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Abstract: It is a well-known fact that the Newtonian description of dynamics within Galaxies for
its known matter content is in disagreement with the observations as the acceleration approaches
a0 ≈ 1.2× 10−10 m/s2 (slighter larger for clusters). Both the Dark Matter scenario and Modified
Gravity Theories (MGT) fail to explain the existence of such an acceleration scale. Motivated by
the closeness of the acceleration scale and the Hubble constant cH0 ≈ 10−9 h m/s2, we are led to
analyze whether this coincidence might have a Cosmological origin for scalar-tensor and spinor-
tensor theories by performing detailed calculations for perturbations that represent the local matter
distribution on the top of the cosmological background. Then, we solve the field equations for these
perturbations in a power series in the present value of the Hubble constant. As we shall see, for both
theories, the power expansion contains only even powers in the Hubble constant, a fact that renders
the cosmological expansion irrelevant for the local dynamics.

Keywords: cosmological expansion; Galactic dynamics; alternatives to dark matter

PACS: 04.50.Kd; 04.40.-b

1. Introduction

The discrepancy between the Newtonian prediction that orbital velocities within spiral
Galaxies fall off v ∼ (MG/r)0.5 away from the bulk of the galactic mass distribution and ob-
servations that reveal that, in every spiral galaxy, the velocity distribution reaches a plateau
as the accelerations approach the value a0 ≈ 1.2× 10−10 m/s2. The authors in [1] led to
two diametrically distinct approaches to the conundrum: (i) the Dark Matter Scenario [2]
where putative non-barionic dark matter with a spherical distribution involving the disk
galaxy provides the needed mass deficit to conform to the observed flat rotation curves
and still adhere to the Newtonian paradigm—in this case, the Newtonian potential has a
logarithmic dependence on r exactly what is needed to provide the flat rotation curves;
(ii) the Mond Scenario [3,4] in which the relation between the acceleration and Newtonian
gravitational potential is given by

~∇ΦN = −µ(a/a0)~a (1)

where µ(x) is a function such that µ(x)→ 1 as x >> 1 to recover the Newtonian limit and
µ(x)→ x as x << 1 to reproduce the flat rotation curves of galaxies. One of the immediate
consequences of this approach is the automatic reproduction of the Tully-Fisher Law that
states the galaxy luminosity of the galaxy scales as L ∼ v4 , where v is the orbital velocity
away from the mass distribution, provided that Luminosity tracks the Mass. The defenders
of Mond claim that in order for the dark matter paradigm to conform to the Tully-Fisher
law, a very precise (and quite unreasonable) fine-tuning between the halo distribution and
the observed mass distribution in the galactic disk is required [5].

The MOND paradigm evolved into a relativistic equation TeVeS [6], involving the
metric, a scalar and a vector field phrased in terms of a Lagrangian principle. The theory
is very successful in reproducing the rotation curves in spiral Galaxies but is at odds
with observed background radiation anisotropies [7]. Furthermore, TeVeS is in blatant
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disagreement with weak lensing observations. The latter is made particularly transparent
by the Bullet Cluster lensing observations [8,9].

While the dark matter paradigm cannot explain the existence of the transition accel-
eration scale a0, in TeVeS, it enters as a God-Given parameter in the Lagrangian. Neither
one of these possibilities is theoretically acceptable. Intriguingly, a0 comes very close
to cH0 ≈ h10−9 m/s2 and raises the question of whether the change on the dynamical
behavior has a cosmological origin. This avenue was exploited to some degree in the
past [10,11].

According to Birkhoff’s theorem, in Einstein’s theory, the gravitational field of a
spherical symmetric mass, so the cosmological expansion cannot play any role in the local
dynamics. A gauge vector field is likewise of no avail; by Gauss’ theorem, it also depends
upon the internal configuration. Thus, if the Cosmological expansion is to “leak” into the
Galactic dynamics, scalar, spinors or non-gauge vector fields must be called for.

In this paper, we deal with a Brans–Dicke theory and carefully write down the field
equations for linearized perturbations on the top of the cosmological background. Cassini
data limit ω > 4× 104 , which is not very generous for the Brans–Dicke theory but could
well be enough to explain the dynamical changes at galactic scales or larger.

In the next section, we shall write down the field equations for the background metric
and the perturbations that arise from the cosmological expansion as a series in powers
of the Hubble constant. We decompose these perturbations as scalar, vector and tensor
fields, as it is usually done for linear gravitational perturbations. These equations represent
corrections of the dynamical equations and contain correction terms in powers of H0. The
field equations are then solved perturbatively in powers of H0. The gravitational potential
turns out to contain only even powers of H0, and we expand it up to H4

0 . It turns out that all
corrections are way too small to play any role in the local dynamics. Then, in the following
section, we study a massless spinor field and show that, in this case, there are also no
linear corrections in H0. In the concluding remarks, we discuss that there is no a priori
reason for the absence of odd powers in the Hubble constant and explore the prospects of
a linear term in H0 and in the expansion. We discuss that such terms do not resolve the
conundrum. Then, we consider the possibility of an expansion of the Newtonian potential
in half integer powers of the Hubble constant. Such an expansion predicts flat rotation
curves and Tully-Fisher’s Law.

2. Brans–Dicke Theory

Brans–Dicke theory is defined by the equations of motion

�φ =
8π

3 + 2ω
TM (2)

and

Gab = 8π

(
TM

ab
φ

+ Tφ
ab

)
, (3)

where

Tφ
ab =

ω

8πφ2 (∇aφ∇bφ− 1
2

gab∇cφ∇cφ) (4)

+
1

8πφ
(∇a∇bφ− gab�φ) , (5)

and the matter and vacuum energy distributions are represented by

TM
ab = (p + ρ)VaVb + pgab , (6)
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where pM = 0 and pΛ = −ρΛ for the present state of the Universe. Consequently,
TM = −(ρM + 4ρΛ). For future reference, we recall that

�φ = −φ̈− 3
ȧ
a

φ̇ . (7)

We wish to construct the field perturbations on the top of a cosmological background
for the Brans–Dicke theory; they represent the local matter distribution. First things first, we
start by solving the equations for the background fields. In the absence of any dimensional
parameter, we assume that for a short time interval (the observation time),

ȧ
a
= H → φ̇

φ
= ηH (8)

for some dimensionless η ∼ O(1). Then, with this parametrization

Tφ
00 =

ηH2

16π
(ωη − 6) (9)

and

Tφ
αβ =

ηH2

8π

(
ωη

2
+

Ḣ
H2 + 2 + η

)
a2δαβ . (10)

We identify the energy density and the pressure exerted by the field as

ρφ =
ηH2φ

16π
(ωη − 6) (11)

pφ =
ηH2φ

8π

(
ωη

2
+

Ḣ
H2 + 2 + η

)
. (12)

Defining, as usual, ρc = 3H2φ/8π and ΩX = ρX/ρc from Friedman’s equations

ΩM + ΩΛ +
ωη2

6
− η = 0 (13)

and
Ḣ
H2 =

3(ΩΛ − 1)−ωη2/2
2 + η

− η . (14)

The field equation for the Brans–Dicke field yields

Ḣ
H2 = 3

ΩM + 4ΩΛ

(2ω + 3)η
− 3− η . (15)

Aiming to solve the perturbed equations, we display Einstein’s equations in a more
convenient form

Rab = 8π

(
SM

ab
φ

+ Sφ
ab

)
, (16)

where
SM

ab = (p + ρ)VaVb +
ρ− p

2
gab (17)

and
Sφ

ab =
ω

8πφ2 (∇aφ∇bφ) +
1

8πφ
(∇a∇bφ +

1
2

gab�φ) . (18)

There are two relevant coordinate systems: the r-frame (ra coordinates), which locally
attached to the local mass distribution, and the x-frame (xa coordinates), which is the
cosmological co-moving frame, with rα = a(t)xα. The r-frame is the physically meaningful
frame for local dynamics, but the x-frame turns out to be much more convenient for
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performing calculations. Accordingly, we construct static local disturbances in the r-frame
(we are not interested in galactic evolution), make a coordinate transformation to the
x-frame and perform calculations, obtaining the perturbed fields. Then, we transform them
back to the r-frame. Let hab(~r) represent the static metric perturbations in the r-frame, then
the line element is

ds2 =
(

g(0)ab + hab(~r)
)

dradrb , (19)

where dr0 = dt , g(0)ab is the cosmological smooth background. Under a ’r’ to ’x’ coordinate
transformation, the line element perturbation looks

hab(~r)dradrb =
[

h00 + 2Hh0αrα + H2hαβrαrβ
]
dt2 + 2a

[
h0α + Hhαβrβ

]
dxαdt + a2hαβdxαdxβ , (20)

where H = ȧ/a, and we recall that hab(~r) = hab(a~x).
Inspecting this form, we express the perturbed metric in the x-frame h̃ab in the form:

h̃00 = ψ(a~x) ;

h̃0α = aWα(a~x);

h̃αβ = a2 fαβ(a~x) , (21)

where ψ, Wα and fαβ are to be regarded as scalar, vector and tensor fields of a flat three-
dimensional space. It is reasonable to assume that the global space curvature is unimportant
on a local scale; thus, locally, we take g(0)αβ = a2δαβ. Similarly, the perturbation of the scalar
field is static in the physical frame, φ + δφ = φ[1 + ξ(axα)].

We represent the local mass distribution as a disturbance of the global smooth distri-
bution. In this case, δp stands for the pressure and δρ the mass density of the local matter
distribution. Locally, δp = 0 and δρ = ρG , which is the local Galactic mass distribution.
There is still one missing field ua, the difference between the velocity of locally static
observer in the r-frame with respect to a cosmological co-moving observer. For a static
observer in the local frame , xα = a−1rα with constant rα. Thus, the corresponding velocity
in the x-frame is:

Va
G =

(1;−H~x)√
1− H2a2x2

≈ (1,−H~x) . (22)

Recalling that Vb is the velocity of the cosmological co-moving observer. Clearly,

ua = gab

(
Vb

G −Vb
)
+ h̃abVb (23)

or
ua = (0,−aH~r) + h̃a0 = (ψ, a(−Hrα + Wα)) . (24)

Preparing the ground for calculating the perturbations of the field equations, we
first evaluate

δ(∇a∇bφ) = ξ∇a∇bφ + φ∇a∇bξ +∇aξ∇bφ +∇bξ∇aφ− γc
abφc , (25)

where
γc

ab = δΓc
ab =

1
2
(
∇b h̃c

a +∇a h̃c
b −∇

c h̃ab
)

, (26)

and, consequently,

δ(�φ) = ξ�φ + φ�ξ + 2∇cξ∇cφ− h̃cd∇c∇dφ− γcφc (27)

with γc = gabγc
ab. We adopt the Lorentz gauge condition,

∇c h̃c
a −

1
2
∇a h̃ = 0 , (28)
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in which case
γc = gabγc

ab = 0 , (29)

and simply drop the last term in Equation (27). We can express this gauge condition in
terms of the effective 3D-fields:

1
a

Wα,α =
1
2
( ḟ + ψ̇) + H( f + 3ψ)

1
a

fαβ,β = Ẇα + 4HWα +
1
2a

( f − ψ),α . (30)

The field equations governing the local scalar field is

ξ�φ + φ�ξ + 2∇aξ∇aφ− h̃ab∇a∇bφ =
8π

2ω + 3
δT . (31)

However,

h̃cd∇c∇dφ = h̃00φ̈− h̃αβΓ0
αβφ̇ = −ψ�φ− 3Hφ̇ψ− Hφ̇ f , (32)

where f ≡ ∑α fαα. Then,

( f + ψ)�φ + φ�ξ − 2φ̇ξ̇ + H( f + 3ψ)φ̇ =
8π

2ω + 3
δT . (33)

Clearly , δT = δ(3p − ρ) = −ρG is the local energy already discussed. From
Equation (2),

( f + ψ)
8π

(2ω + 3)φ
(−ρ + 3p) +�ξ − 2

φ̇

φ
ξ̇

+ H( f + 3ψ)
φ̇

φ
= − 8π

(2ω + 3)φ
ρG . (34)

We translate back our equations in terms of r-frame variables. In contrast to the
co-moving derivative ξ,α = ∂ξ/∂xα, we define the local derivative ∂αξ = ∂ξ/∂rα. Then,

[ξ(axα)],α = a∂α[ξ(rα)] (35)

and as the rule of the thumb we automatically replace everywhere ∂/∂xα → a∂/∂rα.
Furthermore

∂ξ(a~x)
∂t

= H~r ·~∂ξ (36)

Then
�ξ(a~x) = (δαβ − H2rαrβ)∂α∂βξ − 4H2~r · ~∇ξ . (37)

With the replacement

φ̇/φ→ ηH ; φ−1 → G and 8πρc/φ→ 3H2 , (38)

the scalar field equation (Equation (34)) looks like the following in its final form

H2
[

3
(2ω + 3)

(ΩM + 4ΩΛ)(ξ + ψ)− ( f + 3ψ)η + 2(η + 2)~r ·~∂ξ

]
− (δαβ − H2rαrβ)∂α∂βξ =

8πG
2ω + 3

ρG . (39)

The field equations for the gravitational field are given by the linear perturbations of
Einstein’s equations:

δRab = 8πδSab , (40)
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where

δSab ≡
δSM

ab − ξSM
ab

φ
+ δSφ

ab . (41)

Let us start with the lhs. We borrow from MTW [12]:

δRab =
1
2
(
−∇a∇b h̃−∇c∇c h̃ab +∇c∇a h̃bc +∇c∇b h̃ac

)
, (42)

and rewrite the divergence of the gauge condition (Equation (28)) in the form:

∇c∇b h̃c
a =

1
2
∇b∇a h̃ + [ ∇c∇b −∇b∇c]h̃c

a . (43)

With the rule for the commutation of derivates for (1, 1) tensors

[ ∇c∇b −∇b∇c]h̃c
a = Rdb h̃d

a + Radcb h̃cd , (44)

it follows that

∇c∇b h̃c
a +∇c∇a h̃c

b = ∇b∇a h̃ + Rdb h̃da + Rda h̃db + 2Ra
dcb h̃cd , (45)

and then
δRab =

1
2

(
Rdb h̃d

a + Rda h̃d
b + 2Radcb h̃cd −∇c∇c h̃ab

)
. (46)

This expression is quite general. For a homogenous and isotropic background, the
Weyl tensor vanishes, and the Riemann tensor is entirely described by the Ricci curvature:

Radcb =
1
2
(gacRdb − gabRcd − gdcRba + gbdRca) (47)

+
1
6

R(gabgcd − gacgdb). (48)

In that case

δRab = Rcb h̃c
a + Rca h̃c

b −
1
2

(
gabRcd h̃cd + h̃Rab

)
(49)

− 1
6
(h̃ab − gab h̃)R− 1

2
∇c∇c h̃ab . (50)

Our next step is to express δRab in terms of the fields fαβ, Wα and ψ according to their
definitions (Equation (21)). Furthermore, we use the field equations of the unperturbed
fields (Equations (16)–(18)), obtaining

δR00 = −
[

8π
3ωp + (ω + 3)ρ

(2ω + 3)φ
+ ω

φ̇2

φ2 − 3H
φ̇

φ

]
ψ−

[
8π

(1 + ω/3)ρ + ωp
(2ω + 3)φ

+
ω

3
φ̇2

φ2 − H
φ̇

φ

]
f − 1

2
∇c∇c h̃00 (51)

δR0α = −a
[

8π
(2 + ω/3)ρ + 3ωp

(2ω + 3)φ
+

5ω

6
φ̇2

φ2 − 2H
φ̇

φ

]
Wα −

1
2
∇c∇c h̃0α (52)

δRαβ = a2

[
8π

( 5ω
3 + 2)ρ−ωp
(2ω + 3)φ

− 2H
φ̇

φ
+

ω

6
φ̇2

φ2

]
fαβ − a2δαβ

[
8π

(2ω + 3)φ
[(ω/3 + 1)ρ + ωp)]− H

φ̇

φ
+

ω

3
φ̇2

φ2

]
ψ

− a2δαβ

[
8π

3φ
ρ− H

φ̇

φ
+

ω

6
φ̇2

φ2

]
f − 1

2
∇c∇c h̃αβ . (53)

Furthermore,

∇c∇c h̃00 = a−2∇2ψ− ψ̈− 3Hψ̇ + 6H2ψ− 4Ha−1Wα,α + 2H2 f (54)

∇c∇c h̃α0 = a
[

a−2∇2Wα − Ẅα − 3HẆα + 6H2Wα − 2Ha−1ψ,α − 2Ha−1 fαβ,β

]
(55)

∇c∇c h̃αβ = a2
[

a−2∇2 fαβ − ¨fαβ − 3H ḟαβ + 2H2 fαβ − 2Ha−1(Wα,β + Wβ,α) + 2H2ψδαβ

]
. (56)
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The linear variation of Equations (17) and (18) provide the source terms of the gravita-
tional field equations:

δSM
ab = ρM(Vaub + Vbua) +

2ρΛ + ρM
2

h̃ab + ρG(VaVb +
1
2

gab) , (57)

together with

δSφ
ab =

ω + 1
8πφ

(∇aξ∇bφ +∇bξ∇aφ) +
1

8π
∇a∇bξ − 1

2φ(2ω + 3)
(

gabρG + (h̃ab − gabξ)(4ρΛ + ρM)
)
− 1

8π
γ0

ab
φ̇

φ
. (58)

Working out the components

8πδS00 =
φ̇

2φ
ψ̇ + ξ̈ + 2(ω + 1)

φ̇

φ
ξ̇ +

8π

φ

[
ω + 2

2ω + 3
ρG +

(2ω + 1)ρΛ − (3ω + 5)ρM
2ω + 3

ψ +
(2ω + 1)ρΛ − (ω + 2)ρM

2ω + 3
ξ

]
(59)

8πδSα0 = a
[

8π

φ

(2ω + 1)ρΛ − (ω + 2)ρM
2ω + 3

− H
φ̇

φ

]
Wα + a

8π

φ
ρM Hrα +

[
(ω + 1)

φ̇

φ
− H

]
ξ,α + ξ̇,α +

φ̇

2φ
ψ,α (60)

8πδSαβ = a2
[

8π

φ

(2ω + 1)ρΛ + (ω + 1)ρM
2ω + 3

− H
φ̇

φ

]
fαβ + a

φ̇

2φ

(
Wα,β + Wβ,α

)
(61)

− a2 φ̇

2φ
ḟαβ + a2

[
8π

φ

ω + 1
2ω + 3

ρG −
8π

φ

(ω + 1)ρM + (2ω + 1)ρΛ
2ω + 3

ξ − Hξ̇ − H
φ̇

φ
ψ

]
δαβ + ξ,αβ . (62)

We shall put all the pieces together, Equations (51)–(53) with Equations (54)–(56) and (59).
We use the gauge conditions (Equation (30)) and the replacements (36), (38). The ’scalar equation’
that arises from the 00 component is

H2(Aψ + B f + Cξ) + H2(3− 1
2

η)~r ·~∂ψ + H2~r ·~∂ f − H2(2(ω + 1)η + 1)~r ·~∂ξ − H2rαrβ∂α∂βξ (63)

− 1
2
(δαβ − H2rαrβ)∂α∂βψ =

ω + 2
2ω + 3

8πGρG , (64)

while the vector equation that arises from the 0α component is

H2DWα −
1
2

(
δβγ − H2rβrγ

)
∂β∂γWα + 3H2~r ·~∂Wα +

1
2

H∂α f +
1− η

2
H∂αψ− H(ω + 1)η∂αξ − H~r ·~∂∂αξ = 3ΩM H3rα . (65)

Last, the tensor equation from the αβ component can be simplified with the aid of
Friedman’s equation (Equation (13)):

− H2 fαβ + H2
(

Pψ + Qξ +~r ·~∂ξ
)

δαβ + H
(

2− η

2

)(
∂αWβ + ∂βWα

)
+
( η

2
+ 2
)

H2~r ·~∂ fαβ − ∂α∂βξ − 1
2
(
δµν − H2rµrν

)
∂µ∂ν fαβ =

ω + 1
2ω + 3

8πGρGδαβ , (66)

where we define the numerical coefficients coefficients:

A = 6
(ω + 1)ΩM − 2ΩΛ

2ω + 3
−ωη2 + 3(η + 1); (67)

B = − (ω + 3)ΩM + (3− 2ω)ΩΛ

2ω + 3
− ωη2

3
+ η + 1; (68)

C = 3
(ω + 2)ΩM − (2ω + 1)ΩΛ

2ω + 3
; (69)

D =
2ωΩM + (2ω− 9)ΩΛ

2ω + 3
− 5

ωη2

6
+ 3η − 1; (70)

P =
(ω + 3)ΩM − (2ω− 3)ΩΛ

2ω + 3
− 2η +

ω

3
η2 + 1; (71)

Q = 3
(ω + 1)ΩM + (2ω + 1)ΩΛ

2ω + 3
/ (72)
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3. Solving the Equations by Perturbation

At this stage, a remark of caution is in order. Albeit the perturbation fields ψ, Wα

and fαβ stand for h̃αβ and are functions of the local coordinate ~r, they are still metric
perturbations in the x-frame (see Equations (20) and (21)):

ds2 = g̃(0)ab dxadxb + ψdt2 + 2aWαdxαdt + a2 fαβdxαdxβ . (73)

Transforming back to the r-frame:

ds2 = g(0)ab dradrb − (ψ + 2HWαrα − H2 fαβrαrβ)dt2 + 2(Wα − H fαβrα)drαdt + fαβdrαdrβ . (74)

Clearly,

h00 = −ψ− 2HWαrα + H2 fαβrαrβ

h0α = Wα − H fαβrβ

hαβ = fαβ . (75)

We shall consider spherically symmetric configurations alone. In this case,

Wα = W(r)r̂α ; fαβ = A(r)δαβ + B(r)r̂α r̂β , (76)

where A, B and W are ’scalar fields’. Then,

∂2Wα =

(
∂2W − 2

W
r2

)
r̂α (77)

∂2 fαβ =

(
∂2 A +

2B
r2

)
δαβ +

(
∂2B− 6B

r2

)
r̂α r̂β , (78)

and also

∂αWα = W ′ +
2W

r

∂β fαβ =

(
A′ + B′ +

2B
r

)
r̂α . (79)

Next, we introduce these expressions into the their corresponding Equations (64)–(66)
and solve them pertubatively in powers of H. The zeroth order satisfying the gauge
conditions is

ξ(0) =
1

2ω + 3
2MG

r
(80)

ψ(0) =
ω + 2

2ω + 3
4GM

r
(81)

f (0)αβ =
2GM

r
δαβ +

ω + 1
2ω + 3

2MG
r

r̂α r̂β (82)

W(0)
α = 0 . (83)

The easiest way of getting W is by substituting the previous results into the gauge
condition in Equation (30). From now on, we drop numerical coefficients, then

∂αW(1)
α ∼ MG

r
(84)

and by virtue of Equation (79), it follows that W ∼ MG and no r-dependence, and then

W(1)
α ∼ MGr̂α . (85)
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To the second order, we have

∂2ψ(2) = 2
(

Aψ(0) + B f (0) + Cξ(0)
)
+ 2(3− 1

2
η)~r ·~∂ψ(0) + 2~r ·~∂ f (0) − 2(2(ω + 1)η + 1)~r ·~∂ξ(0) + rαrβ∂α∂β(ψ

(0) − 2ξ(0)) .

∂2 f (2)αβ = 2 f (0)αβ + 2
(

Pψ(0) + Qξ(0) +~r ·~∂ξ(0)
)

δαβ + (2− η)
(

∂αW(1)
β + ∂βW(1)

α

)
+ (η + 4)~r ·~∂ f (0)αβ − 2∂α∂βξ(0) + rµrν∂µ∂ν f (0)αβ (86)

and

∂2ξ(2) =
3

(2ω + 3)
(ΩM + 4ΩΛ)(ξ

(0) + ψ(0))− η( f (0) + 3ψ(0)) + 2(η + 2)~r ·~∂ξ(0) + rαrβ∂α∂βξ(0) , (87)

whose solution is

ψ(2) ∼ MGr;

ξ(2) ∼ MGr

f (2)αβ ∼ MGr(δαβ + r̂α r̂β) , (88)

at higher orders

∂2W(3) = 2W(1)
α + rβrγ∂α∂βW(1) + 6~r ·~∂W(1)

α + ∂α f (2) + (1− η)∂αψ(2)

− 2(ω + 1)η∂αξ(2) − 2~r ·~∂∂αξ(2) − 6ΩMrα . (89)

Accordingly,
W(3)

α ∼ (MGr2 − r3)r̂α . (90)

The fourth order equations for ψ(4) and ξ(4) are identical to Equations (86) and (87).
Therefore,

ψ(4) ∼ MGr3 ; ξ(4) ∼ MGr3 . (91)

Thus, by virtue of Equation (75),

g00 ∼ −1 + H2r2 +
ω + 2

2ω + 3
4GM

r
+ H2MGr

− H4r4 + H4MGr3 + . . . (92)

The term H2r2 arrives from the coordinate transformation from the x frame to the
r-frame (see Equation (75)). A comparison with the Newtonian potential term GM/r
reveals that it becomes relevant as r3 ∼ MGH−2 or r ∼ 400 kpc for a typical galaxy. On the
same grounds, the correction H2MGr becomes relevant only at the Hubble distance r ∼ H.
Notice that there are no linear terms on H that could bring about relevant corrections to
the local dynamics.

4. Spinor Field

In the Brans–Dicke theory, the lowest order in H corrections of the field equations are
quadratic in the Hubble constant. We wonder if a spinor field, whose energy momentum
tensor contains first derivatives of the spinor field, could remedy the problem and yield
larger contributions. Since we agreed not to settle the scale of a0 through external given
parameters, we concentrate on a massless particle. All non-zero momentum modes can be
swept into the energy momentum tensor of the matter distribution, and the discussion is
similar to that of the previous section. Nevertheless, the zero mode has no particle content
and must be dealt with separately. We consider this mode as being a cosmological substrate
that is deformed in the presence of a mass distribution and calculate its contribution to the
energy-momentum tensor.

In a curved space-time, the Dirac equation reads[
iγaem

(a)

(
∂

∂xm +
1
4

Cmbcγbγc
)
−m

]
Ψ = 0 , (93)
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where e(a)
m a = 1, . . . , 4 are the four tetrads (the index in bracket is a Lorentz index, and the

other one is the space-time component),

gmn = e(a)
m e(b)n ηab; (94)

Bracketed indexes of the tetrads are raised/lowered with ηab, and unbracketed indexes
with the space-time metric gmn and γa are the Dirac matrices:{

γa, γb
}
= 2ηab (95)

and the spin connection is defined as

Cm(a)(b) = e n
(a) e(c)n;m . (96)

Furthermore, one defines the derivative operator

Dm =
∂

∂xm +
1
4

Cmbcγbγc. (97)

The energy momentum tensor is

Tmn =

(
i
4

e(a)mΨ̄γaDnΨ + c.c.
)
+ m↔ n , (98)

where the swapping m↔ n of indexes is carried out for symmetrisation. The tetrads of the
Robertson–Walker metric are diagonal:

e(0)0 = 1 ; e(α)β = aδα
β , (99)

where Greek indexes run over the spatial components, and a = a(t) is the cosmological
radius scale. In this case, the only non-vanishing components of spin-connection are

Cα0β = −ȧδαβ , (100)

after some algebra, the Dirac Equation reads[
i
(

∂

∂t
− a−1γ0~γ · ~∇+

3ȧ
2a

)
− γ0m

]
Ψ = 0 , (101)

where ~∇α = ∂/∂xα.
The generic solution is of the form Ψ = Φ(t)e−i~k·~x. For a massless and zero momen-

tum configuration, Ψ(t) = Ψ0a−3/2 with Ψ0 a constant spinor. The energy-momentum
components are

T00 = i
3H
4

Ψ†Ψ + c.c = 0 (102)

Tαβ = −i
ȧ
4

Ψ†Ψδαβ + c.c = 0 , (103)

since Ψ†Ψ is real. Thus, the zero mode (substrate) does not modify the cosmological dy-
namics.

Consider now the perturbations generated by the local gravitational field. The de-
parture of the spinor from the cosmological background is here defined as Ψ + δΨ =

a−3/2(Ψ0 + Θ) and the tetrad variation δe(a)
m = ε

(a)
m such that

h̃mn = ε
(a)
m e(a)n + ε

(a)
n e(a)n . (104)



Symmetry 2021, 13, 1417 11 of 13

Last, we define σmab = δCmab. One shows that

σmab =
1
2

ε(c)n
(

e(a)nCmab − e(b)nCmac

)
+

1
2

(
en
(a)ε(b)n;m − en

(b)ε(a)n;m

)
+

1
2

el
(b)e

p
(a)

(
h̃mp;l − h̃ml:p

)
. (105)

Then, the perturbed Dirac equation reads[(
∂

∂t
− a−1γ0~γ · ~∇+

3ȧ
2a

)
+ iγ0m

]
a−3/2Θ = −γ0

[
γaεm

(a)∂m +
1
4

(
εm
(a)∂mCmbc − em

(a)σmbc

)
γbγc

]
Ψ . (106)

To proceed further, we specify the perturbation of the tetrad:

2ε(0)0 = ψ

ε(0)α + ε(α)0 = Wα

ε(β)α + ε(α)β = a fαβ . (107)

Since the tetrad ε(0)a is time-like, through a Lorentz transformation, we can eliminate
all the spatial components ε(0)α. Thus, in this particular Lorentz frame, ε(0)α = 0 and

ε(0)0 =
1
2

ψ ; ε(α)0 = Wα ; ε(α)β =
a
2

fαβ . (108)

Inserting these tetrads into Equation (105), yields

σ00α =
1
2a

ψ,α − HWα

σ0αβ =
1
2a
(
Wα,β −Wβ,α

)
σα0β =

a
2

(
a−1(Wα,β + Wβ,α

)
− H fαβ − ḟαβ − Hψδαβ

)
σαβγ =

a
2

(
a−1( fαβ,γ − fαγ,β

)
+ H

(
δαβWγ − δαγWβ

))
. (109)

Inserting Equations (108) and (109) into (106) while recalling the substitution
a−1∂/∂xα = ∂/∂rα leads, after some algebra, to[

∂

∂t
− γ0~γ ·~∂

]
Θ =

[(
1
4

ḟ − 1
2

∂αWα

)
+

(
H
2

Wα +
1
4

∂β fαβ

)
γ0γα − i

4
∂βWασαβ

]
Ψ0 , (110)

where σαβ = i[γα, γβ]/2 and m = 0.
The time-dependent solution Θ = θ(~r)e−iEt is not consistent with the rhs unless E = 0.

This is in agreement with the fact that we regard Θ as a distortion of the minimum energy
configuration Ψ (the substrate) due to the local gravitational field. Recalling that ∂/∂t is a
derivative with ~x-constant of a function that depends on~r, we can replace ∂/∂t→ H~r ·~∂[

H~r ·~∂− γ0~γ ·~∂
]
Θ =

[(
H
4
~r ·~∂ f − 1

2
∂αWα

)
+

(
H
2

Wα +
1
4

∂β fαβ

)
γ0γα − i

4
∂βWασαβ

]
Ψ0 . (111)

In the spirit of the previous discussions, we solve the equation perturbatively:

Θ = Θ(0) + HΘ(1) + H2Θ(1) + · · · . (112)

As in the previous section, Wα starts at the order ∼ O(H) (it is related to T0α equation,
and it vanishes for a static configuration). Then to the lowest order in H

~γ ·~∂Θ(0) = −1
4

γβ∂α f (0)αβ Ψ0 . (113)

Applying ~γ ·~∂ on both sides

∂2Θ(0) = −1
4

γµ∂µγβ∂α f (0)αβ Ψ0 (114)
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whose solution is
Θ(0) = −γαγβFαβΨ0 , (115)

where

Fαβ =
1

16π

∫ ∂′α∂′µ f (0)
′
µβ

|~r−~r′| d3r′ (116)

and primed functions means they are expressed in terms of~r′′. Expanding the spinor
Equation (111) to the first order in H reads

~γ ·~∂Θ(1) =

[
~r ·~∂γαγβFαβ +

1
4
~r ·~∂ f (0) − 1

2
∂αW(1)

α +
1
4

∂β f (1)αβ γα − i
4

∂βW(1)
α σαβ

]
γ0Ψ0 . (117)

The energy momentum tensor corresponding to disturbance of the cosmological
substrate is

δTmn =

{[
i
4

ε(a)m

(
Ψ̄γa∂nΨ +

1
4

CnabΨ̄γaγbγcΨ
)
+

i
16

e(a)mσnbcΨ̄γaγbγcΨ

+ a−3/2 i
4

e(a)m(Θ̄γaDnΨ + Ψ̄γaDnΘ)

]
+ c.c

}
+ m↔ n . (118)

We are mainly interested in the δT00 component. Recalling that C0ab = 0 , Ψ(t) =
(a0/a)3/2Ψ0, we get

δT00 =
( a0

a

)3/2
[
−i

3H
4

ε(a)0Ψ̄0γaΨ0 −
i
8

σ0βγΨ̄0γ0γβγγΨ0 +
i
4

σ00αΨ̄0γαΨ0 +
i
2

(
−3H

2
Θ†Ψ0 + Ψ0

†∂0Θ
)]

+ c.c . (119)

Now, Ψ̄γaΨ is real and the current Ψ̄0γαΨ0 = 0 since there is no preferred cosmo-
logical direction. Furthermore, for a spherical symmetrical configuration, σ0αβ = 0 (see
Equation (109)), thus

δT00 = i
H
2

( a0

a

)3/2
(
−3

2
Θ†Ψ0 +~r · ~∇Ψ0

†Θ
)
+ c.c . (120)

To the first order in H, we need only Θ0 (Equation (115)),

δT00 ∼ iHFαβΨ†
0γαγβΨ0 + cc . (121)

Clearly, in a spherical symmetrical configuration, Fαβ is symmetric, thus

δT00 ∼ iHFΨ†
0Ψ0 + c.c = 0 , (122)

where F = ∑α Fαα. Accordingly, a spinor cannot induce a first order in H correction to the
Newtonian potential.

Unforseeably, none of the field theories studied in this paper can produce odd correc-
tions in H to the local gravitational fields and, therefore, cannot bring about substantial
corrections to the local dynamics.

5. Concluding Remarks

In the lack of a general principle forbidding odd powers in H, it is conceivable that
some field theory could bring about odd powers in the H-expansion. Should such a theory
exist, the lowest order corrections are linear in H and on dimensional grounds

ψ ∼ −MG
r

+ Hr + HMG ln(r) + . . . (123)

Accordingly, the velocity profile away from the mass distribution would be

v2 ∼ MG
r

+ Hr + MGH + · · · (124)
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The last term yields flat rotation curves, but compared to the Newtonian term, it
only becomes relevant at scales r0 ∼ H−1; thus, it is meaningless. The second term
gives a linearly growing velocity curve at a very much small slope such that could be
mistakenly taken for a flat rotation curve at 5kpc, but for larger scales, the velocity curve
would behave as

√
r, which is not observed. Therefore, a theory that yields linear terms of

the cosmological constant does not solve the flat rotation curves conundrum. However, a
theory that contains half integer powers of H0 should contain a term of the form

√
MGHlnr

in the Newtonian potential. Clearly, such a term yields flat rotation curves with v4 ∼ HMG,
which is precisely Tully-Fisher’s law. It remains to be shown whether such a theory can be
constructed. For the time being, the only satisfying theoretical paradigm for explaining flat
rotation remains dark matter.
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