction sequence, then one can obtain the static algebra, and finally
arrive at the abelian algebra [20].

From the CK algebra, the corresponding CK Lie group SO,,...wy (N + 1) can be
constructed, and the ND CK geometry is defined as the coset space (see (3))

Sf\c{}ﬂ,wz,...,wz\] = Sow],...,wN (N + 1) /Sow2!~"rwN (N)/ (6)
which has a metric of constant (sectional) curvature equal to w; with signature given by
diag(+1, wy, ... ,CUN).

In this paper, we focus on the physically relevant dimension N = 4, thus covering the
(3 + 1)D spacetimes of constant curvature. Hence, the CK algebra and group will depend on
a set of four real graded contraction parameters w = (w1, wy, w3, wy), thus, comprising
3* = 81 specific Lie algebras. For each CK algebra/group, we shall consider four types of
symmetric homogeneous spaces: the usual 4D CK space of points (spacetimes) (6) along
with the 6D space of lines, 6D space of 2-planes and 4D space of 3-hyperplanes, with all
of them of constant curvature and equal to wy, ..., ws. Therefore, in this paper, by a CK
geometry, it will be understood the set of these four homogeneous spaces associated with a
given Lie algebra in the CK family and not only the usual space of points (6), which is the
one commonly considered in the literature.

In this geometrical setting, we initially study CK Lie bialgebras and their associated
noncommutative spaces in order to further develop their physical applications. Thus, we,
first review the basics on quantum groups that will be used along the paper in Section 2.
Secondly, we present a two-fold work in Sections 3-6 with two main but interrelated parts,
whose structure, objectives and results are as follows.

1. Starting with the Drinfel’d-Jimbo Lie bialgebra for so(5) and also considering its
Drinfel’d double structure in Section 3, we obtain the corresponding CK bialgebra
along with the classical CK r-matrix coming from a Drinfel’d double in Section 4.
As a novelty, we construct, by means of quantum duality, the first-order (in the
quantum coordinates) noncommutative CK spaces of points, lines, 2-planes and 3-
hyperplanes. We analyse their properties and always require real structures. We
found that, finally, there were 63 specific real Lie bialgebras together with their sets of
four (first-order) noncommutative spaces, which are summarized in Tables 2 and 3,
respectively. Additionally, we found 14 classical r-matrices coming from Drinfel’d
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double real structures: there are four cases (I)~(IV) for the simple algebras and 10 more
cases for their contractions. In this way, we obtain new results for de Sitter so0(4,1)
(case (1)) and anti-de Sitter s0(3,2) (case (IV)) Drinfel’d doubles and for some of their
contractions, which are displayed in Table 4.

2. The above geometric results are exhaustively applied onto the (3 + 1)D kinematical
algebras [14] not only considering the usual (3 + 1)D spacetime but also the 6D space
of lines; the classical picture for each kinematical algebra is presented in Section 5
and outlined in Table 5. In Section 6, we establish different assignations between the
geometrical CK generators and the kinematical ones, which convey appropriate phys-
ical identifications for the CK contraction parameters w in terms of the cosmological
constant/curvature A and speed of light c. In this process, we obtain four classes of
kinematical r-matrices and, for some algebras, also r-matrices coming from Drinfel’d
doubles. These classes are called A, B, C and D, matching, in this order, with the
above cases (I)-(IV). The resulting kinematical bialgebras are given in Table 6, while
their corresponding first-order noncommutative spacetimes and spaces of lines are
shown in Table 7. We stress that class C covers the kappa-deformations.

Although, in this work, we do not construct the complete quantum kinematical
algebras and their associated full noncommutative spacetimes and spaces of lines, we
comment on related known results and open problems in Sections 6.5 and 6.6, respectively.
To finish with, several conclusions and a more exhaustive list of open problems, also
concerning the geometric CK setting, are drawn in Section 7.

2. Fundamentals on Quantum Groups

In this Section, we review the basic background on quantum groups necessary for
the paper along with updates and physical motivation related to the main results here
presented. We shall focus on quantum deformations of Lie algebras (with a Hopf algebra
structure) along with their connection to Lie bialgebras, Poisson-Lie groups, Poisson
homogeneous spaces, noncommutative spaces and Drinfel’d doubles. More details on
these topics can be found in [21-26].

2.1. Lie Bialgebras and Quantum Algebras
Let us consider an nD Lie algebra g = span{Xj, ..., X, } with commutation relations
given by
n
X, Xj] = k; i X )

The Lie algebra g is endowed with a Lie bialgebra structure (g, 6) [27] if there exists a
map J : g — g A g called the cocommutator verifying two conditions:

(i) 6 is a 1-cocycle,
5([X1,X]]) = [6(X;), Xj®1+1®Xj]+[Xi®1+1®Xi, (5(X])], VXi,X]‘ €g. (8

(if) The dual map 6* : g* ® g* — g* is a Lie bracket on the dual Lie algebra g* of g.

Therefore, any cocommutator ¢ can be written in a skew-symmetric form as

ik ik kj
(X)) =Y fI'XjeoXe, fIr=-f, )
k=1

in such a manner that the antisymmetric factors fl] ¥ turn out to be the structure constants
of the dual Lie algebra g* = span{%y,..., £, }:

[#/, %] = f i (10)

i=1
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The duality between the generators of g and g* is determined by a canonical pairing
given by the bilinear form ' ‘
(2, Xj) =0}, Vi, j. (11)
The cocycle condition (8) leads to the following compatibility equations among the
structure constants cifj (7) and fi] k (10):

n n
Im .k Ik km ] Ik km 1 .
Y. e = Z(ﬁ ok + fi" ki + £ c;’f{+fjmcik>, Vi, j,1,m.
k=1 k=1
For some Lie bialgebras, the 1-cocycle ¢ is coboundary [27], that is, it can be obtained
from an element r € g ® g in the form

(X)) = Xi®1+1®X;, 7], VXi € g. (12)

The element r is the so-called classical r-matrix, which can always be written in a
skew-symmetric form
r=3Y XX, r = —rl, (13)
ij=1

and must be a solution of the modified classical Yang—Baxter equation
X,®1®1+1X;®1+101® X;,[[r,7]]] =0, VX; € g, (14)
where [[r, r]] is the Schouten bracket defined by

([r,7]] := [r12,713] + [r12, 23] + [r13,723], (15)

such that

noo no L
Vlzz‘zll’ljxi@)xj'@l, 7’13:‘211’”}(,’@1@}(', 723:‘211’1]1®Xi®x]'.
i,j= L= L=

If the Schouten bracket (15) does not vanish for an r-matrix written in the skew-
symmetric form (13), then the Lie algebra g is endowed with a quasitriangular (or standard)
Lie bialgebra structure (g, d(r)). The vanishing of the Schouten bracket corresponds to the
classical Yang-Baxter equation

Hr’ VH =0, (16)

and (g, d(r)) is called triangular (or nonstandard) Lie bialgebra.

We remark that the deformation parameter, that we shall denote as z throughout the
paper and such that g = €%, is already contained within 6 (9) and r (13) in the factors fi] k
and ¥/ as a global multiplicative constant. This, in turn, means that the non-deformed
or “classical” limit z — 0 (i.e., § — 1) leads to a trivial coproduct § = 0 with all flj =0
and classical r-matrix r = 0 with all ¥/ = 0, being g* an abelian Lie algebra, thus, with
commutative generators £ (10).

A quantum algebra U,(g) is a Hopf algebra deformation of the universal enveloping
algebra U(g) of g constructed as formal power series C[[z]] in a deformation indeter-
minate parameter z and coefficients in U (g)—that is, U (g) = U(g) ® C[[z]]. The Hopf
algebra structure of U, (g) is determined by the coproduct A, counit € and antipode v
mappings [24-26]. In particular, the coproduct A; : Uz(g) — U.(g) @ U.(g) must be an
algebra homomorphism and fulfil the coassociativity condition

(Id ® AZ)AZ = (AZ ® Id)Az ’
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where Id is the identity map, giving rise to a coalgebra structure (U,(g), A;). Once A; is
obtained, the remaining maps, € and 7, can directly be deduced from the Hopf algebra
axioms providing the complete Hopf algebra structure. Hence, hereafter, we shall only
focus on the coalgebra structure of U, (g) assuming the existence of the corresponding
counit and antipode.

The remarkable point is that any quantum algebra U/, (g) is determined at the first-
order in z by a Lie bialgebra (g,d). Explicitly, if we write the coproduct A; as a formal
power series in z, the cocommutator J (9) is just the skew-symmetric part of the first-order
term A; in z, namely

A= (Xi) = Bo(Xy) + A1(X;) + o[2%],
MX)=X®21+10X;, (17)
i) =

( (Xz) —U’OA1<XZ'),

where ¢ is the flip operator ¢(X; ® Xj) = X; ® X; and Ay is called the primitive (non-
deformed) coproduct. Therefore, each Lie bialgebra (g, J) determines a quantum defor-
mation (U-(g), A;), and the equivalence classes (under automorphisms) of Lie bialgebra
structures on g will provide all its possible quantum algebras.

We recall that, for semisimple Lie algebras, all their Lie bialgebra structures are
coboundaries, so that all their possible quantum deformations are determined by classical
r-matrices. The paradigmatic type of them is provided by the so-called Drinfel’d-Jimbo
deformations [28-30]; the corresponding Drinfel’d-Jimbo r-matrix for the compact real
form so(5) [31] will be our starting point for the detailed study of the CK Lie bialgebras,
which will be performed in Sections 3 and 4.

However, even for semisimple Lie algebras, the determination of all the Lie bialgebra
structures through classical r-matrices is a cumbersome task and, in fact, there are only
classifications for the Lorentz algebra so(3,1) [32] and for the related real forms so(4) and
s0(2,2) [33,34]; from a kinematical viewpoint, these classifications for s0(3,1) and so(2,2)
correspond to (2 + 1)D (anti-)de Sitter -matrices [35]. Therefore, in the (3 + 1)D case, which
is the one that we shall consider throughout this paper, there are no such classifications
for the simple algebras so(p, q) with p 4+ g = 5, although we remark that there are some
partial results.

In particular, it was shown in [36] that there exist only two two-parametric classical
r-matrices for the (anti-)de Sitter algebras s0(4,1) and so0(3,2) keeping the primitive (unde-
formed) time translation generator and a single rotation generator. The classification of
their r-matrices, which preserve a Lorentz s0(3, 1) sub-bialgebra was very recently obtained
in [37] starting with the former full (2 + 1)D classification [32,33].

All the Lie bialgebra structures for inhomogeneous pseudo-orthogonal algebras
iso(p,q) with p + g > 3 are also coboundaries [38,39]. Their classification for the (3 + 1)D
Poincaré algebra iso(3,1) was obtained in [38,40,41], while for the (2 + 1)D Poincaré algebra
is0(2,1) and 3D Euclidean iso(3), it was performed in [42]; the latter classifications have
also been recovered in [43] by contracting the (2 + 1)D (anti-)de Sitter and so(4) r-matrices
given in [33,34].

Concerning other kinematical algebras, we also recall that the obtention of Lie bial-
gebras mainly covers low-dimensional cases such as the (1 + 1)D Galilei algebra (isomor-
phic to the Heisenberg-Weyl algebra bh3) [44-47], the 2D Euclidean algebra iso(2) [48],
the (1 + 1)D centrally extended Galilei algebra [49-51] and the (1 + 1)D centrally extended
Poincaré algebra in the light-cone basis (isomorphic to the oscillator algebra b4) [52,53].
With the exception of the latter, all of them have both coboundary and non-coboundary Lie
bialgebra structures.

In general, for solvable and nilpotent Lie algebras, many of their Lie bialgebra struc-
tures are non-coboundaries; in this respect, see [54,55] and the references therein for the
classification of 3D Lie bialgebras. Finally, very recently, the classification of 4D inde-
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composable coboundary Lie bialgebras was carried out in [56], which showed how the
difficulties of this task grow when the dimensions of the Lie bialgebras increase.

2.2. Quantum Groups and Noncommutative Spaces

Let us consider a quantum algebra (U, (g), A;) with underlying Lie bialgebra (g, d)
and let G be the Lie group with Lie algebra g. A quantum group (G, Ag,) is a noncommuta-
tive algebra of functions on G defined as the dual Hopf algebra to the quantum algebra
(Ux(g), Az). Explicitly, let mg_ and m;, be the noncommutative products in G, and U, (g),
respectively. The duality between the Hopf algebras (G, mg_, Ag.) and (U, (g), m, A;) is
established by means of a canonical pairing (, ) : G x U;(g) — R such that

(me,(f©g8),X) = (f®g 4:(X)), (18)
(D (f), X®@Y) = (f, m(X®Y)), (19)

where X,Y € U:(g), f,§ € Gzand (f® ¢ X®Y) = (f,X)(gY).

The duality relation (18) implies that the noncommutative product m¢_ in the quantum
group G; is defined by the coproduct A; in the quantum algebra U (g) and, conversely,
the expression (19) implies that the coproduct Ag_ in G; is given by the noncommutative
product m; in U, (g). By taking into account that the first-order term in z of the coproduct
A; is defined by the cocommutator ¢ (17), a straightforward consequence of the above
Hopf algebra duality is that the commutation relations for the quantum group G; at the
first-order in the quantum (noncommutative) coordinates £’ are given by the dual map 6*
of 4 (9), that is, with fundamental Lie brackets (10).

Furthermore, each quantum group (G, Ag, ) can be associated with a Poisson—Lie group
(G, I1), with Poisson structure I, and the latter with a unique Lie bialgebra structure (g, J).
In particular, it is well known [27] that Poisson—Lie structures on a connected and simply
connected Lie group G are in one-to-one correspondence with Lie bialgebra structures.
Hence, quantum groups are quantizations of Poisson-Lie groups, that is, quantizations of
the Poisson—-Hopf algebras of multiplicative Poisson structures on Lie groups [24,25,30].
In the case of coboundary Lie bialgebras (g,4(r)), coming from a skew-symmetric classical
r-matrix (13), the Poisson structure 11 of the Poisson-Lie group is given by the so-called
Sklyanin bracket [24,30]

n

V=1 P(VEfVig = VifVig),  f.8€C7(G), (20)
1,j=

where V} and VX are left- and right-invariant vector fields on G.
Next, a Poisson homogeneous space of a Poisson-Lie group (G, IT) is a Poisson manifold
(M, ) endowed with a transitive group action > : G x M — M, which is a Poisson map
with respect to the Poisson structure on the manifold M and the product I1 & 7t of the
Poisson structures on G and M. In this paper, we shall consider that the manifold M is an
¢D homogeneous space
M=G/H (21)

of a Lie group G (the motion group of M) with isotropy subgroup H whose Lie algebras
are g and b, respectively. Moreover, throughout this paper, we will be interested in pointed
Poisson homogeneous spaces, i.e., Poisson homogeneous spaces in which the origin is
fixed, and we will not study how the Poisson structure is modified when this origin is
changed. The Lie algebra g, understood as a vector space, can be written as the sum of two
vector subspaces

g=ht [b,b] C b.

The generators of f leave a point of M invariant, which is taken as the origin O of the
space, and thus they play the role of rotations around O, while the ¢ generators belonging
to t move O along / basic directions, behaving as translations on M. The group parameters
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(ul,...,u") of the generators of t lead to / coordinates of M and they span the annihilator
b, of the vector subspace § in the dual Lie algebra g* [57].

In principle, the Lie algebra g of G may admit several coboundary Lie bialgebra struc-
tures (g, d(r))—that is, different classical r-matrices. Then, a particular Poisson homoge-
neous space (M, 1) can be constructed by endowing the motion group G with the Poisson—
Lie structure IT (20) for a given classical r-matrix and the homogeneous space M (21) with
a Poisson bracket 7 that has to be compatible with the group action > : G x M — M.
Therefore, according to the possible classical r-matrices of g, it follows that the Lie group
G may be endowed with several Poisson-Lie structures I1 (20), each of them leading to a
different Poisson homogeneous space [58].

A distinguished type of Poisson homogeneous space is that in which the Poisson
bracket 77 is obtained as the canonical projection on M with the coordinates (u', ..., u")
of the Poisson-Lie bracket I [57,59] (see also [60,61]). In terms of the underlying Lie
bialgebra, this requirement corresponds to imposing the so-called coisotropy condition for
the cocommutator § with respect to the isotropy subalgebra h of H given by [57,59]

é(h) ChAg. (22)

A particular and very restrictive case of the above condition is for the subalgebra § to
be a sub-Lie bialgebra,
5(h) ChAb, (23)

which implies that the Poisson homogeneous space is constructed through an isotropy
subgroup H, which is a Poisson subgroup (H, IT) of (G, IT). Furthermore, since the quan-
tum group (G;, Ag, ) is the quantization of the Poisson-Lie group (G, IT), the quantization
of a coisotropic Poisson homogeneous space (M, ) fulfilling (22) provides a quantum
homogeneous space M, with the quantum coordinates (i1, ..., "), onto which the quan-
tum group G, co-acts covariantly [62]. The coisotropy condition (22) ensures that the
commutation relations that define M, at the first-order in all the quantum coordinates
close a Lie subalgebra, which is simply the annihilator h, of i on the dual Lie algebra
g*, and such relations determine a Lie subalgebra of g* (10). Generically, M, is called a
noncommutative space.

Probably, the best known and most studied example of noncommutative spaces is the
so-called xk-Minkowski spacetime coming from the x-Poincaré algebra [63—69] where « is
the quantum deformation parameter, which is proportional to the Planck mass and here
related to z as k = z~!. The quantum algebra U, (g) and quantum group G, correspond to
the x-Poincaré algebra and x-Poincaré group. In this case, the underlying homogeneous
space (21) is the flat (3 + 1)D Minkowski spacetime constructed as the coset space of the
Poincaré group G = ISO(3, 1) with the Lorentz isotropy subgroup H = SO(3,1):

M3+ =150(3,1)/50(3,1). (24)

Thus, the dimension is ¢ = 4, and the coordinates (u!, ..., u*) are identified with the
time and spatial ones (x%, x') (i = 1,2,3). The x-Poincaré classical r-matrix [67] provides
a quasitriangular quantum deformation of the Poincaré algebra [64—66] such that the
Lorentz subalgebra h = s0(3,1) fulfils the coisotropy condition (22), thus, giving rise to
the subalgebra h | whose generators are the quantum coordinates (£, ) dual to the time
and space translation generators. The complete quantization of b is the x-Minkowski
spacetime M3+1 which is defined by the commutation relations given by [67]:

(0,2 =—-=%, [#,%]=0  ij=123, (25)

which are covariant under the x-Poincaré quantum group [69]. We remark that M2*! is a
linear algebra that coincides exactly with the one obtained through the Sklyanin bracket (20)
of the underlying classical r-matrix [67], which provides the (linear) Poisson homogeneous
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spacetime. Therefore, no higher-order terms in the classical and quantum coordinates
arise. By contrast, when the x-deformation is applied to a curved manifold instead of (24),
higher-order terms in the coordinates appear in the Poisson homogeneous spacetime, so
that the corresponding quantization is not straightfoward at all, as the recent constructions
of the x-noncommutative (anti-)de Sitter [70], Newtonian and Carrollian [71] spacetimes
explicitly show.

It is worth stressing that the xk-Minkowski spacetime M2*! (25) has become the
paradigmatic noncommutative space in the same way that Drinfel’d-Jimbo deforma-
tions are for quantum algebras; in fact, we recall that the x-Poincaré algebra was formerly
obtained as a real quantum algebra coming from a contraction of the Drinfel’d-Jimbo
deformation of sp(4, C) [63,64].

Among other issues and within the vast literature, let us mention that x-Minkowski
space along with the x-Poincaré algebra have been studied in relation to noncommuta-
tive differential calculi [72,73], wave propagation on noncommutative spacetimes [74],
deformed or doubly special relativity at the Planck scale [75-80], noncommutative field
theory [81-83], representation theory on Hilbert spaces [84,85], generalized x-Minkowski
spacetimes through twisted x-Poincaré deformations [86,87], deformed dispersion rela-
tions [88-90], curved momentum spaces [91-95], relative locality phenomena [96], star
products [97], deformed phase spaces [98], noncommutative spaces of worldlines [99,100]
and light cones [101] (in all cases see the references therein).

In Section 6.3, we shall recover the xk-Minkowski space M3 *! (25) and the x-Poincaré
Lie bialgebra as a particular case of “time-like” deformations within the CK family of
Lie bialgebras, a fact that is already well known [31,102]. However, as we shall show in
Section 4.3, what is a striking point is that a formally similar structure to M3 *! arises as
the first-order noncommutative CK space of points, which is shared by 63 CK bialgebras.
Moreover, the complete (in all orders in the quantum coordinates) noncommutative CK
space of points is kept linear and shared by 27 CK bialgebras.

Consequently, a linear noncommutative space similar to (25) is somewhat “ubiqui-
tous”, which, in turn, suggests that additional “structures” should be taken into account.
In fact, this is one of the main aims of this paper, and, as a novel result, we shall explic-
itly show in Section 4.3 that the consideration of other noncommutative spaces beyond
the space of points (kinematically, spacetimes) associated with a given quantum algebra
(namely, noncommutative spaces of lines, 2-planes and 3-hyperplanes) does allow one to
distinguish mathematical and physical properties between two quantum algebras with the
same underlying noncommutative space of points.

2.3. Drinfel’d Double Structures

Let us assume that the dimension of the Lie algebra g is the even n = 24. In this case, g
is a Lie algebra of a Drinfel’d double group [30] if there exists a basis {Y1, ..., Y4, y',...,y?}
of g such that the commutation relations (7) can be written as

d

(Yo, Yg) = Z Yy [ f) = ZF“ﬁ
d

[y*, Yp) = Z Chyy" — F3'Yz).

(26)

Hence, g can be split into two Lie subalgebras

g1 = span{Yy,..., Y}, g = span{yl, ... ,yd}
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with the structure constants Czﬁ and Ff;ﬁ , respectively. Both subalgebras are dual to
each other, g5 = g1, by means of the duality defined with respect to the nondegenerate
symmetric bilinear form (, ) : g X g — R given by

<Y1X1 Yﬁ> = O/ <ya/ ]/ﬁ> = 0/ <]/a/ Yﬁ> = 52 ’ v0‘/ ,BI (27)
which is “associative” or invariant in the sense that
([X,Y],2) = (X,[Y,Z]), VX,Y,Z € g.

The triple (g1, g2 = g7, 9) is called a Manin triple, and the Drinfel’d double Lie group
is the unique connected and simply connected Lie group G with Lie algebra g. Therefore,
the Lie algebra g, verifying (26), is the double Lie algebra of g; and of its dual algebra
97 = go.

By construction, each Drinfel’d double structure for g has a canonical classical r-matrix

d
Tcan = Z ]/a ® Yo, (28)

a=1

which is a solution of the classical Yang—Baxter Equation (16). Moreover, the universal
enveloping algebra U/ (g) of g always has a quadratic Casimir element given by

d
Z (" Yo+ Yay"),

a=1

C:

N —

which is directly related to the bilinear form (27). The tensorized form of C reads
Q—li(“@)Y—H/@“) (29)
=3 = y o x QY ),

which is ad-invariant under the action of g, that is
X®1+1®X,Q0]=0, VX €g.

The element () leads to a skew-symmetric classical r-matrix for the Drinfel’d double
Lie algebra g from the canonical one (28) in the form:

d

1
rD:Vcan_inzya/\Yal (30)
a=1

which is a solution of the modified classical Yang—Baxter Equation (14) (its Schouten bracket
does not vanish now), and thus rp defines a quasitriangular or standard quantum defor-
mation of g with a coboundary Lie bialgebra (g, dp(rp)) determined by a cocommutator
op through the relation (12).

Concerning the Drinfel’d-Jimbo quantum deformations of semisimple algebras [28-30],
it is known that they are closely related to quantum deformations of Drinfel’d doubles,
that is, quantum doubles, in such a manner that they are “almost” but not strictly speak-
ing quantum doubles [24]. Nevertheless, it is remarkable that proper Drinfel’d double
structures for the four Cartan series of semisimple Lie algebras on C have been obtained
in [103,104] by enlarging the Lie algebras with an appropriate number of central extensions.

From a physical viewpoint, it is worth stressing that Drinfel’d double structures are
naturally related to (2 + 1)D gravity, which is a quite different theory from the full (3 + 1)D
one [105,106]. In particular, (2 + 1)D gravity is a topological theory that admits a description
as a Chern-Simons theory with the gauge group given by the group of isometries of the
corresponding spacetime of constant curvature [107,108]. The phase space structure of
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(2 + 1)D gravity is related to the moduli space of flat connections on a Riemann surface,
the symmetries of which are given by certain Poisson-Lie groups [109,110] such that the
Poisson structure on this space admits a description in terms of coboundary Lie bialgebras
associated with the gauge group.

Hence, quantum group symmetries arise as the quantum counterparts of the (semi-
classical) Poisson-Lie symmetries of the classical theory. The essential fact in the (2 + 1)D
gravity framework is that the relevant quantum group symmetries are those coming from
some classical r-matrices corresponding to Drinfel’d double structures [111-117], which
ensures that the Fock—Rosly condition [110] is fulfilled. The symmetric component of such
admissible classical r-matrices, which is just the element () (29) when these are written in
the symmetric form (28), must be dual to the Ad-invariant symmetric bilinear form in the
Chern-Simons action.

As a consequence, the x-Poincaré and x-(anti-)de Sitter symmetries are not com-
patible [111,112] with the Chern-Simons formulation of (2 + 1)D gravity. Furthermore,
the Chern-Simons approach to non-relativistic (2 + 1)D quantum gravity has also been
developed in [118,119] by making use of a two-fold central extension of the Galilei [120]
and Newton-Hooke algebras, and their full quantum deformation was obtained in [121].
Additionally, Drinfel’d doubles also play a prominent role in the state sum or spin foam
models for (2 + 1)D gravity as shown in [122,123] in the context of the Turaev—Viro model
and invariant.

We recall that the classifications of non-isomorphic 4D and 6D real Drinfel’d double
structures were carried out in [124] and [125], respectively, while their Hopf algebra
quantizations were constructed in [126]. From these results, and also from [54], there
were obtained the classifications of Drinfel’d double structures for the (2 + 1)D (anti-)de
Sitter algebras in [115], (2 + 1)D Poincaré algebra and centrally extended (1 + 1)D Poincaré
algebra in [127] and 3D Euclidean algebra in [128].

In contrast, results concerning Drinfel’d double structures in the (3 + 1)D case are
very scarce, only covering the real s0(5) and anti-de Sitter so0(3,2) algebras given in [129].
In this respect, we advance that, in Section 4.4, we shall obtain two new classical r-matrices
coming from Drinfel’d doubles: one for the de Sitter so0(4,1) and another for the anti-de
Sitter s0(3,2).

3. The Drinfel’d-Jimbo Lie Bialgebra for so(5)

Let us consider the real orthogonal Lie algebra so(5) with generators {],;;} (a<b;
a,b=0,1,...,4) fulfilling the Lie brackets

Uah/]llC] = ]hC/ Uahr ]bc] = _IIZCI ch/ ]bc] = ]ab/ a<b<cg, (31)

and such that those commutators involving four different indices are equal to zero. The
universal enveloping algebra of the Lie algebra so(5) is endowed with two (second- and
fourth-order) Casimir operators [18,130]. The quadratic one, coming from the Killing—
Cartan form, is given by

c= Y Ju (32)

0<a<b<4
A fine grading group Z5* of so(5) is spanned by the four commuting involutive

automorphisms oim) (m=1,...,4) of (31) defined by [17,20]:

Jap, if eitherm < aorb < m;

O (J,p) = { (33)

—Jap, ifa<m<b.

Each involution ©(") provides a Cartan decomposition of so(5) in invariant and
anti-invariant subspaces denoted h(™ and t") respectively:

s0(5)=p" et  m=1,.. 4 (34)
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These subspaces verify that
(50, p(m] < plm), (50, 0] < ¢im), [¢(m), ¢(m] < plm), (35)
where h(") is a Lie subalgebra such that
b =s0(4), HP =s0(2) ®s0(3), b3 =s0(3)Bs0(2), b =s0(4), (36)

while the vector subspace t") is not a subalgebra.
A faithful matrix representation of 50(5), p : s0(5) — End(RR%), is given by

p(]ab) = —€ap + Cpa, (37)

where e, is the 5 X 5 matrix with a single non-zero entry 1 at row g and column b (g, b =0,
1,...,4), fulfilling the orthogonal matrix condition

pUa) T +1p(Jp) =0, T=diag(1,1,1,1,1), (38)
where p(J;)T is the transpose matrix of p(J,p)-

3.1. Symmetric Homogeneous Spaces

According to each automorphism @™ (33) and its associated Cartan decomposition
(34), we construct four symmetric homogeneous spaces, of the type (21), as the coset
spaces [131-133]

st =s0(5)/H™,  m=1,...,4, (39)
where H(™) is the isotropy subgroup with Lie algebra h(™) in (34) (see (36)). We briefly
describe their structure.

1. 4D space of points. We write the ten generators of s0(5) in array form, and the decom-
position (34) for ®1) gives

[ Jo Jo2 Jo3 Joa

Jiu iz Jua (40)
Joz Jo4
J34

where the four generators in the rectangle span the subspace t!). Hence, we obtain
the coset space

s =50(5)/50(4), HWY =80(4) = (J12, 13, J1a, J23, J2a, J34),

which is identified with the symmetric homogeneous space of points. The subgroup
HW is the isotropy (or stabilizer) group of a point, which is taken as the origin in S()
so that its generators play the role of rotations on s (leaving the origin invariant),
while the generators of (1) play the role of translations on S(!) (so moving the origin
along four basic directions).

2. 6D space of lines. The decomposition (34) for ® can be represented as

Jou | Joz Jos  Joa

Jiu iz Jua

J3 Ja
J34

(41)
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where now the six generators in the rectangle span the subspace t2). We find the
coset space

82 =50(5)/(80(2) ®50(3)), H® =50(2) ©S0(3) = (Jor) & (J23, Jos, Jas),

which is interpreted as the symmetric homogeneous space of lines. The subgroup
H®?) is the isotropy group of a line (the origin in S(z)), while the six generators in 2
play the role of translations on S(2) (moving the origin-line).

3. 6D space of 2-planes. The decomposition (34) for @) is displayed as

Joo Joz2 | Jos  Jos

Jio | Jiz Jia
J3 Ja (42)
J34

where the six generators in the rectangle span the subspace t(3). The coset space reads
S®) =80(5)/(S0(3) ®S0(2)), H® =850(3) ®S0(2) = (Jo1, Joo, J12) ® (J4),

which corresponds to the symmetric homogeneous space of 2-planes. The six gener-
ators in t(®) play the role of translations on S©®), while H® is the isotropy group of
a 2-plane.

4. 4D space of 3-hyperplanes. Finally, the decomposition (34) for ©@*) yields

Joo Joo Jo3 | Joa

Jiu i3 | s
J3 | Jo4 (43)
J34

where the four generators in the rectangle span the subspace t*). The coset space is
given by

s =50(5)/50(4), H® =50(4) = (Jo1, Joo, Jos, J12, 13, J23),

which is interpreted as the symmetric homogeneous space of 3-hyperplanes. The four
generators in t(4) play the role of translations on S®), while H*) is the isotropy group
of a 3-hyperplane.

Some remarks are in order. First, the four spaces (39) are of positive constant curvature
in the sense that their sectional curvature K is equal to +1 and they are endowed with a
Riemmanian metric (thus with a positive definite signature). Secondly, the 4D spaces of
points and 3-hyperplanes are of rank 1, that is, there is a single invariant under the action
of SO(5) for a pair of points (the ordinary distance) or 3-hyperplanes. The 6D spaces of
lines and 2-planes are of rank 2 [132,133] so that there are two independent invariants
under the action of SO(5) for a pair of lines (an angle and the distance between two lines)
or 2-planes (see [134] for the Euclidean case). Thirdly, there is a relevant automorphism of
s0(5) defined by
D(Jap) == —Ja—v4a- (44)

that, in the array display of the generators, is visualized as

Joo Jo2 Jos —Jau —ha —Ju
Jiz | S| Jua PN —J23 —Jo3 (45)

J23 Jo4 —J12 —Jo2
J34 —Jo1
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leaving Jos and ;3 invariant (up to the minus sign). Thus, the map D interchanges the
spaces of points and 3-hyperplanes and the spaces of lines and 2-planes:

s (2, s s@ (P, 0. (46)

Note that D? = Id. The map D will be called polarity, since for s0(3) reduces to the
well known duality in projective geometry interchanging the 2D space of points with the
2D space of lines (see [8] and the references therein), which, only at this dimension, are
both of rank 1. Note that this map is sometimes called ordinary duality [8], although in
this paper we will always call it polarity in order to avoid confusion with the completely
unrelated notion of quantum duality.

3.2. Lie Bialgebra

Let us consider the Drinfel’d-Jimbo quantum deformation of the real compact form

g = s0(5) [28-30], which, in the basis (31), is generated by the following classical r-
matrix [31]

104,13 = Z(J14 A Jot + J2a A Joz + Jaa A Joz + J23 A J12)- (47)

Recall that z is the quantum deformation parameter (such that g = €*) and, hereafter,
it will be assumed that z is an indeterminate real parameter. We remark that ro4 13 is a solution
of the modified classical Yang—Baxter Equation (14) so that this underlies a quasitriangular
Hopf algebra structure. Therefore, the corresponding cocommutator is coboundary [27],
0 = 6(r), so that this is obtained from (47) through the relation (12), yielding

0(Joa) = 6(J13) =0,

0(J2) =zJ2 AT, 0(J23) = zJ3 A 13,

5(Jo1) =z(Jo1 AJoa + Joa A J12 + Jaa A J1z + Jo2 A J23),

5(Jo2) = z(Joa AJoa + J12 A J1a + Jaa A Jaz + Jaz Aot + J12 A Jos),

5(Jo3) = z(Jos A Joa + J13 A J1a + J23 A Jaa + Jo2 A J12), (48)
0(ha) = z(J1a ANoa+ J13 Aoz + Ji2 AJoz + Jaa A J23),

6(J24) = z(Joa AN Joa + J23 A Joz + Jor A iz + Ji2 A Jaa + Jo3 A J14),

6(J34) = z(Jaa A Joa + Joa A Jo3 + Jo1 A J1z + Joa A J12)-

The resulting real Lie bialgebra (s0(5), 5(rp4,13)) is determined by the commutation
rules (31) and cocommutator (48). The indices in rg4 13 (47) indicate the primitive generators
Joa and J13. The first primitive generator Jy4 is the “main” one in the sense that, once the
CK scheme of contractions is introduced and further applied to kinematical algebras, it
will provide dimensions of the deformation parameter z since the product zJos must be
dimensionless [7,135]; this fact will be studied in detail in Section 6.

The last term of rp4 13 is a classical r-matrix 713 = zJ23 A J12 giving rise to the Drinfel’d—
Jimbo Lie bialgebra (s0(3),6(r13)), with s0(3) = span{J12, J13, J23} and primitive generator
J13, which is a sub-Lie bialgebra of (s0(5), 5(rp4,13)); thus, J13 plays the role of a “secondary”
primitive generator in rg4 13 [31].

Now, we analyse how to implement the Z3*-grading of so(5) into (s0(5), 5(ro413))-
This requires generalizing the action of the automorphisms ®") : s0(5) — s0(5) (33) onto
the cocommutator ¢ : s0(5) — s0(5) ® s0(5) and also to consider a possible action on the
quantum deformation parameter [7,135]. Recall that é (48) is the skew-symmetric part of
the first-order term in z (17) of the full coproduct A of the real quantum algebra U, (so(5)) =
U(s0(5)) ® R[[z]] such that, as mentioned above, z is an indeterminate parameter.

Since z is linked to the “main” primitive generator Jo4 through the product zJo4, both
elements must be transformed in the same way. By taking into account that Jou — —Jos
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under the four maps ®(™), then z — —z as well. Hence, we define four z-maps (m =
1,...,4)

m)(é(]ah)) = 5(®(m)(]uh>)
0" (2]ap ® Jea) = (20 (Jp) @ O (1)),

where ®(™) is given in (33). Notice that the second relation in (49) can directly be applied
to the r-matrix (47), consistent with the relation (12), and extended to higher-order tensor
product spaces. When the z-maps (49) are applied either to ¢ (48) or to the r-matrix (47)

(49)

one finds that only ®£2) and @5’) remain as involutive automorphisms of (s0(5), 4(704,13)),

meanwhile @S) and ®§4) are no longer involutions.
This is a consequence of the presence of the term r13 = zJp3 A J12 in rp4 13, which does
not appear in either the Drinfel’d-Jimbo quantum deformation of s0(3) [7] or in so(4) [135];
for these latter deformations, the whole initial Z32- and Zj3-grading is kept, respectively;
however, for (so(5), (ro4,13)) there only remains a Zj5?-grading spanned by ®( ) and ®(3)
Likewise, the polarity (44) can be implemented into (s0(5),6(r04,13)) by also consider-
ing an action on the deformation parameter defined by [7,135]

( ]ﬂb ) ( ]ab )
(Z]ab®]cd) = ( ZD(]ab)®D(]cd)) (50)

with D given in (44), so that D? = Id. It can be checked that the r-matrix (47) remains
invariant under this “z-polarity” (and, clearly, the cocommutator (48) as well). Note that
both primitive generators Jos and J13 are kept unchanged under D (up to the minus sign)
as shown in (45).

From (48), it is straightforward to prove that this deformation fulfils the coisotropy
condition (22) [57,59] for the four isotropy subalgebras hm) (36):

56 c ™ Aso(5), m=1,...,4 (51)

Thus, each of them would provide a Poisson homogeneous space. Notice, however,
that none of them lead to a Poisson subgroup since the condition (23) is not satisfied:

5™y ¢ b Aptm,  m=1,...,4

3.3. Dual Lie Algebra and Noncommutative Spaces

According to Section 2.1, we denote, by % £ab (a<b;a,b=0,1,...,4), the generators in
g* = s0(5)* dual to J,; in g = s0(5) with canonical pairing defined by (11):

(2%, Joq) = 0835 (52)

From the cocommutator (48), read as (9), we obtain the commutation relations of the
dual Lie algebra so(5)* (10), which are given by



Symmetry 2021, 13, 1249

17 of 57

I R i a )

=

BB R R

renlirenlvnlirenlirenllvalironlirenlirvnliron

=

o o o o o o
DR R R, A s

R R A e
W W NN
R R R

~

~

~

~

~

~

~

~

~

~

BB R R R

=

== =0 O O O O O
L N O B N S e N N I )

N
'S

0, {3201/ )212] — ZJ?24, [5502, xAlZ] — Z(J?OB' 3?14),
0, {3?01/ )?13] — 23?34’ [5503, J213] — _23?14,
23201, [3201/ }?14] =0, [5504, J214] — —ZJ?M,
0, [3202, }223] — Z( 201 4 A34) [3203, 3223] —ZJ?24,
23202, [3202, 3224] =0, [9204, 3224] — _23224’ (53)
2503, [3203’3234] =0, [f04’ 3234] = —z234
Z3212, [3212, J223] =0, [9213, 3223] — _23223’
Z3202, [3212, J224] — _2(3201 + 3234), [3214, J224] =0,
29203, [3213’ J?34] — 729201, [3214, )234] =0,
Z( 503 )214)’ [9223’ J?34] — 729202, [9224, 3234] — 0/
[3?01,5523} — _23202, [3201,5524] =0, [5501,5534] =0,
(202, £13] = 0, (202, £14] = 0, (202, £34] = 0,
[3?03, 5512} — _23202/ [203/ J?14] =0, [5503, 5524] =0, (54)
(204 £12] = 0, [£04 £13] = 0, (204, £23] = 0/
[3212’ ﬁ34} — ZJ?24 [3213/ x24] =0 [3214, 23] —

In contrast to the commutation rules of so0(5) (31), the Lie brackets of s0(5)* involving
four different indices (54) are no longer equal to zero.

Next, we express the dual Lie algebra so(5)* as the sum of two vector spaces
m=1,...,4,

s0(5)" = p" @ (", (55)

where bim) and tim)

are, in this order, the annihilators in s0(5)* of the vector subspaces b (")
and t(") of so (5) given in (34) and verifying (35). From the results presented in Section 2.2,
each h&m) leads to a linear noncommutative space that is the first-order in the quantum
coordinates of the full noncommutative space associated with the homogeneous space (39).
We shall denote such a first-order noncommutative space by S = b L .

Following [60,61], we analyse the relations [b(m) b ], [b v t(Lm)] and [tg_ m) (m) | for
each m. Such structures do depend on the chosen quantum deformation (here determmed
by (47)) and they are directly deduced from (53) and (54):

1. Noncommutative space of points S =bh W = = (£91, 202, 203 £04).
B0 el A cdD el [ D e
2. Noncommutative space of lines ng) =bh = <3?02, £03 504 12 £13 3?14>:
LT K R LS K= L SR
3. Noncommutative space of 2-planes Sf') = f)(f) = <3?03, £04 £13 14 £23 3?24):
B2 e PP e [P e ey
4. Noncommutative space of 3-hyperplanes with ng” = h(f) = (%04, 214, 224 £34):
PO B, @

(m)

Consequently, the four first-order noncommutative spaces S,
bra of so(5)*

close on a Lie subalge-
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167,607 c 5",

as it should be, since this is a direct consequence of the coisotropy condition (51) [57,59-61].
Furthermore, the noncommutative spaces of lines ng) and 2-planes S§3) are both reductive
and symmetric
1 1 l 1 l 1
B, e [ ), 1=2s. (60)
The pairing (52) allows us to define the following maps in so(5)* from (33) by consid-
ering again an action on z:

G(m) (J’(\'ab) L anb, if either m <aor b < m;
S| —#", ifa<m<b 61)

6" (20, z) == (6(m) (g8, —z).

Similarly to (49), the action of 9§m> can be extended to the tensor product space
50(5)* ® s0(5)*, although we shall not make use of it in this paper. It can be checked that

only Béz) and 6£3) are involutive automorphisms of the commutation relations (53) and (54)
in agreement with the symmetric property of ng) and S?) (60).
Moreover, a dual polarity d, can also be defined in s0(5)* in the form

d(2) = =20 d (2%, 2) = (d(27),—2), A2 =1d, (62)

such that the map d is dual to D (44) through the pairing (52) and d, is an automorphism
of s0(5)*, which, as expected, interchanges the noncommutative spaces of points and
3-hyperplanes and the noncommutative spaces of lines and 2-planes:

s (=, s g 2, g0 (63)

to be compared with (46).

3.4. Drinfel’d Double Structure
In [129], it was shown that the real Lie algebra so(5) has a classical r-matrix coming
from a Drinfel’d double structure for the classical complex Lie algebra c;. We now review
the main results according to the notation introduced in Section 2.3.
Let us consider the complex Lie algebra ¢, in a Chevalley basis with generators
{hy, e} (I =1,2) fulfilling the Lie brackets given by
[h,e1] = esr,  [hy,exa] = Fexr, le41,e1] = I,
[h2,e01] = Fex1,  [hoexn] = 2e4p,  [ejn,en] =1y,

[, ha] = [e—1,e42] = [e41,e-2] = 0.
We define four new generators e3, €14 as
[ex1,e42] =43, le_p,e 1] :=e_3, ler1,e43] :=e14, le_3,e 1] :==e_4,
such that the Serre relations read
le1,e14] = [e42,e43] =0, [e—1,e4] =[e—2,e3] =0.

Then, the 10 generators {hj, e+, } with! =1,2and m = 1,...,4 span the Lie algebra
¢ in the Cartan-Weyl basis. As a shorthand notation, we denote e;; = e, and fi, = e
so that the full commutation rules of ¢, read
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[h1, ha] =0, [h,e1] = ey, I, f1l = —f1,
[h1,e2] = —e, (h, f2] = fa, [h1,e3] =0,
[h1, f3] =0, [h1,e4] = ey, (M, fa] = —fa
[h2,e1] = —e1, (ha, f1] = f1, [ho, €3] = 2e9,
[h2, f2] = —2f2, [h2, €3] = e3, (ha, f3] = —f3,
[h2,e4] =0, [ho, fa] =0, le, f1] = M,
[e1, e2] = e3, le1, 2] =0, le1, e3] = ey,
le1, f3] = —f2, e, e4] =0, le1, fa] = —f3, (64)
[f1,e2] =0, [, fo] = —f5, [f1,e3] = e2,
[f1, fs] = = fa [fi ea] = e3, [f1, fa] =0,
le2, fo] = ha, [e2,e3] =0, le2, f3] = f1,
[e2,e4] =0, le2, fa] =0, [f2,e3] = —ey,
[f2, f3] =0, [f2,e4] =0, [f2, fa] =0,
le3, f3] = h1 + hy, [e3,e4] =0, les, fa] = f1,
[f3,e4] = —e1, (3, fa] =0, lea, fa] = 21 + hy

To unveil the Drinfel’d double structure for ¢, we consider the linear combination of
the two generators /11 and h; belonging to the Cartan subalgebra given by [129]:

eo = (A+i)m+ih),  for= J5((1—Dh —iho). (65)
Finally, the identification
Y, =e,, Yy = fa, a=0,...,4,

allows us to express the commutation relations (64) with the new Cartan generators (65)
in the required form (26), thus, obtaining a Drinfel’d double structure for ¢, with two 5D
subalgebras g1 = span{Y,; = ¢,} and g, = span{y” = f;} (a =0,...,4), which are dual to
each other by means of the canonical pairing (27).

e Lie subalgebra g; = span{ey, ..., es}:

[eo, e1] = %61, leo,e2) = =5 (1 —i)er,
leo, €3] = %63, leo,ea] = 5 (1 +1i)ey,

[e1, e2] = e3, 1, e3] = ey, [e1,e4] =0,
[e2,e3] =0, le2,e4] =0, les,es] =0

e Lie subalgebra g, = g} = span{fy,..., fa}:

o fil==F5h [ fl=50+1)f
[fo. f3l = 5 fa. [for fal = =55 (1 =) fa,

} =

} =
[flffﬂ = _f3/ [fl/f:’)] = _f4r [fl/f4] =0,
[f2 f3] =0, [f2, fal =0, [f3, fa] = 0.
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e Crossed relations [e, f3]:

[eo, fo] =0, le1, f1] %(60 +fo),  les, f3l = %f(fo — fo),

le2, fo] = =25 (L +i)eo + (1 =) fo), lea, fa] = %((1 —1i)eo + (1+1)fo),
[frel =5k [fel=J50-Df [fBel=fk [fuel=50+i)f
e fol = =5 e1, lea fol = 5 (1+Dex,  [es fol = 53 s fol = J5(i— ey,
le1, f2] =0, le2, f1] = 0, les, fil = —ea,  [es fi] = —63,

le1, f3) = —fa, le2, f3] = f1, les, f2] = eq, les, fo] =

le1, fa] = —fa, le2, fa] =0, les, fa] = f1, lea, f3] =

From these results, the real Lie algebra s0(5) ~ ¢ is obtained on the basis with
generators {],,} obeying the commutation rules (31) through the following change of
basis [129]:

ey = 7(]04 —1if13), fo= %(]04 +if13),

= \[(]23 +if12), A= —\%(]23 —iJ12),

=1(Jo1 — Jaa —i(Jos + J1a)), fo=—=20o — Jsa +i(Jos + J1a)),
e3 = *(]24 +iJo2), fz= —%(]24 —1iJo2),

=1(Jo1 + Jaa +i(Joz — J1a)), fa==30n + 5 —i(Jos — J1a)),
whose inverse reads

Jor =3(e2— fo+es— fa), Ji3 = —%(30 + fo),

Joo = —ﬁ(eerfs)/ Jiu=%(e2+ fotes+ fa),

Jos=%(e2+for—es— fu), J3 = %f( - f1),

Joa = —%(eo—fo)/ Joa = %(63—f3)

]122—%(61 + f1), Jaa=—t(e2—fo—es+ fa).

The canonical pairing (27) now reads

(Jabs Jea) = —0acOpa-

Then, the canonical classical r-matrix (28) turns out to be

4
1,
Fan = Y fa®eq = 51001 A i+ Joo AJoa + Jos A Jaa+ Ji2 A J23 + Joa A is) + Q)
a=

where .
Q=- E Z Jab © Jap,
0<a<b<4
is the ad-invariant element (29) corresponding to the tensorized expression of the Casimir
C (32). Hence, the skew-symmetric form for 7., is obtained by substracting (2, as in (30).
We explicitly introduce the quantum deformation parameter z, multiplying this result by
2iz as fp = 2iz(rcan — 2), Obtaining the real r-matrix

o =2z(Jiu ANJor + oa Aoz + J3a Aoz + Jo3 A Jiz + J13 A Joa), (66)

which, in terms of the Drinfel’d—Jimbo classical r-matrix (47) considered for s0(5), reads
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7p = 104,13 + 2J13 A Joa-

Hence, a Reshetikhin twist with the commuting primitive generators must be added
to (47) in order to obtain a classical r-matrix coming from a Drinfel’d double structure.
Recall that it is possible to consider a generalized two-parametric r-matrix [136]

2,0 = 2(Jia A Jor + Joa A Joo + Jaa A Joz + 23 A Ti2) + 813 A Joa, (67)

showing the effects of the twist with the quantum deformation parameter @ on the former
deformation determined by 4 13 and properly recovering the Drinfel’d double r-matrix
whenever ¢ = z. We remark that both #p and r, ¢ are quasitriangular classical r-matrices
(like r94,13), so that they are solutions of the modified classical Yang—Baxter Equation (14),
while the twist itself determines a triangular r-matrix with vanishing Schouten bracket (16).
In this sense, 7p and 7, y can be regarded as “hybrid” classical r-matrices [114,137].

4. The Drinfel’d-Jimbo Lie Bialgebra for the Cayley-Klein Algebra so,(5)

The Z?‘l—grading of s0(5) generated by the four automorphisms ®") (33) enables
one to obtain a particular set of contracted real Lie algebras [17,20] through the graded
contraction formalism [138,139]. These are the so-called orthogonal Cayley—Klein (CK)
algebras or quasisimple orthogonal algebras [18,19,31,133] (see [140] for their description
in terms of hypercomplex units).

We collectively denote them by so,,(5), as this family of contracted algebras depends
explicitly on four real graded contraction parameters w = (w1, wy, w3, wy). Alternatively,
each contraction parameter w,, (m = 1,2,3,4) can be introduced in the initial commutation
rules of 50(5) (31) by means of the following mapping provided by the involution ®(™) (33):

Jap, ifeitherm <aorb < m;

¢ (Jap) = { VO Jap, ifa<m<b.

The composition of the four (commuting) mappings gives [31]

@ (Jap) = ¢V 0 ¢ 0 ¢ 0 ¢ (Joy) = /s Jav, (68)
where the contraction parameter with two indices w;, is defined by
b
wep =[] ws, 0<a<b<4 (69)
s=a+1

Next, we apply the map (68) with all the factors /w,, # 0 onto the commutation rules
of s0(5) (31) obtaining the Lie brackets corresponding to the CK family so,,(5), which are
given by

Uab/ ]ac} = WapJpes Uubr ]bc] = —Jac, UaCr ]bc] = WpcJabs a<b<cg, (70)

without sum over repeated indices and with all the remaining brackets being equal to zero.
This is just the same result coming from a particular solution of the Z3*-graded contraction
equations for so0(5) [17] (see [20] for the general solution). Explicitly, the non-vanishing
commutation relations of so,,(5) read
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o, Joz2| = w112, Jot, J12] = —Joz, o2, Ji2] = w2]o1,

o1, Jos] = w113, [Jo1, Jia] = —Jos, oz, J13] = wawsJot,

o1, Joa] = w114, Jot, Jia] = —Joa, o, J14] = wrw3wy]or,

o2, Jo3] = wiwa a3, [Joz2, J23] = —Joa, [Jos, J23] = wsJoz,

oz, Joa] = wiwaJog, oz, J24] = —Joa, Jos, J24] = wsw4oa, 1)
[Jos, Joa] = wiwrwsJas, [Jo3, J3a] = —Joa, [Joa, J34] = wajos,

12, J13] = w223, 12, 23] = =T, 13, J23] = w312,

12, J14] = w224, [J12, Joa] = =14, [J14, J4] = wawsfr2,

13, Jia] = waw3 a4, 13, J3a] = — T4, (14, J34] = w413,

[J23, J24] = w3 ]34, [J23, J34] = — )4, [J24, J34] = wa)23

We remark that, although the factor /@, # 0 in the map (68) can be an imaginary
number, enabling to change the real form of the algebra, the resulting commutation re-
lations (70) of so,,(5) only comprise real Lie algebras. Moreover, the zero value for w,
is consistently allowed in (70), which is equivalent to apply an Inonti-Wigner contrac-
tion [13,31], leading to a more abelian (contracted) Lie algebra. Consequently, each graded
contraction parameter w;, can take a positive, negative or zero value in (70), and, when
wp # 0, it can be reduced to £1 through scaling of the Lie generators. Hence, s0.,(5)
contains 3* = 81 specific real Lie algebras, with some of them being isomorphic.

Moreover, the CK algebra so,, (5) (70) is always endowed with two non-trivial Casimirs
regardless of the values of w. One of them is the quadratic Casimir coming from the Killing—
Cartan form, which is given by [18]

2 2 2 2 2 2
C = wrw3wy gy + w3wa ]y + wafiz + Jou + wiwsws i, + wiwalis

w1 J3y + Wiwrws 35 + wiwa J34 + wiwaws 3y, (72)

to be compare with (32). Observe that, in the most contracted case, with all w,, =0, C = ]34.
The second Casimir is a fourth-order one that can be found explicitly in [18], and this
is related to the Pauli-Lubanski operator. In the most contracted case, the fourth-order
Casimir does not vanish. In this respect, we recall that the CK Lie algebras are the only
graded contracted algebras from so(N + 1) [17,18] that preserve the rank of the semisimple
algebra, understood as the number of algebraically independent Casimirs, which, at this
dimension, is equal to two.

To unveil the structure of the CK family so,,(5), let us recall that the vector represen-
tation of the CK algebra in terms of 5 x 5 real matrices, p : s0,(5) — End(R®), is given
by [18,19]

p(]ab) = —Wgapap + Cpa, (73)

which fulfils that

p(]ab)TIw + 1o p(]ab) =0,
I, = diag(1, wo1, wo2, wo3, wos) (74)

= diag(1, w1, wwa, Wiwrw3, w1 wWrwswy),

to be compared with (37) and (38). The value of the parameter w,;, (69) determines the
Lie subalgebra generated by J,;, (73), denoted so,,, (2), i.e., s0(2) for wy, > 0, s0(1,1) for
wgp < 0and iso(1) = R for the pure contracted case with w,, = 0.
According to the values of w = (w1, wy, w3, ws), we mention the most relevant mathe-
matical and physical Lie algebras contained within so,,(5) [18,19]:
o Ifall wy # 0,s04,(5) is a pseudo-orthogonal algebra so(p, q) (p + g = 5) where (p, q)
are the number of positive and negative terms in the invariant quadratic form with
matrix I, (74). Clearly, for all w;,, > 0, we recover so(5); otherwise, we find either
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50(3,2) (isomorphic to the (3 + 1)D anti-de Sitter algebra) or so(4, 1) (isomorphic to
the (3 + 1)D de Sitter algebra or to the 4D hyperbolic one).

When only w; = 0, we find the inhomogeneous pseudo-orthogonal algebras with
semidirect sum structure

500,0]2,(03,0]4 (5) = R4 @S 50602,(4/3,(4)4 (4) = iso(p’ q)’ p + q = 4’ (75)

where the abelian subalgebra R* is spanned by (Jo1, Jo2, Jo3, Jo4) and 50, ws w, (4) is a
pseudo-orthogonal algebra, preserving the quadratic form with a 4 x 4 matrix

diag(1, w1y, w13, wis) = diag(1l, wy, wrws, wrwzwy),

that acts on R* through the vector representation (73) (see (40)). Hence, the 4D Eu-
clidean iso(4), the (3 + 1)D Poincaré iso(3,1) and iso(2,2) algebras belong to this class.
If only wy = 0, we again obtain inhomogeneous pseudo-orthogonal algebras with
semidirect sum structure

5004 ,w3,w3,0 (5) =R" Ds 50wy ,wy w3 (4) = i'so(p, q)/ p+q= 4, (76)

where, now, the abelian subalgebra R™* = (Joa, J14, Jo4, J34) and $00, w3 (4), that
preserves the quadratic form with a 4 x 4 matrix

diag(1, wo1, w2, we3) = diag(1, wq, wiwy, wiwrws),

acts on R™ through the contragredient of the vector representation (73) (see (43)).
These algebras are isomorphic to the previous ones with structure (75), e.g., iso(4) ~
i's0(4).

For w1 = wy = 0, we obtain a “twice-inhomogeneous” pseudo-orthogonal algebra

50000504 (5) = R @ (B B 500,04 (3)) S iiso(p,q), p+g=3, (77

where R* = (Jor, Joz, Jos, Joa), R? = (J12, J13, J1a) and s0,00,(3) = (J23, Jos, Jaa) is a
pseudo-orthogonal algebra that preserves the quadratic form with a 3 x 3 matrix

diag(1, wo3, wps) = diag(1, w3, wiws).

Here, we find the (3 + 1)D Galilean algebra iiso(3) as well as iiso(2,1).
If w1 = wy = 0, we obtain that

§00,0,,w3,0(5) = R* Ds (R’3 B3 500, w5 (3)) =ii'so(p,q), p+q9=3, (78)

where R* = (Jo1, Jo2, Jos, Joa), R = (J14, Jo4, J34) are abelian subalgebras and the
pseudo-orthogonal algebra s0., «, (3) = (J12, J13, J23), preserving

diag(l, w12, w13) = diag(l, woy, wZCU3),

acts on R through the contragredient of the vector representation, while R"3 @
504, w5 (3) acts on R* through the vector representation. Alternatively, the structure
(78) can also be expressed as

590.03.050(5) = B @5 (B @5 500,05 (3) ) = Tiso(p,g), p+a=3,  (79)

where R = (Joy, J14, J24, J34) and R® = (Jo1, Joz, Jo3); note that R ~ R* and R”® ~ R3
via D (44). As particular algebras, we obtain the (3 + 1)D Carroll algebra ii’so(3) ~
i'is0(3) formerly introduced in [14,141] (see also [142-147] and the references therein)
and ii's0(2,1) ~ i'is0(2,1).
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e  When wy = 0, these contracted algebras are of Newton—-Hooke-type [14] (see
also [142,145,147-149]) with structure [150]

§00,,0,3,004 (5) = R® @ (500, (2) © 80030, (3)) = 6(50w, (2) D 500050, (3)),  (80)

where R® = (Joz, Jos, Joa, J12, 13, J14) is an abelian subalgebra, and the direct sum is
between the subalgebras so., (2) = (Jo1) and s0w; w, (3) = (J23, Jo4, J34)-

®  The fully contracted case in the CK family corresponds to setting the four w;,, = 0.
This is the so-called flag algebra

500,0,00(5) = R* @5 (R® ©5 (R? BsR)) = iiiiso(1), (81)

where R* = (Joi, Jo2, Jos, Joa), R = (Ji2, J13, J1a), R? = (Jo3, Jo4) and R = (J34) =

iso(1).

Therefore, the kinematical algebras associated with different models of (3 + 1)D
spacetimes of constant curvature [14,151] belong to the CK family so,(5) [20,152].

It is worth stressing that the polarity D (44) also remains as an automorphism of the
whole family of CK algebras in such a manner that this map interchanges isomorphic Lie
algebras within the family in the form

D
S0 wy,ws,ws (5) 7 $0wywsww; (5); (82)

therefore, interchanging the contraction parameters w; ++ w4 and wy <+ w3. Consequently,
the CK algebras with wy = 0 (76) are related, through D, to those with w; = 0 (75) and
so they are isomorphic; those with ws; = w3 = 0 are twice-inhomogeneous algebras and
isomorphic to the ones with wy = wy = 0 (77); those with w3 = 0 are also Newton-Hooke-
type algebras isomorphic to (80); and the (single) flag algebra (81) remains unchanged
under D.

We also recall that all the CK algebras in so,,(5) (even the flag algebra) have the
same number of functionally independent Casimirs [18]. At this dimension, there are
two (second- and fourth-order) Casimir invariants, exactly equal to the rank of the simple
algebra so(5); for this reason, they are also called quasisimple orthogonal algebras.

4.1. Symmetric Homogeneous Cayley—Klein Spaces

Since, by construction, the ZSM-grading is preserved for the CK algebra so,(5),
(m)

the same Cartan decompositions (34) in invariant f)c(um) and anti-invariant t;, ’ subspaces
under ©(™) (33) also hold (m=1,2,3,4)

s0,(5) = bW @ . (83)

Now, from (70), we can express the relations (35) by taking into account the contraction
parameter wy,:

me” 0 cnd?,  pl N e, WY cwnbl?. (89

This, in turn, means that again, for any value of wy,, b((um) is always a Lie subalgebra;
however, the subspace (™) becomes an abelian subalgebra when w;, = 0.

Next, as in Section 3.1, we construct the homogeneous CK spaces as the coset
spaces [131-133]

st =50, (5)/HL", (85)

where SO, (5) is the CK Lie group with Lie algebra so,(5), and H(E,m) is the isotropy

subgroup of SO, (5) with Lie algebra b&,m). We recall that, usually, a CK geometry (6) is

identified with the space of points SS ), without taking into account other spaces. Along
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this paper, a CK geometry will be understood as the full set of the four homogeneous
spaces (85).

The four spaces S‘(Um) (85) are symmetric and reductive spaces of constant sectional
curvature K equal to the graded contraction parameter wy,. These are (see (40)—(43)):

1. 4D CK space of points:

S = 80w (5)/SOuwy sy (4), K = wr. (86)
2. 6D CKspace of lines:
S =504 (5)/ (SOw; (2) ®S0us w0, (3)), K = ws. 87)

3. 6D CK space of 2-planes:

S = 80,(5)/ (SOwywy (3) ©S04,(2)), K = ws. (88)

4. 4D CK space of 3-hyperplanes:

S&) =504 (5)/S0uywnws (4), K = ws. (89)
We stress that, strictly speaking, only the rank-one spaces Sg ) and SE;L ) are of constant
curvature in the sense that all their sectional curvatures are equal to w; and wy, respectively.

However, the rank-two spaces Sg ) and SS ) are not, in general, of constant curvature in
the above sense; however, they are as close to constant curvature as a rank-two space
would allow [132]. In particular, the sectional curvature K of the space of lines S((UZ ) along
any 2-plane direction spanned by any two tangent vectors (Jo;, Jo;), (J1i, J1j) and (Joi, J1i)
(i,j = 2,3,4) is constant and equal to wy; however, the remaining sectional curvatures

could be different but proportional to wy. When wp = 0, Sg )

K = 0. Similarly, for SS ),

By taking into account the above comments, we can say, roughly speaking, that the
coefficients w = (wq, wy, w3, wy) that label the CK family so,,(5) are just the constant
curvatures of the four aforementioned spaces. Therefore, two isomorphic algebras in
the family so,,(5) lead to two different sets of four homogeneous spaces through their
corresponding Lie groups, and such sets of spaces are those that determine each specific
CK geometry amongst the 81 ones. In this respect, we remark that the polarity D (44), which
relates isomorphic CK algebras in the form (82), also interchanges the homogeneous CK
spaces as in (46):

is a proper flat space with

s (2, s

w

S, sP 2 s

For instance, the 4D Euclidean algebra iso(4) corresponding to take w = (0, +, +, +)
yields a flat space of points S(!) = 1SO(4)/SO(4) (86) but a positively curved space of
3-hyperplanes S®) = ISO(4) /1SO(3) (89). Conversely, the isomorphic algebra i’s50(4) ~
is0(4) arising for w = (4,4, +,0), via D, gives rise to a positively curved space of points
S =1S0(4) /1SO(3) but a flat space of 3-hyperplanes S®* = 1SO(4) /SO(4).

It is possible to construct other 4D and 6D symmetric homogeneous spaces from the
CK group SO (5), which, depending on each particular CK geometry, could be different
from the four above ones (85). In particular, any composition of the automorphisms ©(")
(33), which form a basis for the ZZ@A—grading, gives rise to another automorphism that
provides another Cartan decomposition, like (83), and, from it, the corresponding coset
space can be constructed. For instance, the composition @) @®) leads to the 6D symmetric
homogeneous space

SO (5)/Hy, , Hy, = SOy, (2) @ SOy w; (3) = (Joa) @ (J12, 113, J23) (90)
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(to be compared with (41)), which can be interpreted as another 6D CK space of lines. This
fact can clearly be appreciated in the Lorentzian spacetimes where there exist time-like
and space-like lines. In the single case of so0(5) with w = (+,+, +, +) all such possible
CK spaces are equivalent to the four spaces (39). Furthermore, it is also possible to obtain
generalizations of the polarity D (44) relating such other homogeneous spaces belonging to
different CK geometries with the same (isomorphic) CK algebra. In the 2D case shown in
Table 1, the prefix “Co-" in the name of some CK geometries reminds the action of D that
here interchanges wy <+ wo; thus, keeping the three geometries in the diagonal unchanged.
The full description of all the 2D CK spaces and the generalizations of the polarity D can
be found in [7,12].

4.2. Cayley—Klein Lie Bialgebra

Let us start with the classical r-matrix rg4 13 (47) for s0(5). The Lie bialgebra contraction
procedure introduced in [31] shows that it is not only necessary to apply the contraction
map ® (68) to the Lie generators of so(5) in order to obtain a classical r-matrix for the CK
algebra so.,(5); however, additionally a possible transformation of the quantum deforma-
tion parameter z must be considered. We recall that the idea to transform the deformation
parameter in contractions of quantum groups was formerly introduced in [153,154]. In our
case, the coboundary Lie bialgebra contraction that ensures a well defined limit w;,, — 0
(for any m) of both the classical r-matrix and the cocommutator for so(5) is given by the

transformation [31]

Z Z
Y& = o = Vormma eh

Then, we apply the composition of the maps (68) and (91) to rp4,13 in the form

r = (CD_l ® q)_l) oy! (1’04]13),
obtaining that

r=2z(Jia AN o1 + Joa A Joo + J3a A Joz + /@1ws Jo3 A J12). (92)

Its Schouten bracket (15) turns out to be

[[r,7]] = 2 (Jo1 A Joa A ia + Joo A Joa A Joa + Jos A Joa A Jaa + wrwafio A i A Jos
+wg(wszfor AJoo A Jiz 4 Jor AJoz A Tz + Joa A Joz A J23)
+w1(Jiz A1ia A s+ J13 A J1a A Jaa + @2)o3 A Joa A Jaa)). (93)

It can be checked that r (92) is a solution of the modified classical Yang—Baxter
Equation (14) for any Lie algebra within the CK family so.,(5) (so for any value of
w = (w1, wy, w3, wyg)). The corresponding cocommutator can either be obtained from
the Lie bialgebra contraction of (48) or through the relation (12) with (92) giving rise to the
CK Lie bialgebra (s0,(5),d(r)); namely
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6(Joa) =0,  46(J13) =0,

6(Ji2) = z/wrws Ju A1, 0(J23) = zy/wrwa Joz A 13,

6(Jo1) = z(Jo1 A Joa + w124 A Jiz + w134 A 13 4 /@1@04 Joo A J23),
6(Joo) = z(Jo2 A Joa + wiJ12 A Jia + wiwa 34 A Jo3

Fwan/W1wWy 23 A Jo1 + /@1ws J12 A Jo3),
6(Jos) = z(Joz A Joa + w113 A Jia + wiwa]23 A Jos + w3y/w1@s Joo A J12),
6(J1a) = z(J1a A Joa + waf1z A Jos + w3wafio A Jo2 + war/@1@y Joa A J23),
6(Jo4) = z(Joa A Joa + wafoz A Jo3 + wawsJor A J12

+w3/W1wy J12 A J3s + /@1ws Jo3 A J14),
6(J34) = z(J3a A Joa + waloo A Joz + wafor A iz + /@W1ws Joa A J12).

(94)

Now, some remarks are in order.

The last term in the CK r-matrix (92) is also an r-matrix r13 = z,/w1ws J23 A\ J12
generating the CK Lie bialgebra (s0.,w,(3),6(r13)) with generators (J12, /13, J23) and
primitive generator 13, which is a sub-Lie bialgebra of (so,(5),d(r)). Notice that, as in
(48), Joa is the “main” primitive generator such that the product zJy4 is dimensionless,
while /13 is a “secondary” primitive generator.

The same z-polarity D, (50) is an automorphism of the whole family of CK bialgebras
relating the cocommutators (94) as

(50w1,w2,w3,w4 (5)/ 5(7)) & (50w4,w3,w2,w1 (S)r 5(1’) )r (95)

so interchanging wy <+ w4 and wy <+ w3 as in (82). Note that the classical r-matrix
(92) and its Schouten bracket (93) remain unchanged under (50) and (95).

As far as the z-maps ®§m> (49) is concerned, it can directly be checked from the

expression of the r-matrix (92) that ®§2) and @9 are, again, involutive automorphisms

of (s0,(5),6(r)) for any value of the contraction parameters w. Moreover, both @él)

and ®§4) become involutions whenever, at least, either w; = 0 or wy = 0, that is,
when the last term of r (92) vanishes. Therefore, a complete Z%M—grading spanned

by the four @Q’” (49) is kept for the 45 Lie bialgebras with contraction parameters
w = (0, wy, w3, wg) and w = (w1, wa, w3, 0), which cover inhomogeneous algebras
and their further contractions. The quantum algebras for the first set of 27 bialgebras
with w = (0, wy, w3, wy) were fully constructed in [102], while the second set is
related to the first one by means of D, (95); in these results, it can be appreciated that
the term exp(zJy4/2) always appears in the deformed coproduct A, for any value of
w = (0, wy, w3, wy), showing that zJy4 is dimensionless and that, in this sense, Jo4 is
the principal primitive generator.

The coisotropy condition (22) is always satisfied by the four CK subalgebras hl(um)

56y b Ason(5),  m=1,...,4, (96)

but none of them fulfils the Poisson subgroup condition for any value of the contrac-
tion parameters (even for the flag algebra with all w;;, = 0)

56y ¢ 5 Aplm.

Thus far, we have obtained, in a unified setting, a family of coboundary Lie bialgebra

structures (s0.,(5),(r)), with quasitriangular classical r-matrix (92) and cocommutator
6 (94), which covers 81 particular Lie bialgebras with the aforementioned properties.
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However, it is worth stressing that, for some values of the contraction parameters, the
CK cocommutator could involve imaginary quantities due to the term ,/wjwy in the
CK r-matrix, although the CK algebras are always real ones. If we require a real Lie
bialgebra, then

w1y 2 0, (97)

which excludes the 18 cases with the following values for (w1, wy, w3, wy):
Complex Lie bialgebras: (4, ws, w3, —) and (—, wp, w3, +), VYws, ws.

Hence, there remain 63 real Lie bialgebras, which are explicitly presented in Table 2
according to the sign or zero value of the contraction parameters and following the notation
(75)-(81).

Table 2. The 63 Cayley-Klein algebras with commutation relations (71) endowed with a real Lie
bialgebra structure (so,(5), 5(r)), determined by the r-matrix (92), according to the sign of the graded
contraction parameters w = (wy, wy, w3, wy) such that wywy > 0.

e Simple Lie algebras so(p,q)

s0(5) =+ +++)
s0(4,1) =+, = —+)
50(3,2) (+,+, ,+),( +), (= ++-),
( ) ( )/ (_1_1_1_)
o Inhomogeneous Lie algebras iso(p, q) ~i'so(p,q)
iso(4) w=(0,+,+,+),(+, +,+,0)
is0(3,1) w=(0,++-),0,—,+,+),(0, =),(0,—,—,+),
(= +,+,0), (+ +,—,0), (-, ,+,0),(+,—,—,0)
i€0(2,2)  w=(0,4,—,+),(0,—,+, =), 0,~, =, =), (+,=+,0), (=, +,—,0),(~,—,—,0)
e Newton-Hooke-type algebras is(s0(p,q) ®so0 ( 7))
is(50(2) ®50(3)) = (+, 0 +,4), (+, + )
i6(50(2) B s0(2,1)) =(+,0,—,+),(+ —,0,+)
i6(s50(1,1) ®s0(2,1)) w—( 0 +,-), (- ,0, ) (—,+,0,-),(—,—,0,—)

e Twice inhomogeneous Lie algebras iiso(p, q) ~ {'i 50( p.q)
iiso(3) w = (0,0,+,+ (+ +,0 0)
iis0(2,1) =(0,0,4,—-),(0,0,—,+),(0,0,—,—),(—,+,0,0), (+ —,0,0), (—, —,0,0)

)s

-)
e Carroll-type algebras ii’so(p, q) i 150(;9, q)
ii’s0(3) w = (0, —I—, +,0)
iilﬁﬂ(z,l) ( 7 )/( ) (0 A 0)

-is(so(m) @iso(p',q ))
is(50(2) ®is0(2)) w = (+,0,0,+)
ig(50(1,1) ®iso(1,1)) w=(-,0,0,—)

e Inhomogeneous Newton-Hooke-type algebras iz (is (s0(p, q) ® s0(p’,q')))
ig(is(s0(2) D s0(2))) w=(0,+,0,+),(+,0,+,0)

iy (ig (s0(2) B s0(1,1))) w=(0,+,0,—),(0,—,0,+),(—,0,+,0),(+,0,—,0)
ig(is(s0(1,1) ®s0(1,1))) w=(0,—,0,—),(—0,—,0)

o Thrice inhomogeneous Lie algebras iiiso(p, q) ~ i'{i'so(p, q)
itiso(2) w = (0,0,0,+),(+,0,0,0)
iiiso(1,1)  w = (0,0,0,—),(—,0,0,0)

e Inhomogeneous Carroll-type algebras iii’so(p, q) ~ i'{'iso(p,q)
ii's0(2) = (0,0,+,0),(0,+,0,0)
iii'so(1,1)  w = (0,0,—,0), (0, —,0,0)

shalslsl

o Flag algebra iiiiso(1) =~ i'i'i'i’s0(1)
iiiiso(1) w = (0,0,0,0)
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4.3. Dual Cayley—Klein Algebra and Noncommutative Cayley—Klein Spaces

We consider the generators £% in s0,,(5)* dual to ], in so,,(5) with pairing (52) and

compute the commutation rules of so,, (5)* (10) from the CK cocommutator (94) obtaining

[92'01,9202] — 0’ [xf\()l’ 5(*.12] — ZCU3(U4J?24, [5&.02[ 5(\.12] — ZCU?,( W1 Wa x03 _ (U4.?2'14),
[5601,55.03] — 0’ [3201, £13] — ZaJ4J€'34, [5503/ 5&13] — —ZCLJ4JC14,
[9201,3204] — ZxAOll [x'\01’3214] =0, [3?04, 9214] — Zx'\14,
[xAOZ, xAO3] =0, [3202’ )?23] — Z( W1y 3?01 + w4x34), [5503’ x23] zw4x24,
[5502’ xf\04] — ZfOZ, [xAOZ/ £24] — 0’ [204/5& 4] — —Zf24, (98)
[9203, )204] — ZXAO?’, [ﬁ03’ﬁ34] =0, [9?04/ 5534] — —Zf34,
[55.12, 5&13] =z, /Wiy xAlZ/ [ﬁlZ/ £23] — 0/ [XAB, 5&23] = —z, /W Wy xf\23/
[lel xf\l4] — ZwNQOZ’ [xAlZI 3224] = —z (wle\()l + Jwiws J?34), [3?14, 3224] — 0’
[x'*13, xAl4] — Za)13?03, [xAlS’ £34] — *chl.X'Ol [A14 A34] 0,
[5523, 3224] = zw, (le?OB — /w10y 3?14)’ [5523’ x34} _ZwlwszZ [224/ A34] =0,
[5501,5823} = —2ZwWy /W1y XOZ, [5601,5524} — 0, [x'\01,£34] — 0,
[3?02’ 5&13} — 0[ [3202’ flﬂ — 0, [x'\02’ xf\34] — 0’
(293, £12] = —z, /@y £, (293, 214] =0, (293, £24] = 0, (99)
[5504’ 5&12} — 0, [5504’ 5&13} — 0/ [x'\04, £23] — 0’
[3212, 9234} = Zws /W1y x24 [3213’ 24} — 0[ [x'\14’ xf\23] — —Z\/Mff%l.

Alternatively, the same result is achieved by applying a contraction map directly to
the commutation relations of the dual algebra so(5)* (53) and (54). By taking into account
the pairing (52) and the maps ® (68) and ¥ (91), the full contraction map for so(5)* turns

out to be
erab

O (2,2) == (D(2), ¥ (2)) = =)
oY (27,2) = ((2"), ¥(2)) <mm>

We remark that the commutation relations (98) and (99) define a real dual CK algebra
50(5)* under the constraint (97), thus covering the 63 cases given in Table 2. Note also that
all the commutators (99) vanish for either w; = 0 or wy = 0, corresponding to the dual
algebra of inhomogeneous algebras and their contractions.

Similarly to (55), we express the dual CK algebra so,(5)
tor spaces

* as the sum of two vec-

50, (5)" :f)(fz@t(fz, m=1,...,4,
where b( "™ and t( ) are the annihilators of the vector subspaces hw ) and t(m) introduced
in (83) and fulfllhng (84). As we already performed in Section 3.3 for so0(5)*, we define the
first-order noncommutative CK spaces by

st =0, m=1...4 (100)
see (56)—(59). Each linear noncommutative space SSZ,) is the first-order in the quantum
coordinates of the complete noncommutative space associated with the homogeneous CK
space S((Um) (85). We display, in Table 3, the defining commutation relations for the four

noncommutative CK spaces along with the Lie brackets among hS_mL and tS_m(L.
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Table 3. The first-order noncommutative Cayley—Klein spaces S§’Z} (100) and the relations among
hi ™) and {( ) . Real commutation relations are ensured whenever wjw; > 0 covering the 63 cases
shown in Table 2.

o Noncommutative CK space of points Sﬁlﬁ, = h(j)w = (£01, 202, 203 204)
L504] = 220 %20 =0 i,j=1,23

ol cnlly ) el oy, [ ) c 'l +wwdl,

o Noncommutative CK space of lines ng(z, = bﬁ_) (AOZ £03 204 £12 213 3214)

[£02, 23] = 0 [£02, 304] = 7502 [£03, 204] = 7203

[32 i 13} — Z\/Mflz [9212 J214] — Zwlfoz [3213,3214} — Zwlﬁ()S

(292, £12] = zws (rwg £8 — wyt) 208, 212) = —z g 292 [204212] =0

[ ,f13} — [3203,3213] — 7zw43214 [320419?13} =0

(202, 214] = (203, 214] = 0 (204, 214] = —z¢14
0 hf,L,J <l LIFPE AR (00 t0] € wnwan ),

o Noncommutative CK space of 2-planes ng, = h v w = (£03, 204, 213 314 223 324)

[£93, $13] — 50, 514 [£98, $3] = —z00 8% [£13,5%5] = —z, /@y 23

[£04, $14] — _ ;14 [£04, $24] — _ 724 [£14,524] = 0

[£93, $04) — ;03 [£13, 204) — [£23, 3%4] — 0

[£93, 14 — o [£13, $14] = 70,203 [£23, 14 — 7. /ooy £24

[£93, 524 — 0 £13,524] = 0 [A23f3?241 = X
zwy (w129 — | Jwrwy £14)

b3, 000 <ol [, e [0, 40,] € wswan ),

o Noncommutative CK space of 3-hyperplanes Sgla), = bf)w = (204, 214 224 234)

[3?4, J?04] — Z¢i4 [,314,33]'4] =0 i,j=1,23

ol cnltly ) e @, (AT @l e,

Now, we analyse the structure and properties of such noncommutative CK spaces,
which do strongly depend on the contraction/curvature parameters. The four noncommu-
tative spaces close on a Lie subalgebra hS_W,lL' in agreement with the coisotropy condition
(96), and the noncommutative spaces of lines and 2-planes are both reductive and symmet-
ric as it was also the case for s0(5)* (see (60)). Furthermore, the explicit presence of the
curvature parameters allows us to highlight some properties for the contracted noncom-
mutative spaces straightforwardly. In particular, if we set wy = 0 in the noncommutative
space of points, we find that

wy=0: [ oM e U e [ T cwn,

Likewise, taking w; = 0 in the noncommutative space of 3-hyperplanes, we obtain that

4 4 4 4 4 4 4 4 4
=0 DA, LA L) et



Symmetry 2021, 13, 1249

31 of 57

Thus, both contracted noncommutative spaces are reductive and symmetric (to be
compared with (84)). A remarkable common property for the four noncommutative spaces

)

is that, when w;, = 0, the subspace t(l o becomes an abelian subalgebra (m=1,2,3,4):

wn=0: [0 o, BRI Cdn, ] =

Such relations can be applied, for instance, to the Poincaré and Euclidean algebras with
w1 = 0 (75) for the noncommutative space of points, to the Newton-Hooke-type algebras
with wp = 0 (80) for the noncommutative space of lines, to the twice inhomogeneous
algebras (Galilei) with w; = wy = 0 (77) for the noncommutative spaces of points and
lines, and so on up to the flag algebra (81) for the four noncommutative spaces.

The dual polarity d, (62) also holds for so(5);, interchanging the noncommutative
CK spaces as in (63) and the curvature parameters in the form w; < w4 and wy < ws.

Moreover, if we consider the z-maps 9§m) (61) in the dual CK algebra so,,(5)*, we again

find that only 9£2) and 9£3) are always involutive automorphisms of the commutation rules
(4)

(98) and (99) (as for s0(5)*). However both Gél) and 6, become involutions whenever the
product wywy = 0. Consequently, when at least either w; = 0 or wy = 0, the four maps

eg’”) (61) spana Z?‘L—grading for s0.,(5)*, and the four noncommutative CK spaces (100) are
all reductive and symmetric; recall that these 45 cases correspond to the inhomogeneous
algebras iso(p,q) with p +q = 4 with curvature coefficients (0, wa, w3, ws) (75) or
(w1, wy, w3, 0) (76) and their further contractions.

Finally, as we advanced at the end of Section 2.2, it is worth stressing that the structure

(1)

of the first-order noncommutative CK space of points S, ¢, shown in Table 3, is shared by
the 63 CK real Lie bialgebras with wyws > 0 of Table 2 since no w;, appears within SSJ,, and
this is formally similar to the x-Minkowski spacetime (25). Furthermore, the commutation
relations of Sﬁlﬁ, are kept linear under full quantization for the 27 CK bialgebras with the
parameters (0, wy, w3, wy), while higher-order terms in the quantum coordinates are
expected for the CK bialgebras with w; # 0.

Similar properties hold for the first-order noncommutative CK space of 3-hyperplanes
Sﬁ,, which remains as a linear full noncommutative space for the 27 CK bialgebras with
parameters (wq, wy, w3, 0). Nevertheless, if one looks at the four first-order noncommu-

tative CK spaces in Table 3 altogether, then one finds that the four contraction parameters

appear explicitly. Thus, the set of four noncommutative spaces SQZ,) is different for each
specific CK bialgebra except for the nine cases with w; = w4 = 0, for which all the terms
involving any wy, vanish.

Consequently, this observation suggests the necessity of constructing other noncom-
mutative spaces beyond the usual noncommutative spacetime for a given quantum defor-
mation. To the best of our knowledge, there are very scarce results that concern noncom-
mutative spaces of lines in this research direction [99,100].

A physical (kinematical) analysis on the noncommutative CK spaces of points and
lines will be addressed in Section 6.

4.4. Drinfel’d Double Structures for Cayley—Klein Algebras

Let us consider the classical r-matrix 7p (66) coming from the Drinfel’d double struc-
ture of s0(5). We apply the composition of the contraction maps (68) and (91) in the form

rp= (P '@® ) o¥ Hip), Vwm#O,
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obtaining that

1
o= z<h4 AJor+ Joa A Joo + Jaa A Joz + Vwrws Joz A Ji2 + NG Jiz A ]04) 101)

:r+

\/WZTU:% JisAJoa,  Vm #0,

which is a superposition of the classical CK r-matrix r (92) with a Reshetikhin twist J13 A Jos
formed by the two commuting primitive generators. We remark that, by construction, rp is
a classical r-matrix coming from the Drinfel’d double structure for the simple Lie algebras
contained in the CK family so,,(5). Moreover, rp leads to the same Schouten bracket as
for r (93) (there are no twist contributions) so that it is a solution of the modified classical
Yang-Baxter Equation (14).

If we now require rp (101) to define a real Lie bialgebra, (s0.,(5),p(rp)), we have to
impose the restriction corresponding to r (97) together with the new one determined by
the twist:
wiwyg >0 and wrwz >0, (102)

which leads to four possible cases as shown in Table 4, where we have named them
according with their kinematical interpretation that we shall show in Section 6.

Table 4. Simple Lie algebras with a real r-matrix rp (101) coming from a Drinfel’d double structure
according to the sign of the graded contraction parameters w = (w1, wy, w3, wy) and bilinear form
I, (74), along with their contractions to non-simple Lie algebras endowed with a real Lie bialgebra
(EUW(5), 5D (TD)).

Simple Lie algebras with a Drinfel’d double real structure

M Spherical 50(5) =(++++) Io=(H+++++)
(ID) De Sitter (4,1) w=(+, +) Iw =(+,+ -+ +)
()  Anti-de Sitter 50(3,2)  w=(—+,+ ) =(+— ==+
(IV) Anti-de Sitter 50(3,2) w=(-, =) Iw =(+,—-+,—+)

Non-simple Lie algebras with a real Lie bialgebra via contraction

(Ta) Euclidean iso(4) w=(0+++)

(la’)  Para-Euclidean  i's0(4) =(+,+,+0)

(ITa) Poincaré is0(3,1) w=(0-,—,4+)

(ITa’) i's0(3,1) w=(+,—,-,0)

(Illa)  Poincaré iso(3,1)  w=(0,+,+,—)

(Illa’)  Para-Poincaré 's0(3,1) w=(-,+,+,0)

(IVa) is0(2,2) w=(0,-,—,-)

(IVa") 's0(2,2) w=(-,—,—,0)

(Ib) Carroll i’s0(3) w = (0,+,+,0) (Ib) = (Ib") = (IlIb) = (IIIb’)
(Ib) i's0(2,1)  w=(0,—,—,0) (Ilb) = (IIb) = (IVb) = (IVb')

In order to obtain the possible graded contractions of rp (101), we first indicate that
this diverges under the limits w, — 0 and w3 — 0, so that the restriction wows > 0 must
be kept. Secondly, both contractions w; — 0 and w4 — 0 are well-defined and consistent
with the condition (97). This, in turn, means that there are ten possible contractions for rp
that provide an r-matrix generating a real Lie bialgebra for non-simple Lie algebras (see
Table 2).

These are also displayed in Table 4 (with the kinematical terminology for the cases
that will appear in Section 6), where the notation indicates the sequence of contractions



Symmetry 2021, 13, 1249 33 of 57

of the real Lie bialgebra (so.,(5),dp(rp)), with the “prime” corresponding to ws = 0.
For instance:

(I) (Ia) @i=0 (Ib') Spherical — Euclidean — Carroll
50(5) — iso(4) — ii’ﬁo(3) (+,+,+,+) = (0,+,+,+) = (0,+,+,0)

(4)1:0

) =% @) =% (1) Anti-de Sitter — Para-Poincaré — Carroll

50(3,2) — i'50(3,1) — ii's0(3) (—,+,+,—-) = (=, +,+,0) = (0,+,+,0)

w1=

Recall the Lie algebra isomorphisms provided by D (44): i's0(4) ~ iso(4), {'s0(3,1) ~
i50(3,1) and i's0(2,2) ~ is0(2,2). Hence, any contraction sequence ends on either the
Carroll bialgebra (cases (I) and (III)) or on the ii’s0(2,1) one (cases (II) and (IV)).

The effect of the twist J13 A Jo4 in rp (101) with respect to the CK r-matrix (92) can be
highlighted by associating it with a second deformation parameter ¢ in a similar form to
(67), that is,

rp =7+0J13A Joa, (103)

such that the r-matrix coming from a Drinfel’d double structure corresponds to the one-
parametric deformation with

z

\/ Waws ’

The cocommutator dp, obtained with (12), is just the CK cocommutator ¢ (94) plus new
terms coming from the twist, which are denoted 6. Hence, ép = 6 + dy with dy given by

%4

wowsz > 0. (104)

09(Joa) = 6s(J13) =0,

o9(J12) = 19(02]23 Noa,  6(Ja3) = dwsJoa A J12,

3(Jo1) = 8(Joa A Jos + w113 A J1a),

0(Joz2) = bwiwa]13 A Jaa, (105)
5(Joz) = 8 waws(Jor A Joa + w113 A Ja4),

5(J14) = 8 waws(Joa A Jaa + walor A J13),

8(J24) = O wswa]o2 A 13,

5(Ja4) = (J1a A Joa + waJos A J13)-

Consequently, (50w,,w; (3),0p) with generators (J12, J13, J23) does not remain as a Lie
sub-bialgebra of (so.,(5),0p(rp)). However, if this is enlarged with the primitive generator
Joa, then it provides the Lie sub-bialgebra (50, ,(3) ® 50w04( ),0D)-

The polarity D, (50) and the involutions ®§ ) and @ (49) also hold for the two-
parametric deformation determined by (103) provided that ¢ is unchanged. Nevertheless,
in the proper Drinfel’d double case with a single deformation parameter z, with the
identification (104), the above maps do not remain since z — —z.

As far as the first-order noncommutative spaces associated to (so.(5),dp(rp)) is
concerned, it is straightforward to prove that the coisotropy condition (22) is only fulfilled

for the subalgebras b((ul ) and h((f ) (see (105)):

so(b8) c o) nsou(3), 1=14  sp6) z 8% Asou(5), k=23,

for any of the 14 Lie algebras displayed in Table 4. Therefore, only the twisted noncommutative
()

CK spaces of points and 3-hyperplanes S, , , (I = 1,4) can consistently be constructed.
In particular, from (105) and applying the quantum duality (10) with pairing (52), we



Symmetry 2021, 13, 1249

34 of 57

directly obtain the defining commutation relations for the twisted noncommutative CK

M)

space of points S

z,0, w-
27,8 = z£% — 02", [#%2%] =0, ij=123

(4)

z,0,w
Sglz, given in Table 3. Moreover, since wpws > 0, this factor can be scaled to +1 within the
commutators (106) via the scalings

1)

In the same way, S 2,0,

can also be obtained. Clearly S (106) is not isomorphic to

.‘)’503 — Worws3 .‘)’503, % — £/ Worws 9,

which shows that S( ) « 18 the common first-order twisted noncommutative CK space of
points for the 14 Lie blalgebras shown in Table 4; clearly, higher-order terms in the quantum
coordinates may arise for each specific case.

Finally, we stress that it is not ensured at all that a given contracted Drinfel’d double
r-matrix rp gives rise to a Drinfel’d double structure for a non-semisimple Lie algebra
and, in fact, this problem should be studied case by case. Nevertheless, we can answer
negatively to this question for the contracted r-matrices of Table 4. It was established
in [127], from the results given in [145], that there does not exist any Drinfel’d double
structure for Poincaré, Euclidean and Carroll algebras at this dimension.

In contrast, as we commented at the end of Section 2.3, in lower dimensions, such
structures do exist and the classification of Drinfel’d doubles was recently performed for
the (2 + 1)D Poincaré [127] and 3D Euclidean algebras [128]. Moreover, to the best of our
knowledge, the classification of Drinfel’d doubles for the (anti-)de Sitter algebras has only
been carried out in (2 + 1) dimensions [115].

In (3 + 1) dimensions, there is no such classification for the simple Lie algebras so(p, q),
and there has only been constructed the Drinfel’d double structure here considered for
s0(5), reviewed in Section 3.4, and from it a Drinfel’d double for the anti-de Sitter algebra
50(3,2) [129], that we advance, which is just the case (III) in Table 4. Therefore, we have
obtained two new r-matrices coming from Drinfel’d doubles, one for the de Sitter s0(4,1)
and another for the anti-de Sitter s0(3,2) (cases (II) and (IV)), although our results do not
convey a complete classification.

The physical (kinematical) interpretation of the CK r-matrices r (92) and rp (101)
along with their associated first-order noncommutative spaces will be described in detail
in Section 6.

5. Kinematical Algebras and Homogeneous Spaces

As we already mentioned in the previous section, the kinematical algebras introduced
in [14] arise as particular cases of graded contractions of so(5) [20,152], and thus they
appear within the CK family so, (5) for some specific values of the contraction parameters
w = (w1, wy, w3, wy) (except for the static algebra, which does not belong to the CK
family). These kinematical algebras have recently been derived from deformation theory
in [145,155]; in this respect, recall that Lie algebra deformations [156] can be regarded as
the opposite processes to Lie algebra contractions [13,138,157,158].

In order to deal with kinematical algebras, let us introduce a physical basis denoting by
Py, P = (P, P, P5), K= (Ky,Kp,K3) and J = (], J2, J3) the generators of time translations,
spatial translations, boosts and rotations, respectively. These ten generators are isometries
of a (3 + 1)D spacetime of constant curvature. The 11 kinematical algebras [14] are contained
within a three-parametric Lie algebra, here denoted so A (5), with commutation relations
given by

Ui Ji] = €ijlis [Ji, Pj] = €ijx Py, [Ji, K] = €Ky, [Ji, Po] = 0, (107)
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[Ki, Po] = AP;, [Ki, Pj| = 12 diiPo, [Ki, Kj] = —/\12 €ijkJks
c . ¢ (108)
[Po, Pi] = —AK;, [Pi i} = A €
where, from now on, the indices i, j, k = 1,2, 3 and sum over repeated indices will be un-
derstood. Recall also that the commutators (107) are a consequence of 3-space isotropy [14],
and they are shared by any Lie algebra in so .  (5), while the Lie brackets (108) distinguish
the specific kinematical algebra according to the values of the real parameters A, c and A.
The family so . A (5) has two Casimir operators: a quadratic one, coming from the
Killing—Cartan form, which is given by

1 1
C = CZP(%AP2+A(K2A62]2>, (109)

and a fourth-order Casimir [18] (with the exception of the static algebra [14] corresponding
toset A = A = 0and c — oo in (108), so all of these brackets vanish).

Moreover, so, 1 (5) is endowed with the parity P and the time-reversal 7 involutive
automorphisms defined by [14]

P(P(),P,K,J) (P(),—P,—K,J),

T(POIPrK/J) (—P(),P,—K,J), (110)
PT(Py,P,K,J)=(—P,-P,K,J).

Each of them provides a type of contraction: the composition P77 corresponds to the
(flat) spacetime contraction (A — 0), the parity P to the speed-space contraction (¢ — o)
and the time-reversal 7 to the speed-time contraction (A — 0) (see [135] for the (2 + 1)D
kinematical algebras and contractions within the CK family so,,(4) and their Drinfel’d—
Jimbo quantum deformation). In other words, the quantities A, 1/ c? and A behave as
graded contraction parameters, each of them corresponding to the Z,-grading of sox . A (5)
determined by P7T, P and T, respectively.

From the Lie group SOx (1 (5) of s0, 1 (5), we construct the (3 + 1)D spacetime and
the 6D space of lines as the coset spaces

ST+ = SOA,C,,\(5>/Hst/ Hg = <K/J>'

111
L% = SO (5)/Hiines  Hiine = (Po) ® (J) = (Po) ® SO(3), -

such that Hgt and Hyype are the isotropy subgroups of an event and a line, respectively. Thus,
these are symmetric homogeneous spaces associated, in this order, with the composition
PT and parity P involutions.

Similarly to the discussion on the curvature of the CK spaces (86)—(89) in Section 4.1,
we remark that the (3 + 1)D spacetime ST>*! is a rank-one homogeneous space such
that all their sectional curvatures K are equal and constant. However, the 6D space of
lines L® is of rank-two, and only the sectional curvatures K of any two-plane direction
spanned by any two tangent vectors (P;, P;), (K;, K;) and (P;, K;) (i,j = 1,2,3) are equal
among themselves and constant, with the remaining ones, (P;, K;) with i # j, as generically
non-constant (or zero).

Furthermore, when SO 1 (5) is a non-simple Lie group, the metric on either space (111)
could be degenerated, and, in this case, an invariant foliation arises so that an additional
metric defined on each leaf of the foliation is necessary to determine completely the metric
structure of the space [132]. Moreover, it is important to take into account that, in principle,
the (3 + 1)D spacetime ST>™! does not necessarily coincide with the CK space of points SS )
(86) (in most cases it does) and, likewise, with the 6D space of lines L° with respect to the
CK space of lines Sg ) (87). Nevertheless, they can always be identified with another CK
space, as for instance (90) for the space of lines. This fact will depend on the kinematical
assignation of the geometrical CK generators that we shall study next in Section 6.
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In what follows, we describe the 11 kinematical algebras although we shall only
focus on the homogeneous spaces (111) for nine of them: the Lorentzian, Newtonian and
Carrollian cases. Additionally, we shall show how the three classical Riemannian algebras
(and their homogenous spaces) can also be recovered from the family sox . 1 (5). These nine
kinematical algebras/spaces plus the three Riemannian ones are those that will appear in
Section 6, and they are summarized in Table 5.

Table 5. Kinematical algebras with commutation relations (107) and (108) together with their cor-
responding symmetric homogeneous (3 + 1)D spacetimes and 6D spaces of lines (111) of sectional
curvature K according to the values of the graded contraction parameters (A, ¢, A). The same results
for the three Riemannian cases are similarly displayed.

Lorentzian algebras and homogeneous spaces

e De Sitter e Poincaré e Anti-de Sitter

[L =s0(4,1): A >0, cfinite, A =1 lp =1is0(3,1): A =0, ¢ finite, A =1 [ =50(3,2): A <0,cfinite, A =1

ds*! =50(4,1)/50(3,1), AdS**! =50(3,2)/50(3,1),
K=-A<0 K=-A>0
LdS® = S0(4,1)/(SO(1,1) ®S0(3)),  LM® =150(3,1)/ (R®SO(3)), LAdS® = S0(3,2)/(SO(2) ® SO(3)),

=_1 =_1 =_1
K= P K 2 K 2

M3 =150(3,1)/S0(3,1), K = 0

Newtonian algebras and homogeneous spaces

o Expanding Newton-Hooke o Galilei o Oscillating Newton-Hooke
ny =ig(s0(1L,1) ®s0(3)): A >0, 1o = iis0(3): A = 0, ¢ — o0, A = 1 n_ =ig(s0(2) ®s0(3)): A <O,
c=o00,A=1 c=o00,A=1
341 — @3+1 _
N3 =N, /1S0(3), K= ~A <0 Ny =G> =1IS0(3)/150(3), N*1 = N_/ISO(3),K= —A >0

K=0

LG® =TISO(3)/ (R ®S0(3)), K = 0

?V}O: N-/(80(1,1) ©S0(3)), LN® =N_/(SO(2) ©50(3)), K = 0

Carrollian algebras and homogeneous spaces

e Para-Euclidean

¢ =i's0(4):A>0,c=1,A=0

C31 =T1S0(4)/1SO(3), K=A >0

LCS =TSO(4)/ (R®S0O(3)),
K=A>0

e Carroll
¢ =1i's0(3): A=0,c=1,A=0

C3+1 = €31 =1I'SO(3) /1SO(3),
K=0

LC® =1I'SO(3)/(R®SO(3)), K =0

e Para-Poincaré

¢ =i50(3,1):A<0,c=1,A1=0

C*1 =T1S0(3,1)/1SO(3), K = A < 0

LC® =TS0(3,1)/(R®SO(3)),
K=A<0

Riemannian algebras and homogeneous spaces

o Hyperbolic

50(4,1):A>0,c=iA=1or
A<0,c=1A=-1

H* = S0(4,1)/S0(4), K < 0

LH® = SO(4,1)/(SO(1,1) ® SO(3)),
K=+1

e Euclidean

iso(4): A=0,c=iA=1or
A=0,c=1,A=-1

E* =1SO(4)/SO(4), K = 0

LE® =1SO(4)/ (R®SO(3)), K = +1

® Spherical

s50(5): A<0,c=iA=1or
A>0c=1A=-1

S* =S0(5)/SO(4), K >0

LS® = 1so(5)/ (SO(2) ®50(3)),

5.1. Lorentzian Algebras

If we set the parameter A = 1 and consider c finite, we find that so 1 (5) covers the
three Lorentzian algebras [, of relativistic (3 + 1)D spacetimes such that the Lie brackets
(108) now read

1 1
[Ki, Po] = P, [Ki, Pj] = — 6i; P, [Ki, K| = —— €ijkJks
¢ 1 ¢ (112)
[Po, Pi] = —AK;, [Pi i} = A €

where c is the speed of light and A is the cosmological constant. Then, we obtain the
de Sitter (dS) I+ = s0(4,1), anti-de Sitter (AdS) [ = s0(3,2) and Poincaré [y = is0(3,1)
algebras. The quadratic Casimir (109) for [5 reads

1 1
C—Cng—P2+A<K2—C2]2), (113)
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and the fourth-order Casimir, related to the Pauli-Lubanski 4-vector, can be found in [18].
The Lorentz subalgebra corresponds to s0(3,1) = (K,J), which is the Lie algebra
of the isotropy subgroup Hgt = SO(3,1) (111). The constant sectional curvature of the
(3 + 1)D spacetime is K = —A. Notice that the cosmological constant can be expressed in
terms of a time universe radius T through A = 41/72, so that to take A = 0 corresponds to
the limit T — oo, which is simply the spacetime contraction providing the flat Minkowskian
spacetime M>*! from the (3 + 1)D (A)dS spacetimes. The isotropy subgroup of a line is
Hiine = SO_A(2) ® SO(3), and the homogeneous space of (time-like) lines (111) is, in the
three cases, of negative constant sectional curvature K = —1/ c? [132]. Recall that the
notation SO_ (2) means that SO (2) = SO(2), SO_(2) = SO(1,1) and SOy (2) = R.

5.2. Newtonian Algebras

The non-relativistic limit ¢ — oo (or speed-space contraction) of [, (112) gives rise to
three Newtonian algebras n, with Lie brackets

[Ki, Po] = P, [K;, Pj] =0, [Ki, K] =0,
[Py, P)] = —AK;, [P; Pj] =0,

where A = +1/72and T is again the time universe radius. The second-order Casimir (113)
reduces to
C = —P>+ AK?,

and the corresponding fourth-order Casimir can be found in [18]. This non-relativistic
limit is obtained by setting A = 1 and ¢ — oo in (108) and (109). In this way, we find
the expanding Newton-Hooke (NH) n., oscillating NH n_ and the Galilei ny = iiso(3)
algebras, which have the following structure (see (80) and (77), respectively):

ny =ig(s0(1,1) ®s0(3))

=RO®s(s0(1,1) ®s0(3)): R6 = (P,K), s0(1,1)=(Py), s0(3)=J).
n_ =ig(s0(2) ®s0(3))

=R®s(s0(2) Dso(3)): R6=(P,K), s0(2)=(P), s0(3)={).

ny = iiso(3) = R*@s(R3@ss0(3)): R* = (P, P), R3=(K), s0(3)=(]).

The isotropy subgroup Hg (111) is now the 3D Euclidean subgroup ISO(3) spanned
by rotations and (commuting) Newtonian boosts, and the (3 + 1)D spacetime has the same
sectional curvature as in the Lorentizan spacetimes: K = —A. The metric is degenerate
and corresponds to an “absolute-time”, so that there exists an invariant foliation under the
action of the Newtonian group N, whose leaves are defined by a constant time, which
is determined by a 3D non-degenerate Euclidean spatial metric restricted to each leaf of
the foliation [132,147]. The isotropy subgroup of a line is again Hjj,e = SO_(2) ® SO(3),
but the homogeneous space of lines (111) is flat, i.e., K = 0 [132].

5.3. Carrollian Algebras

We set A = 0 and c = 1 in the commutators (108) yielding the three Carrollian algebras
cA with Lie brackets and second-order Casimir given by

[K;, Py] = 0, [Ki, Pj| = 6;;Po, [Ki, Kj] =0, (114)
[Py, P;] = —AK;, [P;, P;] = Ae€jjiJ,
C = P§ + AK?.

Notice that now the parameter A has dimensions of length 2 instead of time 2, and
the Carrollian boosts have dimensions of speed instead of speed ™! (which were the cases
in the Lorentizan and Newtonian algebras).
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The algebra ¢, comprises the para-Euclidean algebra ¢4 = i’s0(4) (isomorphic to the
Euclidean iso(4)), the para-Poincaré algebra ¢_ = i’s0(3,1) (isomorphic to the Poincaré
i50(3,1)) and the proper Carroll algebra ¢y = ii’s0(3) = iis0(3), which have the following
structure [147] (see (76), (78) and (79)):

=i's0(4) = R* ®gs0(4): R™* = (Py,K), so(4) = (P,]).
. =i'50(3,1) = R* ©s50(3,1): R* = (Pp,K), s ( 1) = (P,]).
¢ = i'is0(3) = R*®5(R¥®gs0(3)): R* = (P, K), =(P), s0(3)={(]),
¢ = ii's0(3) = R*@5(R® Pss0(3)): R = (P, P), R’3 =(K), s0(3)=(]).

The isotropy subgroup Hg; (111) is, again, the 3D Euclidean subgroup ISO(3) spanned
by rotations and (commuting) Carrollian boosts, but the (3 + 1)D spacetime has sectional
curvature K = +A (instead of K = —A as in the Lorentizan and Newtonian spacetimes).
The metric is degenerate corresponding to an “absolute-space”, and there exists an invariant
foliation under the action of the Carrollian group characterized by a 1D time metric
restricted to each leaf of the foliation [147]. The isotropy subgroup of a line is Hjj,e = R®
SO(3) and the homogeneous space of lines (111) has the same curvature as the spacetimes,
thus, equal to +A.

5.4. The Two Remaining Kinematical Algebras

For the sake of completeness, we also mention that the para-Galilei algebra [14] arises
for A = 0 and ¢ — oo, that is, the commutators (108) reduce to

[Ki, Py) =0, [Ki, Pj] =0, [Ki,Kj] =0,
[P(), Pi] = —AK;, [P,', P]'] =0,

for any value of A # 0 (apply the map Py — +Py/A), while the second-order Casimir
(109) simply reads C = AK?Z. The static algebra [14] corresponds to the most contracted
algebra within the kinematical family for A = A = 0and ¢ — oo,

KRl =0, [KP]=0,  [KyK]=0, -
[Po, Pl =0, [P;, P] =0,

i 5]
with trivial second-order Casimir C = 0. In fact, the static algebra is the only kinematical
one that does not appear within the CK family so,,(5) [17]; however, it can be obtained
from the general solution of the grading equations for so(5) [20,152]. Observe that the
static algebra is not a quasisimple Lie algebra in the sense that it does not have the same
number of Casimir invariants as the simple Lie algebra so(5).

When one compares the commutation relations of the static algebra (115) with those
for the Carroll one (114) with A = 0, one finds that the Carroll algebra can be regarded as a
centrally extended algebra, with non-trivial central extension Py, from the static algebra,
and there cannot be added any other central extension to the Carroll algebra [14] (see [19]
for the central extensions of the CK algebras in any dimension).

In this respect, we remark that, in [145], the (3 + 1)D kinematical algebras were
constructed from the static algebra through deformation theory (see [155] for higher di-
mensions). We also recall that twist deformations for the para-Galilei, static and Carroll
algebras were obtained in [146].

Neither the para-Galilei nor the static algebra will appear within the deformations
that we shall describe in Section 6; therefore, they are omitted in Table 5.
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5.5. Riemannian Algebras

Additionally, but not kinematically, we can set A = 1 and the speed of light equal to
the imaginary unit ¢ = i in (108) finding the commutators

[Ki, Po] = P;, [Ki, P;] = —djPo, [Ki, Kj] = €]k,

(116)
[Po, P;] = —AK;, [Py, Pi] = —Ae€ijiJi,

with second-order Casimir (109) given by
C =P —P+A(K+?).

In this way, we obtain so(5) for A < 0, iso(4) for A = 0 and so0(4,1) for A > 0.
The generator Py now behaves as another space translation, while the generators K are
no longer boosts but rotations. The isotropy subgroup Hg (111) is SO(4) = (K, J), such
that we recover the three classical 4D Riemannian spaces of constant sectional curvature
K = —A: spherical (K > 0), Euclidean (K = 0) and hyperbolic (K < 0) spaces. The isotropy
subgroup of a line is Hjjpe = SO_4(2) ® SO(3), and the corresponding 6D space of lines
has positive curvature K = +1 for any value of A [132].

Alternatively, we can set A = —1 and ¢ = 1 in (108) obtaining that

[Ki, Po] = —P,, [Ki, Pi] = 6;; Py, [Ki, Kj] = €ijkJx,
[Py, P;] = —AK;, [P;, Pj] = AeijiJk,

C= P§+P2+A(K2+Jz>,

which are equivalent to the Lie brackets (116) by means of the maps Py — —F) and
A — —A. Therefore, we again obtain the same Riemannian algebras (and homogeneous
spaces), but now so(5) for A > 0, iso(4) for A = 0 and s0(4,1) for A < 0.

6. Kinematical Lie Bialgebras and Noncommutative Spaces

Our aim now is to interpret in the kinematical framework the Lie bialgebras coming
from the classical CK r-matrix r (92) and the Drinfel’d doubles further provided by rp (101)
together with the corresponding first-order noncommutative spaces of points and lines
displayed in Table 3 and the twisted one (106). With this in mind, we perform different
identifications between the “geometrical” generators J,;, of s0,,(5) (71) and the kinematical
ones of 50, . 1 (5) (107) and (108), which will convey physical correspondences between
the contraction/curvature CK parameters w and A, ¢, A.

According to [102], the main idea is to start with the main primitive generator Jo4
and to identify it either with a spatial translation P; or with the time translation Py. Since
the product zJps must be dimensionless, we shall obtain the so-called [135] “space-like”
deformations Jos = P;, with the deformation parameter z being a fundamental length scale,
and the “time-like” deformations Jos = Py, with z being a fundamental time scale.

In particular, we shall study first three classes of kinematical deformations, called
A, B and C, such that their properties are determined by the two primitive (undeformed)
generators (Jos, J13) corresponding to (P3,Ky), (P2, J2) and (Py, J2), respectively. We remark
that, in these three classes, the time translation generator Py = J; for I = 1,2, 4, and the
remaining case Py = Jo3 would provide results that are equivalent, under certain Lie
algebra automorphisms, to those already contained in the class A, and thus we omit it.

Therefore, the classes A and B will give rise to space-like deformations, while the class
C will lead to time-like ones. Additionally, we shall construct an AdS Lie bialgebra for
which z is dimensionless with primitive generators (], Py), and it will correspond to the
new Drinfel’d double of case (IV) in Table 4; we shall call it class D. We point out that such
four classes of kinematical deformations will contain the four Drinfel’d doubles for the
simple Lie algebras of Table 4.
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The main results that will be obtained along Sections 6.1-6.4 concerning the kine-
matical r-matrices are presented in Table 6. From them, their corresponding first-order
noncommutative spacetimes and spaces of lines will be computed as summarized in Table 7.

Comments on these results will be presented in Sections 6.5 and 6.6.

Table 6. Four classes of real classical r-matrices for the kinematical and Riemannian algebras with commutation relations

(107) and (108). For each class, we display the dimensions of the quantum deformation parameter z and the primitive

generators (determined by (Jo4, J13)), the r-matrix, the specific Lie algebras according to the values of the graded contraction

parameters (A, ¢, A) as in Table 5, the CK parameters w and the Drinfel’d double r-matrix rp together with the corresponding

case given in Table 4.

Class z& (Joa, J13) Kinematical Real r-Matrices and Lie Algebras w = (w1, ws, w3, wy) Drinfel’d Double rp
A Length r=z(KsAPy+Ji NP — L AP+ V=AJ3 NKy) rp=r+zK; AP3
(P5,Kz) AdS 50(3,2) A<0,c,A=1 w=(+—-++) No
Poincaré iso(3,1) A=0,c, A=1 w=(0—4++) No
Oscillating NH n_ A<0,c=0,A=1 w=(+,0,++) No
Galilei iiso(3) A=0c=c0, A=1 w=1(0,0,+,+) No
Spherical 50(5) A<0,c=iA=1 w=(+++4+) (0]
Euclidean iso(4) A=0,c=i A=1 w=(0+4++) (Ia)
B Length r=z(KeAPy+ 3 AP — J1 APs +VAKs AKp) rp=r—zh AP,
(P, 2) ds s0(4,1) A>0c=1A=1 w=(+—-—+) (wm
Poincaré iso(3,1) A=0,c=1, A= w=(0—--+) (ITa)
C Time r=z(KiAPL+ Koy APy + K3 APs+V-AAT1 A J3) rp=r—z AR
(Py, J) AdS 50(3,2) A<0c=1A=1 w=(—++-) ()
Poincaré is0(3,1) A=0,c=1A=1 w=(0,++,—) (TTa)
Para-Euclidean i'so0(4) A>0,c=1,A1=0 w=(+,++,0) (Ia")
Para-Poincaré i's0(3,1) A<0,c=1A=0 w=(-,++,0) (I1a")
Carroll ii’s0(3) A=0,c=1,A=0 w=(0,+,4+,0) (Ib) = (Illb)
Spherical s0(5) A>0,c=1,A=-1 w=(++++) )
Euclidean iso(4) A=0,c=1,A=-1 w=(0,+++) (Ia)
D None r=z(KiAKs+ Ko AP+ PLAPs+ 3 A1) rp=r+zPyAJ
(J2, Po) AdS 50(3,2) A=-1,c=1,A=1 w=(-——-) )
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Table 7. The first-order noncommutative spacetimes ST> 1 = (£0, £1, #2, #3) and sp

aces of lines L¢ = (#1, %2, #3,&1, &, &)

for the classes A, B and C of kinematical and Riemannian Lie bialgebras shown in Table 6 with the notation of Table 5;

the case D has no associated noncommutative space. First-order twisted noncommutative spacetimes coming from the

Drinfel’d double structures and their contractions presented in Table 4 are also written in terms of the twist deformation

parameter ¢ such that ¢ = z corresponds to the proper (or contracted) Drinfel’d double.

Class A o Noncommutative spacetimes with A < 0, A = 1: AdS¥*!, M3+1, N1, G3t1, st E!
[£0, 23] = z£0 [#1, 23] = z&! [#2, 23] = z£2 [#0,21] = [2%,#%] = [#1,£2] =0
o Twisted noncommutative spaces of points with A <0,A =1,c =1i: S‘Zl/ﬂ , E‘leg
[#0, 23] = z£0 4 9%2 [#, 23] = z2! [#2, 23] = z£2 — 910 [#0,21] = [2%,%%] = [#1,£2] =0
o Noncommutative space of lines with A < 0, A = 1: LAdS?, LNE'Z, LSE,’
#,%2]=0 [#, 2] = z&! [#2, 23] = z£2
81,8 = 2/ R 8,8 = —za® 8,8 = 28
[#,8'] =2(V=-A# - ) [#,8'] = —2v=A% [#,¢=0
(2,8 =0 [#2, 8] = —28° [#,8=0
(2,8 =0 &) =0 (&) = -z
o Noncommutative space of lines with A = 0, A = 1: LM?, LGS, LES
£, %2 =0 [#1, 23] = z&! [#2, 23] = z#2
[¢,é=0 [#, 8] = —20;&
Class B o Noncommutative spacetimes with A > 0,c =1, A = 1: dS31, M3+!
[£0,£%] = z%0 [#1,£%]) = 22! [#3,%%]) = 283 [£0,£1] = [£9, £3] = [#1, %3] =0
o Twisted noncommutative spacetimes with A > 0,c =1, A = 1: ngEl, M;ng
%, £2] = 240 [#1,82] = z2! + 02 [#3,82] = z2% — 93’ [£0,#1] = [#°, %] = [#1,2%] =0
o Noncommutative space of lines with A = 0,¢ =1, A = 1: LM
[#1,£%] = z#! £, %] =0 [#3,%%]) = 283
[¢,&1=0 [#, 8] = —z6;&
Class C o Noncommutative spacetimes with —AA > 0, c = 1: AdS3"!, M3+1, €31, 341, 3+, st Ef
[£1,2] = 22! [#2,20] = z%2 [#3,29]) = 283 [#1, %% = [#, 23] = [#2,#3] =0
o Twisted noncommutative spacetimes with —AA > 0,c = 1: Ang}l, M;:;l, C%:Zl/(, , Cile/ﬂ , Cg;;l, Sgg , E?,ﬂ
[#1,£9] = 28! + 92 %2, 20] = 22 [#3,29) = z#3 — 92! (20, £1) = [#°, 23] = [#1,#%] =0
o Noncommutative space of lines with —AA > 0, ¢ = 1: LAdS¢, LM¢, LC6+,Z ,LC® _,LCS, LSS, LES

[#,#] =0 .d1=0 [#,8]=0

6.1. Class A: Space-Like Deformations with Primitive

Generators (P3, K3)

We consider the following kinematical assignation [102]

Po=TJo, P = (Jo2 Jo3, Joa),

which, in the array form used in Section 3.1, gives

Joo Jo2 Jos  Joa
Jiz i3 s _
Jo3 Ju

J34

which shows that the spaces S‘(Ul ) (86) and Sg ) (87)
the space of (time-like) lines Lo (111), respectively

K = (J12, 13, J14),

) = (Jsa, —J24, ]23), (117)
P P, P P
K Ko K (118)

I —h

J

coincide with the spacetime ST>*! and
(see (40) and (41)).
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When we impose, under the identification (117), that the commutation rules of so,(5)
(71) fulfil the common Lie brackets of any kinematical algebra (107), we find that w3 =
wy = +1. Next, the remaining specific kinematical commutation relations (108) imply that
wy = —A, wy =—1/c?and A = 1. In this way, we find a set of six kinematical algebras in
50, (5) with graded contraction parameters

(w1, wy, w3, wg) = (—A, —1/c%,+1,+1), A=1, (119)
and bilinear form I, (74) given by

AN A A
Iw = <+1/_A/ Cizf szl C2>

These are the three Lorentzian (c finite) and the three Newtonian (c = co) algebras
described in Sections 5.1 and 5.2. Moreover, the three Riemannian algebras of Section 5.5
also appear for c = i, thatis, wp = +1. Thus, this class A covers nine of the Lie algebras
shown in Table 5. Recall that, in the Lorentzian cases, the sectional curvature of the (3 + 1)D
spacetime ST3*! is minus the cosmological constant w; = —A, while the 6D space of
(time-like) lines L® is of negative curvature w, = —1/c%. In the Newtonian cases, L° is a
flat space with wy = 0 (¢ = c0). The kinematical automorphisms (110) are related to the
CK ones ©(™) (33) through

P=0?®, 7T=0We?®, PT=00.

Now, we apply the geometrical-kinematical identification (118) to the CK r-matrix r
(92) and to the Drinfel’d double one rp (101), thus, obtaining the following kinematical
r-matrices

1’IZ(K3AP0+]1Apszz/\P1+\/*A]3/\K1), rp=r+zV—-c2Ky AP;, (120)

with primitive generators P; = Jy4 and K, = J13, so that z has dimensions of a length with
dimensionless product zP3. Next, the constraint (97) wjws = —A > 0 excludes three cases
in order to deal with real bialgebras: dS, expanding NH and hyperbolic algebras, all of
them with A > 0 (first column in Table 5). The Drinfel’d double r-matrix rp subjected
to the additional condition (102) wyws = —1/c? > 0 only holds for ¢ = i, that is, for the
spherical and Euclidean algebras, thereby, recovering the cases (I) and (Ia) in Table 4. Thus,
these results finally comprise six real Lie bialgebras as shown in Table 6.

The cocommutator ¢ for r (120) can then be deduced by applying (12), or by introduc-
ing directly the kinematical assignations (118) and (119) into the CK cocommutator (94).
It can be checked that the isotropy subalgebras of an event hs; and a line by, given by
(see (111))

hst = <K,]>, Bline = <P0> D <J>/ (121)

both satisfy the coisotropy condition (22).

Now, we proceed to obtain the corresponding first-order noncommutative spacetimes
STEJrl and spaces of (time-like) lines LS associated with the homogeneous spaces (111).
For this purpose, we introduce the quantum coordinates (3?0, £ (fi, @i) dual, in this order,
to the generators (Py, P;, K;, J;) (i = 1,2,3) via the canonical pairing (11), so with non-
zero entries: ' ’ ‘

(£, Po) = (&, P;) = (&', Ki) = (0", Ji) = 1. (122)

Hence, the first-order noncommutative spaces are defined as the annihilators of the
vector subspaces bt and byjpe (121):

SToH = (20,2, 2%, %), L= (2", £%,%%,8,&,8%). (123)
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Notice that, for the Riemannian cases, the quantum time coordinate £° corresponds to
a spatial one, while the noncommutative rapidities & become quantum angular coordinates.
The corresponding defining commutation relations for these noncommutative spaces can
be deduced either from the dual of the cocommutator J for  (120), or by introducing the
following identification between the quantum CK coordinates £ and the kinematical ones

(122) in SS}, and ngg, given in Table 3:

3201 9202 3?03 )204 70 21 22 3
$12 p13 14 é‘l 52 53

£23 24 - g3  _p2
34 g1

(which is the dual counterpart of (118)), together with (119). Likewise, the first-order
twisted noncommutative spaces of points can be obtained from Silg  (106) by taking into
account that it only covers the spherical and Euclidean spaces with ¢ = i (wows = +1)

so that £¥ is another quantum spatial coordinate; recall that the proper Drinfel’d double
structure corresponds to set ¢ = z (104). All of these noncommutative spaces are explicitly
presented in Table 7.

6.2. Class B: Space-Like Deformations with Primitive Generators (P, J2)
We perform the identification [102]

Po=Joo, P=C(o1 JoaJo3), K= "(J12.)24,J23), TJ=(-J3a,—J13,J1a), (124)

that is,
Joo Jo2 Jo3  Joa P B P35 P
Jiz T3 e _ Ky = s

= 125
Joz Joa Ks K (125)

J34 —h
The fulfilment of the kinematical commutators (107) from the CK ones (71) requires
fixing wy, = w3 = —1 and wy = +1. The remaining commutation relations (108) lead to

A =1,c=1and w; = A. Hence, we obtain the three Lorentzian algebras of Section 5.1
within so,, (5) with the contraction parameters

(w1, wy, w3, wy) = (A, —1,-1,+41), A=1 c=1, (126)
and bilinear form I, (74) given by
Io = (+1,A —A A A).
In terms of ®(") (33), the kinematical automorphisms (110) read
P=00e@ed), T =020, PT =00,

With the assignations (124) and (126), we find that the space Si} ) (86) is related to the
spacetime ST (since PT = ®(1)); however, the former has curvature K = wq, while
the latter has K = —w; = —A. The space of (time-like) lines L° (111) cannot be identified
with Sg ) (87) (now P # ©®@)), but it can be with the rank-2 CK space associated with the
composition of involutions P = 0P EG) (see the comments at the end of Section 4.1).

The r-matrices (92) and (101) turn out to be

r=z(KaAPy+J3AP — 1 APs+VAKsAKy), rp=r—z] AP, (127)



Symmetry 2021, 13, 1249

44 of 57

The primitive generators are P» = Jos and J, = — 13, and z has dimensions of a length
since the product zP; is dimensionless; notice that (127) is written in units with ¢ = 1.
The constraint wjwy = A > 0 excludes the AdS algebra. Moreover, since wows = +1,
the r-matrix rp is well defined for the dS and Poincaré cases, which correspond to the cases
(I) and (IIa) in Table 4, as shown in Table 6. The cocommutator for 7 (127) can be obtained
straightforwardly showing that the coisotropy condition (22) is satisfied for s (121) in
both cases, but only for by, for the Poincaré bialgebra, thus, precluding the construction
of the noncommutative dS space of (time-like) lines LS (123).

We stress that to set ¢ = 1 in (126) implies that the r-matrices (127) are neither well-
defined for the non-relativistic algebras with ¢ — oo, nor for the Riemannian ones with
¢ =1i(A = 1). In fact, the speed of light can be introduced explicitly in r and rp (127)
providing the commutation rules (108) by means of the scalings

.1 -1
P:EP, K:EK, Z:CZ, (128)

(that preserve the product zP, = 2P,) yielding the classical r-matrices
F=2(RaAPy+3AP — 1 AP +cVARSARy), Fp=F—2hAD,

showing the above exclusions. It is possible to transform the deformation parameter as
£z = ¢? z (without preserving zP,) obtaining that

a | N

72%(Kg/\P()—l—]3/\p1—h/\pg)+Z\/XK3/\K1, p=7— ]2/\132,
which is not real for ¢ = i; however, both of them have a well-defined limit ¢ — oo reducing
to a Reshetikhin twist 7 = 7p = 2v/A K3 A Kj.

Next, we construct the two first-order noncommutative spacetimes STg’+1 and the
noncommutative Minkowskian space of (time-like) lines LS (123) by means of the dual of
the cocommutator for r (127) or, alternatively, by introducing the kinematical identification

J?Ol )202 5@03 3204 71 50 3 72
£12 713 314 C"l _6? 43
£23 £24 - 63 62

134 _p!

dual to (125), together with the contraction parameters (126) in the commutation relations
of the dual CK algebra (98) and (99). Similarly, the first-order twisted noncommutative dS

and Minkowskian spacetimes can be deduced from Sill; w (106) (waws = +1). All of these
structures are presented in Table 7.

6.3. Class C: Time-Like Deformations with Primitive Generators (P, J2)
We consider the kinematical assignation [102]

Py=Jou, P=C(o1,Jo2,J03), K= (J1a, )24/ J3a), T= (23, —T13, J12),

that is,
Joo Joo Joz  Joa P P P B
Jiu Jiz3 Jua _ B L Ky
= 129
S ok (129)

J34 K;
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Starting from the CK algebra (71), we find that the Lie brackets (107) imply that
wy = w3 = +1, while the commutators (108) give rise to w; = A, wg = —Aand c = 1.
Thus, the contraction parameters and the bilinear form I, (74) are given by

(C(Jl,(,dz, ws, (U4) = (A/ +1/ +l/ _A)/ c= 1/ (130)

Lo = (+1,A, A A, —AA).

Therefore, we find nine algebras in the CK family so,,(5): the three Lorentzian algebras
of Section 5.1 for A = 1, the three Carrollian algebras of Section 5.3 for A = 0 and the three
Riemannian ones of Section 5.5 for A = —1 (see Table 5). The kinematical automorphisms
(110) turn out to be

Pp=0le®, T=0W, PT=00.

In this case, the spacetime ST>™! is again related to the CK space S(g ) (86) (since
PT = @(1)), while the space of lines L° cannot be associated with Sg ), but it can with the
rank-2 symmetric CK space (90) with automorphism P = @ @®).

The CK r-matrices (92) and (101) now become
I”ZZ(Kl/\P1+K2AP2+K3/\P3+\/—/\A]1/\]3), rp=r—2zQ APy, (131)

which lead to primitive generators Py = Jos4 and J» = —Ji3, thus, with z having dimensions
of a time (recall that c = 1) provided that the product zPy is dimensionless. The constraint
wiwyg = —AA > 0 excludes the dS algebra (A = 1, A > 0) and the hyperbolic one (A = —1,
A < 0). Since wpws = +1, any real r-matrix r always provides a real rp in this class.

Consequently, the resulting seven real Lie bialgebras given in Table 6 also appear in
Table 4 with the simple algebra AdS corresponding to the case (III). The spherical and
Euclidean algebras (cases (I) and (Ia)) are again recovered as in class A, but here for different
values for the parameters (A, c, ). Once the cocommutator for r (131) has been computed,
it can be checked that the coisotropy condition (22) is fulfilled for both subalgebras hs; and
Bline (121) allowing the construction of the two noncommutative spaces (123).

It is worth stressing that this class of time-like deformations cover the so-called kappa-
deformations such that the deformation parameters z and « are related through z ~ 1/x.
Hence, the r-matrix for the Poincaré algebra of case (Illa) in Table 4 underlies the well
known x-Poincaré deformation [64-68] and that, for the AdS algebra of case (III), provides
the x-AdS algebra [129,136].

As far as the non-relativistic limit ¢ — oo is concerned, we remark that the condition
¢ = 1, in principle, precludes it. To be precise, if we apply the same scalings (128) to the Lie
generators keeping z unchanged and so the product zP) as well, then ¢ appears explicitly
in the commutators (108), and the r-matrices (131) now read

F=2P(Ri AP+ Ky APy + K3 AP3) +2v—AATi A J3, fp=7—zh AD,

which diverge under the limit c — co. Nevertheless, we can introduce the scalings (128) but
with the transformed deformation parameter Z = c%z (not preserving zPy) finding that [71]

- - - - - - z Z
F=2z(Ky /\P1+K2/\P2—|—K3/\P3)+C—2\/—/\A]1/\]3, Fp = 7—6—2]2/\P0,
thus, allowing one to apply the limit ¢ — oo obtaining that
F=fp=2(Ki AP+ Ky AP+ K3 A\ P3),

which coincides with the x-Poincaré r-matrix. The remarkable point is that the correspond-
ing cocommutator is trivial, that is, §(X) = 0 for all X, so that there is no deformation for
the (contracted) Newtonian algebras. In other words, the scheme of contractions for the CK
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r-matrix (92) and cocommutator 6 (94) ensures to always obtain both a non-trivial r-matrix
and cocommutator.

In this respect, it is worth stressing that it is possible to apply a Lie bialgebra con-
traction in such a manner that the initial r-matrix diverges but the initial cocommutator
gives a non-trivial result [31] (this is called fundamental but non-coboundary Lie bialge-
bra contraction). This contraction process was applied in [65,159] in order to obtain the
x-Galilei algebra by contracting x-Poincaré and finding a non-coboundary quantum Galilei
algebra, which explains its absence in our approach. In fact, such a non-coboundary Lie
bialgebra contraction was recently applied in [71] in order to deduce the x-Newtonian
algebras containing both x-NH algebras (A # 0) together with the above x-Galilei one
(A =0).

The first-order noncommutative spacetimes and spaces of lines for the seven Lie
bialgebras contained in this class can be obtained by introducing the identification dual to
(129) given by

3201 9202 3?03 3204 71 32 3 %0
£12 p13 14 g3 —_p2 61

$23 24 - g1 62

34 63

together with the contraction parameters (130) in the commutation rules (98) and (99).
In the same way, the first-order twisted noncommutative spacetimes are deduced from
st

» 8w (106) for the seven cases since, for all of them, waws = +1. The explicit expressions
for all of these noncommutative spaces can be found in Table 7.

6.4. Class D: Dimensionless Deformation with Primitive Generators (], Py)

As the last class, we study how to obtain the AdS deformation of case (IV) in Table 4
in a kinematical basis. With this aim we consider the identification (not considered in [102])
given by

Po=Ji3, P=(u Tz Jo1), K= (34 —J3,J03), J= oz Joa Joa)-  (132)

Then, the Lie brackets (107) gives that w; = wy = w3 = wy = —1, and the commuta-
tors (108) lead to set A = —1, c = 1 and A = 1. Therefore, we obtain a single Lie algebra in
this class, AdS ~ s0(3,2), such that

((Ul,(UZ,(U3,(U4) - (_1/ _1/ _1/ _1)/ A= _]-/ c = 11 A= 1/

Io = (+1,-1,+1,-1,41).

The kinematical automorphisms (110) read
P = @(1)@(2)@(3)@(4), T = @(3)@(4), PT =0V ?).
The CK r-matrices (92) and (101) turn out to be
r=z(KiAKs+Ky AP, + Py APs+J3A 1), rp=r+zPA . (133)

The primitive generators are [, = Jo4 and Py = Ji3, while z is dimensionless like
the product zJ, (we are working with units with A = —1 and ¢ = 1). The constraints
wiwy = +1 and wrws = +1 are automatically satisfied, so that rp is the kinematical
expression of the new Drinfel’d double r-matrix of case (IV) in Table 4.

By computing the cocommutator for r (133) (or from (94) with the identification (132)),
it can be checked that the coisotropy condition (22) is not satisfied for any subalgebra (121),
so that there do not exist noncommutative spacetime and space of lines (123) associated
with this bialgebra.
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It is rather natural to analyse whether there may exist some possible contraction
from this AdS deformation, although, by following our approach, the answer is negative
whenever one requires to keep a non-trivial -matrix and cocommutator. Starting from the
AdS commutation relations (108) with A = —1, c = 1and A = 1, it is possible to explicitly
introduce such parameters by means of the scalings (coming from the automorphisms (110))

B=V-AVAR, P=v AP, R=Vi:K =] (34

keeping the dimensionless parameter z. By introducing (134) in r (133), we obtain that

ZC2

VY

_ ~ s~ AA L o
(—AK1 ARz 4+ V—=AVARy NPy + APy APy — = A ]1>,
so that this diverges under the contractions A — 0, c — oo and A — 0. If we transform the
deformation parameter as
zc?
AN’
then the above contractions are well defined but only provide twisted r-matrices

=

limfziAplAP3, lim?:—ZAkl/\K3,
A—0 A—=0
lim 7 = Z(—AKl /\IZ3 + V —A\/XKQ /\132 +)\151 /\153),

c—00

whose terms are all formed by commuting generators.

6.5. Quantum Kinematical Algebras

Tables 6 and 7 highlight the main results so far obtained from a global kinematical
viewpoint; the former covers all the information of kinematical bialgebras, while the
latter shows their corresponding first-order noncommutative spacetimes and spaces of
lines. We now make some observations and also comment on known results as well as on
some open problems concerning the kinematical bialgebras and their complete quantum
deformation. Similarly, some remarks for the full noncommutative spaces will be addressed
in Section 6.6.

All the kinematical r-matrices presented in Table 6 underlie quantum kinematical alge-
bras U (so, . 1 (5)) with real Lie bialgebras (soa 1 (5),(r)) of quasitriangular or standard
type as it was described in Section 2.1. If we focus on the Poincaré bialgebra, we obtain
three sequence of coboundary contractions:

Class A: space-like AdS 220 Poincaré <% Galilei

(No Drinfel’d double)  so0 (3, 2) is0 (3, 1) iiso (3)

Class B: space-like  dS 220 Poincaré (135)
(With Drinfel’d double) s0(4,1) is0(3,1)

Class C: time-like  AdS 2% Poincaré 2% Carroll

(With Drinfel’d double) 50(3,2) is0(3,1) ii’s0(3)

Recall that the class D only contains an isolated AdS bialgebra. From this approach,
the non-relativistic contraction leading to a Galilei bialgebra can only be performed within
the space-like deformations belonging to the class A; however, none of the three bialgebras
in this sequence can be endowed with a (contracted) Drinfel’d double structure. The only
possibility to obtain a space-like Poincaré bialgebra with associated contracted Drinfel’d
double structure is provided by the class B, but now coming from a dS bialgebra, instead
of the AdS one of class A.
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Notice that the difference between the classical r-matrices rp of classes A and B
can clearly been appreciated in the kinematical basis. In class A, there appears the term
zKy A P3, which only holds for the Riemannian bialgebras (with ¢ = i and K; becoming a
rotation generator), while in class B, the Drinfel’d double structure requires adding the
term —zJ, A P, with a proper rotation generator. The sequence for the class B corresponds
to perform (II) — (Ila) in Table 4.

The class C deserves a special mention since it corresponds to the kappa-deformation.
The sequence (135) starts with the x-AdS bialgebra [129,136], continues with the x-Poincaré
bialgebra [64-68] and ends in the x-Carroll one [71,102] while keeping a (contracted)
Drinfel’d double structure through the process, which is denoted (III) — (Illa) — (IIIb") in
Table 4.

The complete Hopf algebra structure for the quantum inhomogeneous kinematical
algebras and their further contractions can be found in [102], which belong to the quantum
CK family U, (s0,,(5)) with arbitrary w = (0, wy, w3, wy). Thus, such results comprise
the quantum deformations of the Poincaré, Galilei and Euclidean bialgebras of class A,
the Poincaré bialgebra of class B, along with the x-Poincaré and x-Carroll ones of class C;
observe that the Euclidean bialgebra of class C is equivalent to that of class A, being just
case (Ia) in Table 4.

The x-deformation for the curved Carrollian bialgebras (with A # 0) of class C, -
para-Euclidean and «-para-Poincaré, can be deduced from the results given in [102] by
applying the z-polarity D, (50) since this map interchanges the CK bialgebras as in (95),
(0, wy, w3, wg) <> (wsg, w3, wy, 0), providing their explicit expressions, which are given
in [71]. Generalized results on twisted (space- and time-like) Poincaré algebras can be
found in [87]. For twist deformations of x-Poincaré and their contractions to x-Galilei
algebras, we refer to [86], and, for twist deformations of the Carroll algebra, see [146].

Nevertheless, quantum deformations for the simple AdS and dS bialgebras have only
been achieved for the xk-AdS of class C in [136], as a Poisson-Hopf algebra, showing the
hard difficulties of this task. Consequently, the obtention of the quantum algebras for AdS
of class A, dS of class B and AdS of class D remain as open problems.

In contrast to this (3 + 1)D case, quantum Drinfel’d-Jimbo deformations for the
semisimple (A)dS algebras, s0(3,1) and s0(2,2), are well known, and their space- and
time-like deformations were formerly obtained in [135] within a CK framework. Later
on, the (2 + 1)D x-(A)dS algebras were considered in a quantum gravity context in [160],
and their twisted deformations, with underlying Drinfel’d double structures [115], were
studied in [161].

By taking into account the above comments, it is worth comparing the (2 + 1)D case
with the (3 + 1)D one with more detail, since they are quite different. In fact, the former
is somewhat “special”, as it is very well known in quantum gravity. In particular, the six
generators {3} (2 <b; a,b=0,1,...,3) span the CK family 504, c, «; (4), which turns out
to be a Lie subalgebra of s0,,(5) with non-vanishing Lie brackets included in (71). It was
proven in [31] that the Drinfel’d-Jimbo r-matrix for the family 504, cw,w; (4) simply reads

r=2z(Ji3 A Jo1 + J23 A Jo2), (136)

which is w-independent in contrast to (92). Moreover, the r-matrix (136) gives rise to a
cocommutator J through (12) determining a real Lie bialgebra for any value of the three
contraction parameters (wq, wy, w3). The pair of main and secondary primitive generators
is (Jos, J12). Therefore, the family of CK bialgebras (504, ,w,,w;(4),(r)) contains all the
33 =27 possibilities at this dimension [135].

Next, we consider the family of kinematical algebras sox 1 (4) spanned by the six
generators { Py, P, P», K1, Ky, J3} in such a manner that the commutation rules are given by
(107) and (108) setting the indices i, j = 1,2 and fixing k = 3. Starting with the CK r-matrix
(136), we look for space- and time-like so 1 (4) bialgebras, which would be the (2 + 1)D
counterparts of the classes A, B and C in Table 6. Clearly, the class B, with commuting
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primitive generators (P,, J>), has no (2 + 1)D counterpart since, at this dimension, there
does not exist a spatial generator P; commuting with J3.

Hence, we are led to the two classes A and C for sop . A(4) such that the former
requires setting A = 1, while the latter obliges fixing ¢ = 1. Each of them covers nine real
Lie bialgebras, which are displayed in Table 8.

Table 8. Space- and time-like real classical r-matrices for the (2 + 1)D kinematical and 3D Riemannian algebras with

commutation relations (107) and (108) with indices i,j = 1,2 and k = 3.

Space-like class A: A =1

Primitive (P;,K7) r=z(KaAPy+ J3APy)

o Lorentzian (c finite): dS s0(3,1) A>0 Poincaré is0(2,1) A=0 AdS 50(2,2) A<O
e Newtonian (¢ = o): ExpandingNH n; A >0 Galilei iiso(2) A =0 Oscillating NH n_ A <0
e Riemannian (¢ = i): Hyperbolic s0(3,1) A >0 Euclidean is0(3) A =0 Spherical so(4) A <0
Time-like class C: c=1 Primitive (P, J3) r=z(Kf APL+Ky A P)
e Lorentzian (A =1 ): dS s0(3,1) A>0 Poincaré is0(2,1) A=0 AdS 50(2,2) A<O
e Carrollian (A = 0): Para-Euclidean i's0(3) A >0 Carroll ii's0(2) A =0 Para-Poincaré i'so(2,1)
A <O
e Riemannian (A = —1): Hyperbolic s0(3,1) A <0 Euclidean is0(3) A =0 Spherical so(4) A >0

The (2 + 1)D NH algebras are n = i4(s0(1,1) ®s0(2)) and n_ = i4(s0(2) ® 50(2)).
Clearly, there exists a second class of space-like deformations with primitive generators
(P1, K3); however, this leads to equivalent results already contained within the class A [135].
The time-like class C, corresponding to the kappa-deformation, shows not only the known
fact that the (2 + 1)D «x-Poincaré r-matrix is shared by its curved neighbours (see [161]
and references therein) but also that it holds for the three Carrollian and Riemannian
deformations. The strong differences between the (2 + 1)D and (3 + 1)D deformations
become evident when comparing the expressions of Table 8 with those given in Table 6.

Finally, we would like to point out that the CK approach to kinematical deformations
may appear to be rather restrictive since this starts with the specific Drinfel’d-Jimbo r-
matrix (47) for so(5) and, from it, the CK r-matrix (92) is introduced, which, together with
rp (101), become the cornerstones of this work. However, we stress that this is not the case
provided that one searches for deformations with a fundamental scale determined by the
quantum deformation parameter. In particular, the problem of finding time-like classical
r-matrices for (3 + 1)D (A)dS algebras was addressed in [36].

There, it was initially considered the Lorentzian algebras, with commutation relations
(107) and (108) (set A = 1), together with the most generic classical r-matrix depending
on 45 deformation parameters. Then, it was required to keep underformed the time
translation generator Py and another commuting generator, which was chosen J3, that is,
3(Py) = (J3) = 0 (recall that Py only commutes with generators of rotations). Under these
conditions, the solution of the modified classical Yang—Baxter equation (14) gave rise to
two two-parametric classical r-matrices.

One of them was formed by the superposition of the x-AdS r-matrix with the twist
Py A J3, which turns out to be just rp of the class C in Table 6 by identifying the two
deformation parameters in [36] and interchanging the indices 3 <+ 2 in the generators
(so J3 <+ J2) through the appropriate Lie algebra automorphism. Likewise, the second
solution can be identified with rp of the class D by identifying again the two deformation
parameters and applying the permutation of indices 3 —+ 2 — 1 — 3 with another algebra
automorphism. We remark that no analysis on real Lie bialgebras and Drinfel’d doubles
was carried out in [36].

Moreover, although it was claimed that the second solution (rp of class D) was
determined by a dimensionful deformation parameter, this is not exactly correct if one
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requires a dimensionless classical r-matrix. In fact, from a dimensionless deformation
parameter (like z in class D), a dimensionful one can be introduced by trivially multiplying
it by a global factor.

6.6. Noncommutative Spacetimes and Spaces of Lines

The first-order noncommutative spaces for the kinematical bialgebras of Table 6 are
shown in Table 7. There are several different situations among the four classes, ranging
from class D, where there is no noncommutative space (and which is, thus, omitted), to the
classes A and C, for which there exist both noncommutative spacetimes and spaces of lines
for all the bialgebras. In this sense, the latter classes can be regarded as the prototypes for
space- and time-like noncommutative spaces. However, when Drinfel’d double structures
are taken into account, the classes B and C become the relevant ones, also providing twisted
noncommutative spacetimes.

Although these results do not convey, in general, the full noncommutative spaces,
for which all orders in the quantum coordinates must be considered, in some cases they do.
Concerning the (3 + 1)D noncommutative spacetimes, which are those commonly studied
in the literature, the first-oder noncommutative spacetimes in Table 7 are the complete ones
for all the cases associated with a flat classical spacetime ST>™! (111), so with vanishing
sectional curvature K; these are just the four spaces displayed in the middle column of
Table 5.

Consequently, Table 7 comprises the following full (3 + 1)D (linear) noncommutative
spacetimes: the space-like Minkowskian and Galilean ones together with the 4D Euclidean
space in the class A; another space-like Minkowskian spacetime of class B, which is equiva-
lent to that of class A under the automorphism corresponding to the permutation of indices
1 — 2 — 3 — 1; and the (time-like) x-Minkowski and x-Carroll spacetimes of class C (the
Euclidean case is equivalent to that of class A).

Additionally, complete twisted noncommutative spacetimes coming from contracted
Drinfel’d doubles cover the 4D Euclidean space of class A, the space-like Minkowskian one
of class B and the time-like Minkowskian and Carroll spaces of class C (again the Euclidean
space here is equivalent to that of class A). We remark that more general results on twisted
space- and time-like Minkowskian noncommutative spacetimes can be found in [87].

To the best of our knowledge, results for (3 + 1)D noncommutative spacetimes related
to curved spacetimes ST3*! (111) (so with A # 0) only comprise the (nonlinear) x-AdS
space (and its twisted version) [70], as well as the k-para-Euclidean and «-para-Poincaré [71]
of class C. In such noncommutative spaces, there appear higher-order terms in the quantum
coordinates governed by the cosmological constant/curvature parameter A. This fact
allows one to distinguish them from the linear (flat) x-Minkowski and x-Carroll spaces
with A = 0; however, the latter share the same linear structure.

Hence, the construction of the space-like noncommutative AdS (class A) and dS (class
B) spacetimes remain as open problems, which could be faced by computing their Poisson—
Lie structure by means of the Sklyanin bracket (20) and, next, studying their quantization
(similarly to the x-AdS spacetime [70]).

Noncommutative spaces of lines have scarcely been explored, and they have only been
constructed for the x-Minkowski of class C in [100] and in lower dimensions for the 4D
(A)dS noncommutative spaces of worldlines in [99]; recall that the three classical Lorentzian
spaces of worldlines are of non-zero curvature equal to —1/c2, while both NH and Galilean
spaces of lines are flat. Although the first-order noncommutative Minkowskian space of
lines of class C has vanishing commutators, we stress that the brackets defining its full
quantum space are not trivial at all, and, in fact, it can be endowed with a symplectic
structure everywhere but in the origin.

By contrast, observe that the structure of the first-order noncommutative spaces of
lines of class A is not trivial (see Table 7). From this viewpoint, noncommutative spaces
of lines deserve a deeper study, and moreover it would be necessary to construct more
noncommutative spaces of lines, which, when read altogether with their corresponding
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noncommutative spacetimes, could allow for a deeper insight into the structure of each
precise quantum deformation.

7. Conclusions and Outlook

This paper can be seen as a two-fold work with two interlinked parts that we comment
on separately.

In the first part of the work (Sections 3 and 4), we considered the CK formalism for qua-
siorthogonal Lie algebras and their associated symmetric homogeneous spaces in order to
next study their Drinfel’d—Jimbo quantum deformations. The CK approach conveys a built-
in scheme of Lie algebra contractions in terms of explicit graded contraction/curvature
parameters w, in such a manner that semisimple together with non-semisimple Lie algebras
and their homogeneous spaces can be described in a unified setting, which ranges from the
semisimple so(p, q) algebras (providing curved spaces) to the most contracted case in the
CK family, the flag algebra (with associated flat spaces).

In all the contraction sequences, the same number of Casimir invariants (two, in our
case) is preserved which, in turn, implies that these CK algebras share many structural
properties as we have shown in the paper. As a novelty, we stress that we did not only
consider the usual space of points (i.e., spacetimes) but also the symmetric homogeneous
CK spaces of lines, 2-planes and 3-hyperplanes. In this global framework, Drinfel’d-Jimbo
CK bialgebras were obtained from the one corresponding to so(5) in a rotational basis,
by always requiring the condition of obtaining a real Lie bialgebra, which finally led to the
63 real Lie bialgebras shown in Table 2.

From these results, their dual quantum counterparts were also deduced giving rise to
their corresponding first-order noncommutative spaces of points, lines, etc., for which the
coisotropy condition was imposed, thus, ensuring always obtaining a noncommutative
space as a subalgebra of the dual Lie bialgebra; the final results are summarized in Table 3.
Furthermore, r-matrices coming from Drinfel’d double structures were studied in detail as
well. In particular, starting with the one corresponding to the real compact form so(5) in
the rotational CK basis, three classical r-matrices for the so(p, ) algebras together with ten
contracted r-matrices were explicitly achieved and are displayed in Table 4.

New results correspond to the dS so(4,1) algebra of case (II) and the AdS s0(3,2)
one of case (IV), along with the contractions from the four classical r-matrices rp for the
simple Lie algebras. We remark that such r-matrices, coming from Drinfel’d doubles, have
provided, in a natural way, first-order twisted noncommutative CK spaces of points and of
3-hyperplanes for the 14 real Lie bialgebras given in Table 4.

Concerning this first part of the paper, there are, at least, two research lines that we
plan to face in the future:

1.  To construct new dual homogeneous CK spaces with isotropy subalgebras corre-

sponding to the first-order noncommutative CK spaces SQZ} = himgd (m=1,...,4)
(100) in a similar form to that followed in [60], but moreover consi&ering their sym-
metric character according to the z-involutions Gém) (61), which, in some cases, would
provide a Z5*-grading in this dual framework as well as to study their mathemati-
cal/physical properties.

2. To perform a similar construction to the one here developed for the Drinfel’d—Jimbo
quantum deformations of quasiorthogonal CK algebras for other families of CK
algebras [162]. Among them, we remark the quasiunitary CK algebras [163,164]
(starting with the su(p, q) algebras) since they are naturally related to the physical
quantum space of states for any quantum system [165,166].

In the second part of the work, we focused on the kinematical algebras together
with their associated symmetric homogeneous spacetimes and spaces of lines displayed in
Table 5. Then, we applied the previous CK approach in order to deduce their corresponding
classical r-matrices, r and rp, given in Table 6, thus, providing kinematical bialgebras,
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and, from them, we constructed the first-order noncommutative spacetimes and spaces of
lines shown in Table 7.

A detailed physical discussion on the known results and open problems concerning
their full quantum algebra deformation and complete quantum spaces was carried out
in Sections 6.5 and 6.6, respectively. Therefore, to end with, we summarize the main
conclusions and open lines of research on this issue:

1. In this paper, we only considered coboundary Lie bialgebra contractions—that is, those

Lie bialgebras coming from a contracted classical r-matrix. However, there also exist
fundamental Lie bialgebra contractions, under which the r-matrix diverges but the
cocommutator J is well defined [31] (thus ensuring the existence of the well-defined
coproduct A;).
Hence, a systematic study of all the possible fundamental but non-coboundary Lie
bialgebra contractions starting with the four classical r-matrices for so(3,2) and
50(4,1) in Table 6 is still lacking. These could give rise to new quantum deformations
for non-simple kinematical algebras as was the case for the x-Newtonian ones already
obtained in [71].

2. The quantum algebra deformations for the simple algebra AdS s0(3,2) of the classes
A and D, and for dS s0(4, 1) of the class B are still unknown. Such structures would
be useful in order to obtain the corresponding contracted quantum algebras for
the kinematical algebras with A # 0 covering the NH, para-Euclidean and para-
Poincaré algebras. In this contraction process, both coboundary and fundamental
non-coboundary Lie bialgebra contractions may be applied.

3. From Table 7, it directly follows that quantum deformations for different kinematical

algebras share the same underlying first-order noncommutative spacetime structure.
When dealing with the curved cases with A # 0, differences among them could
arise when higher-orders in the quantum coordinates are taken into account (as
happened for the x-spacetimes of class C obtained in [70,71]). Nevertheless, the linear
noncommutative spacetime structure remains the same for the flat cases with A =0,
and this fact holds for the Minkowkian, Galilean and Carroll spaces.
Consequently, the construction of the “accompanying” noncommutative spaces of
lines may be of interest in order to distinguish them. New physical consequences
could be extracted from such new structures. In this respect, we would like to
emphasize that the noncommutative space of worldlines already constructed for the
x-Poincaré algebra in [100] constitutes a prototype example in this direction.

Work on the above lines is currently in progress.
Author Contributions: All authors contributed equally. All authors have read and agreed to the
published version of the manuscript.
Funding: This research received no external funding.
Data Availability Statement: Not applicable.

Acknowledgments: This work was partially supported by Agencia Estatal de Investigacién (Spain)
under grant PID2019-106802GB-100/AEI/10.13039/501100011033, and by Junta de Castilla y Le6n
(Spain) under grants BU229P18 and BU091G19. The authors would like to acknowledge the contribu-
tion of the European Cooperation in Science and Technology COST Action CA18108.

Conflicts of Interest: The authors declare no conflict of interest.

References

SNl

Yaglom, LM.; Rozenfel’d, B.A.; Yasinskaya, E.U. Projective metrics. Russ. Math. Surv. 1964, 19, 49-107. [CrossRef]

Rozenfel’d, B.A. A History of Non-Euclidean Geometry; Springer: New York, NY, USA, 1988. [CrossRef]

Yaglom, .M. A Simple Non-Euclidean Geometry and Its Physical Basis; Springer: New York, NY, USA, 1979. [CrossRef]
Sommerville, D.M.Y. Classification of geometries with projective metric. Proc. Edinburgh Math. Soc. 1909, 28, 25-41. [CrossRef]
Gromov, N.A. Transitions: Contractions and analytical continuations of the Cayley—Klein groups. Int. J. Theor. Phys. 1990, 29,
607-620. [CrossRef]


http://doi.org/10.1070/RM1964v019n05ABEH001159
http://dx.doi.org/10.1007/978-1-4419-8680-1
http://dx.doi.org/10.1007/978-1-4612-6135-3
http://dx.doi.org/10.1017/S0013091500034763
http://dx.doi.org/10.1007/BF00672035

Symmetry 2021, 13, 1249 53 of 57

10.
11.
12.
13.

14.
15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.
33.

34.

35.

36.

37.

38.
39.

Gromov, N.A.; Man’ko, V.I. Contractions of the irreducible representations of the quantum algebras su;(2) and so;(3). J. Math.
Phys. 1992, 33, 1374-1378. [CrossRef]

Ballesteros, A.; Herranz, FJ.; del Olmo, M.A.; Santander, M. Quantum structure of the motion groups of the two-dimensional
Cayley-Klein geometries. . Phys. A Math. Gen. 1993, 26, 5801-5823. [CrossRef]

Herranz, FJ.; Ortega, R.; Santander, M. Trigonometry of spacetimes: A new self-dual approach to a curvature/signature
(in)dependent trigonometry. J. Phys. A Math. Gen. 2000, 33, 4525-4551. [CrossRef]

Herranz, EJ.; Santander, M. Conformal symmetries of spacetimes. J. Phys. A Math. Gen. 2002, 35, 6601-6618. [CrossRef]

McRae, A.S. The Gauss—Bonnet theorem for Cayley—Klein geometries of dimension two. N. Y. J. Math. 2006, 12, 143-155.
McRae, A.S. Clifford algebras and possible kinematics. Symmetry Integr. Geom. Methods Appl. 2007, 3, 079. [CrossRef]

Herranz, FJ.; Ballesteros, A.; Gutierrez-Sagredo, I.; Santander, M. Cayley—Klein Poisson homogeneous spaces. Geom. Integr.
Quantization 2019, 20, 161-183. [CrossRef]

Inoni, E.; Wigner, E.P. On the contraction of groups and their representations. Proc. Nat. Acad. Sci. USA 1953, 39, 510-524.
[CrossRef]

Bacry, H.; Lévy-Leblond, ].M. Possible Kinematics. J. Math. Phys. 1968, 9, 1605-1614. [CrossRef]

Kisil, V.V. Geometry of Mobius Transformations. Elliptic, Parabolic and Hyperbolic Actions of SL(IR); World Scientific: Singapore, 2012.
[CrossRef]

Kisil, V.V. Symmetry, geometry and quantization with hypercomplex numbers. Geom. Integr. Quantization 2017, 18, 11-76.
[CrossRef]

Herranz, EJ.; de Montigny, M.; del Olmo, M.; Santander, M. Cayley—Klein algebras as graded contractions of so(N + 1). J. Phys. A
Math. Gen. 1994, 27, 2515-2526. [CrossRef]

Herranz, FJ.; Santander, M. Casimir invariants for the complete family of quasisimple orthogonal algebras. J. Phys. A Math. Gen.
1997, 30, 5411-5426. [CrossRef]

de Azcérraga, J.A.; Herranz, EJ.; Pérez Bueno, ].C.; Santander, M. Central extensions of the quasi-orthogonal Lie algebras. J. Phys.
A Math. Gen. 1998, 31, 1373-1394. [CrossRef]

Herranz, EJ.; Santander, M. The general solution of the real Z5'™ graded contractions of so(N + 1). J. Phys. A Math. Gen. 1996, 29,
6643-6652. [CrossRef]

Faddeev, L.D.; Reshetikhin, N.Y.; Takhtajan, L.A. Quantization of Lie groups and Lie algebras. In Yang-Baxter Equation in Integrable
Systems; Advanced Series in Mathematical Physics; World Scientific: Singapore, 1990; Volume 10, pp. 299-309. [CrossRef]
Jimbo, M. (Ed.) Yang-Baxter Equation in Integrable Systems; Advanced Series in Mathematical Physics; World Scientific: Singapore,
1990; Volume 10. [CrossRef]

Takhtajan, L.A. Lectures on quantum groups. In Introduction to Quantum Group and Integrable Massive Models of Quantum Field
Theory (Nankai, 1989); Nankai Lectures Math. Phys.; Ge, M.-L., Zhao, B.-H., Eds.; World Scientific: River Edge, NJ, USA, 1990;
pp- 69-197.

Chari, V.; Pressley, A. A Guide to Quantum Groups; Cambridge University Press: Cambridge, UK, 1994.

Majid, S. Foundations of Quantum Group Theory; Cambridge University Press: Cambridge, UK, 1995.

Abe, E. Hopf Algebras; Part of Cambridge Tracts in Mathematics; Cambridge University Press: Cambridge, UK, 2004.

Drinfel’d, V.G. Hamiltonian structures on Lie groups, Lie bialgebras and the geometric meaning of the classical Yang-Baxter
equations. Sov. Math. Dokl. 1983, 27, 68-71.

Drinfel’d, V.G. Hopf algebras and the quantum Yang-Baxter equation. Sov. Math. Dokl. 1985, 32, 254-258.

Jimbo, M. A g-difference analogue of U(g) and the Yang-Baxter equation. Lett. Math. Phys. 1985, 10, 63-69. [CrossRef]
Drinfel’d, V.G. Quantum groups. In Proceedings International Congress of Mathematicians; Gleason, A., Ed.; American Mathematical
Society: Providence, RI, USA, 1987; pp. 798-820.

Ballesteros, A.; Gromov, N.A.; Herranz, EJ.; del Olmo, M.A_; Santander, M. Lie bialgebra contractions and quantum deformations
of quasi-orthogonal algebras. J. Math. Phys. 1995, 36, 5916-5937. [CrossRef]

Zakrzewski, S. Poisson structures on the Lorentz group. Lett. Math. Phys. 1994, 32, 11-23. [CrossRef]

Borowiec, A.; Lukierski, J.; Tolstoy, V.N. Quantum deformations of D = 4 Euclidean, Lorentz, Kleinian and quaternionic o*(4)
symmetries in unified o(4; C) setting. Phys. Lett. B 2016, 754, 176-181. [CrossRef]

Borowiec, A.; Lukierski, J.; Tolstoy, V.N. Quantum deformations of D = 4 Euclidean, Lorentz, Kleinian and quaternionic o* (4)
symmetries in unified o(4; C) setting—Addendum. Phys. Lett. B 2017, 770, 426-430. [CrossRef]

Ballesteros, A.; Herranz, EJ.; Musso, F. On quantum deformations of (anti-)de Sitter algebras in (2 + 1) dimensions. J. Phys. Conf.
Ser. 2014, 532, 012002. [CrossRef]

Herranz, EJ.; Ballesteros, A.; Bruno, N.R. On 3 + 1 anti-de Sitter and de Sitter Lie bialgebras with dimensionful deformation
parameters. Czech. J. Phys. 2004, 54, 1321-1327. [CrossRef]

Ballesteros, A.; Gutierrez-Sagredo, I.; Herranz, FJ. Noncommutative (A)dS and Minkowski spacetimes from quantum Lorentz
subgroups. Prepr. UBU: 2021-07 2021.

Zakrzewski, S. Poisson structures on the Poincaré group. Commun. Math. Phys. 1997, 185, 285-311. [CrossRef]

Podles, P.; Woronowicz, S.L. On the structure of inhomogeneous quantum groups. Commun. Math. Phys. 1997, 185, 325-358.
[CrossRef]


http://dx.doi.org/10.1063/1.529712
http://dx.doi.org/10.1088/0305-4470/26/21/019
http://dx.doi.org/10.1088/0305-4470/33/24/309
http://dx.doi.org/10.1088/0305-4470/35/31/306
http://dx.doi.org/10.3842/SIGMA.2007.079
http://dx.doi.org/10.7546/giq-20-2019-161-183
http://dx.doi.org/10.1073/pnas.39.6.510
http://dx.doi.org/10.1063/1.1664490
http://dx.doi.org/10.1142/p835
http://dx.doi.org/10.7546/giq-18-2017-11-76
http://dx.doi.org/10.1088/0305-4470/27/7/027
http://dx.doi.org/10.1088/0305-4470/30/15/026
http://dx.doi.org/10.1088/0305-4470/31/5/008
http://dx.doi.org/10.1088/0305-4470/29/20/018
http://dx.doi.org/10.1142/9789812798336_0016
http://dx.doi.org/10.1142/1021
http://dx.doi.org/10.1007/BF00704588
http://dx.doi.org/10.1063/1.531368
http://dx.doi.org/10.1007/BF00761120
http://dx.doi.org/10.1016/j.physletb.2016.01.016
http://dx.doi.org/10.1016/j.physletb.2017.04.070
http://dx.doi.org/10.1088/1742-6596/532/1/012002
http://dx.doi.org/10.1007/s10582-004-9795-x
http://dx.doi.org/10.1007/s002200050091
http://dx.doi.org/10.1007/s002200050093

Symmetry 2021, 13, 1249 54 of 57

40.

41.
42.

43.

44.
45.

46.

47.

48.
49.

50.

51.

52.

53.

54.
55.

56.

57.

58.
59.

60.

61.

62.

63.

64.
65.

66.

67.
68.

69.
70.

71.

72.
73.

Zakrzewski, S. Poisson Poincaré groups. In Quantum Groups, Formalism and Applications; Lukierski, ., Popowicz, Z., Sobczyk, J.,
Eds.; Polish Scientific Publishers PWN: Warsaw, Poland, 1995; pp. 433-439.

Podles, P.; Woronowicz, S.L. On the classification of quantum Poincaré groups. Commun. Math. Phys. 1996, 178, 61-82. [CrossRef]
Stachura, P. Poisson-Lie structures on Poincaré and Euclidean groups in three dimensions. J. Phys. A Math. Gen. 1998, 31,
4555-4564. [CrossRef]

Kowalski-Glikman, J.; Lukierski, J.; Trze$niewski, T. Quantum D = 3 Euclidean and Poincaré symmetries from contraction limits.
J. High Energy Phys. 2020, 2020, 96. [CrossRef]

Kupershmidt, B.A. Quantum Heisenberg group. J. Phys. A Math. Gen. 1993, 26, 1.929-1.933. [CrossRef]

Hussin, V,; Lauzon, A.; Rideau, G. R-matrix method for Heisenberg quantum groups. Lett. Math. Phys. 1994, 31, 159-166.
[CrossRef]

Ballesteros, A.; Herranz, EJ.; Parashar, P. Quantum Heisenberg-Weyl algebras. ]. Phys. A Math. Gen. 1997, 30, L149-L154.
[CrossRef]

Kowalczyk, E. Lie bialgebra structures on two-dimensional Galilei algebra and their Lie-Poisson counterparts. Acta Phys. Pol. B
1997, 28, 1893-1906.

Sobczyk, J. Quantum E(2) groups and Lie bialgebra structures. J. Phys. A Math. Gen. 1996, 29, 2887-2893. [CrossRef]
Opanowicz, A. Lie bi-algebra structures for centrally extended two-dimensional Galilei algebra and their Lie-Poisson counterparts.
J. Phys. A Math. Gen. 1998, 31, 8387-8396. [CrossRef]

Opanowicz, A. Two-dimensional centrally extended quantum Galilei groups and their algebras. . Phys. A Math. Gen. 2000, 33,
1941-1953. [CrossRef]

Ballesteros, A.; Celeghini, E.; Herranz, EJ. Quantum (1 + 1) extended Galilei algebras: From Lie bialgebras to quantum R-matrices
and integrable systems. J. Phys. A Math. Gen. 2000, 33, 3431-3444. [CrossRef]

Ballesteros, A.; Herranz, E]J. Lie bialgebra quantizations of the oscillator algebra and their universal R-matrices. J. Phys. A Math.
Gen. 1996, 29, 4307-4320. [CrossRef]

Ballesteros, A.; Herranz, F.J. Harmonic oscillator Lie bialgebras and their quantization. In Quantum Group Symposium at Group21;
Doebner, H.D., Dobrev, VK., Eds.; Heron Press: Sofia, Bulgaria, 1997; pp. 379-385.

Gomez, X. Classification of three-dimensional Lie bialgebras. J. Math. Phys. 2000, 41, 4939—4956. [CrossRef]

Ballesteros, A.; Blasco, A.; Musso, F. Classification of real three-dimensional Poisson-Lie groups. J. Phys. A Math. Gen. 2012,
45,175204. [CrossRef]

de Lucas, J.; Wysocki, D. Darboux families and the classification of real four-dimensional indecomposable coboundary Lie
bialgebras. Symmetry 2021, 13, 465. [CrossRef]

Ciccoli, N.; Gavarini, F. A quantum duality principle for coisotropic subgroups and Poisson quotients. Adv. Math. 2006, 199,
104-135. [CrossRef]

Drinfel’d, V.G. On Poisson homogeneous spaces of Poisson-Lie groups. Theor. Math. Phys. 1993, 95, 524-525. [CrossRef]
Ballesteros, A.; Meusburger, C.; Naranjo, P. AdS Poisson homogeneous spaces and Drinfel’d doubles. J. Phys. A Math. Theor. 2017,
50, 395202. [CrossRef]

Ballesteros, A.; Gutierrez-Sagredo, I.; Mercati, F. Coisotropic Lie bialgebras and complementary dual Poisson homogeneous
spaces. J. Phys. A Math. Theor. 2021, 54, 315203. [CrossRef]

Gutierrez-Sagredo, I. Lorentzian Poisson Homogeneous Spaces, Quantum Groups and Noncommutative Spacetimes. Ph.D.
Thesis, University of Burgos, Burgos, Spain, 2019.

Dijkhuizen, M.S.; Koornwinder, T.H. Quantum homogeneous spaces, duality and quantum 2-spheres. Geom. Dedicata 1994, 52,
291-315. [CrossRef]

Lukierski, J.; Nowicki, A.; Ruegg, H. Real forms of complex quantum anti-de-Sitter algebra U,(Sp(4;C)) and their contraction
schemes. Phys. Lett. B 1991, 271, 321-328. [CrossRef]

Lukierski, J.; Ruegg, H.; Nowicki, A.; Tolstoy, V.N. gq-deformation of Poincaré algebra. Phys. Lett. B 1991, 264, 331-338. [CrossRef]
Giller, S.; Kosinski, P.; Majewski, M.; Maslanka, P.; Kunz, ]. More about the g-deformed Poincaré algebra. Phys. Lett. B 1992, 286,
57-62. [CrossRef]

Lukierski, J.; Nowicki, A.; Ruegg, H. New quantum Poincaré algebra and x-deformed field theory. Phys. Lett. B 1992, 293,
344-352. [CrossRef]

Maslanka, P. The n-dimensional x-Poincaré algebra and group. J. Phys. A Math. Gen. 1993, 26, L1251-L1253. [CrossRef]

Majid, S.; Ruegg, H. Bicrossproduct structure of x-Poincaré group and non-commutative geometry. Phys. Lett. B 1994, 334,
348-354. [CrossRef]

Zakrzewski, S. Quantum Poincaré group related to the x-Poincaré algebra. J. Phys. A Math. Gen. 1994, 27, 2075-2082. [CrossRef]
Ballesteros, A.; Gutierrez-Sagredo, I.; Herranz, EJ. The x-(A)dS noncommutative spacetime. Phys. Lett. B 2019, 796, 93-101.
[CrossRef]

Ballesteros, A.; Gubitosi, G.; Gutierrez-Sagredo, I.; Herranz, EJ. The x-Newtonian and x-Carrollian algebras and their noncommu-
tative spacetimes. Phys. Lett. B 2020, 805, 135461. [CrossRef]

Sitarz, A. Noncommutative differential calculus on the x-Minkowski space. Phys. Lett. B 1995, 349, 42-48. [CrossRef]

Juri¢, T.; Meljanac, S.; Pikuti¢, D.; gtrajn, R. Toward the classification of differential calculi on x-Minkowski space and related field
theories. |. High Energy Phys. 2015, 2015, 055. [CrossRef]


http://dx.doi.org/10.1007/BF02104908
http://dx.doi.org/10.1088/0305-4470/31/19/018
http://dx.doi.org/10.1007/JHEP09(2020)096
http://dx.doi.org/10.1088/0305-4470/26/18/008
http://dx.doi.org/10.1007/BF00750150
http://dx.doi.org/10.1088/0305-4470/30/7/001
http://dx.doi.org/10.1088/0305-4470/29/11/022
http://dx.doi.org/10.1088/0305-4470/31/41/012
http://dx.doi.org/10.1088/0305-4470/33/9/316
http://dx.doi.org/10.1088/0305-4470/33/17/303
http://dx.doi.org/10.1088/0305-4470/29/15/006
http://dx.doi.org/10.1063/1.533385
http://dx.doi.org/10.1088/1751-8113/45/17/175204
http://dx.doi.org/10.3390/sym13030465
http://dx.doi.org/10.1016/j.aim.2005.01.009
http://dx.doi.org/10.1007/BF01017137
http://dx.doi.org/10.1088/1751-8121/aa858c
http://dx.doi.org/10.1088/1751-8121/ac0b8a
http://dx.doi.org/10.1007/BF01278478
http://dx.doi.org/10.1016/0370-2693(91)90094-7
http://dx.doi.org/10.1016/0370-2693(91)90358-W
http://dx.doi.org/10.1016/0370-2693(92)90158-Z
http://dx.doi.org/10.1016/0370-2693(92)90894-A
http://dx.doi.org/10.1088/0305-4470/26/24/001
http://dx.doi.org/10.1016/0370-2693(94)90699-8
http://dx.doi.org/10.1088/0305-4470/27/6/030
http://dx.doi.org/10.1016/j.physletb.2019.07.038
http://dx.doi.org/10.1016/j.physletb.2020.135461
http://dx.doi.org/10.1016/0370-2693(95)00223-8
http://dx.doi.org/10.1007/JHEP07(2015)055

Symmetry 2021, 13, 1249 55 of 57

74.

75.

76.

77.

78.

79.

80.

81.

82.

83.

84.
85.

86.

87.

88.

89.

90.

91.
92.

93.
94.

95.

96.

97.
98.

99.

100.

101.
102.

103.
104.

105.

106.

Amelino-Camelia, G.; Majid, S. Waves on noncommutative space-time and gamma-ray bursts. Int. J. Mod. Phys. A 2000, 15,
4301-4323. [CrossRef]

Amelino-Camelia, G. Relativity in spacetimes with short-distance structure governed by an observer-independent (Planckian)
length scale. Int. . Mod. Phys. D 2002, 11, 35-59. [CrossRef]

Amelino-Camelia, G. Doubly-special relativity: First results and key open problems. Int. ]. Mod. Phys. D 2002, 11, 1643-1669.
[CrossRef]

Kowalski-Glikman, J.; Nowak, S. Doubly special relativity theories as different bases of x-Poincaré algebra. Phys. Lett. B 2002, 539,
126-132. [CrossRef]

Kowalski-Glikman, J.; Nowak, S. Doubly special relativity and de Sitter space. Class. Quantum Gravity 2003, 20, 4799-4816.
[CrossRef]

Lukierski, J.; Nowicki, A. Doubly special relativity versus x-deformation of relativistic kinematics. Int. . Mod. Phys. A 2003, 18,
7-18. [CrossRef]

Borowiec, A.; Pachot, A. k-Minkowski spacetimes and DSR algebras: Fresh look and old problems. Symmetry Integr. Geom.
Methods Appl. 2010, 6, 086. [CrossRef]

Dimitrijevi¢, M.; Jonke, L.; Moller, L.; Tsouchnika, E.; Wess, ].; Wohlgenannt, M. Deformed field theory on x-spacetime. Eur. Phys.
J. C 2003, 31, 129-138. [CrossRef]

Freidel, L.; Kowalski-Glikman, J.; Nowak, S. From noncommutative x-Minkowski to Minkowski space-time. Phys. Lett. B 2007,
648, 70-75. [CrossRef]

Dimitrijevi¢, M.; Jonke, L.; Pachot, A. Gauge theory on twisted x-Minkowski: Old problems and possible solutions. Symmetry
Integr. Geom. Methods Appl. 2014, 10, 063. [CrossRef]

Agostini, A. k-Minkowski representations on Hilbert spaces. J. Math. Phys. 2007, 48, 052305. [CrossRef]

Lizzi, F; Manfredonia, M.; Mercati, F.; Poulain, T. Localization and reference frames in x-Minkowski spacetime. Phys. Rev. D
2019, 99, 085003. [CrossRef]

Daszkiewicz, M. Canonical and Lie-algebraic twist deformations of x-Poincaré and contractions to x-Galilei algebras. Int. . Mod.
Phys. A 2008, 23, 4387-4400. [CrossRef]

Borowiec, A.; Pachot, A. x-Deformations and extended x-Minkowski spacetimes. Symmetry Integr. Geom. Methods Appl. 2014,
10, 107. [CrossRef]

Borowiec, A.; Pachol, A. xk-Minkowski spacetime as the result of Jordanian twist deformation. Phys. Rev. D 2009, 79, 045012.
[CrossRef]

Borowiec, A.; Gupta, K.S.; Meljanac, S.; Pachot, A. Constraints on the quantum gravity scale from x-Minkowski spacetime. EPL
(Europhys. Lett.) 2010, 92, 20006. [CrossRef]

Aschieri, P; Borowiec, A.; Pachot, A. Observables and dispersion relations in x-Minkowski spacetime. J. High Energy Phys. 2017,
2017, 152. [CrossRef]

Kowalski-Glikman, J.; Nowak, S. Quantum «-Poincaré algebra from de Sitter space of momenta. arXiv 2004, arXiv:hep-th/0411154.
Amelino-Camelia, G.; Arzano, M.; Kowalski-Glikman, J.; Rosati, G.; Trevisan, G. Relative-locality distant observers and the
phenomenology of momentum-space geometry. Class. Quant. Gravity 2012, 29, 075007. [CrossRef]

Gubitosi, G.; Mercati, F. Relative locality in x-Poincaré. Class. Quantum Gravity 2013, 30, 145002. [CrossRef]

Ballesteros, A.; Gubitosi, G.; Gutierrez-Sagredo, I.; Herranz, F.J. Curved momentum spaces from quantum (anti-)de Sitter groups
in (3 + 1) dimensions. Phys. Rev. D 2018, 97, 106024. [CrossRef]

Lizzi, F.; Manfredonia, M.; Mercati, F. The momentum spaces of x-Minkowski noncommutative spacetime. Nucl. Phys. B 2020,
958, 115117. [CrossRef]

Amelino-Camelia, G.; Loret, N.; Rosati, G. Speed of particles and a relativity of locality in x-Minkowski quantum spacetime.
Phys. Lett. B 2011, 700, 150-156. [CrossRef]

Durhuus, B,; Sitarz, A. Star product realizations of x-Minkowski space. ]. Noncommut. Geom. 2013, 7, 605-645. [CrossRef]
Lukierski, J.; Skoda, Z.; Woronowicz, M. x-deformed covariant quantum phase spaces as Hopf algebroids. Phys. Lett. B 2015, 750,
401-406. [CrossRef]

Ballesteros, A.; Bruno, N.R.; Herranz, EJ. Noncommutative relativistic spacetimes and worldlines from 2 + 1 quantum (Anti-)de
Sitter groups. Adv. High Energy Phys. 2017, 2017, 7876942. [CrossRef]

Ballesteros, A.; Gutierrez-Sagredo, I.; Herranz, F.J. Noncommutative spaces of worldlines. Phys. Lett. B 2019, 792, 175-181.
[CrossRef]

Mercati, F; Sergola, M. Light cone in a quantum spacetime. Phys. Lett. B 2018, 787, 105-110. [CrossRef]

Ballesteros, A.; Herranz, EJ.; del Olmo, M.; Santander, M. Four-dimensional quantum affine algebras and space-time g-symmetries.
J. Math. Phys. 1994, 35, 4928-4940. [CrossRef]

Ballesteros, A.; Celeghini, E.; del Olmo, M. A. The Drinfeld double gI(1n) ® t,. J. Phys. A Math. Gen. 2006, 39, 9161-9168. [CrossRef]
Ballesteros, A.; Celeghini, E.; del Olmo, M.A. Classical Lie algebras and Drinfeld doubles. |. Phys. A Math. Theor. 2007, 40,
2013-2022. [CrossRef]

Deser, S.; Jackiw, R.; 't Hooft, G. Three-dimensional Einstein gravity: Dynamics of flat space. Ann. Phys. (N.Y.) 1984, 152, 220-235.
[CrossRef]

Carlip, S. Quantum Gravity in 2+1 Dimensions; Cambridge University Press: Cambridge, UK, 1998. [CrossRef]


http://dx.doi.org/10.1142/S0217751X00002779
http://dx.doi.org/10.1142/S0218271802001330
http://dx.doi.org/10.1142/S021827180200302X
http://dx.doi.org/10.1016/S0370-2693(02)02063-4
http://dx.doi.org/10.1088/0264-9381/20/22/006
http://dx.doi.org/10.1142/S0217751X03013600
http://dx.doi.org/10.3842/SIGMA.2010.086
http://dx.doi.org/10.1140/epjc/s2003-01309-y
http://dx.doi.org/10.1016/j.physletb.2007.02.056
http://dx.doi.org/10.3842/SIGMA.2014.063
http://dx.doi.org/10.1063/1.2738360
http://dx.doi.org/10.1103/PhysRevD.99.085003
http://dx.doi.org/10.1142/S0217751X08042262
http://dx.doi.org/10.3842/SIGMA.2014.107
http://dx.doi.org/10.1103/PhysRevD.79.045012
http://dx.doi.org/10.1209/0295-5075/92/20006
http://dx.doi.org/10.1007/JHEP10(2017)152
http://dx.doi.org/10.1088/0264-9381/29/7/075007
http://dx.doi.org/10.1088/0264-9381/30/14/145002
http://dx.doi.org/10.1103/PhysRevD.97.106024
http://dx.doi.org/10.1016/j.nuclphysb.2020.115117
http://dx.doi.org/10.1016/j.physletb.2011.04.054
http://dx.doi.org/10.4171/JNCG/129
http://dx.doi.org/10.1016/j.physletb.2015.09.042
http://dx.doi.org/10.1155/2017/7876942
http://dx.doi.org/10.1016/j.physletb.2019.03.029
http://dx.doi.org/10.1016/j.physletb.2018.10.031
http://dx.doi.org/10.1063/1.530823
http://dx.doi.org/10.1088/0305-4470/39/29/011
http://dx.doi.org/10.1088/1751-8113/40/9/007
http://dx.doi.org/10.1016/0003-4916(84)90085-X
http://dx.doi.org/10.1017/CBO9780511564192

Symmetry 2021, 13, 1249 56 of 57

107.

108.
109.

110.

111.

112.

113.

114.

115.

116.

117.

118.

119.

120.

121.

122.

123.

124.

125.
126.

127.

128.

129.

130.

131.

132.

133.

134.
135.

136.

137.

138.

Achtcarro, A.; Townsend, PK. A Chern-Simons action for three-dimensional anti-de Sitter supergravity theories. Phys. Lett. B
1986, 180, 89-92. [CrossRef]

Witten, E. 2 + 1 dimensional gravity as an exactly soluble system. Nucl. Phys. B 1988, 311, 46-78. [CrossRef]

Alekseev, A.Y.; Malkin, A.Z. Symplectic structure of the moduli space of flat connection on a Riemann surface. Commun. Math.
Phys. 1995, 169, 99-119. [CrossRef]

Fock, V.V,; Rosly, A.A. Poisson structure on moduli of flat connections on Riemann surfaces and r-matrix. Am. Math. Soc. Transl.
1999, 191, 67-86.

Meusburger, C.; Schroers, B.J. Quaternionic and Poisson-Lie structures in three-dimensional gravity: The cosmological constant
as deformation parameter. J. Math. Phys. 2008, 49, 083510. [CrossRef]

Meusburger, C.; Schroers, B.]. Generalised Chern-Simons actions for 3d gravity and x-Poincaré symmetry. Nucl. Phys. B 2009,
806, 462-488. [CrossRef]

Meusburger, C.; Noui, K. The Hilbert space of 3d gravity: Quantum group symmetries and observables. Adv. Theor. Math. Phys.
2010, 14, 1651-1715. [CrossRef]

Ballesteros, A.; Herranz, EJ.; Meusburger, C. Three-dimensional gravity and Drinfel’d doubles: Spacetimes and symmetries from
quantum deformations. Phys. Lett. B 2010, 687, 375-381. [CrossRef]

Ballesteros, A.; Herranz, FJ.; Meusburger, C. Drinfel’d doubles for (2 + 1)-gravity. Class. Quantum Gravity 2013, 30, 155012.
[CrossRef]

Ballesteros, A.; Herranz, EJ.; Meusburger, C. A (2 + 1) non-commutative Drinfel’d double spacetime with cosmological constant.
Phys. Lett. B 2014, 732, 201-209. [CrossRef]

Osei, PK.; Schroers, B.J. Classical r-matrices for the generalised Chern-Simons formulation of 3d gravity. Class. Quantum Gravity
2018, 35, 075006. [CrossRef]

Papageorgiou, G.; Schroers, B.]. A Chern-Simons approach to Galilean quantum gravity in 2 + 1 dimensions. J. High Energy Phys.
2009, JHEP11, 009. [CrossRef]

Papageorgiou, G.; Schroers, B.]J. Galilean quantum gravity with cosmological constant and the extended g-Heisenberg algebra. J.
High Energy Phys. 2010, 2010, 020. [CrossRef]

Lévy-Leblond, ].M. Galilei group and Galilean invariance. In Group Theory and Its Applications; Loebl, EM., Ed.; Academic Press:
London, UK, 1971; Volume 2, pp. 221-299. [CrossRef]

Ballesteros, A.; Herranz, EJ.; Naranjo, P. From Lorentzian to Galilean (2 + 1) gravity: Drinfel’d doubles, quantization and
noncommutative spacetimes. Class. Quantum Gravity 2014, 31, 245013. [CrossRef]

Kirillov, A., Jr.; Balsam, B. Turaev-Viro invariants as an extended TQFT. arXiv 2010, arXiv:1004.1533.

Turaev, V. Virelizier, A. On two approaches to 3-dimensional TQFTs. arXiv 2010, arXiv:1006.3501.

Hlavaty, L.; Snobl, L. Classification of Poisson-Lie T-dual models with two-dimensional targets. Mod. Phys. Lett. A 2002, 17,
429-434. [CrossRef]

Snobl, L.; Hlavaty, L. Classification of 6-dimensional real Drinfeld doubles. Int. J. Mod. Phys. A 2002, 17, 4043-4067. [CrossRef]
Ballesteros, A.; Celeghini, E.; Del Olmo, M.A. Quantization of Drinfel’d doubles. . Phys. A Math. Gen. 2005, 38, 3909-3922.
[CrossRef]

Ballesteros, A.; Herranz, EJ.; Gutierrez-Sagredo, I. The Poincaré group as a Drinfel’d double. Class. Quantum Gravity 2019,
36, 025003. [CrossRef]

Gutierrez-Sagredo, I.; Ballesteros, A.; Herranz, EJ. Drinfel’d double structures for Poincaré and Euclidean groups. J. Phys. Conf.
Ser. 2019, 1194, 012041. [CrossRef]

Ballesteros, A.; Herranz, FJ.; Naranjo, P. Towards (3 + 1) gravity through Drinfel’d doubles with cosmological constant. Phys.
Lett. B 2015, 746, 37-43. [CrossRef]

Gel’fand, .M. The center of an infinitesimal group ring. Mat. Sb. (N. S.) 1950, 26, 103-112.

Gilmore, R. Lie Groups, Lie Algebras and Some of Their Applications; Wiley: New York, NY, USA, 1974.

Herranz, FJ.; Santander, M. Homogeneous phase spaces: The Cayley-Klein framework. In Geometry and Physics; Memorias
de la Real Academia de Ciencias; Carifiena, J.F., Martinez, E., Rafiada, M.E,, Eds.; Real Academia de Ciencias Exactas, Fisicas y
Naturales de Madrid: Madrid, Spain, 1998; Volume XXXII, pp. 59-84.

Ballesteros, A.; Herranz, FJ.; Ragnisco, O.; Santander, M. Contractions, deformations and curvature. Int. J. Theor. Phys. 2008, 47,
649-663. [CrossRef]

Jordan, C. Essai sur la géométrie a n dimensions. Bull. Société Mathématique Fr. 1875, 3, 103-174. [CrossRef]

Ballesteros, A.; Herranz, EJ.; del Olmo, M.A.; Santander, M. Quantum (2 + 1) kinematical algebras: A global approach. J. Phys. A
Math. Gen. 1994, 27, 1283-1297. [CrossRef]

Ballesteros, A.; Herranz, FJ.; Musso, F; Naranjo, P. The x-(A)dS quantum algebra in (3 + 1) dimensions. Phys. Lett. B 2017, 766,
205-211. [CrossRef]

Aneva, B.L.; Arnaudon, D.; Chakrabarti, A.; Dobrev, V.K.; Mihov, S.G. On combined standard-nonstandard or hybrid (g, 1)-
deformations. J. Math. Phys. 2001, 42, 1236-1249. [CrossRef]

de Montigny, M.; Patera, J. Discrete and continuous graded contractions of Lie algebras and superalgebras. |. Phys. A Math. Gen.
1991, 24, 525-547. [CrossRef]


http://dx.doi.org/10.1016/0370-2693(86)90140-1
http://dx.doi.org/10.1016/0550-3213(88)90143-5
http://dx.doi.org/10.1007/BF02101598
http://dx.doi.org/10.1063/1.2973040
http://dx.doi.org/10.1016/j.nuclphysb.2008.06.023
http://dx.doi.org/10.4310/ATMP.2010.v14.n6.a3
http://dx.doi.org/10.1016/j.physletb.2010.03.043
http://dx.doi.org/10.1088/0264-9381/30/15/155012
http://dx.doi.org/10.1016/j.physletb.2014.03.036
http://dx.doi.org/10.1088/1361-6382/aaaa5e
http://dx.doi.org/10.1088/1126-6708/2009/11/009
http://dx.doi.org/10.1007/JHEP11(2010)020
http://dx.doi.org/10.1016/b978-0-12-455152-7.50011-2
http://dx.doi.org/10.1088/0264-9381/31/24/245013
http://dx.doi.org/10.1142/S0217732302006515
http://dx.doi.org/10.1142/S0217751X02010571
http://dx.doi.org/10.1088/0305-4470/38/18/003
http://dx.doi.org/10.1088/1361-6382/aaf3c2
http://dx.doi.org/10.1088/1742-6596/1194/1/012041
http://dx.doi.org/10.1016/j.physletb.2015.04.041
http://dx.doi.org/10.1007/s10773-007-9489-9
http://dx.doi.org/10.24033/bsmf.90
http://dx.doi.org/10.1088/0305-4470/27/4/021
http://dx.doi.org/10.1016/j.physletb.2017.01.020
http://dx.doi.org/10.1063/1.1343881
http://dx.doi.org/10.1088/0305-4470/24/3/012

Symmetry 2021, 13, 1249 57 of 57

139.

140.

141.
142.

143.
144.

145.
146.

147.

148.

149.

150.

151.

152.

153.

154.

155.

156.

157.

158.

159.

160.

161.

162.

163.

164.

165.

166.

Moody, R.V,; Patera, J. Discrete and continuous graded contractions of representations of Lie algebras. J. Phys. A Math. Gen. 1991,
24,2227-2257. [CrossRef]

Gromov, N.A.; Man’ko, V.I. The Jordan-Schwinger representations of Cayley—Klein groups. I. The orthogonal groups. . Math.
Phys. 1990, 31, 1047-1053. [CrossRef]

Lévy-Leblond, J.M. Une nouvelle limite non-relativiste du groupe de Poincaré. Ann. Inst. Henri Poincaré A 1965, 3, 1-12.

Duval, C.; Gibbons, G.W.; Horvathy, P.A.; Zhang, PM. Carroll versus Newton and Galilei: Two dual non-Einsteinian concepts of
time. Class. Quantum Gravity 2014, 31, 085016. [CrossRef]

Bergshoeff, E.; Gomis, J.; Longhi, G. Dynamics of Carroll particles. Class. Quantum Gravity 2014, 31, 205009. [CrossRef]
Bergshoeff, E.; Gomis, J.; Rollier, B.; Rosseel, |.; ter Veldhuis, T. Carroll versus Galilei Gravity. J. High Energy Phys. 2017, 2017, 165.
[CrossRef]

Figueroa-O’Farrill, ].M. Kinematical Lie algebras via deformation theory. J. Math. Phys. 2018, 59, 061701. [CrossRef]
Daszkiewicz, M. Canonical and Lie-algebraic twist deformations of Carroll, para-Galilei and static Hopf algebras. Mod. Phys.
Lett. A 2019, 34, 1950181. [CrossRef]

Ballesteros, A.; Gubitosi, G.; Herranz, EJ. Lorentzian Snyder spacetimes and their Galilei and Carroll limits from projective
geometry. Class. Quantum Gravity 2020, 37, 195021. [CrossRef]

Aldrovandi, R.; Barbosa, A.L.; Crispino, L.C.B.; Pereira, ].G. Non-relativistic spacetimes with cosmological constant. Class.
Quantum Gravity 1999, 16, 495-506. [CrossRef]

Herranz, EJ.; Santander, M. (Anti)de Sitter /Poincaré symmetries and representations from Poincaré/Galilei through a classical
deformation approach. J. Phys. A Math. Theor. 2008, 41, 015204. [CrossRef]

Wolf, K.B.; Boyer, C.B. The algebra and group deformations I"[SO(n) ® SO(m)] = SO(n,m), I"[U(n) @ U(m)] = U(n,m), and
I"[Sp(n) ® Sp(m)] = Sp(n,m) for 1 < m < n. J. Math. Phys. 1974, 15, 2096-2101. [CrossRef]

Bacry, H.; Nuyts, J. Classification of ten-dimensional kinematical groups with space isotropy. J. Math. Phys. 1986, 27, 2455-2457.
[CrossRef]

de Montigny, M.; Patera, J.; Tolar, J. Graded contractions and kinematical groups of space-time. J. Math. Phys. 1994, 35, 405-425.
[CrossRef]

Celeghini, E.; Giachetti, R.; Sorace, E.; Tarlini, M. The quantum Heisenberg group H(1) q- J. Math. Phys. 1991, 32, 1155-1158.
[CrossRef]

Celeghini, E.; Giachetti, R.; Sorace, E.; Tarlini, M. Contractions of quantum groups. In Quantum Groups; Kulish, P.P., Ed.; Springer:
Berlin/Heidelberg, Germany, 1992; Volume 1510, pp. 221-244. [CrossRef]

Figueroa-O’Farrill, J. Higher-dimensional kinematical Lie algebras via deformation theory. J. Math. Phys. 2018, 59, 061702.
[CrossRef]

Nijenhuis, A.; Richardson, R.W., Jr. Deformations of Lie algebra structures. J. Math. Mech. 1967, 17, 89-105. [CrossRef]

Segal, LE. A class of operator algebras which are determined by groups. Duke Math. |. 1951, 18, 221-265. [CrossRef]

Saletan, E.J. Contraction of Lie Groups. |. Math. Phys. 1961, 2, 1-21. [CrossRef]

de Azcarraga, J.A.; Pérez Bueno, J.C. Relativistic and Newtonian k-space-times. J. Math. Phys. 1995, 36, 6879—-6896. [CrossRef]
Amelino-Camelia, G.; Smolin, L.; Starodubtsev, A. Quantum symmetry, the cosmological constant and Planck-scale phenomenol-
ogy. Class. Quantum Gravity 2004, 21, 3095-3110. [CrossRef]

Ballesteros, A.; Herranz, FJ.; Meusburger, C.; Naranjo, P. Twisted (2 + 1) k-AdS algebra, Drinfel’d doubles and non-commutative
spacetimes. Symmetry Integr. Geom. Methods Appl. 2014, 10, 052. [CrossRef]

Santander, M. A perspective on the magic square and the “special unitary” realization of real simple Lie algebras. Int. . Geom.
Methods Mod. Phys. 2013, 10, 1360002. [CrossRef]

Herranz, FJ.; Pérez Bueno, ].C.; Santander, M. Central extensions of the families of quasi-unitary Lie algebras. J. Phys. A Math.
Gen. 1998, 31, 5327-5347. [CrossRef]

Gromov, N.A.; Man’ko, VI. The Jordan-Schwinger representations of Cayley—Klein groups. II. The unitary groups. J. Math. Phys.
1990, 31, 1054-1059. [CrossRef]

Ortega, R.; Santander, M. Trigonometry of ‘complex Hermitian’-type homogeneous symmetric spaces. J. Phys. A Math. Gen. 2002,
35, 7877-7917. [CrossRef]

Najafizade, A.; Panahi, H.; Hassanabadi, H. Study of information entropy for involved quantum models in complex Cayley-Klein
space. Phys. Scr. 2020, 95, 085207. [CrossRef]


http://dx.doi.org/10.1088/0305-4470/24/10/014
http://dx.doi.org/10.1063/1.528781
http://dx.doi.org/10.1088/0264-9381/31/8/085016
http://dx.doi.org/10.1088/0264-9381/31/20/205009
http://dx.doi.org/10.1007/JHEP03(2017)165
http://dx.doi.org/10.1063/1.5016288
http://dx.doi.org/10.1142/S0217732319501815
http://dx.doi.org/10.1088/1361-6382/aba668
http://dx.doi.org/10.1088/0264-9381/16/2/013
http://dx.doi.org/10.1088/1751-8113/41/1/015204
http://dx.doi.org/10.1063/1.1666589
http://dx.doi.org/10.1063/1.527306
http://dx.doi.org/10.1063/1.530893
http://dx.doi.org/10.1063/1.529311
http://dx.doi.org/10.1007/BFb0101192
http://dx.doi.org/10.1063/1.5016616
http://dx.doi.org/10.1512/iumj.1968.17.17005
http://dx.doi.org/10.1215/S0012-7094-51-01817-0
http://dx.doi.org/10.1063/1.1724208
http://dx.doi.org/10.1063/1.531196
http://dx.doi.org/10.1088/0264-9381/21/13/002
http://dx.doi.org/10.3842/SIGMA.2014.052
http://dx.doi.org/10.1142/S0219887813600025
http://dx.doi.org/10.1088/0305-4470/31/23/015
http://dx.doi.org/10.1063/1.528782
http://dx.doi.org/10.1088/0305-4470/35/37/303
http://dx.doi.org/10.1088/1402-4896/ab9af3

	Introduction
	Fundamentals on Quantum Groups
	Lie Bialgebras and Quantum Algebras
	Quantum Groups and Noncommutative Spaces
	Drinfel'd Double Structures

	The Drinfel'd–Jimbo Lie Bialgebra for so(5)
	Symmetric Homogeneous Spaces
	Lie Bialgebra
	Dual Lie Algebra and Noncommutative Spaces
	Drinfel'd Double Structure

	The Drinfel'd–Jimbo Lie Bialgebra for the Cayley–Klein Algebra so(5)
	Symmetric Homogeneous Cayley–Klein Spaces
	Cayley–Klein Lie Bialgebra
	Dual Cayley–Klein Algebra and Noncommutative Cayley–Klein Spaces
	Drinfel'd Double Structures for Cayley–Klein Algebras

	Kinematical Algebras and Homogeneous Spaces
	Lorentzian Algebras
	Newtonian Algebras
	Carrollian Algebras
	The Two Remaining Kinematical Algebras
	Riemannian Algebras

	Kinematical Lie Bialgebras and Noncommutative Spaces
	Class A: Space-Like Deformations with Primitive Generators (P3,K2)
	Class B: Space-Like Deformations with Primitive Generators (P2,J2)
	Class C: Time-Like Deformations with Primitive Generators (P0,J2)
	Class D: Dimensionless Deformation with Primitive Generators (J2,P0)
	Quantum Kinematical Algebras
	Noncommutative Spacetimes and Spaces of Lines

	Conclusions and Outlook
	References

