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Abstract:
that determines dynamical content of the unfolded equations for free symmetric massless fields of

In this paper, we present a complete proof of the so-called First On-Shell Theorem

arbitrary integer spin in any dimension and arbitrary integer or half-integer spin in four dimensions.
This is achieved by calculation of the respective o cohomology both in the tensor language in
Minkowski space of any dimension and in terms of spinors in AdS,. In the d-dimensional case
HP(0_) is computed for any p and interpretation of H” (¢_) is given both for the original Fronsdal
system and for the associated systems of higher form fields.

Keywords: higher-spin theory; unfolded dynamics

1. Introduction

Higher-spin (HS) gauge theory is based on works of Fronsdal [1] and Fang and
Fronsdal [2], where the action and equations of motion for massless gauge fields of any
spin were originally obtained in flat four-dimensional Minkowski space. Even earlier,
important restrictions on low-energy HS vertices were obtained by Weinberg in [3,4] and
so-called no-go theorems restricting S-matrix possessing too high symmetries in flat space-
time were proven in [5,6]. (For a review see [7].) The no-go theorems implied the existence
of the s = 2 barrier suggesting that the construction of an interacting local HS theory in
Minkowski space-time is impossible. The proof of these theorems essentially uses the
specific form of the algebra of isometries of Minkowski space. The s = 2 barrier in flat
space can be overcome in the space-time with non-zero sectional curvature, for example, in
the anti-de Sitter space [8]. In these spaces it becomes possible to formulate a consistent
nonlinear theory of fields of all spins [9,10].

The construction of a nonlinear HS theory is essentially based on the so-called un-
folded approach [11,12], which is a far-going generalization of the Cartan formulation of
gravity (s = 2) in terms of differential forms to fields of any spin s > 2. Via introducing
appropriate auxiliary variables, the unfolding procedure allows one to replace the system
of partial differential equations of any order on a smooth manifold by a larger system of
first-order equations on vector-valued differential forms. One of the essential features of
this approach, which is very useful for analysing symmetries of a given system, is that the
variables in the equations are valued in one or another representation of the underlying
symmetry algebra.

The dynamical content of the HS theory can be reconstructed from its unfolded
formulation using the o— cohomology technique [13]. As is recalled below, the dynamical
data of the theory are in one-to-one correspondence with the cohomology of certain linear
nilpotent operator ¢_ that can be read of the unfolded equations in question. The statement
that unfolded equations of free HS fields are equivalent to the Fronsdal equations was
made in the original papers in the spinor [14] and tensor [15] formalisms. In the tensor
formulation of HS theory the idea of the proof was illustrated in [16], where however
the analysis of the trace part of the Fronsdal equations was not completed, while general
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arguments for mixed-symmetry HS fields were given in [17]. In [18] the unfolded equations
for massless fields were derived from the Fronsdal theory by the BRST methods. To the
best of our knowledge, no detailed analysis of the problem in the spinor formalism was
available in the literature.

In this paper we present a complete proof of the so called First On-Shell Theorem
by computation of the cohomology rings of o_ for the physically important cases of the
integer-spin symmetric fields both in flat space-time of any dimension and AdS; as well
as for the fields of any integer and half-integer spin in AdS,. The computation technique
analogous to the Hodge theory for differential forms is performed in terms of so-called
o— cohomology and provides a complete analysis of the dynamical content of the free
unfolded equations for symmetric massless fields of any spin. Giving a direct proof of the
equivalence between the Fronsdal formulation of the HS gauge theory and its unfolded
formulation this paper fills in some gaps in the literature also illustrating a general approach
applicable to a broad class of unfolded systems. In addition, in the tensor case we compute
higher o cohomology groups and interpret them in terms of higher Bianchi identities
and more general dynamical systems. In particular, we discuss the matching between the
Bianchi identities in terms of one-form gauge fields and zero-form field strengths.

The rest of the paper is organized as follows. In Section 2 we briefly recall different
approaches to the description of HS massless fields. Main idea of the c_ cohomology
approach is explained in Section 3. Cohomology calculation method used in this paper
is discussed in Section 4. Section 5 contains derivation of H? (¢ ) in Minkowski space of
any dimension. In particular, the cases of GL(d) and O(d) representations are analysed
here. In Section 6 calculation of the low-order cohomology groups in AdSy is performed.
Obtained results are discussed in Section 7. Index conventions and normalisations of the
tensor Young diagrams are presented in the Appendix A.

2. Fronsdal Theory
2.1. Metric Formulation

According to Fronsdal [1], a spin-s massless symmetric field can be described in terms
of two symmetric traceless tensors (for index conventions see Appendix A)

g1 = g iD= gmeaca oy gbibas = gols=2b, o galdb _ (1)
These two fields can be combined into a single rank-s totally symmetric tensor
g') = ") 4 gt @
obeying the double-tracelessness condition
g = 0. 3)
The field equations in Fronsdal theory have the form

_ S(s—=1) g a(s—
Ra(s)((P) _ D(Pa(S) o Saﬂakgokﬂ(s 1) + %a P! @ ( 2)kk =0, (4)

where 0, = %.
The tensor R%() (@) is invariant under the gauge transformations with a rank-(s — 1)
traceless gauge parameter ¢(x)

(S(Pa(s) _ aaga(sfl), 811(573)kk —0. (5)

Fronsdal Equation (4) is a generalization of the well-known equations of fields with
spins s = 0,1, 2. For the case of s = 1 the last term in the Fronsdal tensor disappears and
Equation (4) reproduces Maxwell equations for the field A%. Without the last two terms
at s = 0 it gives Klein-Gordon equation for a massless scalar field. The case of s = 2



Symmetry 2021, 13, 1498

3 0f 40

reproduces the equations of linearized gravity [19]. Gauge transformation (5) gives the
known gauge transformations of low-spin fields and its absence for a scalar field.

2.2. Frame-Like Formulation
2.2.1. Tensor Formalism

The unified description of massless fields of arbitrary spin can be given in the so-
called frame-like formalism that generalizes Cartan formulation of gravity, operating in
terms of differential forms [14,15,20]. Frame-like formulation of the HS gauge theory

in any dimension is given in terms of the one-form fields w?¢~D4(t) = dwiﬁ(s_l)’b(t)

valued in two-row Young diagrams corresponding to irreducible o(d — 1,1) (i.e., traceless)
modules [15], obeying conditions

wa(sfl),ab(tfl) =0, (6)

wu(sff})kk,b(t) —0. (7)

(For index conventions see Appendix A).
By introducing auxiliary fields it is possible to put a system of partial differential
equations into the first-order unfolded form [11,12]. Generally, unfolded equations read as

dAWA =Y G p WEI A AWP,  d:=dx'0,. ®)
n=1

Here W4 is a set of differential forms over some manifold. (Indices are treated
formally and can take an infinite number of values.) The coefficients Gg‘] B, satisfy the
(anti)symmetry condition

A _ Bi||Bj| ~A
GBy,.,B;,..B;,..By = (—1)I5l ]|GBl,..,Bj,..,Bl-,..,Bn , )

where |B;| denotes the form-degree of W5i. Also Gg‘le” are restricted by the integrability

conditions expressing that d = 0.
In the tensor language the unfolded HS equations in Minkowski space proposed
in [15] read as

Dy VA L At — o e {0,.,s—2}, (10)

DLwa(sfl),b(sfl) = hy Ay A Ca(sfl)n,b(sfl)ml (11)

where /1, is a soldering form (vielbein, frame field, tetrad) and D = d + @ is the back-
ground Lorentz covariant derivative that satisfies relations

Dih* =0, D?=0. (12)
In the Cartesian coordinate system with @ = 0 the equations simplify to
dw VA g A @ DA — 0 € 0,.,5 -2}, (13)
deo VA1) — p,  fy, A COETbs T, 1)
where C satisfies the Lorentz irreducibility conditions

cemab(m=1) — o~ ca(n=2)k b(m) _ o (15)

The traceless tensor C on the r.h.s. of (14) is a generalized Weyl tensor. There are also
unfolded equations on C and on additional auxiliary fields [10] (for reviews see [16,21]).
This system constitutes an infinite chain of zero-form equations. Zero-form sector, that
contains equations on spin-zero and spin-one fields, will not be considered in this paper.
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Equations (13) are invariant under the gauge transformations
5D — geals=10) |y, cole=DAOM ¢ ¢ (0 s 2} 16)
and Equation (14) is invariant under
S (s=Db(=1) _ geals=1)b(s—1) (17)
5CHb6) — (18)

where ¢ are zero-forms valued in the appropriate two-row irreducible o(d — 1, 1)-modules
obeying conditions analogous to (15).

The Fronsdal field is embedded into the frame-like one-form ¢?~1) = w1 in the
following manner. Converting the form index into the fiber one using vielbein /,

PAls=1)b — ei(s—l)hyh/ (19)

the resulting tensor (19) can be decomposed into irreducible o(d — 1,1)-modules. In terms
of traceless Young diagrams this decomposition is

s—1 ] s ] s—2 s—1

.|

2] 53] . (20)

The first two components give the Fronsdal field, while the third one is an excess of
the components of the frame-like field in comparison with the Fronsdal field. At the tensor
level, this decomposition is represented as:

ea(sfl)|b _ lPi(Sil)b + ‘3117”[11}73@73)[7 + ﬁznabtpg(S*Z) + ¢g(5*1)/h, (21)
where 1; are traceless and correspond to the i-th diagram. The relative coefficient % is
fixed by the tracelessness condition with respect to indices a.

This decomposition shows that the Fronsdal field identifies with the symmetric part
of the frame-like field, since the contribution of the third diagram disappears upon sym-
metrization. The resulting field

q)a(s) — ea(s—1)|a (22)

is symmetric and double-traceless. The extra term wg(sfl)’b is pure gauge. Its contribution
can be canceled by the gauge transformation 6¢?(s~1Ib = ¢2(=DIP with suitable gauge
parameter. For detailed discussion of Fronsdal field embedding see [16,20,21].

It is not difficult to check [15,20] (for reviews see [16,21]) that the Fronsdal equations
and gauge transformations follow from the unfolded system (13), (14). A more complicated
question is whether the Fronsdal fields and equations are the only ones that result from

(13), (14). The answer can be obtained via the o— cohomology technique [13].

2.2.2. Spinor Language in AdSy

The physically important case of the unfolded system for HS connection (13), (14) is
that of AdS, space-time in which case the language of two-component spinors is most
appropriate. In this language instead of using Lorentz indices 4, b, ... = 0,1, 2, 3, one uses
two pairs of dotted and undotted spinor indices &, B, ... and &, B, ... taking values {1,2}. The
two languages are related via Pauli matrices. The AdS, background geometry is described
in terms of the Lorentz connection @ and frame field #, that satisfy equations

dhP 4 %, NWP 4 TP AT =0,
dwaé + 0% A L’UW? - f)\zhl’(,y AKPT, (23)
do™ + @y NP = —A?h,t AROP,
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where A? is proportional to the curvature of AdS; and we adopt the following rules
Ay = APeg,, A" =ePAg, epe"f =67 =00 = —€y, (24)

where
€ap = —€pu, €12=1. (25)

The spinor version of the unfolded system for one-form w reads as follows. First, the
HS curvatures in the spinor language are [14]

Re(n)a(m) _ DLwlx(n),éc(m) + A2<nha7 /\wtx(nfl),"yd(m) + mh,f‘ A w’y/x(n),o'c(mfl)) (26)

and D; = d+ @ + @ is a Lorentz-covariant derivative with Cartan’s spin-connection
(0 © @)

DLwa(n)nic(m) — deotm)a(m) 4 nwaﬁ A Wga(n—1),a(m) + m@f A Wy () fim—1) -

The AdS4 deformation of the unfolded Equations (13) and (14) then takes the form [12]

RO = gy gy AT

+ Som Py A nbcrnt), 27)

The main advantage of the two-component spinor notation is that it makes the rep-
resentation theory of the Lorentz group very simple. Namely, every Lorentz irreducible
multispinor representing a traceless tensor is totally symmetric in its spinor indices. Since
the only Lorentz invariant objects are antisymmetric bispinors €,5 and €, 3 irreducible

multispinors X*(W4(") are necessarily symmetric with respect to the indices in the groups
a(n) and &(m) separately. Thus, working with the two-component spinor notation one can
happily forget about painful calculations with the traces of Lorentz-tensors.

3. The Idea of c_ Cohomology Analysis: Example of Integer Spin Massless Fields

The Lh.s.’s of unfolded HS equations and gauge transformations in d-dimensional
Minkowski space are [15,16]

Ra(sfl),b(k) _ DLwa(sfl),b(k) +o , (28)
(5wa(s—l),b(k) — DLezz(s—l),b(k) +o (s)u(s—l),b(k)’ (29)

where
(O,_w)a(sfl),b(k) = he /\wa(sfl),b(k)c’ (O._S)u(sfl),b(k) = he /\Sa(sfl),b(k)c' (30)

R*=1)(K) js referred to as (linearized) HS curvature. For simplicity we study the Minkowski
case. Since 0_ in AdS; is defined analogously, our analysis applies to that case as well.
Due to their definition, HS curvatures obey the Bianchi identities

D RICDA0) 4 5 (R)as=1bK) — o 31)

The appearance of o_ allows one to clarify the role of the fields w?¢~1®) and
gauge parameters ¢**~1*(). Working with the zero-forms =1 and one-forms
w10 valued in two-row Young diagrams, we consider the space V¥ of p-forms
valued in two-row Young diagrams with any p. Defining o_ to annihilate the forms with
an empty second row, we find that o V? C VPl and 0_ o— = 0. As originally proposed
in [13], the o— cohomology H(c-) = ker(c—)/im (o) classifies fields, their equations and
gauge symmetries.

Indeed, those components of the fields ws=1)b(1) that are not annihilated by o_, can
be expressed via derivatives of the fields with lower t by setting suitable components of
the HS curvatures to zero. Such fields are called auxiliary. Conversely, those components
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of the fields w?¢—1)b (t), that cannot be expressed in terms of derivatives of lower fields
via zero-curvature conditions, are in ker(c_ ). By Stueckelberg fields we mean o_-exact
fields (i.e., fields of the form o_ ) as they can be eliminated by an appropriate c_-exact
term in the gauge transformation (29). Fields that are not expressed via derivatives of other
fields and are not Stueckelberg are called dynamical. These describe the physical degrees
of freedom of the theory. Thus, the dynamical HS fields are associated with H'(c_).

The classification for the gauge parameters is analogous. The parameters, that are
not annihilated by o_, describe algebraic Stueckelberg shifts. The leftover symmetries are
described by the parameters in ker(c_ ). o_-exact parameters correspond to the so called
gauge for gauge transformations. Parameters, which are o_-closed and not o_-exact, are
referred to as genuine differential gauge parameters. Note that since in the HS example
in question the gauge parameters are zero-forms there is no room for gauge for gauge
symmetries in that case.

Let V be a graded vector space, C be an element of A?(M“) ® V over some smooth
d-dimensional manifold M“. We demand the grading of V to be bounded from below,
that is V is N-graded. Let o+ be operators that act “vertically”, i.e., do not affect the
space-time coordinates, and shift grading by +1, D; be the Grassmann-odd operator
that does not affect the grading and is allowed to act non-trivially on the space-time
coordinates. Consider the covariant constancy condition of a general form along with the
zero-curvature condition

DC= (DL +0_ +0,)C=0, D>=0. (32)
Notice that Equation (32) remains invariant under the gauge transformations
0C = De, (33)

wheree € AP 1( M) @ V.
One can prove the following proposition [13] (see also [16,22-24]):

Theorem 1. The following is true:

(1)  Differential gauge symmetry parameters e span HP~1(c_)

(2)  Nontrivial dynamical fields C span HP (o_)

(3)  Physically distinguishable differential field equations on the nontrivial dynamical fields,
contained in DC = 0, span HP1(0_)

Thus, taking into account that HS gauge fields are described by the one-forms w, to
prove that the Fronsdal metric formulation is equivalent to the unfolded one, we have to
calculate H(¢), H! (o) and H?(c). More generally, higher cohomology H* () with
k > p + 1 describes Bianchi identities for dynamical equations at k = p + 2 and Bianchi for
Bianchi identites at k > p + 2 [24]. Similarly, the lower cohomology H*(¢c_) withk < p — 1
describes gauge for gauge differential symmetries.

4. A Method for Calculating Cohomology

Calculation of o cohomology is of utter importance for the analysis of unfolded
systems of the general form (32). The straightforward calculation of the cohomology can
be quite involved. In this paper we find cohomology using a standard homotopy approach
recalled below, that is a generalization of the Hodge theory for de Rham cohomology
extendable to a more general class of (co)chain complexes. Main details of the construction
used in this paper follow those of [24], where the 0_ cohomology analysis was applied to
the conformal HS theories of the bosonic fields of any symmetry type. Unfortunately, some
of the methods of [24], based on the fact that o_ in conformal theories has the clear meaning
in terms of the conformal algebra, are not directly applicable to the non-conformal HS
theories discussed in this paper, which makes the analysis of the latter a bit more involved.
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Let V be a graded vector space and d be a linear operator of degree +1 on V (that
is, it raises the grading of a homogeneous element by 1) such that d> = 0. Then H(d) =
ker(d)/im (d). Let 0 be another operator of degree —1 on V (i.e., it lowers the grading by
1) such that 9> = 0. The operators d and 9 can be used to compose the degree 0 operator A

A:={d,d} =do+9dd. (34)
It is easy to see that A satisfies
[d,A] =[0,A] =0. (35)
Lemma 1. If A is diagonalizable on the (graded) vector space V, then H(d) — ker(A).

Proof. First of all we should show that ker(d) is an invariant subspace of A. Suppose
f € ker(d). Then

Af = (d0+0d)f = dof = Af € ker(d),Vf € ker(d) . (36)

Therefore, ker(d) is an invariant subspace of A, because linearity is obvious.
Since the operator A is diagonalizable by assumption, we can consider eigenvectors of
A. Let g be d-closed and Ag = Ag, A # 0. Then

1 1
g—XAg—Xdag. (37)

Hence, g is also d-exact for A # 0, representing a trivial element of H(d). Thus, every
d-closed form annihilated by A is not d-exact. In other words, every d-closed form f can be
written as f = h + da with some h € ker(A). O

If V is a Hilbert space with inner product (, ), there exists such d that the converse
inclusion H(d) < ker(A) takes place as well, which means that H(d) = ker(A).

Lemma 2. Let (V,(, )) be a Hilbert space, let d* be the operator conjugated to d in the usual sense
(a,dB) = (d*w, B) and A = {d ,d*}. Then ker(A) — H(d).

Proof. Take any f € ker(A). Then
0= (f,Af)y =(df,df)+(d"f,d"f) ©df =0 and d*f=0. (38)

Hence, f € ker(d). To show that f ¢ im (d) suppose the opposite. Let f = dg. Then
due to (38)
d'dg=0= 0= (g,d"dg) = (dg,dg) = dg =0. (39)

Thus, ker(A) < H(d) O

From Lemmas 1 and 2, it follows that, if all the requirements are met,
H(d) = ker(A). (40)

Thus, in a Hilbert space with a diagonalizable Laplace operator A := {d,d*}, finding
the cohomology is equivalent to finding ker(A). Further calculations of c_ cohomology
will rely on this fact.

The following important comment [24] is now in order. In the case of interest, for
every unfolded subsystem associated with a fixed spin

V=&,V,

with finite-dimensional grade-n subspaces V. In that case A leaves invariant every V, and,
being self-adjoint in the finite-dimensional Hilbert space, is diagonalizable.
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It is worth noting the similarity of the above analysis with the Hodge theory mentioned
at the beginning of this section. Indeed, consider the (finite-dimensional) vector space V
endowed with some nilpotent operators d and 9, d* = 9> = 0. The condition of disjointness
is also imposed (see [25] for details), that is, im(d) Nker(d) = im(d) Nker(d) = {0}. In
other words, it is demanded that

ddx =0 implies dx =0, (41a)
odx =0 implies dx =0. (41b)

Define the Laplacian A by (34). Under these assumptions it can be shown that

1. ker(A) = ker(d) Nker(9). The harmonic cocycles annihilated by A are those and only
those, that are d-closed and d-closed simultaneously;

2.V =im(d) @im(d) @ ker(A). In other words, for any vector x € V there exists a
unique Hodge decomposition x = da + df + h, where & and 8 are some vectors in V,
and h is harmonic Ah = 0.

Since by (41a) 98 # 0 implies dd # 0, the kernel of d consists of vectors of the type
dw + h, where h is harmonic,

ker(d) = {xe v‘ x=da+h, Ah:o}. (42)

This implies that the harmonic cocycles and cohomology classes of d are isomorphic
as vector spaces, that is (40) is true.

In the subsequent sections the operators o and o := (0_)* will play the roles of
d and 9. Moreover, in the following calculations one can spot which Young diagram or
multispinor belongs to im(c_ ),im(c ) or ker(A) due to the equivariance of the constructed
Laplace operators A with respect to the action of GL(d) or O(d) or SL(2; C), depending on
the problem in question.

5. c— Cohomology in Minkowski Space of Any Dimension
5.1. Generating Functions

The problem of finding the — cohomology in tensor spaces of one or another type
can be conveniently reformulated in terms of differential operators. To this end two-row
Young diagrams in the symmetric basis can be described as a subset of polynomial ring
R[Y, Z] generated by the set of 2d commuting variables Y*, Zb (see [16] for detail). Consider
the ring AP (M“) @ R[Y, Z]. Tts homogeneous elements are differential p-forms valued in
R[Y, Z]

Wnn (%,d%, Y, Z) = Wa(n) p(m) (X, dx)ye(n) zb(m) (43)

Consider the generating function

w(x,dx|Y,Z) = Y wum(x,dx|Y,Z)= Y wa(n),b(m)(x,dx)Y”(")Zb(’”). (44)

n,m>0 n,m>0

Its expansion in powers of Y and Z yields the tensor-valued forms wy ) »() as the
Taylor coefficients. In this language the Young irreducibility condition reads as

2 0w

Y
a9z

=0 <= Wim)am-1)=0. (45)
The tracelessness condition takes the form

1" 9yadypw = 0 <= W to(n-2) p(m) = 0- (46)
Note that all other traces are also zero as a consequence of (45) and (46),

1900200 = 0 <= @ (1) pm—1) = 0, (47)
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102407500 = 0 <= Wo() p(m—2k" = 0- (48)

The generators of u(d) and so(d) (Following [24], in this section we do not distinguish
between different real forms of the same complex algebra freely going to their compact
real (Euclidean) form since, not affecting the final results, this choice simplifies the analysis
by allowing a positive-definite invariant scalar product on the space of tensors. Results of
the Euclidean case coincide with those of the Lorentz one due to the equivalence of their
representation theory on finite-dimensional modules. Indeed, suppose that some Lorentz-
irreducible tensor T* represented ¢— cohomology in the Lorentz case. Then analogous
o(d)-irreducible tensor TF represents o cohomology in the compact case and vice versa.
The only potential difference could be related to (anti)self-dual tensors that may exist in
one signature but not in the other. However, these do not play a role in our analysis where
(anti)self-dual tensors always appear in pairs or do not appear at all in sufficiently high
dimensions d > 4.) are now realized by the first-order differential operators

a a a a so(d) 1 c c
(tg[(d)>b =Yy, + Z%9zp + 6", (t )ah = 5 \ Mactaty — Mctgia ), (49)

where 6° is a Grassmann-odd element of the exterior algebra associated with the frame
one-form e”.
In these terms ¢_ acts as

w
074

Tow = 0" = MO W) (1) (X, 0) YW ZP D) (50)
It differs from the definition of Section 3 by an additional numerical factor introduced
for future convenience. In the sequel we sometimes do not write variables Y, Z, 8 explicitly,
that are always assumed to be present implicitly. We adopt the convention that index a is
contracted with Y, b with Z and ¢; with 6 with s ordered as ¢y, ..., ¢p.
The space A(M?) @ R[Y, Z] can be equipped with the scalar product

1

(f,q) = ﬁ/cd o A7 a2y g9 499 £(7,Y,0) g(Z,Y,0) e 12— IYP=08 (59
X

where f,g € A(M%) @ R[Y, Z] with complex Y, Z, 8 and Berezin integral over anticommut-
ing variables. (We work with the polynomials of complex variables with real coefficients).
The space A(M?) @ R[Y, Z] with the scalar product (51) is a Hilbert space in the Eu-
clidean metric signature case used in this section. This scalar product yields the following
conjugation rules:

()" =09za,  (Y)"=0ya,  (0")" =0pa- (52)

5.2. GL(d) Example

To illustrate the idea of our construction let us first consider a simpler case where
fields and gauge parameters take values in the irreps of gl(d) described by two-row Young
diagrams (no tracelessness conditions are imposed). Define the following operators, that
form gl(2)

] d 0 d
_ya 9 _ a9 _ya _ ~a
h=Yozi =Ly W =Yga Lz (53)
[t1,t2] = to, [to, t1] =2t, [to, ta] = —2t, (54)
=Yooy =700 (55)

ayr 2T 7 9zar
Namely, t; form s[(2) while h; + h; is central.
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In terms of these operators the space of p-forms valued in two-row Young diagrams is
identified as ker(t;)

VP = {F € AP(M?) @R[Y, Z]|t;F = 0} . (56)

Here AP (M) is generated by the Grassmann variables 6“.
Let us introduce auxiliary operators

) )

0
- — a_-
207’ D=0 07’

Oy =0°—
Y ya’

0, — 670

Zo =7 .
0 9724

Yy =Y° (57)

a
W/
Among the auxiliary operators D plays the most important role as it gives differential
form degree. Now we should construct oy : 03 = 0 on V¥ and Im(c.) C V. Consider
the following operator:
ot = f(to)Ze + g(to)Yot2, (58)

where f(tg) = Y5 futy and g(to) = X5 guty- Functions f and g have to be found from
the conditions
2F=0, tHoF=0, VFeVP. (59)

After some re-ordering of operators this yields two equations

0:Y9<f(t0—1)F+8(t0—1)t0F>, (60)
0= 2% (ft0)glto + faF = g{t0)f (1o + DfaF = gltodglio + ViaF) (61
verified by
f(to) = —(to +1)g(to) (62)
giving
o = —(to +1)g(to) Zp + g(to) Yotz - (63)

The free coefficient g(t9) is determined from the conjugacy requirement:

(fr7s) = (0 (gl10)(t0 + 1)+ 8(00) ) ) = (@ £.8) (64)
giving
1
8(t0) =~ (69)
and hence
oy = (o)t = oL LIV (66)

T h+270 tt2

One can notice, that o in (66) differs from what one would expect from the conjuga-
tion rules (52). The reason is that in (52) we work with C := AP (M) @ R[Y, Z] complex. In
the GL(d)-case we deal with (A”(M?) @ R[Y, Z]) Nker(t;) complex, therefore one should
project on the highest weight vectors of the underlying s[(2) in the complex C. The same
procedure applies to the O(d)-case. Though general formulae for extremal projectors are
known for any simple Lie algebra (We are grateful to the referee for bringing this fact to
our attention.) [26-29] (for reviews see [30,31]), to keep the paper self-contained we derive
the relevant projectors straightforwardly.

Knowing o, it remains to construct the Laplace operator A = {o_, 04 } and find its
zeros. Elementary computation gives

_ _to
o to+1

1
D+4+hy—1 — Y0y — ————————1,07Y). 67
(D+hy )+t0+19y (fo +1)(tg 1+ 2) 207 Y0 (67)
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Being built from the manifestly gl(d)-invariant operators, A commutes with gl(d)
hence being diagonal on its irreducible submodules. Thus, it suffices to analyze zeros of A
on gl(d) irreducible components of the forms.

5.2.1. H(o_)
Any element of V0 has the form F = Fa(n)lb(m)Y“(”)Zb(m). It is easy to see that

AF = hyF. (68)

Therefore
H(0) = {F = Fy) Y""|VE,,) € R}. (69)

522. HP(0-),p>0

For p > 0, a general element of V¥ is F = Fa(n) b(m)(c1,..cp ya(m zb(mger 6o Generally
it forms a reducible gl(d)-module associated with the tensor product of two diagrams. In
terms of Young diagrams it decomposes into the following irreducible components:

n ] ~ n+1 ] n ] n ] n+1 ]
®gl m - m S m+1 ® m ® m+1 . (70)
7 s 9
& & &

At p = 1 the last diagram is absent. The manifest decomposition of F; () (

. ; . ) m)‘CI/CZ/--GC
into irreducible components is

m
Pa(n),b(m)|c1,cz,..,cp = Fla(n)cl,b(m),cz,..,cp + mFla(n)b,b(mfl)cl,cz,..,cp + FZa(n),b(m)cl,cz,..,cp

+ F3a(n),b(m) c1,...cp + Faa(n)c, b(m)ces,.cpr (71)

where F; corresponds to the i-th diagram. There are no restrictions on n,m, p in (71) except
for n > m. If for some n, m tensor expression has a wrong Young shape, it is zero. To
simplify calculations we derive restrictions on 1, m, p for each diagram from the condition
of being 0_-closed. For the second and fourth diagrams we find no restrictions, but for
others we have

. 1
o <1st d1agram> =—-m (1 — n—m+2> Fra(n)co p(m—1)c1,00,.,0p = M =0, (72)
T—E3q(n) b(m),c1,..c = ME3a(n) b(m—1)co,c1,.,c, = M = 0. (73)

Using this we obtain the action of A on the rest diagrams:

1 nip—1
DFuamerca,ey = 77 AOVEL(Y, Z,0) = Meya(y, Z,0), (74)
1 m+
BFsamy s caney = 7 0ZF(Y, 2,0) = T2 L 07 E(v, 2,0), (75)
B 1
AP4u(n)cl,h(m)cz,C3,..,cp - (ﬂ’l n 1)(7’1 +1)A9YGZF4(Y/ Z/ 9)

 (n=m)(p+m—1)
= o mr )t Dnr1) 0R. 20, (76)

As a result,
H'(0-) = {¢ = Fyuc 8 Y™ |F = 0,F € V'}, (77)
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HP (0 ) = {W = 60y0;C(Y,Z,0)|[tzcC =0,C € VP72, p>1}, (78)
C = Catmy (w1, ey, Y2602 € VP72

The dynamical interpretation of the obtained results is as follows. The system has one
symmetric gauge field with gauge transformation described by a symmetric parameter.
The second cohomology group H?(c—) is spanned by a single tensor corresponding to the
generalized (traceful) Weyl tensor. If the latter is set to zero, the system becomes topological
with the zero-curvature field equations. Otherwise the unfolded equations encode a set
of constraints expressing all fields and Weyl tensor via derivatives of the physical fields.
Proceeding further with the equations on the Weyl tensor and its descendants results in
an infinite set of constraints with no differential equations on the physical field. Such
off-shell unfolded equations were considered in [32]. The off-shell systems are for interest
in many contexts such as, e.g., construction of actions and quantization [33,34]. The lower

cohomology groups (69), (77) and (78) match with those obtained, e.g., in [16].

5.3. O(d) Case
5.3.1. Irreducibility Conditions

The O(d) case is in many respects analogous to that of GL(d). The difference is due
to the tracelessness condition (46). The algebra of the operators encoding irreducibility
conditions is extended since the metric allows the new types of contractions between 6,Y, Z
and their derivatives. From the representation theory perspective new terms associated
with traces appear in the diagram decomposition of the form coefficients, affecting the
cohomology analysis.

The following operators form the algebra sp(4):

d 0 ] 0
t1 = Yaﬁ, tr = Zaﬁ/ hy = Yaavl hy = aﬁ/ (79)
d d
_ ya a9
h=Y"5v L ez (80)
fi =0Y0ya, fo=0%0zs, f3=0Y0z, (81)
e = YuYa, ey = Z“Za, e3 = YuZa . (82)

Evidently, these operators commute with the so(d) generators (49). sp(4) and so(d)
form a Howe-dual pair [35]. Young condition (45) and tracelessness condition (46) impose
highest weight conditions on a sp(4)-module.

In addition, we introduce the following O(d) invariant operators:

Zo=Z"0gy, Yo =Ygy, (83)
dpz = 09s0%, oy = 0ga0Y, (84)
0z =070z, Oy = 0°9y,, (85)

which, along with D (57) counting differential form degree, extend sp(4) to osp(2[4).
The simplest way to see this is to let index a take a single value, treating the operators
Z,Y,07,0y, 8,0y as creation and annihilation operators, and apply the oscillator realization
of osp(2|4).

In the problem in question, the form space is

VP = {F e A"(M?)®@R[Y,Z]|4F =0, 4LF = 0}. (86)

Note that these restrictions imply the tracelessness over indices (Y, Z) and (Z,Z) as a
consequence of the form of commutators of f; with f 5.

532. 04

Let us look for o = ¢* in the form
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oy = g1(M, h2)Zg 4 g2 (M, hp)t2 Yy + g3(h1, ho)ezdgy + ga(hi, ho)eitrdgy + g5(hi, ho)exdgz

+ g6(11, ha)estadez + g7(h1, ho)e1t3dey -

The condition Im(c.) C VP gives

0= fio F= <Zgz(h1 +2,hp) +2g3(h1 +2,hp) +284(hy +2,hy)(d +2h1))fzaeyF

+ <2g6(l’l1 +2, hz) + 2g7(”l1 +2, hz)(d +2h1)>t§892F,

0=to F= <81(h1 —1Lhy+1)+go(hy —1,hy + 1)t0>Y9F + <—83(—1/1) +2g¢5(—1,1)

+g6(—1,1)t0> 63392 + <g3(—1,1) +g4(—1,1)(t0 — 2))6189y + ( — g4(—1,1) +g6(—1,1)

+ 2g7(—1,1)(t0 — 1))€1tzagz .

This imposes the following six equations on seven coefficients

g1(h, h2) + g2(h1, ha)(tg +2) =0,

—83(h1, h2) +285(h1, h2) + g6(h1, h2) (to +2) = 0,
g3(h1, h2) + ga(h1, ha)to = 0,

—g4(h1,h2) +g6(h1,h2) + 2g7(h1,h2)(t0 + 1) =0,
82(h, h2) + g3(h1, ha) + ga(h1, ha)(d +2hy —4) =0,
Q6(h1, hp) + g7(hy, hy)(d +2h; —4) = 0.

Choosing g7(h1, 1) as a free parameter, we obtain
g1(h, h) = —(to +2)(d — 4+ hy + h)
82(h,hy) = (d — 4+ hy + hy)

g3(h1, hy) =ty
ga(h1, hy) =

d—6+2h
—(d—6+2hy

AA,\,—\

)
)
)
)

d—6+2hy)g7(h1, hy),
d—6+2hy)g7(h1,hy),
g7(h1,h2),
g7(h1,h2),
gs5(h1,h2) = (to+1)(d — 4+ hy + h2)g7 (1, ha),

Qe(h1,hp) = —(d —4+42hq)g7(hy, hy) .

(87)

(88)

(89)

(90)
1)
(92)
(93)
(94)
(95)

(96)
97)
(98)
99)
(100)
(101)

Now using the conjugation rules (52) and highest weight conditions (86) we get

(F, 0 B) = ( — g7(h, ) (b +2)(d — 4 + Iy + o) (d — 6 + 2h2)) (0_F, B).

The condition 0 = ¢* demands

1
g7(h1,hy) = —

(to+2)(d—4+4hy +hy)(d— 6+ 2hy)

(102)

(103)



Symmetry 2021, 13, 1498 14 of 40

giving
e o e3dgy + ! e1t20
T T e T e )@= At i i) Y T ot 2) ([ — Aty 1) O
to +1 d—4+2n
a e t20
(o +2)(d — 6+ 21) %2 ¥ 1y 7 2)(d — 4+ Iy + Ip) (d — 6+ 2y ) 312902
1

- 13097 (104
(fo 1 2)(d — 41 i + ) (d — 61 2hp) 112%2 - (109

This yields operator o, such that 03 = 0on V,Im(c}) C Vand 0* = oy.
To calculate the Laplace operator A = ¢_o; + 040 on VP we obtain straightfor-

wardly that
oy = 0,7 — 10,y — 0y Yy fo—1 (eea +0°Y,9 )
T TR T A T 1 T o+ ) (d =3+ hy + ) \ AN a%ey
1 to
2070 6yo - 67097 +20"Z,0
+(t0+1)(d_3+h1+h2)<€1229Y+€1Y9Y> (t0+1)(d_4+2h2)<ezzez u9Z>

d—4+42h

P o s D@ 347 + o) (d 41 2h)

(631‘292392 + e36ydgz + 120,097 — 9“Zaaez)

1 2
- 1207007 + 2e1t20y0g7 | . (105
(t0+1)(d—3+h1+h2)(d—4+2h2)(612ZGZ 612”Z> (105)
L0 = Zeby+ — 10, Yy + o e300y — L
e T 2 T T o+ ) [d— 4 hy +hy) A T (g +2)(d— 4+ hy + hy)
to+1 d—4+2m
X ent20290y G T 6 2iy) 292%7 T G @ =+ I + ) (A — 6+ 2y) 21202907

1

P ot 2)(d—4+ I+ ) ([d—6+2k)

eﬁ%@ZE)QZ . (106)

Since, by construction, both ¢_c and ¢40_ and hence A are O(d) invariant, A is
diagonal on irreducible O(d)-modules and, to compute H(c- ), it suffices to find its zeros
on the irreducible components.

5.3.3. H(c_)

In the sector of zero-forms, all terms that contain % trivialize. Hence,
AF = hpF = mF (107)
and
H(0-) = {F = Fy,y Y""|VF,,) € R}. (108)

Comparing the resulting differential gauge parameters with (5), we find that, as
anticipated, differential gauge symmetries in the unfolded formulation coincide with those
of the Fronsdal theory.

534. H(0c-),p >0

The main difference between o(d)- and gl(d)- cases is due to the traceful terms in the
decomposition of the p-forms into the irreducible parts depicted as
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n ~ n ] n ] n+1 ]
Rso m = m @ m+ 1 @ m @ (109)
A T T
a a
n+1 ] n—1 ] n ] n+1 ] n—1 ]
® m+1 ® m ® m—1 ® m—1 8 m+1 ®
o~ — — o~ o
A A a A A
n—1 ] n ] n ] n+1 ]
D m—1 D m ® m ® m ®
q 9 q T
n ] n—1 ] n ] n ]
® m—+1 ® m ® m—1 ® m
7 T T T
a o o a

For 1 < p < 3, the diagrams carrying negative p-dependent labels are absent. It is
important to note that the diagram (1, m, p — 2) is present twice: one copy results from the
contraction of one of the form indices with the first row followed by the symmetrization
of another form index with the same row. Another one results from the application of the
same procedure to the second row. This fact leads to two different tensor implementations.
Also note that some of the diagrams vanish for special dimensions by virtue of the Two-
Column Theorem:

Theorem 2. so(d) traceless tensors with the symmetry properties of such Young diagrams that the
sum of the heights of the first two columns exceeds d, are identically zero [36].

The cohomology H? (0 ) is empty for p > d. Analogously, some potential elements of
HP(o_) are zero by the Two-Column Theorem for large p < d.

Now we are in a position to consider the action of the Laplace operator on each of the
diagrams (109) separately. In the following restrictions on 1, m, p will be imposed: if for
some 7, m, p a tensor has a wrong Young shape, it is zero. In most cases we will simplify
calculation by demanding p-forms be o_-closed. Another simplification is due to the fact
that AF = 0 is equivalent to the two equations c_F = 0 and 0 F = 0.

Diagram (n,m;p), n > 0,m > 0,p > 0 has the tensor form Tﬂ(n),b(m),cl,-.,cp' It is
o_-closed, if m = 0. Then

ATa(n),cl,..,cp = pTu(n),q,..,cp : (110)

This diagram is in ker(A) at p = 0 that reproduces the already obtained result for H’(o_).

Diagram (n + 1m + 1;p — 2),n > 0,m > 0, p > 2 has the tensor form Ta(n)cl,b(m)cz,..,cp-
This diagram is o_-closed. The action of A is
(n—m)(p+m—1)
ATa(n)cl,h(m)cz,..,cp = (n —m+ 1) Ta(n)cl,b(m)cz,.‘,cp . (111)
This diagram is in ker(A), if n = m, thus belonging to H? (0_) with p > 2.
Diagram (nm + Lp — 1), n > 1,m > 0, p > 1 has the tensor form Ta(n),b(m)co,cl,..,c,,,l-
Then
ATa(n),b(m)co,cl,..,cp,l = (m + P)Ta(n),b(m)co,cl,..,cp,l . (112)

This equation admits no solutions since p > 1 in the case in question.
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Diagram (n + 1,m;p — 1), n > 0,m > 0, p > 1 has the tensor form

m
Ta(n)co,b(m),cl,..,cp,l + mTa(n)b,b(mfl)c[),cl,‘.,cp,l .

Itis o_-closed iff m = 0. Then

AT, _mp=1r (113)

€0,C1,Cp—1 n+1 a(n)co,cl,..,cp,l .
This expression vanishes at p = 1. Hence,
Ta(nye, € H' (0-). (114)

As one can see, n = 0 in (113) also leads to zero Laplace action. However, this is not a
new result, since it has been already accounted in the diagrams (1, m; p) forn =m =p =0
(110), (n+1,m+1;p—2)forn =m =0,p > 2 (111) and then = m = 0, p = 1 case of
(n+1,m;p —1) (113). This fact is a simple consequence of the tensor multiplication of a
column by a scalar.

Diagram (n — 1,m;p — 1), n > 1,m > 0, p > 1 has the tensor form

B n—1 m(n—1)
T = Hae, Pa(n—1),b(m),ca.cp — mUaupa(n—z)cl,b(m),cZ,..,cp + (d—4+m+n)(d—4+2n)

m
X NaaPa(n—2)bb(m—1)cy,ca,.0p — mUabpa(n—1),b(m—1)cl,c2,..,cp , (115)

where p is an arbitrary (n — 1,m; p — 1) tensor.
One can check that T € ker(o_) demands m = 0 with

n—1
T= Uﬂclpa(n—l),cz,..,cp - d—4+2n Uﬂﬂpa(n—2)c1,c2,..,cp' (116)

After some calculation we obtain

(p—1)(d—2+n)
d—3+n T

AT = (117)

This implies that A has zero at p = 1 contributing to H! (¢_). The case ofd = 2,n = 1
must be considered separately because of the divergent denominator. The seeming diver-
gence emerges due to the second term in (116), which is absentatd = 2,n =1,

-1
T= ’711614062,--,6;7 = U+T = pT (UbC1parC2!"rcp—l - 77ﬂC1pb,c2,..,cp,1> s (118)

leading to the same answer with p = 1.
Diagram (nm — 1;p — 1) n > 1,m > 1, p > 1 has the tensor form

n—1)(m-1
T = (7’1 — 1)Wuapa(n—Z)bcl,b(m—l)’CZI._’Cp — 4( 7 g(+ 5 )Uaupa(n—z)hb,b(m—Z)Cl,Cz,--,Cp — (d —4+m+ Tl)

(m—1)(d—4+2n)
X 774151pa(nfl)b,b(mfl),cz,..,cp - (” - m)Uabpa(n71)c1,b(m71),cz,..,cp + d—6+2m Nab

m—m+1)(d—4+m+n)
" 77bc1Pa(n),b(mfl),cz,..,cp

(m—1)(n—m+1)(d—4+m+n)
- (d—6+ Zm)n MobPa(n),b(m—2)cy,c2,0p 7 (119)

X pu(n71)h,b(m72)c1,c2,..,cp +

where p is an arbitrary (n,m —1; p — 1) tensor.
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Let us show that this diagram can never be annihilated by o_. Indeed,

o T= (d —4+m+n— (7’[ - Wl)) Wﬂcopa(nfl)cl,b(mfl),cz,.‘,cp + (m - 1)(lit)/ (120)

where (lit) denotes some terms that are linearly independent from the first one. If m =1
the above expression reduces to

o T= (d - 2) NacoPa(n—1)cy,c2,..0p° (121)

The expression in brackets vanishes at d = 2. However, such diagram is zero by virtue
of the Two-column theorem 2, since the heights of the first two columns sum up to 3 > d.

Thus, the nontrivial T is never in ker(o_).

Diagram (n +1,m — 1;p —2) n > 1,m > 1, p > 2 has the tensor form

n—m+1

T= Hacy pa(n—l)bcz,b(m—l),53,..cp - ?771701pa(n)cz,h(m—l),C3,..cp
n m—1 B (m—1)(n—1)
n—m+ 377uC1pa(n—1)bb,b(m—2)cz,53,..cp (d 6+ 2m)(n “m+ 3) Wﬂﬂpa(n—z)bbcl,b(m—2)02,63,..cp
2m—1)(n—m+1) (m—1)(n—m+1)
+ (d 6+ 2171) (71 —m+ 3) Uabpa(nf1)bc1,b(m72)cz,C3,‘.cp - 7’1(7’1 —m+ 3)

(m—1)(n—m+2)(n—m+1)
X chlpa(n)b,b(m—2)cz,63,..cp - (d —6+ Zm) (I’l —m+ 3)1’1 Ubhpa(n)cl,b(m—Z)cZ,C3,..cp ’

(122)

where p is an arbitrary (n +1,m — 1; p — 2) tensor.

Though the tensor realization (122) may look complicated, the problem is simplified
by the observation that all terms except for the first and second ones carry a factor of
(m —1). The action of o_ on the first and second terms produces a factor of (m — 1) in
front of each 17p combination. It can be checked that o T has an overall factor of (m — 1)
so that the only possible solution for T € ker(c—) is at m = 1 in which case the tensor
decomposition acquires the form

T= Nac1Pa(n—1)bcy,...cp — Mbe1Pa(n)cy,...cp (123)
At p = 2, after some calculations one can check that
o+ T=0. (124)

For p > 2 it is not difficult to see that o} T # 0. Indeed,

1 .
U+T = (P - 2) (1 + 1’l> 77ﬂ61pa(nfl)hcz,b,q,..,cp,l =+ (llt> ’ (125)

where (lit) denotes other linearly independent terms. The first term is never zero.
Thus,

T= Nac1Pa(n—1)be; — MociPa(n)c, € H? (U—) . (126)
Diagram (n —1m+ L;p — 2),n > 1,m > 0, p > 2 has the tensor form

n—1
T= Nac1Pa(n—1),b(m)ca,..cp — mWﬂﬂpu(n—Z)cl,b(m)cz,..,cp ’ (127)

where p is an arbitrary (n —1,m + 1; p — 2) tensor.
Though it is obviously in ker(o—) for any m, it is not hard to see that it is never in
ker(oy).

-2 .
oy T =— <1 + :1-1—1) 7711C1pa(n—l),b(m—l—l),..,cp,l + (llt) . (128)
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Hence this diagram does not contribute to H (o).

Diagram (n —1,m — Lip — 2),n > 1,m > 1, p > 2 has an involved tensor form. Since
the coefficients in the expression below are complicated, we extract the factor of (m — 1)
once present denoting the leftover coefficients as «;,

T = tHae, MocyPa(n—1),b(m—1),..c, + (1 = 1)&11aalaaPa(n—a)bbey b(m—2)cs,-.c,
+ 621 aalacy Pa(n—3)bey b(m—1),..c, T (M = 1)&3MHaalac, Pa(n—3)bbb(m—2)cy,..c,
+ (m = 1)@4aallabPa(n—3)bey b(m—2)cy,..cpy T %5MaallbePa(n—2)cy b(m—1),..c,
+ (m — 1) a6 aallvc, Pa(n—2)b b(m—2)cy,..c, T (M = 1)&71a0MbbPa(n-2)cy b(m—2)cs,..c,
+ &8%ac NabPa(n—2)cy b(m—1),..cp, T (M = 1) &9 ac, NabPa(n—2)b,p(m—2)cs,..c,
+ (m = 1)a10Mac, NobPa(n—1),b(m—2)cy,..c, + (M = 1) @110 a61abPa(n—2)c; b(m—2)ca,

+ (m = 1)ar21ab o, Pa(n—1),b(m—2)cs,.cp » - (129)
where p is an arbitrary (n —1,m — 1; p — 2) tensor. The explicit form of ; is given in the
Appendix A.

Now we observe that the action of v on the terms free of the factor of (m — 1)

produces such factor. Hence, o— (T) has the form of the sum of linearly independent terms
with the common factor of (m — 1). Consequently,

o_T=0,iff m=1. (130)

At m = 1, the only terms that remain are

T— n (n—2)(n—1)
- 77ﬂC177b62pu(n71),..,cp (d 3+ n) (d 4+ 271) 7701177ﬂ01pu(n73)bc2,..,cp
n—1)(d—-2+n n—1
G ’ 3+ 35) (d—4 +)2n)”““”bﬁpﬂw—Zﬂzr--fcﬁ T a3 a el 2)ese, (13D
It can be checked that for p =2
o . T=0. (132)
For p > 2 it is not difficult to see that
_ (p—2)d 2 .
U+T_(d—z)(d—3+n)(d—2+n)e39yp+(llt)’ (133)
where p = pa(n,l),clwcpizY“(”_l)951..QCP*Z. Therefore,
(n—2)(n—1)
H?(0-) 3 T = fjacy Nbe,Pa(n-1) + (@35 n)(d— &1 2n) TlactPa(n-3)tcy
n—1)(d—-2+n n—1
+ (d (_ 3+ 3,5) (d 4+ )211) Naalbe, Pa(n—2)c; — mﬂﬂclrlabpa(n—Z)cz . (134)
Diagram (n + 1,m;p — 3),n > 1,m > 1, p > 3 has the tensor form
n
T= 771761pu(n)cz,b(mfl)q,.‘,cp - m”ﬂﬁpa(nfl)bcz,b(mfl)q,..,cp ’ (135)

where p is an arbitrary (n + 1, m; p — 3) tensor.
Explicit computation gives
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fo 2t
T= hy—1)T— 0°Z,00,T
d—4+2h >
t+0°Y, 007 — 0°Z,007 | T
+(%+1Md—3+hy+mxd—4+2m)<2 ad6z 2007

B tg—1 .
(to+1)(d—3+Mh +h2)9 Yadoy T (136)

This expression vanishes at n = m. Indeed, in this case tgT = 0,1T = hyT =
nT,t,T = 0 so that

- 1
d—-3+2n

1

AT T i 3%

(tzanaagz — G“Zuagz> T 0%Y,00y T . (137)

Since

it follows that AT = 0 at n = m. To check that AT # 0 at n # m one should substitute the
expression for T noticing that different linearly independent terms have no common factor
to vanish, that implies nontriviality of AT.

Diagram (nm + L;p — 3),n > 1,m > 0, p > 3has the tensor form T = #ac, 0g(—1)cy,b(m)
It belongs to ker(c— ), but not to ker (o).

C3,..,Cp *

_3 |
o, T = (1 + :1—1—1)17“] Pa(n—1)ca,b(m+1),...cp + (lit). (139)

Diagram (n,m;p — 2) n > 1,m > 0, p > 2 admits two tensor realizations T; due to the
double presence of this diagram in the result of tensor product. The tensors

m
I = 77”%pla(nfl)cz,b(m),C3,..,cp + ;ﬂbclpla(n),b(mfl)cz,q,,..,cpl (140)
n—m d—4+n+m
I = ﬂﬂﬂPZH(nfz)bq,b(m71)02,03,..,cr, - ﬁnubpzﬂ(nfl)q,b(mfl)cz,c&..,cp - Tﬂﬂﬁ
(n—m+1)(d—4+m+n)
X p2a(n—1)b,b(m—l)c2,53,..,cp + Tl(?l _ 1) 771761PZa(n),b(m—l)cz,C3,..,cp (141)

are linearly independent. That Laplace operator acts diagonally on T;, AT; = A;(n,m, p)T;,
allows us to separately consider each of these diagrams. Firstly, we check if these are in
ker(o_) computing

o-Th = mnﬂclPla(n—l)cz,b(m—l)c&..,cpﬂ/ (142)
d—4-+2m
0-Tp = — = Tacrf2a(n—1)co b(m—1)cs,..cps1° (143)

T, € ker(o_) at m = 0. Formally, T, is annihilated by c_ atd = 2,m = 1, but this is
not allowed by the Two-column theorem. So, the only candidate for cohomology is Tj.
However,

1 -2 .
0'+T1 = m (1 + pT)nbclpla(n)/Cz/--,Cpfl + (llt) , (144)

which is never zero.
Diagram (n—1,m;p—3),n > 2,m > 1, p > 3 has the tensor form
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B (n—1)(d—3+m+n)
T = 7ac, ;7bC2pa(nfl),b(mfl)q,,‘.,cp - (d —A+n+ m) (d —4r 21’1) Wﬂﬂﬂbclpa(n72)cz,b(m71)r13,..,cp

(n—1)(n—-2) n—1
T @— &+ mt n)(d— 41 an) e lan=dberbnN)eses T T4y
x NabMac1Pa(n—2)ca,b(m—1)cs,..cp 7 (145)

where p is an arbitrary (n — 1, m; p — 3) tensor.
Obviously, T € ker(c—). However, T ¢ ker(o).

-3 ’
o+ T = (1 + m)77ac177bczpu(n—l),b(m),c3,__,cp1 + (th) , (146)

hence not contributing to cohomology.
Diagram (n,m—1;p—3),n > 1,m > 1, p > 3 has the tensor form

T = 1ac, chzpu(n71)C3,b(m71),..,cp + (m - 1)(llt) (147)

with all terms except for the first one carrying a factor of (m — 1). The action of o on the
first term brings a factor of (m — 1) in front of p. Since all 77p terms in the decomposition
are linearly independent we conclude that

c_T=0,ifm=1. (148)

At p = 3 one can check that 0. T = 0. However, for p > 3 T does not belong to
ker(oy),
o+ T = _(P - 3)77%1 Wbczpa(nfl)c&b,‘.,cp_l + (llt) . (149)

Consequently, the only contribution to H3(c_) is

T = Hac; Moy Pa(n—1)c; € H(o-). (150)
Diagram (n,m;p—4),n > 1,m > 1, p > 4 has the tensor form

T = Hac, Moey Pa(n—1)ca b(m—1)cq,..cp - (151)

This is obviously annihilated by o, but not by o .

4 )
o+ T = — (1 + pm> Nacy chzpa(n—1)63,b(m),..,cp_l + (llt) . (152)

Hence it does not contribute to H ().

5.3.5. Summary
Summarizing the results of Sections 5.3.3 and 5.3.4 we found the following cohomol-

ogy groups:

H(o_) = {F = Fy,, Y""|F € V}, (153)

H'(o-)={¢p= Fla(n)cyu(n)ecz F eVl
¢ = [(n = DlfaaFag(n-2)c = (d =4+ Zn)ﬂucpzu(n_l)}w(”)ec eV, (154)
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H% (o ) = {W = 6y0,C(Y,Z) : tz€C =0,C € VY,

Ea= [Uﬂqpla(n—l)bcz - chlplu(n)cz} Ya(n)Zbeclecz € Vz}
(n—2)(n—1)

gB = |:77L1C117L7C2p2a(n71) + (d —34 Tl)(d — 44 21’1) Wﬂﬂﬁﬂclpzll(nfiﬁ)bq
(n—1)(d—2+n) n—1

d—3+n)(d—4+2n) Naallbe, P2a(n—2)c, — m’?ucl NabP2a(n—2)c,

}W")zbefl 62 € V2}, (155)

HB(U—) = {Bfr = 77ac1Uhczpa(n—l)qyu(n)zbgclGCZGC3 € V3}

By = 0y0,C(Y,Z,0) : toC = 0,C = Cy(y) p(n) Y Z0Me° € V1,
B, = [nbclpﬂ(nkz,b(n,l)% - 7”7”01pa(nfl)bcz,h(nfl)%} ya(n) zb(n) ge1geages < V3}, (156)

Atp >3

HP (0-) = {B1 = 0y0,C(Y,Z,0) : toC = 0,C = Cypu) iy, o Y 200000 072 € VP72,

B, = [’71761pa(n)cz,h(n—1)03,..,cp - n’?uqpa(n—l)hcz,b(n—l)C3,..,c,, Ya(n)zb(n)ec]“ecp € Vp}~ (157)

According to Theorem 1, the differential gauge transformation parameters are de-
scribed by H%(¢_) (153). The gauge parameter in the Fronsdal theory is known to be a
symmetric traceless tensor. Since tensors (11,0,0) constitute the cohomology group H%(c_),
the unfolded differential gauge transformation is shown to coincide with the Fronsdal one.

As recalled in Section 2.1, the Fronsdal field consists of two symmetric traceless fields
(2). These fields are represented by the cohomology groups H!(c_) (154). Cohomology
group H'(c_) consists of two elements (1 + 1,0,0) and (n — 1,0,0) matching the com-
ponents of the Fronsdal field. Thus, the physical fields in the unfolded approach indeed
coincide with the Fronsdal field.

The cohomology group H?(0_) (155) describes gauge invariant combinations of
derivatives of the physical fields that can be used to impose differential equations on the
latter. The Fronsdal cohomology classes £4 and £ match with the Fronsdal equations:
€4 is associated with the traceless part of the Fronsdal equations, while £ with the trace
part, that is the equations £4 = 0, g = 0 just reproduce the Fronsdal equations. Note that
the number of resulting equations is the same as the number of fields, as it should be in a
Lagrangian system.

W in (155) represents "Weyl" cohomology. Imposing W = 0 in the case of gravity one
gets conformally flat metrics and in the case of higher spins “conformally flat” fields. In
Einstein gravity and HS theory, the equation W = 0 is not imposed. Instead, elements of
W are interpreted as new fields C that describe generalized Weyl tensors by virtue of the
unfolded Equation (14). Thus, calculation of the cohomology group H?(o_) shows that
unfolded Equations (13) and (14) contain Fronsdal equations along with constraints on
auxiliary fields.

In accordance with the general discussion of Section 3 elements of H3(c) (156) cor-
respond to Bianchi identities. Class B/" describes the Bianchi identities for the Fronsdal
equations. Note that their number coincides with the number of differential gauge param-
eters. The remaining classes B; and B, correspond to the Bianchi identities on the Weyl
tensor. It is noteworthy that the latter can be checked to coincide with the first 0— coho-
mology in the Weyl sector of zero-forms of [10] for s > 1. This fact exhibits the connection
between the gauge and Weyl sectors.

For p > 3 cohomology groups H”(0_) describe the higher Bianchi identities for
Bianchi identities on the Weyl tensor also interpreted as syzygies [24].
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Obtained lower cohomology groups match with the results of [16-18].

In HS theory the fields are realized by one-forms. Formally, one can consider field
Equations (13) and (14) for p-forms wy(,) () valued in a two-row irreducible o(d)-module.
From our results and physical interpretation of the — cohomology groups it follows that
for p > 1 the unfolded system in the gauge sector is off-shell. To answer the question
whether the full unfolded system including both the gauge p-form sector and the Weyl
(p — 1)-form sector is off-shell, the analysis of H(7_) has to be performed in the Weyl
sector. The case of p > 1 may be somewhat similar to the s = 1 case, where the equation
on Ay lies in the Weyl sector.

Finally, let us stress that the results of this section for HS fields in Minkowski space
admit a straightforward deformation to AdS; with the same operator o_. This is because
in that case dynamical fields are described by rectangular diagrams of the AdS; algebra
o(d —1,2) [37]. In general, in the flat limit, irreducible massless (gauge) fields in AdS,
decompose into nontrivial sets of irreducible flat space massless fields [38—40] and there
is no one-to-one correspondence between massless fields in Minkowski space and AdS,;.
Namely, a generic irreducible field in Minkowski space may admit no deformation to AdS;
(see also [41]).

6. 0_ Cohomology in AdSy in the Spinor Language

4d HS theories admit a description in terms of two-component spinors instead of
tensors. That is, instead of using the generating functions in the tensor form w(x, dx |Y, Z),
where Y? and Z* carried vector Lorentz indices a = {0,1,2,3}, we will use

w(y, 7 |x,dx) = Zw”‘l"'“k"j‘l""j‘m (x,dx) Yay -+ Yy Yay - Vi s (158)

k,m

where the indices « and & of the two-component commuting spinors y* and y* take two
values {1,2}.

Analogously to Sections 3 and 4, we have to introduce the grading on the space of
A*(M) @ C[[y,y]]. Consider the homogeneous element of A*(M) ® C[[y,7]] of degree N
and N in y and ¥, respectively

w(py, 77 |x,dx) = pN 7N w(y, 7 |x, dx). (159)

Define the grading operator G on A*(M) ® C[[y, y]] as follows:

Gw(y,¥|x,dx) = [N = N|w(y, ¥ |x,dx) = |deg, (w(y, ¥ |x, dx)) — degy(w(y, ¥ |x, dx))|. (160)

Note that in the bosonic sector the frame-like fields ¢"1-s-1 ¢ ef1-#s-141--&5-1 have
the lowest possible grading G = 0. For our later computations to match with the Fronsdal
theory, we define the action of c_ on w(y, i) to decrease the G-grading;:

c_w(y,y) = i7" h%0, w(v,7), at degy(w) > degy(w), (161a)
c_w(y,y) == iy*h o, w(y,y), at deg, (w) < degy(w), (161b)
c_w(y,y) =0 at deg, (w) = degy(w), (161c)
where
0 = 0
a,x . — W’ a& -— ayﬂé 7 (162)

and the dependence on x and dx in w(y,7) = w(y, 7 |x, dx) is always implicit.

It is easy to check that so defined o is nilpotent, (¢—)? = 0.

Note that o+ change the grading G by 2. This agrees in particular with the fact that
the bosonic and fermionic sectors, where the grading is even and odd respectively, are
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independent. We consider in detail the more complicated bosonic case, observing in the
end that the computation for fermionic fields is quite similar.

Note that the analysis of c_ cohomology in the 4d conformal HS theory was also
performed in terms of two-component spinors in [42,43]. It is more complicated since
the generating functions of conformal HS theory depend on twice as many independent
spinors, but simpler since it is free of the module factors like [N — N| in the grading
definition (160).

Next, we define a scalar product (Being SL(2, C)-invariant this scalar product is not
positive-definite. Analogously to the tensorial case, without affecting the o cohomology
analysis it can be made positive-definite by going to the su(2) @ su(2) algebra, which is the
compact real form of s[(2, C) @ s[(2, C) with altered conjugation rules y* = y,, ¥* = y4.)
on generating elements of A*(M) ® C[[y, V|| by

(010F) = (IP) = ie®,  (PulPg) = —(@uldp) = ey, (haalhgg) = eapeys,  (163)

where g% = y*, py = id, and h*P is a vierbein one-form.
In some local coordinates x# on the base manifold (which in our case is AdSy,) the
vierbein one-forms k%, can be expressed as

W = (hy)", dx. (164)

The AdS, vierbein (hy,) ‘Xd is demanded to be non-degenerate at any point of AdS,.

+

The next step is to obtain oy := ¢’ with respect to the scalar product (, ), ie.,

(plo—y) = (o4 ¢|P). It is not hard to check that
crw(y,y) == —iy*D 0, w(y,y)  at deg, (w) > degy(w), (165a)
orw(y,y) = —iy* D0 w(y, )  at deg,(w) < degy(w), (165b)
rw(y,7) = —i(y“Dm +y”"D”‘d8,x)w(y,y) at deg, (w) = deg(w),  (1650)
where

J pt— O (166)

DY := ,
“ oh*,

By w = w(y,¥|x,h) we mean a general p-form polynomial in y and ¥ with the
coordinate one-forms dx replaced by h via (164), that is

WY, T 1%, 1) = Y ey (1) gty () () B A ATyt 0] gt m) (167)

So defined o increases the grading. The Laplace operator
AN:i=0_0y+040_ (168)

is by construction self-adjoint with respect to ( | ) and non-negative definite for the compact
version of the space-time symmetry algebra.
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7. Bosonic Case in AdSy

To calculate cohomology of o we have to compute the action of A. Since o and
o are defined differently in the different regions of the (N, N) plane, we compute the
Laplacian action in the these regions separately. Direct computation yields:

Anoniz = NON +2) +yPh% D, + 795h0a D%, (169a)
AnoN—2 = N(N +2) +y*9ghay DFT + ?‘@;hf DY, (169b)
Anoiz = Bysnia + 7' 7Pa9pH, ;D% (169¢)
Byor 2 = Aoy 2 TV YP B D, (169d)

An_x = Pl D" + y*9ghe; DPT — FyP0, 9,15 D f — yﬂyﬁaﬁahgg"‘p‘; . (16%)

The computation of the cohomology H (¢ ) will be performed as follows. Taking

a general p-form w(y, 7 |x), we decompose it into Lorentz irreducible components. As

we will observe, the projectors onto irreducible parts will commute with the action of the

Laplacian. Thus, instead of involved calculation of the action of A on all of the irreducible

components of w(y,¥|x) we can first calculate its action on the general w(y,¥|x) and
then project.

7.1. H(¢c)
Evidently, A N:N’() ; = ( since all the terms in (169¢) contain derivatives in h’s. At
-rorms
the same time, Ay, #Nlo . > 0. Thus, we conclude
-rorms

H(o-) = kef(A‘ ) = {F(y/?) = Fympany* 7™, n € No}- (170)

0-forms

By Theorem 1, elements of this cohomology space correspond to the parameters of
differential (non-Stueckelberg) linearized HS gauge transformations. This result fits the
pattern of the spin-s Fronsdal gauge symmetry parameters with n =s — 1.

7.2. HY(o-)

The decomposition of a one-form ©(y, ¥ |x) into Lorentz irreps reads as

_ . o S
O, ¥ 1%) = O ustyp(ma) Byt Wyt =5 Oun—1)itm+1) 'Y AR

CINVZD) ©g(y.y)
1 v a(m—1) 1 )i (m—
— §®.”(71+1)‘I/‘l(m71) hﬂvyh(n)yvyﬂ(m 1) +1®H(ﬂ71)|1}t(m71) hm_/yl/y}l(n 1)yvy;¢(m D, a7
Oc(v.y) Op(v.7)

Thus, for fixed n and m, there are four Lorentz-irreducible one-forms: @, Op, O¢,
Op. For direct computations it will be convenient to separate two of the indices of the

y group: '
OW,7) = Oy utn1)h i) Wy y g, (172)

In terms of the basis one-forms h/\)\y”y“(”*l)y”'y”(mfl) the projectors onto irreducible
components are

Pa =) sy Pc =S uv)€ir (173)

Ps = €nv () Pp = €nv€jy (174)
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where .7(, ,,) implies symmetrization over indices A, p,v and similarly for the
dotted indices.

7.2.1. H'(0_) in the Diagonal Sector N = N

In the diagonal sector with n = m the Laplacian is a sum of the following four terms:

An_xOY,Y) = 7031 DPO(y, ) +y*Ipha; DF1O(y, 7)

T1(v.y) T (y.y)
7 yPadg DOy, 1)~y TPagdih i DAO(y, 7). (175)
T3(vy) Tu(vy)
Consider the first term in (175).
794113 D"PO(,7) = Oy w1y (1) |V Ophaa D7 (hMyV]/y(%Dyvyﬂ(mfl))} : (176)

Tl)x,v,;t(nfl)\/'\,f/,ﬂ(n—l)

The expression in square brackets is denoted by TA (=D The notation

for other irreducible components T,, T3 and Ty is analogous. Stralghtforward computa-

tion yields
Tl)»,v,y(n—l)lz\,v',y(n—l) - _pr ev)\yvyy(n—l)yayﬂ(n—l)
—(n — 1) Ay yr =D gigrgi(n=2) (177a)
Té\,v,;t(n—l)l)\,ﬂ,ﬂ(n—l) _ )\ V/\yay‘u(n ”y y‘u(n 1)
—(n— D) ettyryryr 2y, (177b)
Té\,v,y(rzfl)m,f/,;l(nfl) (hv y)\yy n—1) (- 1)h” y/\y yy ))
><(€” y y”(” Ut (n—DeMytyy D), 7o)
T;\,v,y(n—l)v'\,f/,;k(n—l) ( + (= DG
( W‘y“y”( +(n 1)€My Yyt 2)) (177d)

Projecting onto the irreducible parts of @(y, ) we find

Ay_n(©a) =0, (178a)
Ay_n(@g) = (n+1)?@p # 0, (178b)
Ay_§(Oc) = (n+1)*Oc #0, (178¢)
Ay_7(Op) =0. (178d)
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Thus, the only elements of the kernel of Al-forms N

S are Oa(y,¥) and Op(y,y). By

the Hodge theorem of Section 4 this yields that H!(c_) = ker (Al'forms N*N) is
H'(s ) = EB H(ln) (0-), (179a)
n>0
HYy (0-) = {90 (17 1%) + 985, (v, 712), (179b)
D) (027 1%) 1= Py sy (6) B g G, (1799)
Py W, 1%) = 9500 1) an1) (%) Huw Yy Dy ey s O}, (179d)
where 7 is the number of indices of the corresponding cocycles.
Equivalently,
H'(0-) = {1 8,3, By (1,7 %) + by T B0, 7 )} (180)
where Fj »(y, 7 |x) belongs to the diagonal N = N, that is,
d 4 0 _
(J/aaya -7 T > Fi2(y,y|x) = 0. (181)

The fields ¢(y,7) and ¢ (y, ) exactly correspond to the irreducible components of
the double-traceless Fronsdal field.
It remains to prove that there are no other nontrivial cocycles in H!(¢_) at N # N.

7.2.2. H'(0_) in the Far-from-Diagonal Sector [N — N| > 2

Consider the action of the Laplace operator Ay 5, on general one-forms at N >
N+2
Ano2@,7) = (n(m+2) +yPuh D + 734,407 ) Oy, 7)
= n(m+2)0(y, ) +yP:h"% D Oy, 1) +7*9ph,uDPO(y, 7). (182)
—_—————

T (vy) T (v,7) T3(v.9)

Analogously to (176), we denote
Tz/\,v,y(nfl)\/'\,f/,ﬂ(mfl) _ yﬁaahay.Dﬁ‘Y (h)\)\yvyy(n—l)yf/yy(m—l)) (183)

and similarly for T; and T3. In this sector we obtain

Tl)\rV/V(n—l)V\ﬂ'/zﬂ(m—l) = n(m _|_2)h/\)lyvyy(n—1)yvyy(m—l) , (184a)
TZ)‘rV/F‘(”*UM/VzP‘(m*U _ _hv)\y/\yy(n—l)yf/y;k(m—l) —(n— 1)hy)\y)\yvyy(n—Z)yVyﬂ(m—l) , (184b)
Tg)\rV/H(”*UMrV/P(m*U _ _h)zefx)'\yvyy(nfl)yayﬁ(mfl) — (m— 1)h);ée/\;iyvyy(nfl)yzicyf/y;l(nﬁZ) . (184c)

Projection onto the irreducible components according to (173) yields

AnsNi2(@a) =n(m+1)@a #0, (185a)
ANsN12(@p) = (nm +2n+1)@p # 0, (185b)
An-w12(Oc) = (nm —n+2m)Oc # 0, (185¢)
AN-N42(Op) = (nm +2n—m+4)0Op # 0. (185d)
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Thus, there are no nontrivial cocycles in this sector. For N < N — 2 the computation is
analogous. Thus, H!(¢_) = 0 in the far-from-diagonal sector.

7.2.3. Subtlety in the Near-Diagonal Sector |[N — N| = 2

In this case we face certain peculiarity. Denote the space of p-forms (p = 1 for H')
with N chiral and N anti-chiral indices by V(n,n)- Recall that the grading operator is
G = [N — N|. Consider the case with N — N = 2. Namely,let N =n+1and N =n —1.
At G = 2 the operator 0 maps a state X € V,, 4 ,_1) onto the diagonal, o (X) € V),
where in accordance with (165c), o acts ‘both up and down”:

Vinsin-1) = Vinn) o Vi-1n+1) @ Vinrin-1) - (186)
Thus,
O4+0—
V(n-i—l,n—l) — V(n—l,n+1) D V(n+1,n—1) : (187)
As a result,
Aty1n-1)  Vinrin-1) — Viu-1n11) @ Vinr1n-1) (188a)
A—1n41)  Vi-1n01) = V141 ® Virin-1) - (188b)

Consequently, ker(A) should be searched in the form of a linear combination of the
vectors both from V1 ,_1) and from V(;, 1, 11).
Indeed, let X be a vector in V(;;,_1). Consider the complex conjugated vector

X e V(n—1,n+1) and compute the action of the Laplacian on them. Let

AX = Apysr X = a(m)X +B(m)X, (189a)
AX = Nyq sy X = 7(n) X +8(n)X (189b)

with some coefficients a, B, 7, and 6. That X and X are conjugated and operator A is
self-adjoint implies the relations « = § and p = 7. Looking for ker(A) in the form

Y =F(n)X + G(n)X € ker(A) (190)
and acting on Y by the Laplace operator we find that the condition AY = 0 yields

AY = F(n)Ayy1,0-1)X + G(n)Ay 101y X =

= (a(n)F(n) + B(n)G(n)) X + (B(n)F(n) + a(n)G(n))X =0. (191)

Since X and X are linearly independent, the problem of finding such Y = aX + X
that AY = 0, amounts to the linear system

a(n) B(n)|[F(n)| _ [0
[ﬁ(n) () ) = o) (192
which admits non-trivial solutions iff
e a(n) M:anz_ 2 =
dtlﬁ(ﬂ) M] ()2 = 1 (n) P = 0. (199)

Hence, we conclude that
a(n) = B(n)-eX,  xel0,2m). (194)

In the next section coefficients (1) and B(n) will be shown to be real, i.e., e!X = +1.
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Summarizing, if we find that the coefficients a(n) and B(n) coincide up to a sign,
a(n) = £p(n), this would imply the existence of a non-trivial o_-cocycle

Y=XFX. (195)
Otherwise the cohomology is trivial.

7.2.4. H'(0_) in the Near-Diagonal Sector [N — N| = 2

To compute H'(¢_) in the leftover sector of N = N + 2 (analysis at N = N — 2 is
analogous) consider a general one-form O(y, ) (172) with N = N + 2.
In this sector, the Laplacian differs form that at N > N + 2 by the Ty(y,y) term in

Bn-n+200,7) = ( NN +2) + yPaul Dyl + 735h,u D™ ) ©1(y,7) + 772495, D%O(v, 7). (196)

A

N>N+2 Ty(y.y)

Consequently, it is essential to compute the action of this additional term. As before
(cf. (176)), denote

Ti\,v,y(n—l)\)\,l),]l(m—l) — ?&yﬁaaaﬁhﬁﬁl)ag (h/\}\yvy;t(n—l)yvy;l(m—l)) )
This yields
T;\,v,y(n—l)\)\,f/,p’t(m—l) (n— )el/l/\h'/ y}l(” z)y/\yﬁyf/yﬂ(m*” +(n—1)e vApH yﬂ( )y yﬁyVyH(m 1)
+ (1= 1) (n = )y g gy g 197)

Projecting Ty onto the irreducible parts, we find:

Av,p(n=1)|Avn(m-1)

(A) : ,ZA,V,”)Y(AV ]’l)T O, (1986\)

(B) : e Ty T ) —(n—1)(@n = )y APy (198b)

©): 7 T/\V;t(n D|Avp(m-1) —0, (198C)
) €iv Avu)ta

D): ey e T D=1 _ (198d)

( ) M AV

We observe that the action of the Laplacian in this sector differs from the previously
computed one only in the type-(B) sector, namely,

An—xia(Op) = (n(m+3)®3+ (2n —3n+1)®c)’ = ("2 + 1)@+ (202 —3n+1) Oc. (199)
m=n—2 —— —_——
a(n) B(n)
That |a(n)| # |B(n)| at integer n implies triviality of H(¢_) in the near-diagonal
sector.
7.3. H*(c_)

The calculation of H?(¢_) is in main features analogous to that of H'(¢—). To decom-
pose a general two-form Q(y, 7 |x) into irreducible parts we use the following useful iden-
tity
Lpmagnh o Igodan (200)

hw) h)\/\ —
A 2 2

where

H™ = HON o=t A, B = HOD o= At (201)
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The decomposition reads

= n)p(m A T n)p(m
Qy,y|x) = Qﬁ(fl-l-Z)\;Z(m) HHyr i )+Qy(n)|ﬁ(m+2) HIyr (g (m)

DA (n,m) DA (n,m)
Oy Hood s v 27 O ) Hooy 7 g g )
P, m) Pn,m)
Oy BT 4

<I>C(n,m) CI)C(n,m)
Consider now the reducible two-forms
DA (2)p(n=2)|px(m) _ HMyVyVy#("*Z)yll(m),

MA@ 2)pm=2) _ HMyy(n) (m—2)

vy
In these terms, the projectors onto irreducible components are

Pa =) P = €rxv€ry, Pc =S puu) ©€rvs

Pa =S P = €100/ P =S i © i

and the decomposition (202) reads as

CDA:PAq), qDB:PBq), qDC:,PCq),
EA :ﬁAa, 6]3 25136, 6(1 :fca

oy By gy Y (202)

(203a)
(203b)

(204a)
(204b)

(205a)
(205b)

For practical calculations we have to find the result of the action of the operator

D= aa—h on the two-form H. The result is

A A — A Aod _ _vpA oAy o (V3 A)
DaﬁH" —Daﬁ<h’ﬁr/\h7)—ea’/eﬁ7h7 hv7e“eﬁ. = ea”hﬁ eahl’/z— 2¢, hB'

or, in the condensed notation for symmetrized indices,

DysH"™ = ~2¢h.

7.3.1. H?(0_) in the Far-From-Diagonal Sector [N — N| > 2
Compute Ay 5., on the general two-forms ® and @,

Ao 4a(®) = n(m +2)(y,7) +yPuh", D @(y,7) + 7 95h1a Dy, 7) -
—_—————

T1(v.y) T (v,7) T3(v.9)
As in (176), denote

Tz)L(Z),V(2),;4(n—2) lju(m) _ yﬁaahzxfyD‘B’?H/\/\yvyvyy(n—Z)yﬂ(m)
and similarly for Ty and T3. Straightforward computation yields

PHRADUEDIN _ 4 ) eyl gt
T2/\(2>r‘/(2)/ﬂ(”—2)|ﬂ(m) _ _4HV/\y/\yvyy(n—2)yﬂ(m) _ 2(71 _ 2) Hy/\y/\yv(Z)yy(n—3)yﬁ(m) ,
T;(Z)rv(z)/#(”—z)lﬂ(m) —m HMyV(2)yV(”—2)yF‘(m)_

(206)

(207)

(208)

(209)

(210a)
(210b)
(210c¢)
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Projecting onto the irreducible part ®5 we obtain
Ao ®Pa =Pa(Ti+To+T3) = [n(m +2) —2n+ m|@p = m(n+1)Px.  (211)

We see that @, € ker(A) whenever m = 0. This gives a 2-cocycle of the form H##y#("),
It can be represented in terms of the generating function as follows. Contract all the indices
in H#y#(") with some symmetric coefficients Qﬁw(n) to obtain

Qﬁ(l’l“”z) HMyr ) = h(g A hV"y)Q(AW(n))yy(n) = h% AKY79,0,C(y,0 |x) € ker <AN>N+2‘2-forms>’ (212)
where C(y,0[x) = Q) yryty* ("), Summarizing, we found a part of the kernel of A
represented by the two-forms

W(y,0|x) = H"9,0,C(y,0x) (213)
with C(y, 0|x) being a general polynomial of y’s of degree > 4.
Let us now project (208) onto the second irreducible part ®g,
Ay o®=Pp(T1 + T2+ T3) = [n(m+2) +0+m]Pg #0 Vn,m € Ny. (214)
Since ®p, ) is proportional to Hwyvyvy”(”’z)yﬂ(m), the case n = m = 0 is beyond
the allowed region. Thus, ®p does not contribute to H?(c-).
Projecting (208) onto ¢, we find
Anon2Pc = Pe(Ti+ T+ T3) = [n(m +2) =2 = (n = 2) + m]Pc = (nm +n +m)dc. (215)
Again, ®¢ does not contribute to Hz((r_) sincem > 0,n > 0.
Next, we consider the anti-holomorphic two-form ®. The action of the Laplacian yields
Ayox12(®) = n(m+2)B(y,§) +yP0u, D, @y, 7) +7'9h,: DPB(y,7) . (216)
—_— —
hwy Ta(y) T3(v.9)
As in (176) we set
Tz}l(n)M(Z),V(Z),]/l(mfZ) — y'Batxh“ryD/g’y H’U‘yy(n)yvyv]?y(mfz) (217)
and analogously for T; and T3. The computation in components yields
THRI@2) _ oy 2) BV g gin=2), (218a)
AR @2 _ M (0 @)i(m=2), (218b)
Té/l(n)|)-t(2),l'/(2),]l(m72) — 4 eﬂ}\HaAyy(H)ydyVyﬂ(mfﬂ _ Z(m _ 2) eﬁ)\ﬁd}‘yy(H)y&yﬁ(Z)yﬂ(mffS)' (218C)

Projecting onto the irreducible components we obtain

ANows2Pa = PA(Ti + T+ T3) = [n(m +1)| P4, (219a)
AnoN42P8 = Po(T1 + To+ T3) = (nm + n + 4m)Pg, (219b)
Ayoni2Pc = Pe(Ti+ To + T3) = (nm+n —m)Pc. (219¢)

The condition n > m 4 2 valid in the far-from-diagonal sector does not allow 6A,B,C
to be in the kernel of A.
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The analysis of the opposite sector N < N — 2 is analogous via swapping dotted and
undotted indices. As a result, the final answer for the under-diagonal sector is

W(0,7 |x) = H"3,9,C(0,7 |x). (220)

This completes the analysis of H?(0_) in the sector [N — N| > 2. The cohomology is
represented by the two-forms

W(y,71x) = b, ARYT0,0,C(y,0|x) + by A7 3,95C(0,7 |x). (221)

These two-forms are known to represent the so-called Weyl cocycle in the HS theory.
It is thus shown that there are no other non-trivial 2-cocycles in this sector.

7.3.2. H?(0_) on the Diagonal N = N

Now we prove that there are no non-trivial cocycles at N = N except for the Weyl co-
homology (221). As before, act by the operator Ay;_5; on the two-form A (@)Ip(n=2)p(n)

(v,9) = HMyvy yr(=2yr)
An—x®(y,7) = 705l DTP®(y,§) + y*dphay DFT0(y, )
T1(v.y) T (v.5)

T yPII DY@ (y,7) —y Tpdah D@ (y,7) . (222)

T3(vy) Tu(yy)
Denoting
T?(Z),V(Z),#(H*Z)Iﬂ(n) - fuzgﬁ,thyﬂ M, (2)

y y#(nfz)yﬂ(n) (223)

and analogously for T,, T3 and T}, straightforward computation yields

T?(2),V(2),u(n72>\ﬂ(n) — HA?\yv(Z)yy(an)y;i(n) ) (224a)
TZ)\(Z)/V(ZW(”*Z)\F‘(") _ _461/)»H’X/\yayvyy(n—2)y;l(n) _

—2(n —2)et H ) yry A yrn=3)gi ) (224b)
TQ(Z),V(Z)I#(H*Z)W(M = dnhY ARM y/\yvyy(nfz)yayﬁ(nfﬁ 4

+2n(n — 2) b A WMy @) yn(n=S) gag(n=1) (224¢)
TQ(Z),V(2)#("—2)W(H) — dnenf' A hAﬁ yayvyﬂ(n—Z)yﬁyﬂ(n—l) +

+2n(n —2) e ml' A hAB y"‘y”@)y’l("*?’)ygyﬂ(”*l). (224d)

and
Ay_y®a = Pa(Ti+ To + T3+ Ty) = 1@y, (225a)
Ay_z®s = Pp(T1 + Ta+ T3 + Ty) = (20 + 51+ 4)Pp # 0, (225b)
Ay_w®c =Pc(Ty+ To+ Tz + Ty) = 2(n* + n+1)Pc — 2n(n +1)Dc. (225c¢)

We observe that the only way for some of ®4 g to be in H>(0_) is at n = 0. But in
the diagonal sector with N = N = n this implies N = N = 0. This case extends formula
(221) to the spin-one y, y-independent sector. The analysis of the anti-holomorphic part
@ is analogous. The resulting cohomology parameterizes the spin-one field strength, i.e.,
Faraday field strength.
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7.3.3. H?(0_) in the Near-Diagonal Sector [N — N| = 2

In the near-diagonal sector a subtlety considered in Section 7.2.3 takes place. We
should search for a kernel of A in the form of a linear combination of the two-forms lying
under the diagonal and above the diagonal. Our strategy is to act separately on the general
holomorphic (203a) and anti-holomorphic (203b) two-forms placed below the diagonal
N = N — 2 and then determine which two-forms are in ker(A). (The computation with
N > N only differs by the complex conjugation.)

We start with the general holomorphic two-form below the diagonal

@) PICIOIOD ) — )it (226)

Firstly, we set n > 4 considering the cases of n < 3, that are special in our computation
scheme, because 1 — 3 is the number of indices y, later. This yields
AN:N72¢(11—1,H+1) (y’ ]7) = AN<N72q)(n—1,n+l) (]// y) + y“yﬁgﬁgﬂhﬁﬁDaqu(n—l,n+l) (]// ]7) : (227)

T1(v.y) T2 (v7)

The first term is computed the same way as in (208) giving
T{\(Z)IV(Z)/}‘(”—B')|F‘(”+1) — (Vl + 1)2 H/\/\yvyvyy(n—3)y;l(n+l) _ 4Hvx\y/\yvy;t(n—3)yﬁ(n+l)
—2(n—3) Hy)\y/\yv(Z)yy(n—zl)yy(n—H) +(n—1) HA)\yv(Z)yy(n—S)y;k(n-&-l)' (228)

The computation of the additional term T(y, ) yields

Té\(2)rv(2)rﬂ(”—3)|ﬂ("+l) _ yayﬁgdgﬁhﬁﬂDadHA/\yv(Z)yy(n73)yﬂ(n+l)
= —21’1(71 + 1) hlgy A h/\ﬂy/\yﬁyvu)yﬂ(”*?’)yﬁ(”*l)
— 71,[(” + 1)HﬂﬂyA(Z)yv(2)yy(n—3)yy(n—1)' (229)

Projection onto the irreducible parts A, B and C yields

A®p (1 1) = 11+ 1) Pp (1 g1y —1(1+1) Pa(yr1n—1) s (230a)
N—— ——
a(n) pn)
A (1, 11) = (7 + 51— 4)Pp(_1,011), (230b)
ADC(y1 i1y = (17420 = )P (y_1,11) (230¢)
Let us stress that the complex conjugation denoted by t swaps dotted and undotted
indices _ .
' =7, (H) =H" (231)
and relates ® and @ in the following way:
(Papcmn-t1nr1)" = Papcmst i) (232)

The computation for the complex-conjugated objects ® ABC(n+1n—1) is analogous
giving

A® (i1 1) = 11+ 1) Pppyir 1) — (1 +1) Pa(u—1n41) (233a)

ADp(i1,-1) = (1 451 — 4)Pp1,1) (233b)

A6C(nJrl,nfl) = (nZ +2n — 1)6C(n+1,n71) : (233¢)
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From (230a) and (233a) we observe that there is a non-trivial 2-cocycle

gA = qDA(n,L,,H,l) +6A(n+1,n71) - gﬁn+l),y(n+1) (H?‘P‘yﬂ('ﬂ—l)y}‘(fl-&-l) _|_ Hﬂyyy(n+1)y}l(fl—l)) (234)

with arbitrary coefficients 5;*( (n +1)(x). This answer agrees with the analysis of

n+1),p
Section 7.2.3. Indeed, the Coefficie)n’:s on the r.h.s. of (230a) coincide up to a sign a(n) =
—pB(n), and by (195) of Section 7.2.3 this implies a non-trivial 2-cocycle (234).

This cocycle represents the traceless part of the free Fronsdal HS equations.

The irreducible representations of types (B) and (C) do not contribute to cohomology
since they are not in ker(A) (recall that we are assuming n > 4).

Now consider the cases of n = 1,2, 3. Computing the action of the Laplace operator

on the following objects:

® 1 (y,7) = HVGI, (2352)
SO (g, ) = HVygO), (235b)
Sl Dy, ) = BV, (2350)

it is not difficult to obtain
(AD g 2)) My, ) = 2HM D) —2H"y ), (2362)
AD MpliB3) (y 7) = SHM yHHB) — oA A (3) _ g A 2) it 236b
(A 3)) (v,y) = 8H"y!'y vy 6H™"y M yyt, (236b)
(A(I)(Z/4))/\/\|W|P"(4) (y,?) _ 16HAAyWy;'4(4) _ 4HVAy)\yv]7;l(4) _ 12Hﬂf’y/\(2)yv(2)y;l(2)‘ (236¢)

We see that these results for n = 1,2,3 extend the traceless part of the Fronsdal
cohomology (234) to spins s = 2,3,4.
It remains to analyze the case of anti-holomorphic two-form below the diagonal
N=N-2
=7(2 “DIA@)|p(n-1),  —\  5AA —1)—0(2) 1 (n—
B2 I ) = Yy D @), (237)

Unlike Equation (226), the number of indices ¢ and i in (237) is n — 1, not n — 3. Hence,
there is no need to consider separately the cases of n > 4 and n < 3. Instead, we setn > 2
and then analyze the n = 1 case separately.

Let n > 2. The action of the corresponding Laplace operator on (237) yields

AN 2P-1041) W T) = Dy 2P n—1,041) (W, F) +y“yﬁgdgﬂh/gﬁDaaa(n—l,n-&-l) (v, )- (238)

T3(y.y) Ty(y.y)

The computation is completely analogous to that for the holomorphic two-form. After
projecting onto the irreducible components it gives

AD (1 1) = (WP +1 =8P pu1,041), (239a)

Ay 1,011) = (B +4n — 1268(71—1,71-&-1) —(n* +4n — D) ®pui1n-1) (239Db)
a(n) B(n)

ADC(y 111y = (0% 420+ 1)Pc(y_111) - (239¢)

Applying once again the result (195) of Section 7.2.3 to (239b), on the r.h.s. of which
the coefficients coincide up to a sign, a(n) = —pB(n), we obtain the 2-cocycle of the form
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& = Pp(ns1n-1) + Po(n-1+1)

= 55(;171);:(;171) (HWyV(Z)yH("—l)yﬂ("—l) +Hwy}4("—1)yv(2)yﬂ(”—1)) ., (240)
that represents the trace part of the Fronsdal equations.

Having considered n > 2, now consider the case of n = 1. Computation of the action
of the Laplace operator on the following two-form:

—AA|ap, —AA g
&) (v, ) = H 77" (241)
yields N '
(8B M (y,7) = 4H'G'® — sH" PP~ 2Hqy yteitett.  (42)

After projecting onto the irreducible components, we find that the case of n = 1
extends the trace part of the Fronsdal cocycle &g (240) to spin s = 2. In addition, (242) also
contributes to the antiholomorphic part of the Weyl cocycle represented by the second
term on the r.h.s. of (221). The holomorphic part of the latter lies in the opposite (complex-
conjugated) region, in which the analysis is completely analogous. This 2-cocycle represents
the Weyl tensor for the linearized gravity (s = 2) in AdS,.

This completes the analysis of H?(c) in the near-diagonal sector N = N = 2.

7.4. Summary for Bosonic H*'2(o_)

Here we collect the final results for the cocycles associated with the bosonic HS gauge
parameters, fields and field equations in AdSy.

Recall that HY(¢_ ) represents parameters of the differential HS gauge symmetries. It
is spanned by the zero-forms

F(y, 91 %) = Fygmy a() () "7, n e Np. (243)

H'(0_) represents the dynamical HS fields. For the bosonic HS fields in AdS, it is
spanned by the two 1-cocycles ¢(y, 7 |x) and ¢'* (y, 7 |x) corresponding, respectively, to the
traceless and trace components of the original Fronsdal field in the metric formalism:

¢y, 7 |x) = h" 9,0, Fi(y,7|x), (244a)
" (y, 7 |x) = hup y' 7" B2y, 7 |x), (244b)

where Fj »(y, 7 |x) are (N, N)-diagonal, that is

. o
(y Fya -y aya>1:1,2(%y|x) =0. (245)

Finally, H?(c_ ), which represents gauge invariant differential operators on the bosonic
HS fields, are spanned by three different 2-cocycles: the so-called Weyl cocycle W(y, 7 |x)
and two irreducible components of the Fronsdal cocycle Ea (y, 7 |x) (234) and Eg(y, 7 |x)
(240). The latter correspond to the l.h.s.’s of the dynamical equations for the fields of spin
s > 1 (spin s < 1 field equations are in the zero-form sector of unfolded equations [12]).
Note that these cocycles are real since they contain equal numbers of dotted and undotted
indices.

W(y, 7 |x) = H*8,8,C(y,0|x) + H"9;9,C(0,7 |x), (246a)
Enly, 7 1x) = (HMa,0, + H" 3,9, ) 8y, 7 |x), (246b)
Ex(y,71%) = (H" vy + H" 5,5, ) 8 (y,7]x), (2460)

where C428(y, %) obey (245).
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8. Fermionic Hs Fields in AdS,

So far, we considered the bosonic case with even grading G = |N — N|. By (160)
odd G corresponds to fields of half-integer spins, i.e., oddness of G determines the field
statistics.

To extend the results for H? (0_) to fermionic fields, we first define the operator o—
on multispinors of odd ranks. In the fermionic case, the lowest possible odd grading is
G = [N — N| = 1. This means that the previously unique lowest grading line on the
(N, N)-plane splits into two separate lines N — N = +1. Therefore, the definition of o_
and its conjugated ¢y depends on the lowest grading line. We define the action of o_ to
vanish on the both lines. In all other gradings, 0. is defined analogously to the bosonic
case. Namely,

cw(yy) =iy"h%d w(y,y), atN>N+3, (247a)
o w(y,y) =iy*hios w(y,y), atN<N-3. (247b)

Analogously, the operator ¢ is defined as

orw(y,y) == —iy"Dl0s w(y,y), atN>N+3, (248a)
orw(y,y) == —iy* D% w(y,y), atN<N-3. (248b)

For the lowest grading lines N — N = 1and N — N = —1, ¢ is defined as in the sectors
N > N +3and N < N — 3, respectively.

Notice that the action of the fermionic Laplace operator is analogous to that of the
bosonic one (169) with the grading shifted by one, Aftrmionic — Abosonic 'except for the
lowest grading. The final result is

o Alermionic _ pbosenic — N(N +2) + yPa,h%, Dyl + 75D, (2492)
o AT = ORI, = Anoven + PO (240
o Alemmionic — 355D — giyPa,ash% DY, (249¢)
o Alermionic  yaguh DFY — y gPogdu D (249d)

This allows us do deduce the fermionic cohomology from the bosonic one arriving at
the following final results.

8.1. Fermionic HO(v_)

The space H%(o_) for fermionic HS fields is spanned by two independent zero-forms
with N - N = £1:

Ho(o) = {F(y,y|x) +F(W,71%) = Fyuinyagm () y* 50 th(n),:ic(n+l)(x)ylx(n)ya(m—l)}' (250)

Recall that, from Theorem 3.1, H’(0_) represents the parameters of differential HS
gauge transformations.

8.2. Fermionic H'(¢_)

In the bosonic case, we had two physically different cocycles in H! (179a) correspond-
ing to traceless ¢ (1, 7 |x) and trace ¢ (y, 7 |x) parts of the Fronsdal field. These belong to
the diagonal N = N.
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For the fermionic case, the situation is almost analogous. The lowest grading is now
= |N — N| = 1. So, in this sector, there are four (not two) different 1-cocycles inherited

from the bosonic case: 9, Y, P, and §"" and two additional cocycles, =, ™, given by

Py T 1%) = Pper2) i) (%) h””y“”*”y“( ") (251a)
¥y, 7|x >=¢y<n+1>w+2 (x) hHF (), (251b)
P T1%) = Yy (X vy y”<”>y gy, (2510)
E“Wlx)-ﬁfn 1 (%) g y P D g, (251d)
P WG 1%) = 955 gy () By g, (251e)
PG T1%) = W) () By Oy g (251f)

with a non-negative integer n (positive for ¥ and @tr). Cocycles i, T and ! belong
to the upper near-diagonal line N = N + 1, whereas §, " and "' belong to the lower
near-diagonal line N = N — 1. All of them have a grading of G = 1. ¥ and ¥ are
mutually conjugated.

These results can be put into the following concise form

Py, |x) = h" 0,0, Fi(y,7|x), (252a)
"(y,71x) = hup y' 7" B2y, 7 |x), (252b)
P (v, 7 |x) = by 0, F3(y, 7 |x), (252¢)

where F; »(y, 7 | x) are of the homogeneity degree N — N =1, ie.,

P) P) _
(y“aya y aya>Flz(y,yIX) Fia(y,ylx), (253)

and F3(y, 7 |x) is of the homogeneity degree N — N = —1, i.e.,

o) .0 _ _
(y“aya —y“M)P3<y,y|x> - B (254)

For , " and §, the results are analogous except that Fy 5 (, 7 |x) as degree N — N = —1
and F3(y,7|x) has degree N — N = 1.

8.3. Fermionic H?(c_)

According to the same arguments, the fermionic H? is almost analogous to the bosonic
one. Recall that the bosonic 2-cocycles are represented by three different two-forms: Weyl
tensor, traceless and traceful parts of the generalized Einstein tensors (near diagonal,
G =3).

The fermionic Weyl cohomology is given by the same formula as the bosonic one:

W™ (4,7 |x) = H™ 3,0,C(y,0|x) + H" 3,0,C(0,7x), (255)
where C(y,0|x) and C(0,¥ |x) are polynomials of y and ¥, respectively.

~ The two bosonic Fronsdal cocycles (246) were represented by the two zero-forms
Cdiag (y, ) with the support on the diagonal N = N. In the fermionic case the two Fronsdal
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cocycles split into four. The bosonic diagonal polynomial C48(y, %) is replaced by a pair

of near-diagonal C"¢@-4i28 (3 ) and creerdiog (v, ) satisfying the relations
« 0 s J near-diag (., — near-diag (., =5
Vg Y P C wylx)=C v,y %), (256a)
(57 a; )& g ) = T 1) (256b)

These support the fermionic 2-cocycles associated with the [.h.s.’s of the fermionic field
equations for spin s > 3/2 massless fields as follows

e (y,7|x) = (HM3,, + H" 3,9, ) Coorio8 y, 7 |x), (257a)
ENT (7 1x) = (H9,0, + H" 9,0, ) "8 (3,7 |x), (257b)
EE™ (1, 71x) = (H"yuyo + H"5,3, ) 98 y, 7 ), (257¢)
& w7 lx) = (H"yuy, + H',5,) T B w7 |x). (257d)

As in the case of 1-forms, additional cocycles appear in the cohomology

gferm(y,y| ) — Hyvy ) Cnear-diag(y y‘ ), (258a)
EE™ (7 ) = H'F0,0" B (g, 7 ). (258b)

9. Conclusions

In this paper, free unfolded equations for massless HS fields are analyzed in detail in
terms of o_ cohomology. This is done both in flat space of arbitrary dimension in the tensor
formalism for bosonic fields and in AdS, in the spinor formalism for both bosonic and
fermionic fields. Not surprisingly, the final results agree with those stated long ago in the
original papers [12,15]. Our aim is to present the detailed analysis of the — cohomology
providing an exhaustive proof of the so-called First On-Shell Theorem of the form of free
unfolded HS equations, allowing the interested reader to check every step.

In the tensor case the full set of cohomology groups H” (¢_) was found both for the
groups GL(d) and O(d). Our results for GL(d) and p < 3 coincide with those found
in [16]. For the O(d) case of traceless fields lower cohomology groups matched against
those in [16-18]. In AdS4 we used spinor formalism to analyze H%12(¢_) for both bosonic
and fermionic HS fields. To the best of our knowledge such analysis was not available in
the literature.

Practically, to compute H*(o_) in both Mink? and AdS, cases we used the ana-
logue of the Hodge theorem. Namely, the problem of finding the cohomology H¥(c_) =
ker(c* ) /im(c*~1) was reduced to the calculation of the kernel of an appropriate positive-
definite Laplace-Hodge operator A invariant under the action of compact version of the
space-time symmetry algebra. This technique was shown to be lucid and efficient. Having
found the cohomology groups H*(c_) for k = 0, 1,2, in accordance with [13] we obtained
the exhaustive information about the differential HS gauge parameters, dynamical HS
gauge fields and their field equations. Thus, we have explicitly proven the so-called First
On-Shell Theorem for bosonic HS fields in Mink? (which case is straightforwardly extend-
able to AdS;) and all massless fields in AdS4. The technique used in this paper can be
further applied to the calculation of H? (¢_) in the zero-form sector of HS fields studied
in [13,22] that describes dynamics of a scalar field and s = 1 particle as well as to more
general systems considered in [44-46]. One of the byproduct results of this paper is the
interpretation of the matching between ¢_ cohomology of the one-form sector against
zero-form sector expressing the matching between Bianchi identities in the two sectors.
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Appendix A
Appendix A.1. Index Conventions

Since most of the tensors encountered in the course of this paper are Young tensors in
the symmetric basis, it is convenient to accept the following notation.

A tensor without a certain type of index symmetry will be denoted as T?/?l¢l-, where
the vertical line | separates groups of indices not related by any symmetries to each other.

A tensor that has a symmetric set of n indices, say, (41,4, ...,4,) will be denoted
7o)l = T(@a%--a)l- A tensor corresponding to a certain Young diagram in the symmetric
basis then has the form: T2(%)b(m).c(k),.-.

Symmetrization over n indices is performed by the formula Sym = % Y all permutations-

We will denote all symmetrized tensor indices by the same letter. For example,

1

alo— 1
= G

Z T(T(lll--ﬂn‘an+l) . (Al)

0’65n+1

In Section 5 we omit Y, Z,0 and assume that all indices are contracted with the
corresponding variables.
The rules for raising and lowering sl(2)-indices are

Ay = A‘Beﬁa/ AY — e"‘ﬁAﬁ, elxﬁe“rﬁ —e) =07 = —€,

with
€ap = —€pu, e =1

Appendix A.2. Coefficients in the Tensor form of the Diagram (n —1,m — 1; p — 2)

_ (=3+4n)(—=2+n)(=14+n)(—3+d+2n) (A2)
&= (=5+d+m+n)(—4+d+m+n)(—4+d+2n)(d2+d(—8+m+3n)—2(—8+m+m2+7n—3mn))’
_ (=2+n)(=1+n)
0= g (AT (A3)
_ 2(—2+n)(=1+n)(=3+d+2n)
a3 = — (74+d+m+n)(74+d+2n)(dngd(781151+3n)72(;178+m+m2+7n73mn)) ’ (Ad)
_ 2(14+m—n)(—2+4n)(—14n)(—=3+d+2n) (A5
A4 = (=5+d+m+n)(—4+d+m—+n)(—4+d+2n) (d?>+d(—8+m+3n) —2(—8+m+m>+7n—3mn))’ )
__ (=14n)(=3+d+m+n)
05 = g (fd o) (A6)
—2+d+2m)(—1+
A6 = — (74+d+2n)(d2+d((78+m+3:1n))£2(78n4)rm+m2+7n73mn)) ’ (A7)
_ (=14n)(=3+d+2n) (16+d>—7m—9In+2d(—4+m-+n)+(m+n)?) (A8
a7 = (=5+d+m+n)(—4+d+m—+n)(—4+d+2n) (d?>+d(—8+m+3n) —2(—8+m+m>+7n—3mn))’ )
1+
ag = _%, (A9)
o = 2(=14n)(—=3+d+2n) (A10)

(—4+d+m-+n)(d?>+d(—8+m+3n)—2(—8-+m+m?2+7n—3mn))”’
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_ (=3+d+2n)
a10 = T 2 4+d(—8+m+3n) —2(—8+m+m2+7n—3mn)’ (A11)
_ (—4+4d+2m)(—1+4n)(—3+d+2n)
M= T 5t dtmn) (—Atdmn) (@+d(—8+mT3n)—2(—8+mnl+7n—3mn))’ (Al2)
_ (14+d?—6n+2m(—5+m+n)+d(—8+3m+n))
812 = v dtmin) (@ +d(—8rmt3n)—2(—8tmin?+7n—3mn)) ° (A13)
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