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Abstract: We study the definition of trace anomalies for models of Dirac and Weyl fermions coupled
to a metric and a gauge potential. While in the non-perturbative case the trace anomaly is the
response of the effective action to a Weyl transformation, the definition in a perturbative approach is
more involved. In the latter case, we use a specific formula proposed by M.Duff, of which we present
a physical interpretation. The main body of the paper consists in deriving trace anomalies with the
above formula and comparing them with the corresponding non-perturbative results. We show that
they coincide and stress the basic role of diffeomorphism invariance for the validity of the approach.
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1. Introduction

Chiral anomalies appear in the divergence of chiral currents as a result of regular-
izing fermion loops, in the perturbative case, and effective actions, in non-perturbative
approaches. No essential ambiguities arise in the process of defining the relevant proce-
dures. The case of trace anomalies is somewhat more involved (for various derivations
of trace anomalies, see [1–22]). As we shall see in examples, a priori several definitions of
the trace anomaly are possible in a perturbative approach, definitions that lead to differ-
ent results. As we shall see, there are in fact several sources of ambiguity. To eliminate
these ambiguities, our definition of trace anomaly in the perturbative case will be the one
adopted by M.Duff, see for instance [23,24]. If Tµν is the stress-energy tensor of a theory,
the trace anomaly is given by the difference

gµν〈〈Tµν(x)〉〉 − 〈〈gµνTµν(x)〉〉 (1)

This formula is not by itself self-explanatory and needs suitable specifications, which
will be given in due time below. However, just to make an initial example, when a theory
is conformal invariant, the field operator Tµ

µ (x) vanishes on the shell, while in the case
a theory contains a conformal soft breaking term (a mass term, for instance), Tµ

µ (x) 6= 0,
even on-shell. The second term of (1) is certainly present in such a case, and the subtraction
is needed in order to exclude this unwanted term from the anomaly. As a matter of
fact, as we shall see, this term is non-vanishing in many other instances, and in a subtler
way (for more down-to-earth uncertainties, see [25] and references therein). The purpose
of our paper is to discuss the application of Formula (1). To study this issue, we have
to enlarge our vantage point by considering not only odd parity trace anomalies, but
also even parity ones. We will focus, in particular, on the anomalies of a free fermion
field model coupled to an Abelian vector potential Vµ with curvature Fµν. Besides the
odd parity anomaly with density εµνλρFµνFλρ, we wish to also consider the even parity
anomaly with density FµνFµν. These density can show up as trace anomalies in the form∫

d4x
√

g ω(x) Fµν(x)Fµν(x) and
∫

d4x
√

g ω(x) εµνλρFµν(x)Fλρ(x), since they are consistent
under the conformal transformations δωgµν = 2ωgµν and δωVµ = 0. We will consider
two examples where these anomalies do appear: the even trace anomaly in the theory
of a Dirac fermion, and the odd one in the theory of a Weyl fermion, both coupled to a
vector potential Vµ. In both cases, we compare the results with the ones obtained via the
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non-perturbative heat-kernel-like method, which we refer to as the Seeley–DeWitt (SDW)
method, in which case the trace anomaly definition is the standard one, i.e., the response of
the effective action under a Weyl transformation. In both cases, the results coincide.

A pertinent question is why in the perturbative approach is there room for ambiguities.
The reason is that the approach based on Feynman diagrams is reasonably viable at the
lowest order of the perturbative expansion. If we were able to compute higher-order
approximations, there would be no room for ambiguities. Unfortunately, higher-order
calculations are much less accessible, in general, and we have to make do with the lowest
order. Now, at the lowest order, the relevant cohomology is determined by the lowest order
of the perturbative cohomology (see Appendix B). The lowest order cohomology is too
simple, for instance, it contains many more co-cycles than the non-perturbative (complete)
cohomology. The Definition (1) is more balanced than each of the two terms separately, and
it forces the perturbative calculations in the right non-perturbative direction. It also offers
a clear physical interpretation, which we discuss in the conclusive section.

The paper is organized as follows. In Section 2, we derive the above-mentioned even
trace anomaly for a Dirac fermion coupled to vector potential with a perturbative method
(Feynman diagrams plus dimensional regularization). In Section 3, we derive the same
result via the Seeley–DeWitt method. Section 4 is devoted to the odd parity trace anomaly
for a Weyl fermion coupled to a vector potential, and Section 5 to the same derivation
via SDW. In Sections 2.5 and 6, we discuss the conservation of diffeomorphims in the
presence of a gauge vector field in the two cases, respectively. In Section 7, we make
some final comments and, in particular, we offer our interpretation of the Definition (1)
for the trace anomaly. In Appendix A, we show that the density FµνFµν can never appear
as an anomaly of the divergence of a vector or axial current. In Appendix B, we define
perturbative cohomology.

2. Even Parity Trace Anomalies due to Vector Gauge Field

We consider the action of a Dirac fermion coupled to a metric and an Abelian vec-
tor potential

S =
∫

d4x
√

g iψγµ

(
∂µ +

1
2

ωµ + Vµ

)
ψ (2)

where γµ = eµ
a γ, and ωµ is the spin connection, ωµ = ωab

µ Σab and Σab = 1
4 [γa, γb] are

the Lorentz generators. For a uniform treatment with the non-Abelian case where the
generators are anti-Hermitean, we use an imaginary vector field Vµ. Eventually, one can
make the replacement Vµ → −iVµ. The vector current is jµ = iψγµψ and the stress-energy
tensor is

Tµν =
i
4

ψγµ
↔
∇νψ + {µ↔ ν} (3)

They are both conserved on the shell. Tµν is also traceless on the shell. In this section,
we use perturbative methods with dimensional regularization and focus on the possibility
for FµνFµν to appear as a trace anomaly. As expected, such a density cannot appear in the
divergence of a current, as we show anyhow in Appendix A.

Before we start, a clarification is in order concerning the Definition (3) of the em tensor.
There is in fact another definition, which corresponds to the general formula

Tµν(x) =
2
√

g
δS

δgµν (4)

and reads

T̂µν =
i
4

ψγµ

↔
∇νψ + (µ↔ ν)− gµν

i
2

ψγλ
↔
∇λψ = Tµν − gµνTλ

λ (5)
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This ambiguity in the definition of the em tensor gives rise to an ambiguity in the
definition of the trace anomaly. Such an uncertainty is in fact resolved by the Definition (1):
thanks to the latter, the second term of T̂µν drops out. This will be verified later on. For the
time being, we proceed with (3), which is simpler.

The anomaly we are after can only appear at one-loop in the trace of the em tensor.
Therefore we have to compute the correlators that contain one insertion of the latter plus
insertions of the vector currents. With reference to the Definition (1), at the lowest order
we have two possibilities: the correlator ηµν〈0|T Tµν(x)jλ(y)jρ(z)|0〉 and the correlator
〈0|T Tµ

µ (x)jλ(y)jρ(z)|0〉. The first means that we regularize and compute the correlator
〈0|T Tµν(x)jλ(y)jρ(z)|0〉 and afterwards we contract the two indices µ and ν. The second
means that we consider the correlator of Tµ

µ inserted at x and two currents at y and z,
then regularize and compute it. Generally speaking, the two procedures lead to different
results. Notice that Tµ

µ (x) can vanish on shell in conformal invariant theories, but in general
does not vanish off-shell. An important remark is that the trace Tµ

µ (x) is an irreducible
component of Tµν(x). So, the two above-mentioned amplitudes, when regulated, are
generally different. This situation is to be contrasted with the case of the three-point
current amplitude 〈0|T jµ(x)jλ(y)jρ(z)|0〉, whose divergence (see Appendix A) is the same
as 〈0|T ∂µ jµ(x)jλ(y)jρ(z)|0〉. In this case, there is no regularization ambiguity.

Hereafter, we shall use the Definition (1) for the trace anomaly in the sense just
explained. So to the lowest order (One should consider also the lower order amplitude
〈t j〉, but it is easy to show that)

〈0|T Tµ
µ (x)jλ(y)|0〉 = ηµν〈0|T Tµν(x)jλ(y)|0〉 = 0

in the perturbative approach the trace anomaly will be given by:

〈〈Tµ
µ (x)〉〉 = ηµν〈0|T Tµν(x)jλ(y)jρ(z)|0〉 − 〈0|T Tµ

µ (x)jλ(y)jρ(z)|0〉 (6)

In the sequel, we compute these two amplitudes by means of Feynman diagrams. The
Feynman rule for the vector–fermion–fermion vertex Vv f f is γµ and the graviton–fermion–
fermion vertex Vh f f is

− i
8
[
(p− p′)µγν + (p− p′)νγµ

]
(7)

There are also other vertices, but they are not relevant to the present calculation. The
fermion propagator is i

/p
. In order to regularize the Feynman integrals (and only to that

purpose) we will add, to the ordinary 3 + 1, δ additional dimensions. The conventions for
the gamma matrix traces (in Minkowski background) are

tr(γµγν) = 22+ δ
2 ηµν, tr(γµγνγλγργ5) = −i 22+ δ

2 εµνλρ (8)

2.1. The First Correlator
We start by evaluating the second term in the RHS of (6), i.e., the amplitude schemati-

cally denoted 〈t j j〉, where t represents the trace of the em tensor,

F̃(tjj)
λρ (k1, k2) =

1
2

∫ d4 p
(2π)4 tr

{
1

/p
γλ

1

/p − /k1
γρ

1

/p − /q
(2/p − /q)

}
reg
=

1
2

∫ d4 pdδ`

(2π)4+δ
tr
{ /p + /̀

p2 − `2 γλ
/p − /k1 + /̀

(p− k1)2 − `2 γρ + γλ
/p − /k1 + /̀

(p− k1)2 − `2 γρ
/p − /q + /̀

(p− q)2 − `2

}
(9)

In the second line, we have regularized the integral by introducing an additional
momentum `µ, with µ = 4, . . . , δ− 1. Then we have rewritten 2/p− /q as /p + /̀ + /p− /q + /̀
and simplified.
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Adding the cross term k1 ↔ k2, λ↔ ρ, we get

F̃(tjj)
λρ (k1, k2) + F̃(tjj)

ρλ (k2, k1)

= 4× 2
δ
2

∫ d4 pdδ`

(2π)4+δ

{
`2ηλρ + pλ(p− k1)ρ − ηλρ p·(p− k1) + (p− k1)λ pρ

(p2 − `2)((p− k1)2 − `2)

+
`2ηλρ + pλ(p− k2)ρ − ηλρ p·(p− k2) + (p− k2)λ pρ

(p2 − `2)((p− k2)2 − `2)

}
(10)

Let us deal first with the first line of the last integral. Introducing a Feynman parameter
x and shifting p→ p+ k1 and Wick rotating (p0 → ip0), one gets (In order to avoid clogging
our formulas with the Euclidean label such as pE, . . . , we keep the same symbols for the
Wick-rotated momenta p, k1, k2 and q, with the only change represented by the momentum
square acquiring the opposite sign)

F̃(tjj)
λρ (k1, k2) + F̃(tjj)

ρλ (k2, k1)

= 4i× 2
δ
2

∫ d4 p
(2π)4

∫ 1

0
dx
∫ d4 pdδ`

(2π)4+δ

(
`2 + p2

2

)
ηλρ + x(x− 1)

(
2k1λk1ρ + ηλρk2

1
)

(
p2 + `2 + x(1− x)k2

1
)2

=
i

6π2

(
k1λk1ρ + ηλρk2

1

)(2
δ
+ γ− 5

3
+ log

k2
1

2π

)

Adding also the second line, we get

F̃(tjj)
λρ (k1, k2) + F̃(tjj)

ρλ (k2, k1) =
i

12π2

(
k1λk1ρ + ηλρk2

1

)(2
δ
+ γ− 5

3
+ log

k2
1

2π

)

+
i

12π2

(
k2λk2ρ + ηλρk2

2

)(2
δ
+ γ− 5

3
+ log

k2
2

2π

)
(11)

This contains a non-local part. It is a (so-called) semi-local term, which is necessary in
order to satisfy the conformal Ward identity.

2.2. The Conformal Ward Identity

To find the WIs for our case, we have to start from the effective action that includes both
the vector current and the energy–momentum tensor, which is born out of the action (2)

W[h, V] = W[0] +
∞

∑
n,r=1

in+r−1

2nn!r!

∫ n

∏
i=1

dxi

√
g(xi)hµiνi (xi)

r

∏
l=1

dyl

√
g(yl)e

λl
al (yl)Vλl (yl)

×〈0|T T̂µ1ν1(x1) . . . T̂µnνn(xn)ja1(y1) . . . jar (yr)|0〉 (12)

The introduction of the vierbein is dictated by the coupling between the current and the
gauge potential in the presence of a nontrivial background metric: Vλ(x)ψ̄(x)eλ

a (x)γaψ(x).
Notice that in this definition we have used T̂µν; this is because, in the subsequent manipu-
lations, we will refer to (5). A remark is in order about the coefficients of this expansion.
They must be consistent with the definition of graviton emission vertices. Remember that

δS
δgµν |g=η = 1

2 T̂µν. This explain the factor 2n in the denominator of (12).
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Differentiating with respect to hµν(x) and setting h = 0, we obtain 1
2 〈〈T̂µν(x)〉〉. Therefore,

2
δW

δhµν(x)

∣∣∣∣
h=0

= i
∫

d4y2 ηµν Vλ1 (x)Vλ2 (y2)δ
λ1
a1

δλ2
a2
〈0|T ja1 (x)ja2 (y2)|0〉

− i
2

∫
d4y2Vλ1 (x)Vλ2 (y2)

(
δλ1

µ ηa1ν + δλ1
ν ηa1µ

)
〈0|T ja1 (x)ja2 (y2)|0〉

−1
2

∫
d4y1d4y2Vλ1 (y1)Vλ2 (y2)〈0|T T̂µν(x)jλ1 (y1)jλ2 (y2)|0〉 (13)

Next, differentiating with respect to Vλ(y) and Vρ(z) and setting Vλ = 0 we get

δ2〈〈T̂µν(x)〉〉
δVλ(y)δVρ(z)

∣∣∣∣∣
V=0

= iηµν

(
δ(x− y)〈0|T jλ(x)jρ(z)|0〉+ δ(x− z)〈0|T jρ(x)jλ(y)|0〉

)
− i

2
ηµλ δ(x− y)〈0|T jν(x)jρ(z)|0〉 −

i
2

ηµρ δ(x− z)〈0|T jν(x)jλ(y)|0〉

− i
2

ηνλ δ(x− y)〈0|T jµ(x)jρ(z)|0〉 −
i
2

ηνρ δ(x− z)〈0|T jµ(x)jλ(y)|0〉

−〈0|T T̂µν(x)jλ(y)jρ(z)|0〉 (14)

Now we saturate this relation with ηµν and notice that T̂µ
µ = −3Tµ

µ. It is easy to see
that the numerical factor 3 factors out and can be dropped from the equation obtained by
equating the RHS of (14) to zero. Thus, we obtain

〈0|T Tµ
µ (x)jλ(y)jρ(z)|0〉+ i

(
δ(x− y)〈0|T jλ(x)jρ(z)|0〉+ δ(x− z)〈0|T jλ(y)jρ(x)|0〉

)
= 0 (15)

This is the appropriate conformal WI for a fermionic system coupled to an external
gauge potential Vµ, at level 2, in absence of anomalies. Fourier transforming and Wick
rotating it (under a Wick rotation the two-point function changes sign, the three-point
function gets multiplied by −i), we get

−i
(

F̃λρ(k1, k2) + F̃ρλ(k2, k1) + 〈0|T j̃λ(k1) j̃ρ(−k1)|0〉+ 〈0|T j̃λ(k2) j̃ρ(−k2)|0〉
)
= 0 (16)

multiplied by δ(q− k1 − k2). This is the WI if no anomaly is present.

2.3. The 2-Point Current Correlator

In order to verify (15) (or (16)), we need the two-point current correlators. The 2-
current correlator is given by a bubble diagram with a fermion propagating in the internal
lines and two gluons, one ingoing and the other outgoing, with the same momentum.

〈0|T j̃λ(k) j̃ρ(−k)|0〉 =
∫ d4 p

(2π)4 tr
{

1

/p
γλ

1

/p − /k
γρ

}
=
∫ d4 pdδ`

(2π)4+δ
tr
{

1

/p + /̀
γλ

1

/p − /k + /̀
γρ

}
(17)

This is equal to the first term in the third line of (9), apart from the coefficient 1
2 .

Therefore,

〈0|T j̃λ(k) j̃ρ(−k)|0〉 = − i
12π2

(
kλkρ + ηλρk2

)(2
δ
+ γ− 5

3
+ log

k2

2π

)
(18)

in Euclidean background. From this, one can see that the WI (16) is satisfied.
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2.4. The Second Correlator

As we have seen, replacing (11) and (18) in (16), we see that the WI is satisfied. One
could conclude, therefore, that in this case there is no anomaly. However, (11) corresponds
to 〈〈gµνTµν(x)〉〉, and, comparing it with gµν〈〈Tµν(x)〉〉, whose relevant amplitude is

˜̃F(tjj)
λρ (k1, k2) =

1
2

∫ d4 pdδ`

(2π)4+δ
tr
{

1

/p + /̀
γλ

1

/p − /k1 + /̀
γρ

1

/p − /q + /̀
(2/p − /q)

}
, (19)

one finds a difference

∆F̃(tjj)
λρ (k1, k2) =

1
2

∫ d4 pdδ`

(2π)4+δ
tr
{

1

/p + /̀
γλ

1

/p − /k1 + /̀
γρ

1

/p − /q + /̀
2/̀
}

, (20)

which is a local term. Adding the cross term, after a Wick rotation, one finds

∆F̃(tjj)
λρ (k1, k2) + ∆F̃(tjj)

ρλ (k2, k1) = −
i

6π2

[
ηλρk1 ·k2 + k2λk1ρ

]
(21)

Beware: here the metric is Euclidean!
The RHS is a local term that violates the conformal WI and corresponds to an anomaly.

The definition of the effective energy–momentum tensor is

Tµν =
2
√

g
δW
δgµν , (22)

The Weyl variation of gµν is δgµν = −2ωgµν. Therefore,

δωW =
∫

d4x
δW
δgµν = −

∫
d4x
√

g ω 〈〈Tµ
µ 〉〉 (23)

which classically vanishes. We define the integrated anomaly as follows:

Aω =
∫

d4x
√

g ω
(

gµν〈〈Tµν〉〉 − 〈〈Tµ
µ 〉〉
)

(24)

We have already remarked that if we use the definition (5) instead of (3), the second
piece of the former drops out in Equation (24).

In order to obtain the form of the anomaly in coordinate representation, we proceed
as follows. We have in general

−1
2

∫
d4yd4z Vλ(y)Vρ(z)〈0|Tµ

µ (x)jλ(y)jρ(z)|0〉 = −
1
2

∫
d4yd4z Vλ(y)Vρ(z)

·
∫ d4q

(2π)4
d4k1

(2π)4
d4k2

(2π)4 e−iq·x+ik2·y+ik2·zδ(4)(q− k1 − k2)〈0|T̃
µ
µ (q) j̃λ(−k1) j̃ρ(k2)|0〉

Inserting (21) in the RHS gives the contribution corresponding to the anomaly in coordinates:

−1
2

∫
d4yd4z Vλ(y)Vρ(z)

∫ d4q
(2π)4

d4k1

(2π)4
d4k2

(2π)4 e−iq·x+ik1·y+ik2·zδ(4)(q− k1 − k2)

·
(
− i

6π2

[
ηλρk1 ·k2 + k2λk1ρ

])
(25)

=
i

12π2

∫
d4yd4z Vλ(y)Vρ(z)

(
− ηλρ∂x ·∂z − ∂

y
ρ∂z

λ

)
δ(4)(x− y)δ(4)(x− z)

= − i
12π2

(
∂λVρ∂λVρ + ∂λVρ∂ρVλ

)
Therefore, after migrating back to Minkowski, the trace anomaly at the (non-trivial)

lowest level of approximation is
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Aω = − 1
12π2

∫
d4x ω

(
−∂νVλ∂νVλ + ∂νVλ∂λVν

)
=

1
24π2

∫
d4x ω FνλFνλ (26)

This is a (trivially) consistent conformal anomaly because in perturbative cohomology
(see Appendix B) at the lowest order, we have

δ
(0)
ω ω = 0, δ

(0)
ω Vµ = 0 (27)

so

δ
(0)
ω Aω = 0 (28)

It is clear that the all-order expression of this anomaly is

Aω =
1

24π2

∫
d4x
√

g ω FνλFνλ, (29)

which is invariant both under diffeomorphisms and under gauge transformations. When
diffeomorphisms are involved, however, one must pay double attention. It is usually
assumed that diffeomorphisms are conserved in 4d. This is due to the fact that consistent
chiral diffeomorphism anomalies are uniquely linked to the existence of the third order
symmetric adjoint invariant tensor of the relevant Lie algebra, which, in 4d, is the Lie alge-
bra of GL(3, 1) and, thus, the relevant tensor vanishes. However, here we are considering
the possibility that diffeomorphisms are violated by the coupling of a Dirac fermion to a
vector potential, and an anomaly proportional to

∫
d4x ∂·ξ FµνFµν (where ξµ is the general

coordinate transformation parameter) is consistent and algebraically not excluded. To
cancel it, a counterterm

∫
d4x h FµνFµν would be necessary. Since h = hµ

µ transforms as
δωh = 8ω under Weyl transformations, such a counterterm would generate an anomaly of
the same kind as (26) and, thus, modify its coefficient. It is therefore important to verify
that such a diffeomorphism anomaly generated by the coupling to a gauge field Vµ is
absent in our theory. This is what we intend to show next.

2.5. Diffeomorphisms Are Conserved
We have to show that the WI for diffeomorphisms is respected when coupling our

Dirac fermion to Vµ. In order to derive the relevant WI we return to Section 2.2 and,
precisely, to Equation (14). We differentiate the RHS of the latter with respect to xµ, and
equate it to zero. The WI we obtain is formulated in terms of T̂µν. The identity simplifies
considerably if we express it in terms of Tµν, for, using (15), the first line in the RHS of (14)
drops out. Therefore, we are left with

0 = − i
2

(
∂x

λ

(
δ(x− y)〈0|T jν(x)jρ(z)|0〉

)
+ ∂x

ρ(δ(x− z)〈0|T jν(x)jλ(y)|0〉)
)

− i
2

(
ηνλ ∂

µ
x
(
δ(x− y)〈0|T jµ(x)jρ(z)|0〉

)
+ ηνρ ∂

µ
x
(
δ(x− z)〈0|T jµ(x)jλ(y)|0〉

))
−∂

µ
x 〈0|T Tµν(x)jλ(y)jρ(z)|0〉 (30)

If we denote by T̃µνλρ(k1, k2) the Fourier transform of 〈0|T Tµν(x)jλ(y)jρ(z)|0〉, the
Fourier transform of Equation (30) is

−iqµ
(

T̃µνλρ(k1, k2) + T̃µνρλ(k2, k1)
)

=
1
2

(
qρ〈0|T j̃ν(k1) j̃λ(−k1)|0〉+ qλ〈0|T j̃ν(k2) j̃ρ(−k2)|0〉

+ηνρqµ 〈0|T j̃µ(k1) j̃λ(−k1)|0〉+ ηνλqµ〈0|T j̃µ(k2) j̃ρ(−k2)|0〉
)

(31)

where q = k1 + k2. Thus, we have to compute qµT̃µνλρ(k1, k2):



Symmetry 2021, 13, 1292 8 of 26

qµT̃µνλρ(k1, k2) =
1
2

∫ d4 p
(2π)4 tr

[
1

/p
γλ

1

/p − /k1
γρ

1

/p − /q
(q·(2p− q)γν + (2p− q)ν/q)

]
reg
=

1
2

∫ d4 pdδ`

(2π)4+δ
tr
[

1

/p + /̀
γλ

1

/p − /k1 + /̀
γρ

1

/p − /q + /̀
(q·(2p− q)γν + (2p− q)ν/q)

]
(32)

Using now /q = /p + /̀− (/p − /q + /̀), and q·(2p− q) = p2 + `2 − ((p− q)2 + `2), we
obtain an easier-to-deal-with expression of the integrand:

qµT̃µνλρ(k1, k2) =
1
2

∫ d4 pdδ`

(2π)4+δ

[
tr
(
(/p + /̀)γλ(/p − /k1 + /̀)γρ(/p − /q + /̀)γν

)
(33)

×
(

1
((p− k1)2 − `2)((p− q)2 − `2)

− 1
(p2 − `2)((p− k1)2 − `2)

)
+tr
(

γλ
1

/p − /k1 + /̀
γρ

1

/p − /q + /̀
− 1

/p + /̀
γλ

1

/p − /k1 + /̀
γρ

)
(2pν − qν)

]

This expression contains four integrations, but two of them are copies of the other
two. To see it, one can proceed by changing variables as follows: p→ p + q, followed by
p→ −p, then k1 ↔ k2, λ↔ ρ; finally using the invariance of the trace under transposition.

Next, selecting two independent terms, one works out the gamma matrix algebra,
introduces a Feynman parameter and performs a Wick rotation, after which the integrals
can be easily calculated. After some algebra, the final result is

qµT̃µνλρ(k1, k2) =
i

24π2

(
k1λk1νqρ − ηλρk2

1qρ + ηνρ(k2
1k2λ − k1 ·k2 k1λ)

)(2
δ
+ γ− 5

3
+ log

k2
1

2π

)
(34)

to which we have to add the cross term with k1 ↔ k2, λ↔ ρ. As a consequence, we are left
with two semi-local terms, which are exactly what is needed in order to satisfy the WI (31).

In conclusion, the WI for diffeomorphims is satisfied and there is no anomaly (On the
contrary, if we replace Dirac fermions with Weyl fermions this result is not guaranteed).
The trace anomaly (29) is therefore confirmed.

3. The Seeley–DeWitt Approach

In this section, we apply the Seeley–DeWitt approach (see [26–32]) to the same theory
of Dirac fermions coupled to a vector potential Vµ, (2), where the covariant operator

∇µ = Dµ +
1
2

ωµ + Vµ (35)

features.
To apply the SDW method, we need the square of the Dirac operator, which is

not self-adjoint. (
/∇2
)†

= γ0 /∇2γ0 (36)

To get a self-adjoint operator, we apply a Wick rotation, which means: x0 → x̃0 =
−ix0, k0 → k̃0 = ik0 and γ0 → γ̃0 = −iγ0, while xi, ki, γi remain unchanged. From now
on, a tilde represents a Wick rotated object. In particular, we have(

/̃∇
2
)†

= /̃∇
2

(37)
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Therefore we can use /̃∇
2

for the SDW approach and return to the Minkowski metric
with a reverse Wick rotation after applying this method. However, as before, we will
avoid clogging the formulas with Euclidean symbols. We will use all the time Minkowski
symbols, but we will leave the gamma matrix products indicated, without using the gamma
matrix algebra to simplify them, before returning to the Lorentz metric with an inverse
Wick rotation. This amounts, in practice, to using all the time non-Wick rotated quantities,
replacing them in the relations appropriate to their Euclidean counterparts. This is what
we will do in the sequel.

With this attitude in mind, we define the amplitude

〈x, s|x′, 0〉 = 〈x|eiFs|x′〉 (38)

which satisfies the (heat kernel) differential equation

i
∂

∂s
〈x, s|x′, 0〉 = −Fx〈x, s|x′, 0〉 ≡ K(x, x′, s) (39)

where Fx is the above-mentioned quadratic differential operator

Fx = ∇µgµν∇ν −
1
4

R + V (40)

where V = ΣabVab = Σab eµ
a eν

b Vµν, and Fµν is the curvature of Vµ. Then we make the ansatz

〈x, s|x′, 0〉 = − lim
m→0

i
16π2

√
D(x, x′)

s2 e
i
(

σ(x,x′)
2s −m2s

)
Φ(x, x′, s) (41)

where D(x, x′) is the VVM determinant and σ(x, x′) is the world function. Φ(x, x′, s) is a
function to be determined. It is useful to also introduce the mass parameter m, which we
will eventually set to zero. In the limit s→ 0 the RHS of (41) becomes the definition of a
delta function multiplied by Φ. More precisely, since it must be 〈x, 0|x′, 0〉 = δ(x, x′), and

lim
s→0

i
16π2

√
D(x, x′)

s2 e
i
(

σ(x,x′)
2s −m2s

)
=
√
|g(x)| δ(x, x′), (42)

we must have

lim
s→0

Φ(x, x′, s) = 1 (43)

Equation (39) becomes an equation for Φ(x, x′, s). After some algebra, one gets

i
∂Φ
∂s

+
i
s
∇µΦ∇µσ +

1√
D
∇µ∇µ

(√
DΦ

)
−
(

1
4

R− V −m2
)

Φ = 0 (44)

Now we expand

Φ(x, x′, s) =
∞

∑
n=0

an(x, x′)(is)n (45)

with the boundary condition [a0] = 1. The an must satisfy the recursive relations:

(n + 1)an+1 +∇µan+1∇µσ− 1√
D
∇µ∇µ

(√
Dan

)
+

(
1
4

R− V −m2
)

an = 0 (46)
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Using these relations and the coincidence limits, it is possible to compute each coeffi-
cient an at the coincidence limit. In particular,

[a2] =
1
2

m4 − 1
12

m2R +
1

288
R2 − 1

120
R;µ

µ − 1
180

RµνRµν +
1

180
RµνλρRµνλρ (47)

−1
2
V2 +

1
6
∇λ∇λ(V) + 1

12

(
1
2
Rµν + Vµν

)(
1
2
Rµν + Vµν

)
whereRµν = Rµν

abΣab.
In this method, let us set

W = −1
2

∫ ∞

0

ds
is

eiFs + const ≡ L + const (48)

where L is the relevant effective action

L =
∫

ddx L(x) (49)

It can be written as

L(x) = −1
2

tr
∫ ∞

0

ds
is

K(x, x′, s) (50)

where the kernel K is defined by

K(x, x′, s) = eiF sδ(x, x′) (51)

Inserted in δωW, under the symbol Tr, it means integrating over x after taking the
limit x′ → x. So, looking at (41), in dimension d,

K(x, x, s) =
i

(4πis)
d
2

√
g e−im2s[Φ(x, x, s)] (52)

From now on, a Wick rotation is understood. Continuing analytically in d, one finds

L(x) =
1

32π2

(
1

d− 4
− 3

4

)
tr
(

m4 − 2m2[a1] + 2[a2]
)√

g (53)

+
i

64π2 tr
∫ ∞

0
ds ln(4πiµ2s)

√
g

∂3

∂(is)3

(
e−im2s[Φ(x, x, s)]

)
where tr refers to the gamma matrix trace. The last line depends explicitly on the parameter
µ and represents a non-local part, which cannot give rise to anomalies. Let us take the
variation under a Weyl transformation

δω gµν(x) = 2 ω(x) gµν(x), δω
√

g = d ω
√

g, δω

(
VµνVµν

)
= −4 ω VµνVµν (54)

and consider the flat limit
√

g → 1 as well as m → 0. Focusing on the Vµ dependence in
the d→ 4 limit, we find

δω L(x) = − 1
32π2

∫
d4x

4
3

ω VµνVµν (55)

when gµν → ηµν. This defines the anomaly

T (x) =
1

24π2 VµνVµν (56)
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which coincides with (26). We remark that the - sign and a factor of 1
2 in the coefficient

of (55) comes from the transformation property of /∇ under a Weyl transformation, which is

δω /∇ = −1
2
{/∇, ω} (57)

This is due to the presence of
√

g in the action (2) and is the complementary in the

action (2) of the transformation property of the ‘effective’ field Ψ = g
1
4 ψ, which trans-

forms as

δωΨ = e
1
2 ωΨ, (58)

for Weyl transformations.
We have already pointed out that the result (26) is the correct one, provided the

invariance under diffeomorphisms is preserved. In the perturbative case, we have verified
it by computing the divergence of the em tensor to at least second order in Vµ. In the case
of the SDW method, this invariance is imbedded in the method itself because the latter is
designed to respect the diffeomorphisms.

4. The Case of a Right-Handed Weyl Fermion. Odd Parity

The second example we wish to consider is the case of a Weyl fermion coupled to
a vector potential and compute its odd parity trace anomaly on the basis of the Defini-
tion (1). That is, we intend now to compute the relation between the (odd parity) trace
ηµν〈0|T TRµν(x)jRλ(y)jRρ(z)|0〉 and the (odd parity) correlator 〈0|T Tµ

Rµ(x)jRλ(y)jRρ(z)|0〉.
Let us start from the following remark. For a right-handed fermion, the triangle

contribution to the gauge trace anomaly is

T̃(R)µ
µλρ (k1, k2) =

1
2

∫ d4 p
(2π)4 tr

[
1

/p
γλPR

1

/p − /k1
γρPR

1

/p − /k1 − /k2
(2/p − /q)PR

]
(59)

reg
=

1
2

∫ d4 pdδ`

(2π)4+δ
tr
[

1

/p + /̀
γλPR

1

/p − /k1 + /̀
γρPR

1

/p − /q + /̀
(2/p + 2/̀− /q)PR

]
=

1
2

∫ d4 pdδ`

(2π)4+δ
tr
{

/p
p2 − `2 γλ

/p − /k1

(p− k1)2 − `2 γρ
/p − /q + /̀

(p− q)2 − `2 (2/p + 2/̀− /q)PR

}
to which the cross term must be added.

In ref. [33], we have already calculated amplitude for 〈∂· jR jR jR〉

F̃(R,odd)
λρ (k1, k2, δ) =

∫ d4 pdδ`

(2π)4+δ
tr
{

/p
p2 − `2 γλ

/p − /k1

(p− k1)2 − `2 γρ
/p − /q

(p− q)2 − `2 /qPR

}∣∣∣∣
odd

=
1

24π2 εµνλρkµ
1 kν

2 (60)

which, multiplied by 2, gives 〈0|T ∂µ jRµ(x)jRλ(y)jRρ(z)|0〉.
The difference with (59) apart from the factor 1

2 , is the 2/p− /q factor in the RHS, instead
of the /q one. On the other hand, let us remark that the odd part of the expression

∆T̃(R)µ
µλρ (k1, k2) =

1
2

∫ d4 pdδ`

(2π)4+δ
tr
[

1

/p + /̀
γλPR

1

/p − /k1 + /̀
γρPR

1

/p − /q + /̀
(2/p + 2/̀− 2/q)PR

]
=

1
2

∫ d4 pdδ`

(2π)4+δ

tr
[
γλ/pγρ(/p − /k1)PR

]
(p2 − `2)((p− k1)2 − `2)

(61)

vanishes by symmetry. Now, since 2/p + 2/̀− /q = 2/p + 2/̀− 2/q + /q , it follows that

T̃(R)µ
µλρ (k1, k2) + T̃(R)µ

µρλ (k2, k1)
∣∣∣
odd

=
1

24π2 εµνλρkµ
1 kν

2, (62)
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which is the result for 〈0|T Tµ
Rµ(x)jRλ(y)jRρ(z)|0〉. Now, it is easy to compute

1
2

∫ d4 pdδ`

(2π)4+δ
tr
{

/p
p2 − `2 γλ

/p − /k1

(p− k1)2 − `2 γρ
/p − /q + /̀

(p− q)2 − `2 2/̀PR

}∣∣∣∣∣
odd

=
1

48π2 εµνλρkµ
1 kν

2 (63)

Subtracting (63) from (62) we get

1
2

∫ d4 pdδ`

(2π)4+δ
tr
{

/p
p2 − `2 γλ

/p − /k1

(p− k1)2 − `2 γρ
/p − /q

(p− q)2 − `2 (2/p − /q)PR

}∣∣∣∣∣
odd

+ cross

=
1

48π2 εµνλρkµ
1 kν

2 (64)

which gives gives the odd parity part of ηµν〈0|T TRµν(x)jRλ(y)jRρ(z)|0〉. Therefore, we
can say

gµν〈〈TRµν(x)〉〉
∣∣∣
odd
− 〈〈gµνTRµν(x)〉〉

∣∣∣
odd

= − 1
96π2 εµνλρ ∂µVν(x)∂λVρ(x) (65)

5. A Heat-Kernel Derivation. The SDW Method for Weyl Fermions

We would like now to compare the previous result with the one obtained with a
Seeley–DeWitt method. In the sequel, we apply this method to a right-handed Weyl
fermion to compute the odd-parity trace anomaly. However, as we shall see, and as it
should be expected at this point, this calculation is strictly connected to the calculation of
the consistent chiral anomaly. It is in fact more convenient to carry out the latter first.

5.1. The Consistent Chiral Anomaly via SDW

The general method is the same as in Section 3, but for the choice of the appropriate
elliptic operator. To put the problem in a suitable framework, we consider a Dirac fermion in
a non-Abelian (V, A) background, i.e., we use the covariant operator i /∇, defined as follows

∇µ = ∂µ +
1
2

ωµ + V̂µ (66)

where V̂µ = Vµ + γ5 Aµ and Vµ = Va
µ Ta, Aµ = Aa

µTa, and Ta are anti-hermitean Lie algebra
generators. Next we take the limit V → V/2, A → V/2. Then, the relevant kinetic
operator becomes

/D = iγµDµ, Dµ = ∂µ + P+Vµ, Dµ = ∂µ + P−Vµ, P± =
1± γ5

2
(67)

As pointed out before, in order to apply the SDW method we need the square of this
operator, which, however, as before, is not self-adjoint(

/D2
)†

= γ0 /D2γ0 (68)

After a Wick rotation, this relation becomes(
/̃D

2
)†

= /̃D
2

(69)
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Therefore, we can use /̃D
2
. However, in practice, with the precautions explained in

Section 2.3, we will work with

/D2 = −ηµνDµDν − Σµν
(
DµDν −DνDµ

)
= −(�+ P+∂·V + V ·∂)− Σµν

(
∂µVν − ∂νVµ + γ5

(
Vν∂µ −Vµ∂ν

))
(70)

The consistent chiral anomaly is given by

A =
∫

d4x
(

lim
x′→x

∫ ∞

0
ds Tr

(
2γ5 ρ 〈x, s|x′, 0〉

))
=
∫

d4x
(

lim
x′→x

∫ ∞

0
ds Tr

(
γ5 ρ 〈x|eiFs|x′〉

))
(71)

where ρ = ρa(x)Ta is the gauge parameter and F = /̃D
2

and Tr includes all the traces.
Expanding F in powers of is, this becomes

A =
i

16π2

∫
d4xTr(γ5 ρ [a2(x)]), [a2(x)] = lim

x′→x
a2(x, x′) (72)

In order to compute the coefficient a2 in a flat background, we have at our disposal
the heat kernel equation

i
∂

∂s
〈x, s|x′, 0〉 = −/D2〈x, s|x′, 0〉 (73)

with

〈x, s|x′, 0〉 = − 1
(4πα)2 ei (x−x′)2

4s Φ(x, x′; s) (74)

Replacing this into (73) and using (70), we get the equation

i
∂Φ
∂s

+ �Φ + Vµ∂µΦ +
i
s
(x−x′)µ∂µΦ +

i
2s

(x−x′)µVµΦ +
i
s

γ5Σµν(x−x′)µVνΦ

−2γ5ΣµνVµ∂νΦ + P+
(
∂·V + Σµν(∂µVν − ∂νVµ)

)
Φ = 0 (75)

Using the expansion

Φ(x, x′, s) =
∞

∑
n=0

an(x, x′)(is)n (76)

we arrive at the recursion relation

(n+1)an+1 + �an + Vµ∂µan + (x−x′)µ∂µan+1 +
1
2
(x−x′)µVµan+1 + γ5Σµν(x−x′)µVνan+1

−2γ5ΣµνVµ∂νan + P+
(
∂·V + Σµν(∂µVν − ∂νVµ)

)
an = 0 (77)

Setting n = −1, we get

(x−x′)µ∂µa0 +
1
2
(x−x′)µVµa0 + γ5Σµν(x−x′)µVνa0 = 0 (78)

Differentiating with respect to xµ, we obtain

∂µa0 +
1
2

Vµa0 + γ5Σµ
νVνa0 + (x−x′)λ∂µ∂λa0 +

1
2
(x−x′)λ∂µVλa0

+
1
2
(x−x′)λVλ∂µa0 + γ5Σλν(x−x′)λ∂µVνa0 + γ5Σλν(x−x′)λVν∂µa0 = 0 (79)

Starting from [a0](x) = 1, we compute the coincidence limit and obtain, for instance,
[∂µa0] = − 1

2 Vµ − γ5Σµ
νVν. Then, differentiating (79) with respect to xλ, contracting λ with

µ and taking the coincidence limit, we get
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[�a0] = −
1
2

∂·V − 3
8

V2 − ΣµνVµVν −
1
2

γ5Σµν
(
∂µVν − ∂νVµ

)
(80)

where we have used ΣµνΣµ
λ = − 5

8 ηνλ − Σνλ.
Similarly, choosing now n = 0 and proceeding the same way, we get

[a1] = −1
2

∂·V − 3
8

V2 + ΣµνVµVν −
1
2

γ5Σµν
(
∂µVν − ∂νVµ

)
+ P+

(
∂·V + γ5Σµν

(
∂µVν − ∂νVµ

))
=

3
8

V2 + ΣµνVµVν +
1
2
(
γ5∂·V + Σµν

(
∂µVν − ∂νVµ

))
(81)

and, with n = 1,

[a2] =
1
2
[�a1] +

1
2

Vλ[∂λa1] + γ5ΣλνVν[∂λa1] +
1
2

P+
(
∂·V + ΣµνCµν[a1]

)
(82)

where Cµν = ∂µVν − ∂νVµ. We need to compute [∂λa1] and [�a1], which, in turn, requires
the knowledge of [��a0], [∂µ�a0] and [∂λ∂νa0]. All these quantities can be computed with
a lengthy but straightforward procedure.

Replacing them into (82), we find a long expression, but only a few terms can con-
tribute to the odd parity part: they must be proportional to four gamma’s, so it is not hard
to figure out the candidates. For [a2], they are the following ones:

[a2] =
1
6

VλVµ[∂λ∂µa0] +
1
3

ΣνρVνVρ[a1] +
2
3

ΣλνΣµρVνVρ[∂λ∂µa0] +
1
3

γ5Σµν{Vλ, Vν}[∂λ∂µa0]

+

(
1
4
+

1
12

γ5

)
ΣµνCµν[a1] +

1
6

∂λVµ[∂λ∂µa0] +
1
3

γ5Σµν∂λVν[∂λ∂µa0]

+
1
4

Vλ[∂λ�a0] +
1
2

γ5ΣµνVν[∂λ�a0] +
1
12

ΣµνCµν[�a0] + . . . (83)

where ellipses denote terms that cannot contribute to the odd parity part.
Using the above expansions to evaluate (72) and tr(γ5γµγνγλγρ) = −4iεµνλρ, we find

that the term with 4 Vs vanishes. The coefficients of the terms ∂VVV, V∂VV and VV∂V
are all equal, and equal half the coefficient of the term ∂V∂V. In conclusion, we obtain the
well-known expression

A =
i

16π2

∫
d4xTr(γ5 ρ [a2(x)]) = − 1

24π2

∫
d4x εµνλρ tr

(
∂µρ

(
Vν∂λVρ +

1
2

VνVλVρ

))
(84)

In the Abelian case, we have Cµν = Vµν and, of course, the second term in the RHS is
absent. In view of the following subsection, we notice that the result would be the same if,
in the mid terms of (84), instead of γ5, there were 2P+, for the difference in the two cases
vanishes for parity odd terms.

It should be stressed that in the above derivation, we have dropped all the even parity
terms. They are polynomials of canonical dimension 4 in V and its derivatives, which
satisfy the WZ consistency conditions. Since we know there do not exist even parity chiral
anomalies, these terms can be canceled by adding suitable counterterms to the effective
action. We dispense from that here.

5.2. The Odd Trace Anomaly via SDW

We use the previous calculation as a shortcut to compute the odd trace anomaly for a
Weyl fermion coupled to a vector potential Vµ. In this case, we need to introduce an axial
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partner also for the metric, that is we couple the Weyl fermion to a MAT (metric-axial-tensor)
background [34]. The kinetic operator in this case is i/D with

Dµ = D̂µ +
1
2

Ω̂µ + Vµ (85)

where D̂µ is the covariant derivative and Ω̂µ = Ω(1)
µ + γ5Ω(2)

µ the spin connection with
respect to the metric ĝµν = gµν + γ5 fµν. Here, Vµ is an imaginary vector potential in
agreement with the notation of Section 2 and the previous subsection. In reality, for our
present calculation, we will not need the full SDW derivation in a MAT background. A
shortcut is as follows. The density of the anomaly we are after is ρ εµνλρ∂µVν∂λVρ, which
‘occupies’ the dimensionally available slots in 4d. The only change that MAT can (and does)
bring about is the multiplication by the factor

√
ĝ ω̂, where ω̂ = ω + γ5η is the extended

Weyl parameter. Therefore, giving for granted a derivation analogous Sections 3 and 5.1,
and using the ζ-function regularization as in [35], we can simply replace the symbols in
the final formula. The variation of the effective action under an extended infinitesimal
Weyl transformation

δω̂ L̂ = −iTr(ω̂ ζ(x, 0))c (86)

= i Tr

( √
ĝ

2(4π)2 ω̂
(

2[a2(x)]− 2m2[a1(x)] + m4
))

c

where Tr denotes spacetime integration and gamma matrix trace and [a1], [a2] are those of
the previous subsection, and the subscript c denotes the chiral limit. The terms proportional
to m2 drop out because of the limit m→ 0. It remains for us to compute the chiral limit of√

ĝ ω̂. To this end, let us recall√
ĝ =

√
det(ĝ) =

√
det(g + fl5f) (87)

Using the formula det = etr log, this gives

tr ln(g + γ5 f ) = PRtr ln(g + f ) + PL tr ln(g− f ) (88)

For Weyl fermions, we have to take the chiral limit. In the right-handed chiral limit,
we have not only Vµ → Vµ/2, Aµ → Vµ/2, but also hµν → hµν/2, fµν → hµν/2, and
ω → ω/2, η → ω/2. Therefore,

√
ĝ ω̂ → 1

2 PR
√

g. An additional factor 1
2 is due, as

explained in Section 2, to the fact that the kinetic operator we are working with transforms
under a Weyl transformation in a way complementary to (58), i.e., with a parameter − 1

2 ω.
Therefore, we obtain

δω L = − i
32π2

∫
d4x
√

g ω tr(PR[a2](x)) (89)

Recalling now the remark in the last paragraph of the previous section, tr(PR[a2](x))
produces precisely the density εµνλρ∂µVν∂λVρ. Therefore, (89) yields

Aω = − 1
96π2

∫
d4x
√

g ω εµνλρ∂µVν∂λVρ, (90)

which coincides with Equation (65).
In [33], this anomaly was tagged with the label (cs), which stands for consistent (in

fact, in [33], only the second term in the RHS of (65) was computed, which explains the
different coefficients). The origin of this label is better explained starting from an Abelian
V − A background. If we compute the trace anomaly due to such a background for a
Dirac fermion, we can take two limits: either the vector limit A → 0 or the chiral limit
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V → V/2, A→ V/2. In the two cases, the trace anomaly has the same form, but different
coefficients, which we distinguish by labeling the first with (cv), the second with (cs).

6. Anomalies and Diffeomorphisms

As already noticed, in order to validate the above results, it is necessary to verify
the invariance under diffeomorphisms in the presence of a gauge field V, for we cannot
exclude a priori an anomaly of the type

∫
d4x
√

g ∂·ξ εµνλρ∂µVν∂λVρ. This means that we
need to analyze amplitudes 〈∂·T J, J〉, where T and J are the appropriate em tensor and
currents. The proof in the case of (absence of) odd parity anomalies can be given in a general
form, applicable also to a V − A background. For this reason we consider amplitudes that
involve Tµν and jµ, but also T5µν and j5µ, where the last two are obtained by inserting γ5 in
the former.

6.1. The Amplitude 〈∂·T5 j j〉
Let us start from the amplitude 〈∂·T5 j j〉, given by

qµT̃(5VV)
µνλρ (k1, k2) =

1
4

∫ d4 p
(2π)4 tr

[
1

/p
γλ

1

/p − /k1
γρ

1

/p − /q
(q·(2p− q)γν + (2p− q)ν/q)γ5

]
=

1
4

∫ d4 pdδ`

(2π)4+δ
tr
[

1

/p + /̀
γλ

1

/p − /k1 + /̀
γρ

1

/p − /q + /̀
(q·(2p− q)γν + (2p− q)ν/q)γ5

]
(91)

We call Ãνλρ(k1, k2) the piece proportional to q·(2p− q)γν, and B̃νλρ(k1, k2) the rest,
and write q·(2p− q) = p2 − `2 − ((p− q)2 − `2). Then,

Ãνλρ(k1, k2) =
1
4

∫ d4 pdδ`

(2π)4+δ

{−22+ δ
2 iεµνλρ`

2(p + k1 − k2)
µ + tr

(
(/p + /k1)γλ/pγρ(/p − /k2)γνγ5

)
(p2 − `2)((p− k2)2 − `2)

+
22+ δ

2 iεµνλρ`
2(p− k2)

µ − tr
(
/pγλ(/p − /k1)γρ(/p − /q)γνγ5

)
(p2 − `2)((p− k1)2 − `2)

}
(92)

where the first line has been obtained with a shift p→ p + k1. To this, we have to add the
cross contribution λ ↔, k1 ↔ k2. Now, since the trace of a matrix equals the trace of its
transpose, we get

tr
(
/pγλ(/p − /k1)γρ(/p − /q)γνγ5

)
= tr

(
γ5γν(/p − /q)γρ(/p − /k1)γλ/p

)
(93)

Next, one can prove that, when integrated,

tr
(
γ5γν(/p − /q)γρ(/p − /k1)γλ/p

)
(p2 − `2)((p− k1)2 − `2)

=
tr
(
(/p + /k1)γλ/pγρ(/p − /q)γνγ5

)
(p2 − `2)((p− k2)2 − `2)

This is obtained, once again, with the exchanges λ↔ ρ, k1 ↔ k2, followed by the shift
p→ p + k2 and p→ −p. Therefore, since eventually we have to add the cross contribution,
we see that the second term in the second line of (92) cancels the second in the first line. In
a similar fashion, one can prove that, upon integration,

(p− k2)
µ

(p2 − `2)((p− k1)2 − `2)
=

(p + k1 − k2)
µ

(p2 − `2)((p− k2)2 − `2)

by shifting p→ p + k1 and changing p→ −p, followed by the cross exchange λ↔ ρ, k1 ↔
k2. It follows that the first term in the first line of (92) cancels the first term of the second
line. Therefore,

Ãνλρ(k1, k2) + Ãνρλ(k2, k1) = 0 (94)

Now, let us consider B̃:
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B̃νλρ(k1, k2) =
1
4

∫ d4 pdδ`

(2π)4+δ
tr
[

1

/p + /̀
γλ

1

/p − /k1 + /̀
γρ

1

/p − /q + /̀
(2p− q)ν/qγ5

]

=
1
4

∫ d4 pdδ`

(2π)4+δ

−22+ δ
2 iεµσλρ`

2(p + k1)
µqσ + tr

(
(/p + /q)γλ(/p + /k2)γρ/p/qγ5

)
(p2 − `2)((p + k2)2 − `2)((p + q)2 − `2)

(2p + q)ν (95)

after a shift p→ p + q. Now, using transposition inside the trace

tr
(
(/p + /q)γλ(/p + /k2)γρ/p/qγ5

)
= −tr

(
/pγρ(/p + /k2)γλ(/p + /q)/qγ5

)
The cross contribution λ↔ ρ, k1 ↔ k2 is

B̃νρλ(k2, k1) =
1
8

∫ d4 pdδ`

(2π)4+δ

22+ δ
2 iεµσλρ`

2(p + k2)
µqσ − tr

(
/pγλ(/p + /k1)γρ(/p + /q)/qγ5

)
(p2 − `2)((p + k1)2 − `2)((p + q)2 − `2)

(2p + q)ν

=
1
4

∫ d4 pdδ`

(2π)4+δ

22+ δ
2 iεµσλρ`

2(p− k2)
µqσ − tr

(
/pγλ(/p − /k1)γρ(/p + /q)/qγ5

)
(p2 − `2)((p− k1)2 − `2)((p− q)2 − `2)

(2p− q)ν (96)

Therefore,

B̃νλρ(k1, k2) + B̃νρλ(k2, k1) = 0 (97)

Therefore,

〈∂·T5 j j〉 = 0 (98)

Remark 1. For later use, it is important to remark that the amplitude (91) vanishes separately for
the `2-dependent and the `2-independent parts.

6.2. The Amplitude 〈∂·TR jR jR〉
The triangle contribution is

qµT̃(RRR)
µνλρ (k1, k2) =

1
4

∫ d4 p
(2π)4 tr

[
1

/p
γλPR

1

/p − /k1
γρPR

1

/p − /q
(q·(2p− q)γν + (2p− q)ν/q)PR

]
(99)

=
1
4

∫ d4 pdδ`

(2π)4+δ
tr
[

/p
p2 − `2 γλ

/p − /k1

(p− k1)2 − `2 γρ
/p − /q

(p− q)2 − `2 (q·(2p− q)γν + (2p− q)ν/q)
1 + γ5

2

]
It is evident that the odd part is half the `2 independent part of (91), thus it vanishes.

6.3. The Amplitude 〈∂·T5 j5 j5〉
The amplitude is

qµT̃(555)
µνλρ (k1, k2) =

1
4

∫ d4 p
(2π)4 tr

[
1

/p
γλγ5

1

/p − /k1
γργ5

1

/p − /q
(q·(2p− q)γν + (2p− q)ν/q)γ5

]
=

1
4

∫ d4 pdδ`

(2π)4+δ
tr
[

1

/p + /̀
γλγ5

1

/p − /k1 + /̀
γργ5

1

/p − /q + /̀
(q·(2p− q)γν + (2p− q)ν/q)γ5

]
(100)

The `2-independent part is the same as before, and vanishes. The `2-dependent part is

qµT̃(555)
µνλρ (k1, k2) (101)

= 2
δ
2−2i

∫ d4 pdδ`

(2π)4+δ
`2 εµνλρ(3p−2k1−k2)

µq·(2p−q) + εµσλρ(3p−2k1−k2)
µqσ(2p−q)ν)

(p2 − `2)((p− k1)2 − `2)((p− q)2 − `2)
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If we shift p → p + q, change p → −p and make the exchange λ ↔ ρ, k1 ↔ k2
we obtain the same expression with opposite sign. Therefore, the amplitude 〈∂·T5 j5 j5〉
vanishes too.

6.4. The Amplitudes 〈∂·T j j5〉 and 〈∂·T j5 j〉
The amplitudes 〈∂ ·T j j5〉 and 〈∂ ·T j5 j〉 are non-vanishing, but in fact, due to the

bosonic symmetry, we have to compute the average 〈∂·T j j5〉+ 〈∂·T j5 j〉, that is

qµ
(

T̃(VV5)
µνλρ (k1, k2) + T̃(V5V)

µνλρ (k1, k2)
)

=
1
4

∫ d4 pdδ`

(2π)4+δ
tr
[

1

/p + /̀
γλ

1

/p − /k1 + /̀
γργ5

1

/p − /q + /̀
(q·(2p− q)γν + (2p− q)ν/q)

+
1

/p + /̀
γλγ5

1

/p − /k1 + /̀
γρ

1

/p − /q + /̀
(q·(2p− q)γν + (2p− q)ν/q)

]
= −2

δ
2 i
∫ d4 pdδ`

(2π)4+δ
`2 εµνλρ(p− k1)

µ q·(2p−q) + εµσλρ(p− k1)
µqσ(2p− q)ν

(p2 − `2)((p− k1)2 − `2)((p− q)2 − `2)
(102)

Now, if we shift p→ p + q, change p→ −p and make the exchange λ↔ ρ, k1 ↔ k2
we obtain the same expression with opposite sign. Therefore, (102) vanishes.

This is enough to conclude that the WIs for diffeomorphims concerning odd am-
plitudes are conserved. The odd parity 2pt correlators vanish, therefore the odd parity
WIs reduce to the vanishing of the divergence of 3pt functions containing one em tensor
insertion. These 3pt correlator divergences must vanish, up to anomalies. Furthermore,
this is what we have just proven.

In conclusion, diffeomorphisms are conserved as far as the gauge fields are concerned:
no odd parity anomalies appear.

7. Conclusions

We can now draw some conclusions concerning the Formula (1). On the basis of the
above results, we have the following situation: the WI (14) and (15) says that perturbative
〈〈gµνTµν(x)〉〉 is not anomalous, while gµν〈〈Tµν(x)〉〉 is anomalous because of (26).

In the odd parity case, the situation is different. Since all odd two-current corre-
lators vanish, the WI reduces to the vanishing of the three-point functions em-tensor–
current-current, that is 〈0|T Tµ

Rµ(x)jλ
R(y)jρR(z)|0〉 in the right-handed fermion case, and

〈0|T Tµ
µ (x)jλ5 (y)jρ(z)|0〉, 〈0|T Tµ

5µ(x)jλ(y)jρ(z)|0〉 and 〈0|T Tµ
5µ(x)jλ

5 (y)jρ5(z)|0〉 in the V-A

case. In the right-handed fermion case, we have seen that both gµν〈〈TRµν(x)〉〉 and 〈〈Tµ
Rµ(x)〉〉

are anomalous with different anomalies (the same is true for the 〈0|T Tµ
5µ(x)jλ(y)jρ(z)|0〉

case, which has not been reported here). To complete the panorama, we should add that, in
the gravitational trace anomaly case for a right-handed Weyl fermion, the ηµν〈0|TRµν(x)TRλρ

(y)TRστ(z)|0〉 vanishes, while 〈0|Tµ
Rµ(x)TRλρ(y)TRστ(z)|0〉 is anomalous [34–36] (These re-

sults have been challenged in the literature, although with controversial methods. See
ref. [25], for references to the literature and for punctual counter-criticisms).

We would like now to spend a few words to interpret these results.

A Discussion about gµν〈〈Tµν(x)〉〉 − 〈〈gµνTµν(x)〉〉
The gauge and diffeomorphism anomalies are violations of the classical conservation

laws ∂µ jµ(x) = 0 and ∇µTµν(x) = 0, respectively. The trace anomaly is a violation of
the classical tracelessness condition Tµ

µ (x) = 0. The basic point here is that these equa-
tions are all valid on-shell, while off-shell they do not hold in general (except possibly in
dimension 2). Another important point to be kept in mind is that, in terms of represen-
tations of the Lorentz group, Tµν(x) is a reducible tensor of which the trace Tµ

µ (x) is an
irreducible component. In the expression of the effective action, the latter is coupled to
the field h(x) = hµ

µ(x). The amplitude 〈0|T Tµ
µ (x)Φ(y)Ψ(z)|0〉, where Φ and Ψ are generic

fields, is an irreducible component of 〈0|T Tµν(x)Φ(y)Ψ(z)|0〉.
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We have seen several examples where, when calculated with Feynman diagrams, the
amplitudes 〈0|T Tµ

µ (x)Φ(y)Ψ(z)|0〉 and ηµν〈0|TµνΦ(y)Ψ(z)|0〉 are generally different. In
the face of it, one possible attitude is to declare that the true value of the amplitude is
given by the latter and ignore the former, considering their difference to be an oddity of
the regularization. After all, the (semi-classical, i.e., without anomaly) conformal WI is also
satisfied in this way. However, there is a difficulty on the way of such a cavalier solution.
On the one hand, we have seen that the Definition (1) for the trace anomaly coincides with
the non-perturbative way of defining the trace anomaly. On the other hand, we have seen
on several examples, see also [37], that the amplitudes of the type 〈0|T Tµ

µ (x)jλ(y)jρ(z)|0〉
are related to the Adler–Bell–Jackiw anomalies, and, moreover, it is possible to prove that
the amplitude 〈0|T Tµ

µ (x)Tλρ(y)Tστ(z)|0〉 are rigidly related to the Kimura–Delbourgo–
Salam anomaly [38,39]. Therefore, if we decide to ignore 〈0|T Tµ

µ (x)jλ(y)jρ(z)|0〉 and
〈0|T Tµ

µ (x)Tλρ(y)Tστ(z)|0〉, the calculation of KDS and ABJ anomalies becomes problematic,
to say the least (For the connection between chiral trace and ABJ anomaly, see [33]; for the
connection between chiral trace and Kimura–Delbourgo–Salam anomaly, see for instance
ref. [37]. In both cases, the connection is visible at the level of the corresponding lowest
order Feynman diagrams. However, also in the non-perturbative approach of Section 5,
this link is clear. It should be added that this connection does not hold for even trace
anomalies, and, in any case, although a link is undeniable, it certainly deserves a deeper
analysis). That is unacceptable.

Therefore, we have to live with the trace anomaly (perturbatively) defined by
the difference

ηµν〈0|T Tµν(x)Φ(y)Ψ(z)|0〉 − 〈0|T Tµ
µ (x)Φ(y)Ψ(z)|0〉 (103)

This difference means in particular that the (regularized) effective action has disconti-
nuities: differentiating it with respect to hµν and then saturating the result with ηµν is not
the same as differentiating it with respect to h(x) = hµ

µ(x), which is the conjugate source of
Tµ

µ (x). Like in many other situations in quantum theories, we are not allowed to make a
choice such as ignoring the second term in (103). We have to let the theory speak and keep
all the information provided by it and, eventually, interpret it.

A model of the situation we are facing is given by the formula

�
1
x2 ∼ δ(4)(x). (104)

valid in distribution theory in a Euclidean 4d space. The derivatives ∂µ of 1
x2 or xν

x4 are well
defined for xµ 6= 0 where � 1

x2 = 0, but they are ill-defined at xµ = 0. On the other hand

the derivation with respect to r =
√

x2 makes sense even at r = 0, and gives rise to the
Formula (104). In our case, the analog of xµ is hµν, the analog of r is hµ

µ and the analog of
x = 0 is the classical on-shell condition Tµ

µ = 0 (for a closer analogy, one should actually
consider � 1

(x2+a2)2 , which becomes a delta function when a→ 0). We are therefore forced
to take into account this discontinuity of the effective action. Indeed, in the perturbative
approach, we are obliged to refine the naive definition of the trace anomaly as follows:

gµν(x)〈〈Tµν(x)〉〉 − 〈〈gµν(x)Tµν(x)〉〉 = −T[g](x). (105)

After verifying that this definition works properly, one may ask what its physical
meaning is. It is clear that the reason for taking the difference in the LHS of (105) is that two
correlators may in general contain extra terms that have nothing to do with the anomaly.
These terms are:

• Possible soft terms that classically violate conformal invariance;
• The term iηµνψ̄/∂ψ in the modified definition of the em tensor;
• The semilocal terms in the conformal WI;
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• Possible off-shell contributions to the anomaly: contrary to the example above where
� applied to the argument yields 0 for x 6= 0, the derivative with respect to hµν

contracted with ηµν, or the derivative with respect to hµ
µ, do not automatically vanish

off-shell. In fact the operator Tµ
µ identically vanish on-shell, therefore its contribution

can only be off-shell. This means that in Formula (105), the off-shell contributions to
the anomaly are subtracted away. In other words, the trace anomaly (105) receives
only on-shell contributions.

All these terms cancel out in (105).
Let us expand a bit on the last point. First of all, let us notice that

Tµ
µ (x) ∼ ψ̄

↔
/∇ ψ (106)

Therefore, 〈0|T Tµ
µ (x)Φ(y)Φ(z)|0〉 is proportional to the LHS of the equation of motion.

So it represents a contribution to the quantum object 〈〈ψ̄
↔
/∇ ψ〉〉 off-shell (because on-shell it

vanishes).
On the other hand, ηµν〈0|T Tµν(x)Φ(y)Φ(z)|0〉 represents the contribution coming

from the differentiation of the effective action with respect to hµν(x), which we know
does not coincide with the differentiation with respect to h(x) (there is a discontinuity).

Therefore, we interpret it as the on-shell plus off-shell contribution to 〈〈ψ̄
↔
/∇ ψ〉〉. The

difference (103) measures the one-loop violation to the equation of motion. It represents, so
to speak, the quantization of 0, a genuine quantum effect, and supports Formula (1). We
call this violation the trace anomaly.

This has to be compared (and contrasted) with the other anomalies (gauge and diff).
For instance, in the case of gauge anomalies we have, similarly to the trace case,

∂µ jµ(x) ∼ ∂µ(ψ̄γµψ) (107)

which is proportional to the LHS of the Dirac eoms. However, in this case, the ampli-
tude 〈0|T ∂µ jµ(x)jν(y)jλ(z)|0〉 gives the same result as ∂

µ
x 〈0|T jµ(x)jν(y)jλ(z)|0〉. Which

is not surprising because 〈0|T ∂µ jµ(x)jν(y)jλ(z)|0〉 is not an amplitude independent of
〈0|T jµ(x)jν(y)jλ(z)|0〉. This is reflected in the fact that in the effective action 〈0|T ∂µ jµ(x)
jν(y)jλ(z)|0〉 is not coupled to an independent source field. There is no way to disentangle
the on-shell from the off-shell part. Therefore, we simply set

∂µ〈〈jµ(x)〉〉 = 〈〈∂µ jµ(x)〉〉 = anomaly (108)

To conclude, let us make a comment on the Definition (1). As we said at the beginning,
it has a clear meaning in a perturbative framework. It is not applicable to a non-perturbative
approach, like the SDW one, in which case the definition of trace anomaly is simply the
response of the effective action to a Weyl transformation. Therefore, the natural question is:
what is the meaning of the two terms in the LHS of (1) in relation to the non-perturbative
case? An explanation has been suggested in the introduction. The perturbative approach
is based on the lowest order of the perturbative cohomology, which is a much looser
mathematical structure than the full BRST cohomology (whose non-trivial co-cycles are very
limited in number). The Definition (1) is tailored to channel the lowest order perturbative
results in the direction of a coincidence with the non-perturbative approaches. In more
furbished language, one could say the each term of (1) is unstable in terms of perturbative
cohomology, while their difference is stable.
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Appendix A. Even Gauge Current Correlators

In this Appendix, we show that in a theory of Dirac or Weyl fermions the integrated
anomaly

∫
d4x
√

g α(x) Fµν(x)Fµν(x) cannot appear in the divergence of a gauge current,
i.e., from regularizing an amplitude 〈∂· J Jλ Jρ〉 (with an even number of j5). We recall that,
in order to reproduce the anomaly proportional to

∫
d4x
√

g α(x) Fµν(x)Fµν(x), the Fourier
transform of the amplitude must contain a local term of the form ∼

(
k1ρk2λ − ηλρk1 ·k2

)
.

Appendix A.1. A Preliminary Calculation

As a starting calculation, we want to prove that the even triangle diagram contribution

qµT̃(even1)
µλρ (k1, k2) =

∫ d4 pdδ`

(2π)4+δ
tr
{

/p
p2 − `2 γλ

/p − /k1

(p− k1)2 − `2 γρ
/p − /q

(p− q)2 − `2 /q
}

(A1)

vanishes. Using (/p − /q)/q/p = (2p·q− q2)/p − p2/q , the integrand becomes

qµT̃(even1)
µλρ (k1, k2) =

∫ d4 pdδ`

(2π)4+δ

(2p·q− q2)tr
(
/pγλ(/p − /k1)γρ

)
− p2tr

(
/qγλ(/p − /k1)γρ

)
(p2 − `2)((p− k1)2 − `2)((p− q)2 − `2)

(A2)

Evaluating traces:

= 22+ δ
2

∫ d4 pdδ`

(2π)4+δ

[
−(p− q)2(pλ(p− k1)ρ − ηλρ p·(p− k1) + pρ(p− k1)λ

)
+p2((p− q)λ(p− k1)ρ − ηλρ(p− q)·(p− k1) + (p− q)ρ(p− k1)λ

)]
× 1

(p2 − `2)((p− k1)2 − `2)((p− q)2 − `2)
(A3)

To this we have to add the cross contribution k1 ↔ k2, λ↔ ρ

qµT̃(even2)
µρλ (k2, k1) = 22+ δ

2

∫ d4 pdδ`

(2π)4+δ

[
−(p− q)2(pλ(p− k2)ρ − ηλρ p·(p− k2) + pρ(p− k2)λ

)
+p2((p− q)λ(p− k2)ρ − ηλρ(p− q)·(p− k2) + (p− q)ρ(p− k2)λ

)]
× 1
(p2 − `2)((p− k2)2 − `2)((p− q)2 − `2)

(A4)

Now shift p→ p + q and change p→ −p, then (A4) becomes

qµT̃(even2)
µρλ (k2, k1) = 22+ δ

2

∫ d4 pdδ`

(2π)4+δ

[
−p2((p− q)λ(p− k1)ρ − ηλρ(p− q)·(p− k1)

+(p− q)ρ(p− k1)λ

)
+ (p− q)2(pλ(p− k1)ρ − ηλρ p·(p− k1) + pρ(p− k1)λ

)]
× 1
(p2 − `2)((p− k1)2 − `2)((p− q)2 − `2)

(A5)

which is the opposite of (A3). Therefore

qµT̃(even1)
µλρ (k1, k2) + qµT̃(even2)

µρλ (k2, k1) = 0 (A6)
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Now we can look at the various cases

Appendix A.2. Even Part of 〈∂· jR jR jR〉
The three point function 〈∂· jR jR jR〉 is

qµT̃(R)
µλρ(k1, k2) =

∫ d4 pdδ`

(2π)4+δ
tr
{

1

/p + /̀
1− γ5

2
γλ

1

/p + /̀− /k1

1− γ5

2
γρ

1

/p + /̀− /q
1− γ5

2 /q
}

=
∫ d4 pdδ`

(2π)4+δ
tr
{

/p
p2 − `2 γλ

/p − /k1

(p− k1)2 − `2 γρ
/p − /q

(p− q)2 − `2
1− γ5

2 /q
}

≡ F̃(R)
λρ (k1, k2, δ) (A7)

The even part thereof is 1/2 of (A1), therefore it vanishes.
In view of an application to the V− A system, let us consider other even 3pt correlator.

Appendix A.3. Even Part of 〈∂· j j j〉
Let us consider the correlator

qµT̃(VVV)
µλρ (k1, k2) =

∫ d4 p
(2π)4 tr

{
1

/p
γλ

1

/p − /k1
γρ

1

/p − /q
/q
}

=
∫ d4 pdδ`

(2π)4+δ
tr
{ /p + /̀

p2 − `2 γλ
/p − /k1 + /̀

(p− k1)2 − `2 γρ
/p − /q + /̀

(p− q)2 − `2 /q
}

(A8)

Using (A6), this reduces to

qµT̃(VVV)
µλρ (k1, k2) =

∫ d4 pdδ`

(2π)4+δ
`2 tr

[
γλγρ(/p − /q)/q + γλ(/p − /k1)γρ/q + /pγλγρ/q

]
(p2 − `2)((p− k1)2 − `2)((p− q)2 − `2)

= 4
∫ d4 pdδ`

(2π)4+δ
`2 ηλρ(p− k2)·q + qλ(p− 2k1 − k2)ρ + qρ(p + k2)λ

(p2 − `2)((p− k1)2 − `2)((p− q)2 − `2)
(A9)

Introducing x, y Feynman parameters and shifting p → p + (x + y)k1 + yk2, and
integrating over p and `, one gets

qµT̃(VVV)
µλρ (k1, k2) = − 8i

(4π)2

∫ 1

0
dx
∫ 1−x

0
dy
[
ηλρ((x + y)k1 + (y− 1)k2)·q

+qλ((x + y− 2)k1 + (y− 1)k2)ρ + qρ((x + y)k1 + (y + 1)k2)λ

]
=

i
12π2

[
ηλρ(k1 − k2)·q− qλ(2k1 + k2)ρ + qρ(k1 + 2k2)λ

]
(A10)

Adding the cross term (k1 ↔ k2, λ↔ ρ) one gets 0.

Appendix A.4. Even part of 〈∂· j j5 j5〉
Let us write down the triangle contribution to 〈∂· j j5 j5〉. It is

qµT̃(VAA)
µλρ (k1, k2) =

∫ d4 p
(2π)4 tr

{
1

/p
γλγ5

1

/p − /k1
γργ5

1

/p − /q
/q
}

=
∫ d4 pdδ`

(2π)4+δ
tr
{ /p + /̀

p2 − `2 γλγ5
/p − /k1 + /̀

(p− k1)2 − `2 γργ5
/p − /q + /̀

(p− q)2 − `2 /q
}

(A11)

Using (A6), this reduces to
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qµT̃(VAA)
µλρ (k1, k2) =

∫ d4 pdδ`

(2π)4+δ
`2 tr

[
−γλγρ(/p − /q)/q + γλ(/q − /k1γρ/q − /pγλγρ/q

]
(p2 − `2)((p− k1)2 − `2)((p− q)2 − `2)

(A12)

= 4
∫ d4 pdδ`

(2π)4+δ
`2 −ηλρ(3p− 2k1 − k2)·q + qλ(p + k2)ρ + qρ(p− 2k1 − k2)λ

(p2 − `2)((p− k1)2 − `2)((p− q)2 − `2)

Introducing x, y Feynman parameters and shifting p → p + (x + y)k1 + yk2, and
integrating over p and `, one gets

qµT̃(VAA)
µλρ (k1, k2) = − 8i

(4π)2

∫ 1

0
dx
∫ 1−x

0
dy
[
ηλρ((3x + 3y− 2)k1 + (3y− 1)k2)·q

+qλ((x + y)k1 + (y + 1)k2)ρ + qρ((x + y− 2)k1 + (y− 1)k2)λ

]
=

i
12π2

[
− k1λk1ρ + k2λk2ρ

]
(A13)

Adding the cross term (k1 ↔ k2, λ↔ ρ) one gets 0.

Appendix A.5. Even Part of 〈∂· j5 j j5〉 and 〈∂· j5 j5 j〉
Let us consider next the triangle contribution to 〈∂· j5 j j5〉. It is

qµT̃(AVA)
µλρ (k1, k2) =

∫ d4 p
(2π)4 tr

{
1

/p
γλγ5

1

/p − /k1
γρ

1

/p − /q
γ5/q

}
=

∫ d4 pdδ`

(2π)4+δ
tr
{ /p + /̀

p2 − `2 γλγ5
/p − /k1 + /̀

(p− k1)2 − `2 γρ
/p − /q + /̀

(p− q)2 − `2 γ5/q
}

(A14)

Using (A6), this reduces to

qµT̃(AVA)
µλρ (k1, k2) =

∫ d4 pdδ`

(2π)4+δ
`2 tr

[
−γλγρ(/p − /q)/q − γλ(/q − /k1γρ/q + /pγλγρ/q

]
(p2 − `2)((p− k1)2 − `2)((p− q)2 − `2)

(A15)

= 4
∫ d4 pdδ`

(2π)4+δ
`2 ηλρ(p + k2)·q− qλ(3p− 2k1 − k2)ρ + qρ(p− k2)λ

(p2 − `2)((p− k1)2 − `2)((p− q)2 − `2)

Introducing x, y Feynman parameters and shifting p → p + (x + y)k1 + yk2, and
integrating over p and `, one gets

qµT̃(AVA)
µλρ (k1, k2) = − 4i

(4π)2

∫ 1

0
dx
∫ 1−x

0
dy
[
− ηλρ((x + y)k1 + (y + 1)k2)·q

+qλ((3x + 3y− 2)k1 + (3y− 1)k2)ρ + qρ((x + y)k1 + (y− 1)k2)λ

]
=

i
4π2

[
− 1

3
ηλρ(k1 + 2k2)·q +

1
3

qρ(k1 − k2)λ

]
(A16)

Adding the cross term one gets

qµT̃(AVA)
µλρ (k1, k2) + qµT̃(AVA)

µρλ (k2, k1) =
i

4π2

[
− ηλρq2 +

2
3
(k1λk2ρ − k2λk1ρ

]
(A17)

The even part of 〈∂· j5 j j5〉 and 〈∂· j5 j5 j〉 are nonvanishing, but opposite, for repeating
the calculation of

qµT̃(AAV)
µλρ (k1, k2) =

∫ d4 p
(2π)4 tr

{
1

/p
γλ

1

/p − /k1
γργ5

1

/p − /q
γ5/q

}
=

∫ d4 pdδ`

(2π)4+δ
tr
{ /p + /̀

p2 − `2 γλ
/p − /k1 + /̀

(p− k1)2 − `2 γργ5
/p − /q + /̀

(p− q)2 − `2 γ5/q
}

(A18)
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we find

qµT̃(AAV)
µλρ (k1, k2) + qµT̃(AAV)

µρλ (k2, k1) =
i

4π2

[
ηλρq2 − 2

3
(k1λk2ρ − k2λk1ρ

]
(A19)

Thus

1
2
(〈∂· j5 j j5〉+ 〈∂· j5 j5 j〉) = 0 (A20)

Appendix A.6. Result in Coordinate Space

Inserting the above results and, in particular, (A17) into the formula for the
effective action

W[V, A] = W[0, 0] +
∞

∑
n,m=1

in+m−1

n!m!

∫ n

∏
i=1

ddxi Vµi (xi)
m

∏
j=1

ddyj Aνj(yj)

×〈0|T jµ1(x1) . . . jµn(xn)j5ν1(y1) . . . j5νm(xm)|0〉c (A21)

from which one can extract the effective vector current

〈〈jµ(x)〉〉 =
δW[V, A]

δVµ(x)
=

∞

∑
n,m=0

in+m

n!m!

∫ n

∏
i=1

ddxi Vµi (xi)
m

∏
j=1

ddyj Aνj(yj)

×〈0|T jµ(x)jµ1(x1) . . . jµn(xn)j5ν1(y1) . . . j5νm(xm)|0〉c (A22)

and axial current

〈〈j5µ(x)〉〉 =
δW[V, A]

δAµ(x)
=

∞

∑
n,m=0

in+m

n!m!

∫ n

∏
i=1

ddxi Vµi (xi)
m

∏
j=1

ddyj Aνj(yj)

×〈0|T j5µ(x)jµ1(x1) . . . jµn(xn)j5ν1(y1) . . . j5νm(xm)|0〉c (A23)

one finds

∂µ〈〈jµ(x)〉〉 = −
∫

d4yd4z
(

1
2

Vλ(y)Vρ(z)〈0|∂µ jµ(x)jλ(y)jρ(z)|0〉 (A24)

+Vλ(y)Aρ(z)〈0|∂µ jµ(x)jλ(y)j5ρ(z)|0〉+
1
2

Aλ(y)Aρ(z)〈0|∂µ jµ(x)j5λ(y)j5ρ(z)|0〉
)
= 0

and

∂µ〈〈j5µ(x)〉〉 = −
∫

d4yd4z
(

1
2

Vλ(y)Vρ(z)〈0|∂µ j5µ(x)jλ(y)jρ(z)|0〉 (A25)

+Vλ(y)Aρ(z)〈0|∂µ j5µ(x)jλ(y)j5ρ(z)|0〉+
1
2

Aλ(y)Aρ(z)〈0|∂µ j5µ(x)j5λ(y)j5ρ(z)|0〉
)
= 0

These are the gauge Ward identities to order two in the potentials (one can eas-
ily prove that the WI are satisfied also to order 1 in the potential, i.e., for two-point
correlators). Of course there are no anomalies. The basic remark here is that there is
no ambiguity in passing from the regularization of 〈0|jµ(x)jλ(y)jρ(z)|0〉 to the regular-
ization of 〈0|∂µ jµ(x)jλ(y)jρ(z)|0〉, in other words ∂µ〈0|jµ(x)jλ(y)jρ(z)|0〉 is the same as
〈0|∂µ jµ(x)jλ(y)jρ(z)|0〉. As we have seen the situation is different for trace anomalies.

Appendix B. Perturbative Cohomology

In this Appendix, we define the form of local cohomology which is needed in a
perturbative approach. Let us start from the gauge transformations.

δA = dλ + [A, λ], δλ = −1
2
[λ, λ]+, δ2 = 0, λ = λa(x)Ta (A26)
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To dovetail the perturbative expansion it is useful to split it by considering A and λ
infinitesimal (and the latter anticommuting) and define the perturbative cohomology

δ(0)A = dλ, δ(0)λ = 0, (δ(0))2 = 0

δ(1)A = [A, λ], δ(1)λ = −1
2
[λ, λ]+

δ(0)δ(1) + δ(1)δ(0) = 0, (δ(1))2 = 0 (A27)

The full coboundary operator for diffeomorphisms is given by the transformations

δξ gµν = ∇µξν +∇νξν, δξ ξµ = ξλ∂λξµ (A28)

with ξµ = gµνξν. We can introduce a perturbative cohomology, or graded cohomology,
using as grading the order of infinitesimal, as follows

gµν = ηµν + hµν, gµν = ηµν − hµν + hµ
λhλν + . . . (A29)

The analogous expansions for the vielbein is

ea
µ = δa

µ + χa
µ +

1
2

ψa
µ + . . . ,

Since ea
µηabeb

ν = hµν, we can choose

χµν =
1
2

hµν, ψµν = −χa
µχaν = −1

4
hλ

µhλν, . . . (A30)

Inserting the above expansions in (A28) we see that we have a grading in the transforma-
tions, given by the order of infinitesimals. So we can define a sequence of transformations

δξ = δ
(0)
ξ + δ

(1)
ξ + δ

(2)
ξ + . . .

At the lowest level we find immediately

δ
(0)
ξ hµν = ∂µξν + ∂νξµ, δ

(0)
ξ ξµ = 0 (A31)

and ξµ = ξµ. Since (δ
(0)
ξ )2 = 0 this defines a cohomology problem.

At the next level we get

δ
(1)
ξ hµν = ξλ∂λhµν + ∂µξλhλν + ∂νξλhµλ, δ

(1)
ξ ξµ = ξλ∂λξµ (A32)

One can verify that

(δ
(0)
ξ )2 = 0 δ

(0)
ξ δ

(1)
ξ + δ

(1)
ξ δ

(0)
ξ = 0, (δ(1))2 = 0 (A33)

Proceeding in the same way we can define an analogous sequence of transformations
for the Weyl transformations. From gµν = ηµν + hµν and δωhµν = 2ωgµν we find

δ
(0)
ω hµν = 2ωηµν, δ

(1)
ω hµν = 2ωhµν, δ

(2)
ω hµν = 0, . . . (A34)

as well as δ
(0)
ω ω = δ

(1)
ω ω = 0, . . . .

Notice that we have δ
(0)
ξ ω = 0, δ

(1)
ξ ω = ξλ∂λω. As a consequence we can extend

(A33) to
(δ

(0)
ξ + δ

(0)
ω )(δ

(1)
ξ + δ

(1)
ω ) + (δ

(1)
ξ + δ

(1)
ω )(δ

(0)
ξ + δ

(0)
ω ) = 0 (A35)
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and δ
(1)
ξ δ

(1)
ω + δ

(1)
ω δ

(1)
ξ = 0, which together with the previous relations make

(δ
(0)
ξ + δ

(0)
ω + δ

(1)
ξ + δ

(1)
ω )2 = 0 (A36)
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