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Abstract: We present a new look at the classification of real low-dimensional Lie algebras based on
the notion of a linear bundle of Lie algebras. Belonging to a suitable family of Lie bundles entails
the compatibility of the Lie—Poisson structures with the dual spaces of those algebras. This gives
compatibility of bi-Hamiltonian structure on the space of upper triangular matrices and with a
bundle at the algebra level. We will show that all three-dimensional Lie algebras belong to two of
these families and four-dimensional Lie algebras can be divided in three of these families.
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The Lie bundle (A(n),S(n)) also suggests another linear bundle of Lie algebras
(S8(n), A(n)) with family of brackets given by

S, T]x = SXT — TXS, 3)

where T,S € S(n), X € A(n). This structure, for example, was considered in [8].

Brackets of this type were already described by Cantor and Persits in [9]. A detailed
analysis of the situation for M, x»(R) was done by Dali in [10]. In addition, Kiranagi with
collaborators studied Lie algebra bundles in a general situation, see, e.g., [11].

If we have a Lie algebra (g, |-, -]), then we can think about its generalization in two
different ways. On one hand, we can deform the Lie bracket [, -], see, for example [12],
without changing the set g. On the other hand, we can leave the Lie bracket in the
unchanged form and only deform the set by introducing some parameters, which will give
us new algebra if we let some of those parameters tend to zero, see [13,14]. In our article,
we will consider both of these approaches—contractions and deformations of Lie algebras.

Our base Lie algebra is so(1). We already know that the modification of the Lie bracket
by a symmetric matrix (2) gives us again a Lie algebra. We can expand the set of skew-
symmetric matrices by introducing n — 1 real parameters ay,...,a,_1, see [15,16]. This
construction gives us a large family of algebras, which are called quasisimple Cayley—Klein
algebras of the orthogonal type. Analysis of this kind of algebras applied to bi-Hamiltonian
structures, which they generate, was given in [6,17]. Articles [18,19] show us those algebras
in consideration with Minkowski spacetime.

Moreover, we will also modify the set of symmetric matrices, for instance, by introduc-
ing parameters a3, .. .,a,_1. After that modification, with some given parameters, we will
still have a Lie bundle. We will analyze when (for different parameter systems) those Lie
bundles will be compatible, in the sense that their linear combination will give us a different
Lie bundle, which corresponds to the compatible Poisson structure on the dual space (the
same for all of these algebras). Next, we will show that the notion of bi-Hamiltonian
structure, which is very useful for studying integrable systems, see [20], can also be used
in the classification of Lie algebras. The standard classification of Lie algebras is based
on the Levi-Malcev theorem, which says that any finite-dimensional Lie algebra can be
represented as the semi-direct sum of the radical T and a semisimple subalgebra q, i.e.,
g = a X 7. Then, one needs a classification of all semisimple algebras, all solvable algebras
and all possible linear actions of the semisimple algebras a on the radical . The problem
of classifying real Lie algebras is completely solved for Lie algebras up to dimension six.
Bianki [21] first classified the tree-dimensional real Lie algebras. All the possible real Lie
algebras of a dimension up to and including four were listed by Mubarakzyanov [22]. For
more detail, see [23-27] and the references therein. In our considerations, we will look
at this problem from another point of view and attempt the classification according to
membership of suitable Lie bundles.

The paper is organized as follows. In the beginning, we will recall basic facts about
Poisson brackets (in particular, linear structure) and bi-Hamiltonian structure. Next,
we discuss generalizations of the Lie bundle (A(n),S(n)) by the introduction of real
parameters ay,...,a,_1 and partially replacing the vector space indexing Lie brackets
(symmetric matrices or quasisimple symmetric matrices) by any matrices. Section 3 is
devoted to analysis of families of brackets associated with real three-dimensional Lie
algebras. In the next section, we consider Lie bundles generating real four-dimensional Lie
algebras.

2. Bi-Hamiltonian Structure and Lie Bundles Parametrized by a Finite Sequence
of Parameters

The main aim of this section is to recall basic facts about Lie algebras, Poisson mani-
folds and the relation between those two.
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Let us consider a finite-dimensional manifold M. A Poisson bracket is a bilinear and
skew-symmetric operation that satisfies the following conditions:

{f.epmp+ gt fr+{{hfhet =0, {fght =g{f,ht+{f.gth, 4

forall f,g,h € C®(M). The first of these conditions is usually called the Jacobi identity,
and the second is the Leibniz rule. A manifold M with this bracket is called a Poisson
manifold (M, {-,-}).
If x = (x1,...,xp) is a system of local coordinates on M, then the Poisson bracket can
be presented in the form
& Jf 9
(800 = L myt03L 3K, ©

ij=1

where r € T ( N2 TM) is called a Poisson tensor. The components of this tensor are given by

the formula 77;(x) = —7j;(x) = {x;, x;}, and it satisfies the following system of equations,
equivalent to the Jacobi identity,

L (97 7T ITTji
S; (axsﬂsk + oxe TTsj + o ”sz) =0, (6)

which is equivalent to the vanishing of the Schouten—Nijenhuis bracket.
If 7t depends on x in a linear way, we say we have a linear Poisson structure on M.
In this paper, an important example of Poisson structure will be the so-called Lie—
Poisson bracket. Let g be a real n-dimensional Lie algebra. It is a well-known fact that
on the dual space g*, there exists a canonical Poisson structure. This bracket is called
Lie-Poisson, and it is given by the following formula

{f,8(x) = (x [df(x),dg(x)]), @)

where df(x),dg(x) € (g*)" = g. Let {e1,...,en} be a basis of g. Using the structure
constants ci-‘j of this Lie algebra [e;, ¢j] = ¥ _; ci-‘]-ek, one can express the Poisson tensor as a

linear function {x;, x;} = Y, ci-{]»xk. This gives a one-to-one correspondence between the
linear Poisson structures and Lie algebras.

We say that two Poisson tensors 711 and 71, are compatible if any linear combination
m=am +pm, «Pck, 8)

is also a Poisson tensor. The Poisson structures 7r; and 7t on M are compatible if and only
if their Schouten—Nijenhuis bracket vanishes, which means that

©)

a7121" 0711 ki 0705 i a7y ; o7l ;
] 1,ki 2,ki 1,jk 2,jk
T + 7Ty + 7T i + My si——— + M si—— | =0.
Lsk ™9, 251 9%, LI 9, 259 xs L5179

The manifold M equipped with two compatible Poisson structures 77 and 773 is called
the bi-Hamiltonian manifold, and we denote it as (M, 71y, 712).
Let us consider sets of square matrices

Aal/---rﬂn—l (7’1) = {X = (xij) € MH(R) : xi]- = —a;.. .a/-,lle- fOT’ ] > i, Xij = 0}

and
Sal,“_,un71 (1’1) = {S = (Sij) S Mn(]R> 18ij = @;...0j_1Sji for j> l},
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where a;,i =1,...,n — 1, are fixed real numbers. Elements of these sets can be represented
as follows

0  —axp —apapxs —a1ay ... Ay—1Xp]
X21 0 —aX3 —a2a3 ... Ay —1Xp2
X=| %1 ¥ 0 —a3a4 ... Ap—1Xn3 |, (10)
Xn1 Xn2 Xn3 . 0

S11  A1521  a142531
521 522 2532
S = 531 532 533

a1ap ...0,y—-15y1
axas...0y_1512
azag ...0,y 15413 . (11)

Spl Sn2 Sn3 . Snn

It was shown in [15,16] that the set A, 4, ,(n) with the standard commutator is a
Lie algebra. This Lie algebra depends on n — 1 parameters and is called a quasisimple
orthogonal algebra. In the case, when all these parameters are nonzero, it is isomorphic
to the Lie algebra so(n) or so(p,n — p). A more interesting situation is when some of the
parameters are equal to zero. For instance, when a; = 0 and all others are nonzero, we get
a contraction in the sense of Inonii-Wigner to the Euclidean algebra iso(n) or the Poincaré
algebra iso(n — 1,1). The infinite dimensional case was considered in papers [6,28].
In our article, we will only be interested in the finite-dimensional case, with the family
of brackets given by
[X,Y]s = XSY — YSX, (12)

where X,Y € A0, ,(n),S € Su,.4, (). We denote this Lie bundle by
(Aay,...a, 1 (1), Say,...a,_, (1n)). This case was studied in detail in [29].

The dual space (Agl,m,gn71 (n)) * to the algebra Ay, 4, ,(n) can be identified with the
set of upper triangular matrices

Li(n)={x=(x;j) € My(R) :x;j =0, for i>j}
with the pairing given by the trace
(x, X) = Tr(xX). (13)

Thus, the Lie bundle (Aq,,...a, (1), Say,...a, 1 (1)) introduces a family of Lie-Poisson
brackets on the dual space L (n):

{f,8}s(x) = (x [df(x), dg(x)]s)- (14)

This family of brackets is indexed by S € S,,,...4, ,(n). For fixed a4, ...,a,_1 the Lie
bracket from Equation (12) is linear in S, and consequently, the Lie-Poisson brackets are

compatible.
There are known Casimir functions for the Lie bracket (14) in the case when
a; =...=a,_1 = 1and detS # 0 given by
_1 Tyo-1)\ % _
Ck(x)—ﬂTr((x—x )S ) . k=12,..., (15)

see [2]. In the case when parameters a3, ...,a,_1 are non-zero but not equal to one, this
family has to be modified

G = 5 Tr((x— 07 xT)s 1), (16)
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where 6 = diag(1,a1,a1ap,...,a14;...a,_1), see [29]. In the situation when it is allowed
that some of the parameters a; are equal to zero, we get
k

Ce(x) = ﬂTr (xs—l;y(s—lx)T(s) (17)

2k
where 17 = diag(ayay ...a,_1,a2...a,-1,...,1). However, in this case, not all of the func-
tions have to be included.

The Lie bundle (Aalr---run—l (n),Say,.a, ; (n)) can be generalized to the case when some
parameters a; are equal to zero. Let us suppose that ay, = ... = ar,, =0, whereky, ..., ky
is an increasing sequence, then both of the elements of Ay, 4, (1) and Sg,,...a, (1) can
be written in block form as

Al o]...] 0 Bo|loO]...] 0
* Al 0 * Bl 0

X = . . . , S= T |, (18)
* * | ... | AN * * | ... | BN

where A; € Aaki+1,“"ﬂki+171 (ki+l — ki)rBi S S‘Zkiﬂvwakiﬂ—l (ki+l — ki), ko = 0, and * de-

notes arbitrary matrices of suitable sizes. If blocks A;,D; € Aak’_ Al 1 (kiy1 — ki)

and B; are 2 x 2, then it is easy to see that [A;, D;]p, = 0. Then nothing prevents us

from replacing the almost symmetric matrix (we called it quasisimple symmetric matrix)

B = ( S G +1521 > with any 2 x 2 matrix B; = ( S S12 > because the property
521 522 521 822

[A;, D] g, = 0is still fulfilled. We will denote by ‘9;1_\-/”}1 (n) the set of matrices S of the

form (18), where blocks B; in case 2 x 2 can be replaced by B..

—_—

Proposition 1. A pair (Aal,“,,ﬂn (n),Say,...an (n)) is a linear bundle of Lie algebras.

.....

In this case, we will allow that matrix elements are complex numbers. It turns out that
for low dimensional Lie algebras, those two families of Lie bundles, which are dependent
on parameters a;, are sufficient for the classification of Lie algebras. In the next sections, it
will be shown on three- and four-dimensional Lie algebras that all of these algebras belong

to the Lie bundle (Aqg,,...a,(1), Say,....a, (1)) o1 (Am,...,an (n),ngn))

3. Three-Dimensional Lie Algebras and Lie Bundles

First Lie bundle.
Let us consider the Lie algebra s0(3) with the standard commutator. Note that A 1(3)
as a set coincides with it but carries another Lie bracket

(X1, Yi]s, = X151Y1 — X151 Y3, (19)
where X1,Y; € A11(3) and 51 € 511(3). We assume the forms of X; and S; as follows
0 —x3 x S11 S21 531

X = x3 0 —-x |, Si=1| su s» s |. (20)
—X2 X 0 S31 $32 S33
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From the definition in Equation (14), we get the Lie-Poisson bracket on the dual space

L4 (3) to the Lie algebra A; 1(3)
L () 28 ) - 2 )Bxl )

{f,8}s,(x) = (s31x1 + s32x2 + 533X3) ( 9%, 9xs

@

+ (s1121 + S21x2 + 53143) <af(x)(x) of (x )sz (X)) (21)

8x3 8x3

QJ

+ s s sam) (32005500 - 2200 5 ),

In our calculation, we took x € £ (3) of the form

0 X3 —X2
X = 0 0 X1 .
0 0 0

Thus, the matrix of the Poisson tensor assumes the following form

0 $31X1 +S32X2 +533X3  —S21X1 — S22X2 — S32X3
s, (x) = | —s31X1 — S32%2 — 533X3 0 $11X1 + $21%2 + 831%3 (22)
521X1 + Sp2X2 +832X3  —S11X] — S21X2 — 531X3 0
Second Lie bundle.
We can also get another Lie-Poisson bracket
(X2, Ya]s, = X252Y2 — ¥25:X> (23)

by taking Xp, Y> € A10(3) and S; € 3’;](3) as follows

0 —X3 0 511  S12 0
Xz = X3 0 0 ’ SZ = S721 S22 0 . (24)
—x x 0 $31 532 533

Using a similar calculation as in Equation (21), we get the next Lie-Poisson bracket

_ 9 ()38 (- L
800 = s -+ (32 055 00 - 26 >ax2 ) @5)
of (198 of
+ (s2121 + s11%2) (axg,(x)axl(x) 8x1( )ax3 (X))
Thus, the matrix of the Poisson tensor in this case is given by
0 0 —S521X1 — S22X2
TTs, (X) = 0 0 S$11X1 + S12X2 . (26)
$21X1 + 522X —S511¥1 — 512X2 0

Table 1 describes which Lie-Poisson structures that are related to the three-dimensional
Lie algebras g;;, according to the classification taken from [30], can be obtained from those
two brackets. An isomorphism is given by mapping (x1, x2, x3) — (e1, e, e3). It is easy to
see that some of them can be obtained from both Equations (19) and (23). Furthermore,
these brackets split all of these three-dimensional Lie algebras into two families—algebras
in the same family are all compatible with each other but not with those from the other one.
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Table 1. Three-dimensional Lie algebras with their Poisson structure (22) or (26) and corresponding matrices Sy, Sy from
Equations (19) and (23).

Nonzero

9i,j Commutation Relations 4 S1 S2
0 0 0 1 0 O 1 0 O
93,1 [e2, €3] = 1 0 0 x 000 000
0 —x3 O 0 0 O 0 0 0
e 0 0 X 1 10
e1,e3| = ey
932 -1
[e2,e3] = €1 +e2 0 0 1% 00
—X1 —X1— X2 0 0 0 0
0 0 0 10
93,3 [e1, ea] = €1 0 0 x ~1.0 0
[e2,e3] = ez
—x1 —x» 0 0 0 0
0 0 x 0 -1 0 0 -1 0
934 le1, 5] = &1 0 0 —x -1 0 0 -1 0 0
[e2,e3] = —ea
—X1 X2 0 0 0 0 0 0 0
a e1,e3] = €1 0 0 1 0 a0
93,5 [62/ 63] = aep 0 0 axy -1 0 0
(0<al <1) —x1 —axp O 0 0 0
0 0 —Xp 1 0 0 1 0 0
936 ler es] = —ez 0 0 x 010 010
le2,e3] = €1
X2 —x; 0 000 000
[e1,e3] = aep —eo 0 0 axy — xo 1 a 0
95,7 [e2, €3] = ey +aep 0 0 X1 +axp —a 1 0
(a>0) —ax|+xy —Xx| —axp 0 0 0 0
[e1,e3] = —2ep 0 X1 —2x2 0 0 1
938 [61,62] = €1 —Xq 0 X3 0 2 0
[62/ 33] =e€3 2%y  —X3 0 1 0 0
le1,e2] = e3 0 X3 —X2 10 0
939 les, e1] = e —X3 0 X1 01 0
[62/ 33] =e X2 —X1 0 0 0 1
We get two families:
family I g1, 034,936, 938, 93,9,
family II: 93,1, 03,2, 93,3, 93,4, 93 5, 93,6, 93 7-

Obviously, we would get the same result by analyzing the compatibility of Lie-Poisson
structures related, respectively, to those three-dimensional Lie algebras, see Table 2.

Belonging to the appropriate family of a Lie bundle also requires that Casimirs for the
Poisson bracket (respectively, invariants for Lie algebras) are generally described by one
function. For the first family of Lie algebras, after direct calculation from Equation (15), we
get

Ci(x) = ngr(<xfxT)Sl_l)2 (27)

= snx% + Szzxg + 5339(?% + 2551 x1%p + 2531x1X3 + 2532 X2 X3.
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Table 3 displays the results in some specific situations. For the second family, the
Casimir functions can be obtained by solving the linear first order partial differential equa-
tion

oCq aC

(521X1 + Szzxz)a(x) — (511x1 + Slzxz)aix;(x) =0. (28)

Table 2. Three-dimensional Lie algebras and bi-Hamiltonian structures on £4 (3). Symbol + means
that the Lie algebras from the corresponding row and column are compatible and symbol — that they
are not compatible.

93,1 03,2 933 934 935 93,6 937 038 939 Name
+ + + + + + + + + 93,1
+ + + + + + - - 02
+ + + + + — — 933
+ + + + + + 34
+ + + - - ol
+ + + + 93,6
+ - - %7
+ + 9338
+ 93,9

Table 3. Casimir functions for the first family of three-dimensional Lie algebras.

9ijj Sy Invariants
1 0 0
03,1 0 0 0 x%
0 0 O
0 -1 0
934 -1 0 O —X1X2
0 0 0
1 0 0
2., .2
93,6 010 X1+ X3
0 0 O
0 0 1
938 0 2 0 2x3 + 2x1x3
1 0 0
1 0 0
39 01 0 B4+
0 0 1

4. Four-Dimensional Lie Algebras and Lie Bundles

Let us consider all real Lie algebras of dimension equal to four. A complete list of these
algebras is given, for example, by Mubarakzyanov [22]. There are twelve real algebras of
dimension four, and five of them depend on parameters. Our list of algebras gathered in
Table 4 is based on the article [30].

On the dual space £ (4) of Lie algebras g4;,i = 1,...,12, there are Poisson structures
defined by Poisson tensors 714 ;.

Table 5 describes if the above structures are compatible in sense (8), i.e., R* equipped
with these is a bi-Hamiltonian manifold. From this table, we can see that we have three
families of compatible structures, which are:
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family I 941,943, 9412,
family II: g4, 922, 943, 94,4, 92?5/ 92?6/

family TI1: 94,1, 04,7, 04,8, 05 9 04,10, 85 11, 03 2, 0

Table 4. Real Lie algebras of dimension four.

1-bb _2bb
45 946"

Name Nonzero Commutation Relations
041 lea,es] =e1, les,es] =e2
945 [e1,e4] = ae, [en,eq] =€, [es,eq) =ex+es3, (a#0)
943 le1,e4] =1, [eseq] =2
04,4 le1,es) =e1, lexeq) =e1+ex, ez e4] =ex+e3
o le1,e4] = €1, [e2,e4] = aey,
’ les, eq] =bes (ab#0, —1<a<b<1)
gzba [31,€4L= aey, [ez,e4] = bey —e3,
’ les,eq] =ex+bes, (a#0, b>0)
947 le2,e3] =e1, [e1,ea) =21, [eoeq] =ex, [ezeq) =eate3
94,8 le2,e3] =e1, [exes] =er, ez, e4] = —e3
929 [62163] =e1, [@1,64} = (1 +b)€1,
’ [62,84] = ey, [63,64} = b€3, (—1 <b < 1)
94,10 e, e3] =e1, e eq) = —e3, ez eq] =2
gi 1 [62/ 33] =e1, [81164] = 2ﬂ€1,
’ [ex,e4] = aey —e3, [e3, eq] =ex+ae3, (a>0)
04,12 ler,e3) =e1, [ene3] =en, [er,es] = —er, [er,e4] =1

Table 5. Four-dimensional Lie algebras and bi-Hamiltonian structures on £4 (4). Symbol + means
that the Lie algebras from the corresponding row and column are compatible, symbol — that they are

not compatible; the symbol —* means that they are not compatible unless a = 2 for Lie algebra gf ,.

Moreover, symbols —** and —*** mean that the corresponding Lie algebras are compatible only if

a+b =1 for Lie algebra gif’S or a = 2b for Lie algebra gfﬁ%, respectively.

041 | 91p | 943 | 944 Bfif’g, gﬁf% 047 | 948 92,9 9410 | 9417 | 9412 | Name
+ [+ [+ T+ + 1+ + 1+ +17 +71 + 71+ 7] eu
+ [+ |+ ]+ +] 1] —=1- = e,
+ + + + - — - - — + 94,3
+ + + — - - — - - 94,4
+ 4 _k ok kX _kk T o gaS
+ ok ok sk $okk _kkok %k _ gzb6
+ + + + + — 94,7
+ + + + — 948
+ + - - | o
+ + — | 8410
+ — | %n
+ | %
First Lie bundle.
The first family can be obtain by taking the bracket
(X1, Yi]s, = X151Y1 — Y151 Xy, (29)
where X;,Y; € A101(4) and S; € S10,1(4) are matrices of the form
0 —X3 0 0 511 S12 0 0
X 0 0 0 S s 0 0
Xi=| 7 e I (30)
—X2 X 0 wys S31 S32 S33 S34
-1 —¥2 —y3 O S41 S42 843 Sy
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{f g}Sl

After direct calculation from Equation (14), we get the following formula

<8x3 afl 889{1( )ax3 (X))(Szzx2+521x1)
(0550~ 5L 055 0) (v —sa)
+ (aayf ayi ;’;; (x >ay2 (X)>(534y2+544x1)
+ (a"’f a"; - 350 ax3< >)<suyz—suy1> @1
+ <aayf ai aa;;( )ayl (X)>(534y1 — 5447)
+ (;f 353 aay];( X) 2( ))(533]/1—543362)
+ (aaf aii aa;;( 8x2( ))(512X2+S11x1)
+ <§x3 (X)Si (x) — aay]; )ax3( ))(542952 — s32y1 + S31Y2 + 541X1),
where x € £, (4) is an upper triangular matrix given by
0 x3 —x2 —yg
.
0 0 0 0

As we can see, we obtained six-dimensional cases. To get our four-dimensional
families, we limit ourselves to variables (xp, x3,11,y3) by putting x; = y, = 0 and s1; =
s31 = s41 = 0. This means restricting to the subspaces V. C A;1(4) and S C %(4),
whose elements are given by

0 —x3 0 0 0 s 0 O
> X3 0 0 0 o~ S721 S22 0 0
X1 = , S = 33
! —x2 0 0 vs ! 0 532 s33 s34 %)
-y 0 —y3 0 0 s 543 Su
Then we get a four-dimensional Lie subalgebra with bracket
(X1, Yilg, = Xi51Y1 - V151X, (34)

We get the Lie-Poisson structure related to the Lie algebra g4; by putting
S44 = s3p = —1 and the other parameters equal to zero in matrix §1 To get the Lie-Poisson
structure associated with the Lie algebra g4 3 in matrix S1, we put sz = s43 = —1 and
all others parameters equal to zero. To get the Lie-Poisson structure associated with Lie
algebra g4 12, we put s33 = s44 = —1,512 = 1 and other parameters equal to zero in matrix
S1. In these cases, an isomorphism is given by the mapping (x2, y1, X3,y3) — (e1,€2,€3,€4).

In Table 6, there are Lie-Poisson structures related to four-dimensional Lie algebras
g4,; from the first family that can be obtained from bracket (31) by choosing a suitable
matrix S; and putting x; = y, = 0.
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Table 6. First Lie bundle for four-dimensional Lie algebras.

9i,j T S1
0 0 0 0 0 0 0 O
a11 0 0 0 X7 0O 0 0 O
’ 0 0 0 0 -1 0 0
0 —x —y1 0 0 0 0 -1
0 0 0 X7 0 0 0 0
0 0 0 0 0 0 0 0
s 0 0 0 i 0 -1 0 0
—x, 0 —y; 0 00 -10
0 0 x -n 01 0 0
0 0 1 00 0 0
fa12 —x, —y; 0 0 00 -1 0
i —x 0 0 00 0 -1
Second Lie bundle.
The second family can be obtained by taking the bracket
(X2, Ya]s, = X252Y2 — Y252 X3, (35)
where X5, Y, € Ag1(4),52 € gl\,(; (4) are matrices of the form
0 0 0 0 S11 S12 0 0
XZ _ X3 0 0 0 . 52 _ S21 S22 0 0 ) (36)
X3 X1 0 s S31 S3%2 S33 S34
-1 —y2 —ys O S41 S42 S43 Su4

After direct calculation similar to Equation (31), we obtain the following formula

{f.g)s,(x) = (”(x)ago«) - af<x>ag<x>) (5422 — s3231)

axs Oy dy3 "~ 9x3
+ sz(x);i X) — % x)gjz(X)>Szzy1
(L2 0~ 2L 092 0 ) s+ sam)
(0550 - 5L 075 00 s 7
+ <a}£(x)§/i(x) - ;;3<x>§;<x>) (saayn = swax2)
(0w - L )sn

+<af(x)ag(x) af(x)ag3(x))522362,

B 8x1

where x € £ (4) is defined in Equation (32). As we can see, we obtained a six-dimensional
case.

We recognize in (37) the Lie—Poisson structure related to g4 1 if we put s3p = sy =
—1 and other parameters equal to zero in matrix S, given by Equation (36). Similarly,
putting in matrix S; as nonzero elements only s3» = s43 = —1 and x; = y» = 0, we
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get the Lie-Poisson structure associated with g4 3. In both these cases, an isomorphism
is given by the mapping (x2,y1,x3,y3) — (e1,€2,€3,e4). Moreover, in Equation (37), we
can find the Lie-Poisson structures related to 92,2 and gi'g by a suitable choice of the
matrix Sp and putting x3 = y3,y2 = 0, see Table 7. In these cases, an isomorphism
is given by (x1,x2,Y1,Yy3) — (e1,€2,€3,e4). If we take the isomorphism (e, e, e3,64) —
(2x3 + 2y1, —x1 — Y1 + Y2, —Y2,¥3 + y3) and as nonzero elements in matrix Sy, we put
S22 =833 = 844 = 1,843 = —2and x3 = y3,x1 = —X1, Xp = 2%, Y1 = 2% — X1, Yo = X1 — Po,
then bracket (35) gives us the algebra g4 4. We get the Lie algebra gf&, taking matrix Sp,
as in Table 7, and putting x3 = y3, xo = x1 + X + 1, y1 = x1 +i(J1 — %2). In this case,
an isomorphism is given by (eq, €2, e3,e4) — (X1 + X2 + Y1 — Y2, X2 — iy1, X2 + iy1, X3 + V3).
Similar to previous families, we get also matrix representation of these algebras, see the
fourth column of Table 7. We get an analogue of Ado’s theorem, see [31,32].

Table 7. Second Lie bundle for four-dimensional Lie algebras. We put A = a(xy + x2 +y1 — y2), B =b(xp —iy1) — x2 — iy,
C=uxp—iy; +b(xa+iy1) and D = —x1 + 2x2 +y1 + y.

9i,j T S X,
0 0 0 0 0 0 0 O 0o 0 O 0
011 0 0 0 x 0 0 0 O x3 0 0 0
’ 0 0 0 mn 0 -1 0 O —x 0 0 y3
0 —X2 —WN 0 0 0 0 -1 —Y1 0 —Y3 0
0 0 0 axq 0 1—a O 0 0 0 0 0
gt 0 0 0 X 0 0 0 0 y3 0 0 0
2 0 0 0 X+ 0 0 0 a —x, v 0 3
—axy —X2 —X2—Y1 0 0 0 —a -1 -y1 0 —-y3 O
0 0 0 x 0 0 0 0 0o 0 O 0
013 0 0 O 0 0 0 0 x3 0 0 0
’ 0 0 0 m1n 0 -1 0 0 —x 0 0 y3
—X2 0 -1 0 0 0 -1 0 -1 0 —Y3 0
0 0 0 2(x2+1) 00 0 0 0 0 0 0
i 0 0 0 D 01 0 O Y3 0 0 0
. 0 0 0 —X1 — yl 0 0 1 0 —23?2 —551 0 y3
—2(xp+1y1) —-D x4+ 0 00 -2 1 —2%+% —% -y3 0
0 0 0 X1 0 a—1 O 0 0 0 0 0
gzbs 0 0 0 axy 0 0 0 0 y3 0 0 0
’ 0 0 0 byq 0 0 0 1—a+b —x; x1 0 y3
—x; —axy —by; O 0 0 -1 0 -y1 0 —y3 O
0 0 0 A 0 b—a—i 0 0 0 0 0 0
ab 0 0 0 B 0 b—a—i 0 0 Y3 0 0 0
B4 . .
§ 0 0 0 C 0 0 —1 a+1 —x1— X — 11 X1 0 Y3
-A -B —-C 0 0 0 —a—i i —x1+i(F—71) x1 -y3 O
Third Lie bundle.

The third family is more complicated. The first part can be obtained by taking bracket
[X3, 3]s, = X353Y3 — Y353X3, (38)

where X3,Y3 € Ap11(4) and S3 € Sp11(4) assume following forms

0 0 0 0 s1 0 0 O
Xs = _963 0 —x v | Sy— | S S22 sm sm | (39)
X2 X 0 v $31 532 533 S43

-1 —y2 —ys O S41 S42 S43 Su4
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After direct calculation from Equation (14), we get the following Lie-Poisson bracket

{Fg}s,(0 = (af ()8 () - U ()8

3y5 Mo PP ( )) (Sa3X2 — S33Y1)

# (32003800~ 2L 0035 ) s + 510m)

+ (aa;( );jl x aayfl E)y3( ))(544Xz—543y1)

+ (;i(x);i X g)yfl )axl( ))(543x3+542x2)

n (Z(x);i(x) — ;fg(@;i(ﬂ) (4222 — s320/1)

+ (;yfz(x)aai(x) — ;Q(X)jjz(X)) (2241 + 54203 49
(505500 - 5L w55 0) i+ suam)
(LB w - L0 )+ s

(LW - L0 ®) s

+ (;i(x);i(x) - ;i,(x)aafl( )) (53293 — s33Y2 — S431)

+ (a 98 (3~ O () 98 ))(S4zy3 — S43Y2 — 544%1)

+ (af(x);ygz(x) aayfz( X) 5 (X)> (s22y3 — 8322 — S42X1),
where x € £ (4) is a upper triangular matrix given by Equation (32).

We recognize in (40) the Lie-Poisson structure related to g4; if we take Sz, as in
Table 8, and put x; = y» = 0. An isomorphism is given by the mapping (x2,y1, x3,y3) —
(e1,e2,e3,e4). If we take the isomorphism (—x7, x1,y1,y2) — (e1, ez, e3,e4) and as nonzero
element in matrix S3, we put ssp = —1 and x3 = y3 = 0, then the bracket (40) gives us
the algebra g4 3. We obtain the Lie algebra g4 19 by taking matrix S3 as in Table 8. In this
case an isomorphism is given by (ej, ez, e3,e4) — (2x3, X1 + Y1, X2 + y2,y3). We put x1 =y,
Xy = Yo, X3 = 2X3. Let us also note that using Lie bundles gives matrix representations of
these Lie algebras as subsets of Mg(R). Generators of these subsets are presented in the
third column of Table 8.

Lie algebras gj ,, 92?5, gfg’é were obtained in the construction called the second bundle
(see Table 7). If so, we have also their representation for sub-cases whena =2,a =1 -1,
a = 2b, respectively, see Table 7.

The three remaining Lie algebras, i.e., g47, 94 9r g4 11, can be obtained using the bi-

Hamiltonian construction on the Lie algebras from Tables 7 and 8. Lie algebra g4 11 can be
1 1 11
obtained from algebras gy, 10 and g2 i c. We have g4 11 = g4,10 + 2ag; 2. In a similar way, we

can get g4 o from g4 g and g4 5! g4 o= a8+ (1+ b)9215. The last Lie algebra g4 7 is given by
taking Lie algebras g4 19, g4,2, g4,6 047 = G410 + g4’2 — gg%.
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Table 8. The third Lie bundle (first part).

9ij T S3 X3
0 0 0 0 0 O 0 0 0 0 0 0
911 0 0 0 X2 0 0 -1 0 x3 0 0 0
' 0 0 0 0 -1 0 0 —x 0 0 s
0 —X2 —WN 0 0 0 0 -1 - 0 —Y3 0
0 0 0 0 0 0 0 O 0 0 0 0
U438 0 0 —X2 X1 0 0 0 -1 0 0 —X1 Y2
’ 0 x» 0 -y 0 0 0 0 “x, x 0 0
0 —x1 1 0 0 -1 0 O -y —Y 0 0
0 0 0 0 0 0 0 O 0 0 0 0
9410 0 0 2x3 —X2 — Y2 0 0 0 O 233 0 —X1 X2
’ 0 —23(3 0 X1+ 0 0 1 0 —X2 X1 0 Y3
0 xp+vy2 —x1—Wy1 0 0 0 0 1 -x1 —x2 -y3 0

5. Conclusions

these tools to study higher dimensional Lie algebras.

We proposed a new approach to the classification of low-dimensional Lie algebras
using concepts well known in the theory of integrable systems, such as the bi-Hamiltonian
structure. In the case of three-Dimensional Lie algebras, we were able to describe them
using two families of linear bundles of Lie algebras. In the case of the four-dimensional Lie
algebras, we described them in terms of three such families. In the future, we plan to use

The bi-Hamilton property is very useful in the study of integrable systems. Let us
consider the well-known Euler equations for n = 3:

dxl
dat
de
dt
dX3
dr

= (s20 — 533)X2X3,
= (533 - 511)x1x3,

= (s11 — s22) X1 X2.

(41)

The Euler top describes the rotation of a heavy rigid body around its fixed center of mass
without any forces acting on the body. Equation (41) possess a bi-Hamiltonian structure

= {Hy,xi}1 = {Hp, xi}2,

i=1,2,3.

(42)

The Poisson brackets {-,-}; and {-, - }, are defined by Equation (21), where we restrict
our considerations to diagonal matrices S; = 1 and S; = diag(s11, S22, 533). The Casimirs
for these structures assume the following form (see Equation (27))

1
=3

(x% + x5 + x%), C =

2

2 2 2
(Snxl + sp0x5 + 533X3),

(43)

respectively. Choosing as the Hamiltonian H; the Casimir C; and as Hamiltonian H; the
Casimir C;, we obtain Equation (42). Of course, the first Poisson bracket is associated with
the Lie algebra s0(3). We can look at the second Poisson bracket as a collection of three
brackets corresponding to the Lie algebra g3 for matrices:

respectively (see Table 1).

1 00 0 0O
Si;=({ 000 ], S55=(010], &=
0 0O 0 00

o o O

o O O

_ o O

, (44)
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Now, we discuss another example of a Lie bundle. We now turn to the Clebsch system
of the motion of a rigid body in an ideal fluid

% = (s22 — 533)X2%3,

% = X1X3 — Y1Y3,

ddi: =Yiy2 — x1x2, 4
% = XoY3 — X312,

%2 = (s44 — 522) %31,

ddl: = (833 — 544)X2Y1-

In vector notation, the system hast the form:

ax

E - J_C) X ]7, (46)
aj . s,
= = Ex (S%), (47)
S22 0 0
where ¥ = (x3,x,y1), ¥ = (—y3,—y2,—x1) and S = 0 s33 0
0 0 S44

Equation (45) possesses a bi-Hamiltonian structure

T (b = (oo W= (g = oy i=123 @9)

The Poisson bracket {-, - }1 is defined by Equation (40), where we restrict our consid-
erations to diagonal matrix S3 = diag(0,1,1,1). However, the same Poisson bracket is
also obtained from Equation (12), where X3,Y3 € A;11(4). The second Poisson bracket
{+,-}2 is given by Equation (12), where S = diag(—1, s22, 533, S44). We consider the Poisson
pencil {-,-}, = {-,-}1 — A{:,-}2, A € R. This Poisson bracket can also be obtained from
Equation (12) for matrix S, = diag(A,1 — Asp, 1 — Asz3, 1 — Asas). The Casimir (one of the
functions) for this structure assumes the following form (see Equation (15)):

1 1 1
A 2 2 2
Cct = + + 4

1 2(1 — )LSzz) %3 2(1 — )\833) Y2 2(1 — /\S44)y1 ( 9)

A
o+ 5+ 5+ x.
201 — Asza) (1 — Asga) > " 201 — Asyn) (1 — Asan) 72 2(1— Asyp) (1 — Asaz) !

This Casimir function can be expanded into a power series with respect to A. By using
power series decomposition, we get C} = C; + AHj + ..., where

1
G =5(3+3+4) (50)

is the Casimir for the first bracket and

1
H; = 5 (Szzx% + 533x% + 544]/% + y% + ]/% + x%) . (51)

Choosing as the first Hamiltonian the function H; and as Hamiltonian Hj the Casimir
Cy, we obtain Equation (48). The first Poisson bracket is associated with the Lie algebra ¢(3).
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We can look at the second Poisson bracket as a collection of four brackets corresponding to
the nilpotent Lie algebra g¢ 3 (We use the classification from [30]) for matrices:

, (52)

cCoOO0O0 oo o
cCo0oO0 oo o
O~ 00 oo o
coo0oO0 ocooo o
coo0oO0 oo o
cCoo0oO0o oor o
coo0oO0 ocoooc o
— 000 OO0 0O

respectively.
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