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Abstract: In this paper, the linearizability of a 2:—3 resonant system with quadratic nonlinearities is
studied. We provide a list of the conditions for this family of systems having a linearizable center.
The conditions for linearizablity are obtained by computing the ideal generated by the linearizability
quantities and its decomposition into associate primes. To successfully perform the calculations,
we use an approach based on modular computations. The sufficiency of the obtained conditions is
proven by several methods, mainly by the method of Darboux linearization.
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sym13081510 The linearizability problem of a 1:—1 resonant system is intimately connected to the

isochronicity problem, where we assume that the singularity in question is known to be a
center and determine whether it is isochronous, that is, whether every periodic solution in
a neighborhood of the origin has the same period [1]. This phenomena is closely related to
the mirror symmetry if considered in the physical plane. The history of isochronicity goes
back to the clocks based on some periodic motion (such as the swinging of a pendulum).
In the 17th century, Huygens designed a pendulum clocks with cycloidal “cheeks”, which
is probably the earliest example of a nonlinear isochronous system. Then, in second half of
20th century, the interest of isochronicity in planar systems of ODEs was renewed. Both the
isochronicity problem and linearizability problem represent very important problems in
dynamical systems, which describes real-life phenomena in different branches of science,
such as biochemistry, biology, physics, engineering, etc.

There are several methods on how to study the linearizability problem. An interesting
approach is based on Lie symmetries [2]. Lie proved that the necessary and sufficient
» conditions for a scalar nonlinear ODEs to be linearizable is that it must have eight Lie
point symmetries [3,4]. In [5], the authors considered linearizability of systems of ODEs
obtained by complex symmetry analysis. In this paper, for a certain type of systems, i.e.,
p:—¢q resonant systems, we use approach based on computation of linearizability quantities.
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problem, which can be obtained as a complexification [1] of the real systems. Note that the
complexification is based on the involution of complex numbers for which the geometric
meaning is the mirror reflection of the complex plane over the real axis.

A generalization of the classical center problem to a p:—q resonant center problem
was proposed in [6] to the following differential systems in C?

x=px+P(xy), y=—qy+Q(x,y), 1)

where p,q € N, ged(p,q) = 1, and P(x,y) and Q(x,y) are polynomials of the form

P(x,y) =P(axy)= Y. apd™y
j+k>1
jZ-1, k>0

and '
Q(x'y) = Q(b/ X,y) = Z bijky]+1.
jHk>1
j>-1,k>0
The elementary singular point O(0,0) of system (1) is called a p:—gq resonant center if
there exists a formal first integral of the form

Yoy)=xyP+ Y gy 2)
j+k>p+q+1
jke Z, jk>0

In [6], system (1) is considered for p = 1 and g = 2 and with P(x,y) and Q(x, y) being
quadratic polynomials. The case when P(x,y) and Q(x, y) are quadratic polynomials has
been studied also by several other authors; in particular, the solution of the 1:—3 resonant
center problem can be found in [7] and that of the 1:—4 resonant center problem can be
found in [8]. Some results are also obtained for P(x, y) and Q(x, y) for cubic, (homogeneous)
quartic, and quintic polynomials.

System (1) is linearizable if and only if there exist a formal change of coordinates that
transforms system (1) to the linear system

X=px, y=-qy.

One of the methods to obtain conditions for linearizizability of the classical center
(i.e., p = g = 1) is to compute the so-called linearizability quantities (see [1]). A similar
idea (see preliminaries for details) can be applied for systems (1). The computations for
linearizability quantities for systems (1) become demanding with increasing values of p
and g, and degrees of polynomials P and Q. Therefore, the linearizability problem for the
system (1) only for some special families of polynomial systems have been investigated.

In [9], the linearizability problem for a 1:—2 resonant quadratic system (1) was con-
sidered and the authors also generalized the results to the linearizability of 1:—A resonant
systems for continuous values of A, but they did not present the exhaustive list of pos-
sibilities. The linearizability problem of 1:—3 resonant quadratic systems of the form (1)
was solved in [10], and the linearizablity problem of the 1:—3 resonant system with homo-
geneous cubic nonlinearities was solved in [11]. In [12], the authors listed the necessary
and sufficient conditions for linearizable 2:—g and p:—2 resonant centers for q,p € NT,
but they considered only Lotka—Volterra systems with quadratic nonlinearities. In [13],
the authors gave some new sufficient conditions for linearizable Lotka—Volterra systems.
Lotka—Volterra systems were investigated also in [14], where all conditions for linearizable
systems with 3:—4 and 3:—5 resonance were listed. Later in [15], the authors considered a
3:—q linearizable resonant system, where g is an arbitrary positive integer.
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In this paper, the linearizability problem for system (1) with p = 2, 4 = 3, and
deg(P (x/]/)/ Q(X,]/)) == 2, i.e.,

X =2x — a10%> — an Xy — a_12y°,
. 2 > ®)
y= —3]/ + bzl,lx + blox]/ + boﬂ/

is considered. In the rest of the paper, we first consider some theoretic results needed for
proving the main results. We present the theory of the linearizability problem, which also
includes the computation of linearizability quantities. Next, we state the Darboux theory
of linearizability for p:—q resonant systems, which is an straightforward generalization
from 1:—1 resonant systems, and give the proofs to justify the proposed generalization.
Finally, we present the conditions for linearizability of systems (3).

2. Preliminaries

By means of a change of coordinates

ki,k2) k. k
x=x14+ ) hg ! 2)x11y12,
k1+ky>1

kika) ki k
Y=y + Z hgl 2)xl1y12
kq+ky>1

(4)

system (1) can be transformed into its normal form
X1 =pri+x1y X(M“JP)(ngf)],
j=1

Yi=—qy1+ty Z‘{ Y(jq’jpﬂ)(x?yf)j.
]:

©)

Definition 1. System (1) is linearizable (i.e., there is a linearizable center at the origin), if and only
if there exists an analytic change of coordinates of the form (4) that reduces (1) to the system

X1 =px1, Y1 =—qy1. (6)

We see that system (1) is linearizable at the origin if the coefficients X Ga+Lip), y (a.jp+1)
of the normal form (5) are zero for all j € N.

Instead of directly constructing a transformation that changes system (1) to its normal
form (5) and then imposing that XU4+1ip) = y(i#ir+1) = 0, we look for an inverse of such
transformation (see [1])

(e )
Xy =x+ ; ijl,kx]yk/
j+k=2
© ' )
yi=y+ Y, dj,kqx]]/k,
j+k=2

which changes the linear system (6) into system (1).

After computing derivatives with respect to t in each part of (7), applying (1) and
(6), we equate coefficients of the terms x*1+1y*2 and xk1y%2+1 on each side of the equalities.
This yields the following recurrence formulas:

k1+ky—1

(pk1 — gk2)cr iy = Y. [+ Dag—njey—t — £ by—njey—0] Cnts 8)
n+4=0
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kq+ky—1
(pky = qk2)di g, = Y [ Ak —ngy—t = (E+ D)0k i) e )
n+¢=0
To initialize the calculations, we set cog = dpo = 1,c_11 =d_11 = 0, and ajg = bk]- =0
if j + k < 1. The recurrence formulas (8) and (9) are used to compute coefficients c, ,
and dy, x, for (ki ko) € N_; x N_,, of the transformation (7). At the first step, we find all
Ck, kp and dy, i, for which k1 + ko = 1; at the second step, we find all coefficients for which
ki + kz = 2, etc. Aslong as pk; — gkz # 0, the process is successful and ¢y, , and dy, x, are
uniquely determined by (8) and (9). We note that ¢, x, and dj, , are polynomial functions
of the coefficients (a, b) of system (1), i.e., ¢k, k, = Ck, k,(a,b) and dy, x, = d, x,(a,b).
Atevery (p + q)th stage, when pky — gko = 0 (ky = kq and k» = kp), coefficients cy, x,
and dy, i, cannot be computed using (8) and (9). In this case, we can chose them arbitrarily,
and usually, the choice is ¢ xp = digkp = 0. Then, we denote the polynomials on the
right-hand side of (8) by I, x, and on the right-hand side of (9) by Jigkp, i-€.,

kq+kp—1

qu,kp = Z [(Tl + 1)akq—n,kp—€ - bkq—n,kp—é] Cn,tr (10)
n+4=0

kq+kp—1
Jkghp = Z [” “Akg—nkp— — £+ 1)bkqfn,kp74 - (11)
n+£=0
We call i xp and Jiqkp the kth linearizability quantities of polynomial system (1). Clearly,
Ixgkp and Jig xp are polynomials in the coefficients (a,b), ligxp = Ikgip(a,b), and Jigrp =
Jkqkp(a,b), implying that system (1) is linearizable on condition that

qu,kp(a/b) = ]kq,kp(arb) =0, VkeN

Thus, we need to find the affine variety (variety of the ideal generated by polynomials

fi,...fsis the set V({f1,...fs)) = {(a1,...an) € k" : f]-(al,...an) = 0, forevery j =
1,...,5}) V(L) of the ideal

L= <Iq,p/ ]q,pr IZq,Zp/ ]Zq,Zp/ I3q,3pr ]3q,3p/ .. >

Hilbert Basis Theorem (see, e.g., [16]) ensures that every ideal £ is finitely generated,
which means that every ascending chain of ideals eventually stabilizes. Consequently, to
attain p:—q resonant systems (1) with linearizable center at the origin we first compute
some linearizability quantities and thereafter find irreducible decomposition of the variety
of the ideal generated by obtained linearizability quantities.

Once the decomposition of variety associated with the ideal of £ is determined in
order to prove the sufficiency of the obtained conditions, for each system satisfying the
conditions of the corresponding component of the decomposition of the variety, one needs
to find the linearizing transformation that transforms the system into the linear system
(6). One of the most efficient tools to find the linearizing transformation is the Darboux
linearization, which is well known for 1:—1 systems [9]. In the next section, we give
a generalization of this theory to p:—g resonant systems based on analogy, where we
summarize some results from [9,11] and generalize some results of Darboux linearization
theory for 1:—1 resonant systems from [1].

3. Darboux Linearization for p:—gq Resonant Systems

First, recall some notation related to the Darboux theory. We consider systems

x=P(xy), y=Qxy), (12)
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where x,y € C, P and Q are polynomials without constant terms having no nonconstant
common factor. By D, we denote the corresponding vector field of system (12)
0 d
D:=—P+—Q.
ox + oy Q

Definition 2. A nonconstant polynomial f(x,y) € Clx,y] is called an algebraic partial integral
(also Darboux factor) of system (12) if there exists a polynomial K(x,y) € C[x,y] such that

Df = g—xP+—Q:Kf.

The polynomial K is called a cofactor of f, and it is of the degree at most m — 1, where
m = max(deg(P),deg(Q)).

A simple computation shows that, if there are algebraic partial integrals f1, f2, ..., fi
with the cofactors K1, Ky, . . ., K satisfying

k
Z oc,'Ki =0,
i=1
then H = f;! - - - £, is a Darboux first integral of (12) and, if

k
Y aiKi+ P +Q, =0,
i=1

then
M = fi"l .. .fli‘k (13)

is the Darboux integrating factor of (12).
When proving the integrability of a 1:—g resonant system, one can also use the
following subresult proven in ([9], Theorem 4.13).

Remark 1. Let M be of the form (13) and denotes a local (reciprocal) integrating factor with f;
being analytic in x and y and a; # 0. System (12) with p = 1 and q € R" admitting M is
integrable if g # 0 is rational and if at most one f;(0,0) vanishes and the corresponding algebraic
partial integral has one of the forms: fi(x,y) = x +o(x,y) or fi(x,y) =y + o(x,y).

Next, we consider Darboux linearization for p:—q resonant systems (1).

Definition 3. A Darboux linearization of a polynomial system of the form (1) is an analytic change
of coordinates

x1=2(xy), y1=W(xy)

in which inverse linearizes (1), i.e., it changes system (1) to the linear system

J.Cl = lez ]]1 = _‘1]/1/
and Z(x,y) and W(x,y) are of the form

m

Z(x,y) =1 (xy) = x+ Za(xy),

j=0
n

W(x,y) = Hgf’ (x,y) =y+Wi(x,y),
j=0
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where f;,8; € Clx,y], aj, B; € C and polynomials Zy and Wy begin with terms of order at least
two. A system is Darboux linearizable if it admits a Darboux linearization.

Theorem 1. A fixed system of the form (1) is called Darboux linearizable if and only if there
exist k +1, for k > 0, algebraic partial integrals fo, f1,. .., fx with corresponding cofactors
Ko, Ky, ..., K and I +1, for | > 0, algebraic partial integrals o, g1, - ., g1 with corresponding
cofactors Lo, L1, . .., L; with the properties listed below:

(i) folx,y) =x+...and f;(0,0) = 1forj > 1;

(i) go(x,y) =y+...and g;j(0,0) =1forj>1;

(iii) There are k + I constants a1, a5, ..., 0k, B1, B2, --., b1 € C, s.t.

Ko+ a1Ky+...+ a0y Ky = pand Lo+ 1L, + ...+ B1L; = —q. (14)
Then, the Darboux linearization is given by

0 =200y) = fof' - ft = W(xny) =gg)" 8l

Proof. For two smooth functions f and g vector field D is a derivation

D(fg) = gD(f) + fD(g),
D<f> _ 8D(f) — fD(g) (15)
g g2 ’

which may be verified using straightforward computations.

Now, we assume that, for a system (1), there are k + 1 > 1 algebraic partial integrals
fo fi,..., fy and I +1 > 1 algebraic partial integrals go, g1, ..., g fulfilling conditions
(i)-(iii). The mapping

x1=Z(x,y) = fofit . fiY, = Wixy) = gght .. g, (16)

is constructed to be analytic. By the Inverse function Theorem, (16) admits an analytic
inverse x = Z(x1,y1), y = W(x1,y1) in some neighborhood of the origin in C2.
The differentiation of the first equation in (16) with the respect to t gives

# = D(foft! ... fi*) =
k
=D(f)ft - f* + Efofi“ G fTID(R) R =

] (93 £ o] ) (17)
:KOfOfl fk +Z“iKif0f1 S =
i=1

Zfofixl ]fk(Ko—l—chl—i—...—i-tkak) =
= x1(Ko + a1 Ky + ... + a,Ky).

Condition %1 = px; yields the left expression of (14).
Similarly, the differentiation of the second equation in (16) with the respect to t gives
1 = —qyi. Therefore, the system (1) can be linearized by the transformation (16). O

Note that some algebraic partial integrals may be used as f; or as g;.

Next two theorems help us to construct the linearizing transformation for polynomial
system (1) even, if one is not able to find enough (see Theorem 1) algebraic partial integrals.
This is possible, if the existence of the first integral of the system is ensured. This makes
sense, since a resonant center at the origin is assumed. However, we have to find enough
algebraic partial integrals satisfying one or the other conditions of (14).
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Theorem 2. Suppose system (1) has a resonant center at the origin; hence, it admits a formal
first integral ¥(x,y) of the form (2) and there exist algebraic partial integrals fo, f1,. .., fx that
meet condition (i) in Theorem 1 and that satisfy the first equation of (14). The system (1) is then
linearized by the transformation

k

X1 :Z(X,y) :fQHfitxi =x+...
=1 . (18)
vi=W(xy) = ((Z(xify))q> Tyt

Proof. Recall that, if there exists a formal first integral ¢ of the form (2), then there exists
an analytic first integral of the same form ([1], Corollary 3.2.6), which we still denote by .
By the condition (i) of Theorem 1, transformation (18) is analytic and it admits an analytic
inverse in some neighborhood of the origin. The computation (17) is valid and yields
%1 = D(Z) = pZ = px1. Then, (15) and the fact that ¢ is a first integral yield

1 ( p )élzmw — ¢q27-1D(2)

]/1:; 7 72

RN ANV AN A A
“p\zi) T zzm T Nzw) T

O

For the analogous theorem, we omit the proof.

Theorem 3. Suppose that system (1) has a resonant center at the origin; hence, it admits a formal
first integral ¥(x,y) of the form (2) and that there exist algebraic partial integrals go, <1, .., 8
that meet condition (ii) in Theorem 1 and that satisfy the second equation in (14). The system (1) is
then linearized by the transformation

x1=2Z(x,y) = ((V\/(xlp,y))l’>q =x+...

l (19)
=Wy =g][s =y+...
i=1

4. The Linearizability Conditions

In this section, we present conditions for linearizability of the 2:—3 resonant family of
quadratic systems (3).

Theorem 4. System (3) is linearizable if one of the following conditions is fulfilled:
(1) bip=0by 1=0;

(2.) bo1+3agn =a-12 =b1p=0;

(3) big=a_12=ay =240 +by =0;

(4) bl() =a_1p = a9 = 4g1 + %% =0;

(5.) by_1 =a_1p=ay9+ by =an +bn =0;

(6.) 256bg1by,—1 — 18962, = 243b1ga_12 + 64b3, = 16a19 + 17byg = 9ag; + 7by = 0;
(7.) a_1p = ay+2byg = ap1 + AH]% =0;

(8) by 1 =a19+2byp =0;

9.) a_p=ayp =0

(10.) by, 1 = ayg — bio = a_12b10 + 6af; — 2ag1bo1 = 0;

(11.) b2,71 =ay9 —2byp=ag1 =0;

_ by _ 20y _ by _ (.
(12.) by, 1 =a_1pbyg— § =ap+ 32 =ap + 3§ =0
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(13.) 2o +b01b2 1 =a_ 12—ﬂ10+ 10—1101—1701—0

112b b
= a_ppbig + > 16 =ayp+2byg =an — 3 =0;
1262 2b
(15.) b2,71b01 - T = a_12b1o + —g+ = a10 — 3bio = a1 — Hf+ =0
108b? 75} 26b 2b
(16.) == +bo1by1 = — 5+ +a_ 121710 =a— =5 =apn + g =0;

63D? 19b b
(17.) by, —1bo1 — % =a_ 12510 +2 o =app+ 52 =dap + 5 =0;
(18.) 36b01b2 1+ 91b20 = 169b1pa_12 — 33b01 = 12a19 + 29b1¢9 = 13a¢; + 9bp1 = 0;
(19.) 36b01b2 1+ 91b 0= = 169b1pa_12 — 48b01 = a10 + 2b19 = 13ag; +4by; = 0;
(20.) 676b01b2,,1 + 231b10 = 121b1pa_1p — 52b01 = 13a19 + 11b19 = 33a¢1 + 4bp1 = 0;
(21.) 256bg1by,—1 + 16163, = 529b19a_15 — 483, = 16a1g + 27byg = 23ap; + 24by; = 0;
(22.) 7byrby,—1 + 192b20 = 64bypa_12 + 7b21 = 7ay9 — 46b1g = 2ag1 + bg1 = 0.

(23.) agiby, g — Zgho 4 Foract 8b°1b2 -1+ 14b1° = ajy — 8aigbio + M + 23%%0 =
ao1a10 — ag1bio + a10h01 + 11“—ﬁhz,—l _ 2h0:13b10 _ _6351%1’310 _ 21a01b01b10 I 14u10¢11§12b10 B
7u10h01 +a_1oboiby 1 — 427a3,012b%0 4 28b§1b10 _ _7a10b% by 98u10h10 ta 12172 -
14b01ﬁ153b2'71 - 3433310 = 63a01h1° +a108-12by, 1 — PN — Ta_1pbigby g + %Olbz =+
3711178(1)b%0 _ ’181 + ”%131701 + 19“010115121710 _ ‘101301 _ 5“1008—1121701 + 11"—11829172,71 + 53a_ §2213101b10 —0;

(24) ~15a10b10 -+ bora, 1 4516 = T80 1 gy0by; — b — gy — Fobo My
6ag1bio +a_12az, 1 = amaz,—1 +4apbio — 1517%0 = a19a_1p +4a_1ob19 — % = ﬂ%o -
m I % — agage — 1013011b10 _ bOlgﬂ _ 01 4 Bl 12b10 B % _ 111a01a4,12b10 B

3 _0-
11a,12b01b10 + bOl =0;

170aq1 b 29a_15b 18b 3amb a10b; 11ﬂ,12ﬂ2,,1 2bm b
(25) _ zé)% 01 +a10a 12+ 12 10 _ 7701 _001ﬂ10+ 01 10 _|_ 10 01 + 1 _ Oé 10

— aél 4 251140&501 _ 121428_412]910 + 01 — a01b01a2 1 + 15H01b]0 +— alobmbw +
z >
33&,12310112’,1 + 3170];12,_1 + Sb();bslo _ 7102011017@10{12,71 + 24a10b10 - 4ﬂ10b071H2,,1 + 2451170b10 +
aflza%,,l _ 5441701;?;002,—1 _ 48;’10 _ 20a01;;12b10 _ 96@01% a2 2 a1+ %
3
_ 15?581 — apia_ 12512 i+ 46a01b01b10 + 361712’3;)1”2,71 + 55ﬂ1741;l710 _ 617%9510 _ —611?01710—1—

100%10 10 + 55 26&1011

2
ajoboraz,—1 — 7 a10bo1b1oaz, -1 +

116b%
—1 10— 0.

b2
10+ 01112 -1 +34b01b10ﬂ2 1+

Proof. Following the approach described in Section 2 using computer algebra system Mathe-
matica, we compute the first four pairs of linearizability quantities { Isj ok, Jak ok : k = 1,2,3,4}.
We present only the first pair of linearizability quantities:

Lo 1
32 7155232
— 18172ag,a10bo1 by, 1 — 2587245, a10b3) — 25857a5,a_1205 4

— 16016a3, by bigba, 1 — 25872a%, b3, + 1113ag1a35a 126y 1

+ 6468ag1a%obo1bro — 39382a01a10a_12b19b2, 1

— 3696a1a10b3, by, 1 + 12936a01a10bg1 b3,

— 19812a91a_12bo1 b3 _1 — 7523680181203, 1
+1617a3,a_12b19 — 84a3ga_12bo1by, 1 + 1617a35a_15b%,
+396a19a% 1,b5 _1 + 4704a10a_12bo1b1obs, 1 — 6468a10a_12b3,
— 223084 1,b10b3 1 — 3648a_1obG b5 _1 — 2016a_12b01b70bs,—1
— 6468a_15b7,),

(—21252a3,a10by, 1 — 3141643, b1gbo, 1 — 6468a3,a3,b1o
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1
]3,2 :m (277205181 Lluﬂ?z/,l + 51282(181 b10 b2,,1

+ 332645, a10bo1b2,—1 + 29106ad,a10b3) + 42012aF,a_15b3
+ 62370a3, bgy b1obo, 1 + 5821243, b3, — 10080ag1a2,a_12by, 1
— 19404ag1a2,bo1 byo + 27405a01a10a _1b10bs, 1

+ 8008ag1a19b3, by, 1 — 29106a01a10bg; b3,

+ 55332a018_12bo1b5 _1 + 166950a01a_12b30ba, 1

+ 17864401 b3, b1oba, 1 + 19404ag; bo; by — 1680a%5a_12bo1bs, 1
— 4851a3,a_12b7, — 10032a10a 1565 _;

— 25424a10a_1pbg1 bigba,—1 + 492364 1,b10b5 4
+14688a_1obG; b3 _1 + 34832a_12b01b30ba, 1 + 19404a_15b1),

and the others are too long to be presented in this paper.
Next, we compute the irreducible decomposition of the variety of the ideal

I = (Iston Jakor - k= 1,2,3,4)

in order to obtain a set of necessary conditions for linearizability. The computational
tool that we use is the routine minAssGTZ [17] (which finds the minimal associate primes
of a polynomial ideal using the algorithm by Gianni, Trager, and Zacharias [18]) of the
computer algebra system SINGULAR [19]. Since computations are too laborious they can
not be completed in the field of rational numbers. Therefore, we follow the algorithm
based on modular computations [10,20], and we replace the ring Q[a,b] by the ring Z,[a,b],
where a = (a19,a01,4-12), b = (by,_1,b10,bo1), and p is some prime number. The most
difficult step of this algorithm is to realize that all points of the variety V(I) were found.
All of the encountered points belong to the decomposition of V(I), but we do not know
whether the given decomposition is complete. Thus, the proof of the completeness of the
decomposition is not given exactly (over the field of characteristic zero), but the probability
of the opposite event is extremely low (see the estimation in [6], where the Faugére method
[21] is used).

We choose prime p = 32,003 and compute the decomposition of I over Zsz; o3. We
obtain 25 ideals. Then, we perform rational reconstruction algorithm to obtain ideals
Py, ..., Py in Q[a, b]. For instance, we find that one of the component is bjg = a_1, =
ag1 + 10, 668by; = 0. Performing the rational reconstruction using Mathematica, we obtain
10,668 = % mod 32,003. Therefore, the corresponding component over characteristic
zero is byg = a_1p = ap + %bm = 0. Then, we check by a direct computation using
Mathematica if the 8 linearizability quantities from I are zero under each of the obtained
conditions. It turns out that they are all zero. To check if some conditions in computations
over the field of characteristic “32,003” were lost, we first compute intersection P =

2(% P; over the field of characteristic zero. We obtain 50 polynomials py, ..., ps. We
i=1

want to check if /I = +/P. Computing over the field of characteristic zero Grobner
basis of each ideal (1 — wlzx o, P : k =1,2,3,4) and (1 — w/a o, P : k = 1,2,3,4) with w,
a new variable, we find that they are all equal to {1}, implying that v/I C +/P. To
check the opposite inclusion, VP C VI, we need to use computations with modular
arithmetic. We choose prime “32,003”, and after computing the Grobner basis of each ideal
(1 —wpg,I:k=1,...,50), where p; € P over the field Z3; (93, we find that they are not all
{1}. Thus, we assume that not all points of V(I) were found. In such a case, we have to
repeat the calculations with another prime. We repeat the calculations with three more
(larger) primes, “1,548,586", “179,595,127”, and “479,001,599”. It turns out that, in the case
of “1,548,586” and “179,595,127”, we arrive at the same troubles as with “32,003”, i.e., some
points of V(I) are lost in the computation. Anyway, computing the decomposition over
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Zg79 001,599 Yields 25 components. After performing rational reconstruction algorithm, we
obtain 25 ideals P, ..., P»5 that give components of Theorem 4 and we check that, under
each component, all linearizability quantities from I are zero. Then, computing intersection

P = 2(% P; over the field Q yields 85 polynomials py, ..., pgs. Similar to that above for

i=1
“32,003”, we easily check v/I C v/P. To check the opposite inclusion vP C /I, we need
to use computations with modular arithmetics. We performed computations using two
primes, p = 32,003 and p = 479,001,599, and in both cases, we find that the Grobner
basis of ideal (1 —wpy, [ :k=1,...,85) is {1} for each k = 1,...,85. We can conclude
that equality /P = /T holds with high probability. However, since still there is a small
probability that some points are lost, we say in the statement of Theorem 4 “if” and not “if
and only if”.

Next, we prove the sufficiency of each component.

Case (1) In the first case, the corresponding system is written as

. 2 2
X = 2x — a10x° — apxy — a_12y°,

(20)
y=-3y+ b01y2,

for which we obtain two algebraic partial integrals

b
glzyandgzzl—%y
with corresponding cofactors K1 = —3 + bg1y and Ky = by1y. Apparently, the equation
Ki 4+ aK, = —3 holds for a = —1; hence, transformation
3
U Y
Y1 =818 3~ boiy

linearizes the second equation of the system. The integrability of the above quadratic
system has been proven in [22]. Using Theorem 3, we can also linearize the first equation;
thus, system (20) is linearizable.

Case (2) We prove the linearizability of the following system:

% = 2x — agx® — apgx ,
10 201 Y , (21)
y=-3y+bo1x" —3any".

To find linearizing transformations, we use four algebraic partial integrals:

ajpXx 1

1
fi=x, fo=1- - = 561015—2,1362 +2amy — 50110XY + a2,

1 /
f3 1+ Z (-ﬂlo — ﬂ%o + 86101172/1) X+ aoy

and f4, which is too long to be written here.
Their corresponding cofactors are

Ky =2—aypx —any, K= —ajpx—6apy,

1
K= 2((~ow /R o0 22 )6y,
Ky =2 —2aq9x + \/mx — 7a01y-

The first equation of system (21) is linearizable by the change of coordinates:

X = fifsf3,



Symmetry 2021, 13, 1510 11 of 25
where . 5 5
a=—z + 110 and b=— il .
64/ a%o + 8ap1 b_2,1 34/ a%o + 8ag1 b—2,1
We are able to construct the Darboux integrating factor M = fsfif¢ for
—5a190+9 a%o + 8ag1b21 —5a19 + 24/ 61%0 ~+ 8ag1 b1 1
c=— , d= ,andezE.ByRemarkl,

4,/ LI%O + 8ag1b21 2,/ a%o + 8agp1bo1
)

system (21) is integrable, and according to Theorem 2, it is linearizable at the origin.

For all cases where we use the method of Darboux linearization, the procedure and
reasoning is similar to that of Case (2). Therefore, in the following cases, where we construct
a Darboux linearization, we list only the algebraic partial integrals, one of the linearizations
and a Darboux integrating factor, or in some cases, linearizations of both equations.

Case (3) In this case, we find three algebraic partial integrals:

bz,,lxz

7

1 b
A=x fo=1+ ﬁbmbz,—ﬂcz - %y and f3=—

+y.

The first equation is linearizable by the change of coordinates:

X

1
_ -2 _
n=hht= 1 2 _ boy .
\/ﬁbmbz,—lx -5 +1

The second equation is linearizable by the transformation:

) 12(by,_1x% — 7y)
J— 1 == — -
= f3f2 - 7(b01b2,_1x2 — 4b01y + 12) '

Case (4) The system is written as

. 5 _
x=2x+ 6bo1xy = P(x,y), )

y=-3y+ 172,,1962 + b()lyz = Q(x,y).

To construct the linearizability transformation, we use an approach from [23]. We look
for a transformation y; (x,y) = y + ... that linearizes the second equation of system (22).
In system (22), we perform the blow-up transformation (x,y) — (z,y) = (3§, y) and attain
the following system

z =5z — %yz - b2,—1yz3 = P(x,y), (23)
¥ = =3y + by _1y°2> + bory> = Q(x,y),
for which we search for a transformation Y(z, y) of the form
Y(zy) =) fi(2)y", (24)
i=1

where f; is a polynomial of degree at most i and Y (z,y) linearizes the second equation of
system (23), i.e.,

aY - Y ~

aP(x,y) + @Q(%W = —3y1- (25)

We insert some initial terms of (24) into Equation (25) and equate the coefficients of
the same powers on both sides of the equations and obtain differential equations with
unknown functions f;(z). The first differential equation for f;(z) is 5zf{(z) = 0, which
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gives solution f1(z) = C. Choosing C = 1, we have f;(z) = 1. Next, we see that, for k > 1,
we obtain recursive differential equations of the form

b
(k=100 + b2 1) @)~ ("Rzt baa ) a2
—3(k = 1) fi(2) + 5zf¢(z) = 0.
If we solve the differential equation in (26) in turn and insert the solution of each one
into the next equation, we obtain

(26)

bor  by—1 5 3
= — [ 5

fZ(Z) 3 7 z° 4+ CZZ ’

b2 3 6
f3(z) = % + %bz,flbOlZZ + Czz5,

b3 1 3 9
f4(Z) = % — 1 2,,1b3122 + ﬁbmbg,lf + Cyz5,

b 5 29 2
f5(Z) = % — ﬁbz,—lbglzz + mbglbi_lzél + C5Z 5.

We set the integration constant to zero for all k > 2. Next, we obtain f5(z) = Ps(z),
f7(Z) = P6(Z), fg(Z) = PS(Z), fg(Z) = Pg(Z), and f]o(Z) = Plo(z), where for k = 6,7,8,...,
function Py(z) denotes a polynomial of degree k and contains only terms with even powers.
Then, we note that f11(z) = Pjg(z) without the term with z°.

Choosing Cy = O in each fi, for k = 2,3, ..., we assume that

P(2) ; if k is even
filz) = e
P 1(z) ;ifkisodd
where Pi(z) denotes a polynomial of degree at most k.

Moreover, we assume also that polynomials P;(z) contain only terms with even
powers, i.e.,

;if k is even 27)

Py(z) = ag + apz% + agzt + ..+ a2k
g ag + apz? +agzt + ...+ a2 ifkisodd.

We prove this using mathematical induction. Suppose that the assumption is true for
k=1,2,...,n—1and we compute f; for k = 1, solving the differential equation

fim) - 2V g ) = na), 2

where 1
h(z) = 55 {—(’”l —1)(bor + by, —12%) fu-1(2)

+ (l?z + b2,1z3>f,2_1(2)] .

First, let n be even, and we want to prove that f,(z) = P,(z), where P, is a polynomial
of degree at most n containing only terms of even powers. If 7 is even, then n — 1 is odd
and f,_1 is of the form

(29)

fao1="Pua(z) = Ao+ Az + ...+ Ay02"?

and
o =2Az+4AP + .+ (n—2)A, 22" 5.
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Then,

h(z) = —(Bo + Boz? + Byz* + ... 4+ B,2"),

1
=
for some constants By, By, ..., B;.

Since the linear equation

f1(x) +8(x)f(x) = h(x) (30)

has the solution
F(x) = Ce Jsdx e_fg(x)dx/efg(x)dxh(X)dX, (31)

the solution of differential Equation (28) is

falz) = Cel M5tz o %5 /e*f 3("521)”12;72(30+B2z2+...+an")dz

3(n—1) 3(n—1) 3(1—n) 1
=Cz 5 4z 53 /z 5 zflg(Bo—i-Bzzz—i-...—i-an”)dz

3(1) 3(i) —242n
=Cz 5/ Boz ™~ 5 +Bzz = +...4+Byz" 5 )dz
30n-1) 1 3( 1) . 753n 13 3;1 3 52;1

=Cz73 tsz v <303 3n+321353n+ +B”3 2n>

*Cz 5 +BO+B22 +B4z+ .+ Bpz".

Choosing C = 0, we obtain that f,(z) = P,(z), where P, (z) is a polynomial of degree
n and it contains only terms with even powers.

Now, we assume that n is odd and we want to prove that f,,(z) = P,_1(z), where
P,_1 is a polynomial of degree at most n — 1 and contains only terms of even powers.

If nis odd, then n — 1 is even and f,,_; is of the form

fa1=Py1(z) = Ag+ AoZ? + ...+ A, 12"

with
o =2Az+4AP + .+ (n—1)A,_12" 2

Then,

1 B
h(z) =2 [(BO B+ 4+ By 1z = (n—1)by 1 Ay_1z"T!

—|—(Tl — 1)b2,,1An,12n+1)}
1

_ 2 n—1
== [(BO+B2z +...4+By1z )]

for some By, ..., B, 1.
Differential Equation (28) has a solution:

f() C (B0+Bzz +B4Z+
..+ B,_1z2" Vdz
Snl n—1) 7/~ ~ —3n ~ n—
=Cz : +z A (Boz 5 —i—B221353 +...+Bn_1z252)

3l x  m o o4 5 n-1
=Cz 5 +Bo+Bzz +B4Z +...+Bn,12 .
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Choosing C = 0, we obtain that f,,(z) = P,_1(z), as assumed. Therefore, transforma-
tion (24) takes the form

Y(zy) = Y i)y =y+ Y P2y, (32)

where polynomials P;(z) are defined by (27).
Thus, the transformation y; (x, y), which linearizes the second equation of system (22), is

n(xy) = Y(x,y> =y+ )P (x>yl-
Yy i— \Y
The obstacle in the proof could appear if we obtain logarithmic terms after integration
in the computation of f,(z). We see that this is the case if one of the powers is —1. We
observe that all powers of z in the integral are of the form #0"_3” fork=0,1,2,...,n—1
(nodd)and k =0,1,2,...,n (n even). We check when

—2+ 10k — 3n

=1
5

and obtain k = %. Since k € {0,1,2,...,n}, this is the case if 3n — 3 = 0 (mod 10).

However, we can prove that this can never happen. Logarithmic terms could appear
after integration only in functions fi1, f1,..., fip¢e+1,. .. for £ = 1,2,3,..., but we prove
by induction that functions f;o,.1 do not have a term z°, which could yield a logarithmic
term after integration. We already proved by induction that functions f1p,,1 are of the
form Pygy(z), where P;(z) denotes a polynomial of degree at most i.

Suppose that functions fip,;1 are polynomials of degree 10¢ without the mono-
mial term z% for £ = 1,2,...,m, and we compute fio(m+1)+1 by solving the differential
Equation (28).

Suppose

froes1(z) = Ao+ ...+ Agp2® 72+ Agp 2 L 4 gz
forall £ =1,2,3,...,m. Functions fio,(z) and f{,,, (z) are of the form

flOm(Z) =Ap+ A2zz + ...+ AlOleOm’
Flom(z) = 242z + ...+ (10m) Aygmz'0" 1,

Moreover, we assume that the coefficients of polynomial f1q,, satisfy the condition
Aém_zbzﬁl(Sm - 1) + Agmbor = 0. (33)

If we insert expressions fio,(z) and f{,,, (z) into differential Equation (28), condi-
tion (33) assures that fig,.1 does not have a term with z6™. In functions fig,,:(z), for
i =3,4,...,10, no logarithmic term can appear and we already proved that these functions
are of the required form. Detailed analysis is needed for fio,+11(2) = fio(m+1)+1, Since in
this function logarithmic terms after integration could appear. We compute the function
fiom+11(z) and obtain f10,,411(z) = Prom+10(2z), where Pygy,+10(2) is a polynomial of degree
10m + 10 and we see that the coefficient of z0("+1) is given by

Agmyabr,—1(5m +4) + Asmebor- (34)

No logarithmic term appears in fi(,,11)(2) after integration only if expression (34) is
zero. We observe that condition (34) corresponds to condition (33) for m + 1; hence, it is
zero, and thus ,the proof of induction is completed.
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Now, we also have to prove that the first equation is linearizable. To do so, we prove
that system (22) is integrable and then use Theorem 3.

We are not able to form the first integral of the required form using the Darboux theory
of integrability and we can not construct it using power series, so we use the method based

on blow-up (see [24]). According to transformation (x,y) — (z,y) = (%,y), we attain
system (23). Now, we search for the formal series

¥(z,y) = Iifuz)yk,

which will be the first integral of system (23) only if DY = 0. Setting the coefficients of term
y* to zero, for each k > 5 and set f4(z) = 0, generate for k > 5 the subsequent differential
equation

(k—1) (b()l + b2,—122)fk—1 (z) — 3kfr(z) + 5Zf]é(z) - (217012 + bz,_lz3)f,£_1 (z) =0.

We compute

fs(z) =22,

fo(z) = %1?01Z3 - ;bz,flzs,

fr(z) = 11b8(2)123 - %501172,7125 + b%’49127,

fs(z) = 14313(1123 - 84519%)%25;125 + %501%7127,

where we chose an integration constant equal to one for f5, and in all other functions
(fx, k = 6,7,...), we chose the integration constant to be zero. Next, fo(z) = Py(z),
fio(z) = Po(z), fu1(z) = Pui(z), fa(z) = Pui(2), fia(z) = P13(z), fia(z) = P13(z), and
fi5(z) = Pi5(z) without the term with z?, where for k = 9, ..., 15 function P;(z) denotes a
polynomial of degree k.

We notice that functions f for k = 6,7...,15 are polynomials that contain only terms
with odd powers:

35
b3z® + b5z® 4 ...+ b_125"1 ;if kis even (39)

132° +asz® + ..+ a2k ; if k is odd
fi(2) =
which can be proven inductively very similar to the above (simply replace n with n — 1),
and to compute f,;, we solve the differential equation

f1(2) — o ful) = (), (36)
where h(z) is the same as in (28).

Additionally, in this case, we have to prove that no logarithmic terms appear in
any solution f;. We can easily check that only in functions fis, fos, ..., fioe4s, ..., for
£=1,2,3,..., logarithmic terms could appear. We prove by induction that functions f1ps5
do not have a term z0/+3, which could yield logarithmic terms after integration. We already
proved by induction that functions fgy, 5 are of the form fig/,5(z) = Pyops5(2z), where
P;(z) denotes polynomial of degree i.

Suppose that functions f1g¢ 5 are polynomials of degree 10¢ + 5 without the monomial
term z0t3, for ¢ = 1,2,...,m, and we compute flO(m +1)45 by solving the differential
Equation (36).
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Suppose
froe45(2) =
= Ag,z3 +...+ A6g+126£+1 + A6g+526£+5 +...+ A106+5210€+5
forall ¢ =1,2,3,...,m. Functions fig,44(z) and fi,, , 4(z) are of the form
fromra(z) = A32 + ...+ Argmy32' ",
From+4(2) = 3A32% + ...+ (10m + 3) Ay 32" 2.
We assume that coefficients of polynomial f1¢,,+4 satisfy the condition
3
Agmy1ba,—1(5m +2) + §A6m+3b01 =0. (37)

Condition (37) assures that fig,,+5 does not have a term with z6m+3_ Similar as before,
we have to prove only for fiom+15(z) = fio(m+1)+5, that it does not contain any logarithmic
term. We compute the function fig,,+15(z) and obtain a polynomial of degree 10m + 15,
denoted by Pjo,,415(2), and we see that the coefficient of z0("+1)+3 is given by

3
Aem+7b2,-1(5m +7) + 5 Aem-+9bor.- (38)

We can see that condition (38) coincides with condition (37) if m is replaced by m + 1;
hence, it is zero. Therefore, in function fig,,115(z), no logarithmic terms appear after
integration, and thus, the induction is proven.

We have proven that the formal first integral of system (23) is of the form

¥(z,y) = kimz)yk — Pyt ki Pe(2),
=5 =6

where polynomials Py (z) are defined by (35). Substituting z — ;, y — vy, yields

- x x3 > X
Y(x,y) = ‘I’(,y) =— P+ Z Pk<)yk =y 4.,
Yy Yy =6 \Y
which is a formal first integral of (22) of the required form, and due to ([1], Corollary 3.2.6),
it is also the analytic first integral of (22). Finally, we can form the linearizing transformation
of the first equation of system (22), as stated in Theorem 3.
Case (5) We find three algebraic partial integrals:

fi=x, fi=y and f=1400% oY

The first equation of the system is linearizable by the change of coordinates

6x
_ -1 _
1= f1f3 N —Zboly + 3b10x +6
and the second equation by the transformation
- 6
n=hft = L

—2b01]/ + 3b10X +6°
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Case (6) In this case, system (3) has the form:

17b1px? N 7bo1xy N 643, y2

16 9 243byg

J— 3y 189b2,x2
256by;

X =2x+

39)
+ bloxy + b01y2.

Using algebraic partial integrals

3biox*  borxy " 805,y

fi=x+—=5; 9 " 243by’
fo=y— 27630x* | bigxy _ bo1y*
2B6by | 8 27
5bigx  25b3,x*  10bgy 25 25b3, 2
=1 _ _ —701J
fo=14 ==+ 55 77 2160 b0xy + =g

we find the transformation

x=fifil = 24(243b10x (32 + 3b1ox) — 864bg1b1pxy + 256b3,2)
’ b10(432 4 135b10x — 80boy)?

that linearizes the first equation of the system, and the transformation

= fofil = 27(6912by1y — (27b1x — 16bp1y)?)
3 bo1 (432 + 135b19x — 80bg1y)?

that linearizes the second equation of the system.

We see that linearizing transformations x1, y1, and the expressions on the right-hand
side of system (39) are not defined for bjp = 0 or by; = 0. By V we denote the variety V(I).
Here

I = (256bg1by,—1 — 18963, 243b1ga_15 + 64b%;, 16a19 + 17b19, 9a01 + 7hor)

is the ideal which is generated by polynomials arising from conditions of Case (6) of
Theorem 4, and J; = (byo) and ], = (bp1). We see that x; and y; are defined properly for
all points from V(I) except perhaps for points with bjg = 0 or by; = 0, i.e., they are defined
for points from V\V(]), where ] = J; N Jo. The set V\V(]) is not necessarily a variety.
Note that the smallest variety which contains this set is its Zariski closure V\V(]). We
know (see [16]) that

V(I:]) = V(D\V()).

It is easy to see that | = (bgbp1). Applying SINGULAR (using the routine “quotient”)
one easily obtains the quotient

I:] = (256by by 1 — 189b3y,243b19a 15 + 64b3;, 16a1 + 17b1g, 9ag; + 7bor ).
Obviously I : ] = I. Thus V\V(]) = V and consequently for each point of the variety
V, the corresponding system (39) is linearizable. (With similar computations, one can
prove the linearizability for systems, which we study in cases below when some functions
(integrating factors, analytic first integrals, and linearizing transformations) are not defined
for specific values of parameters.)
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Case (7) Using algebraic partial integrals

fi=x
1 1
fo =14 3bjox + 3b%0x2 + §b01b2,71x2 + b%ox?’ + §b01b10b2,71x3

4bg1y
3

4 8
- *boﬂhoxy - §b(2)1bz,f1x2y
013/

1
+ fb%1b§,71x4 —

1 1
b01b10b2 1X y + — §bélb10xy2 + *b(znbzoxzyz

3 2.2 y 2 5 b 1y
e

we construct the linearizing transformation x; = f1f, /3 of the first equation of system
and the Darboux integrating factor M = f; 1/2 i
Case (8) In this case, the corresponding system is

X =2x+ 2b10x2 —ag Xy — a_uyz/ (40)
y = =3y + bioxy + bmyz.

We attempt to linearize the second equation of system (40); therefore, we look for
a transformation

= Y fixy (41)
k=1
such that equation
O
o X+ 3y ¥y =31 (42)

is satisfied for all x,y € C.

After inserting some initial terms of (41) into (42) and equating coefficients of the same
powers on both sides of equation, we see that functions f are determined recursively by
the differential equation

2x(1 + b1ox) fy(x) — aonxfi_q1(x) —a-12ff_o(x)
+ (kbiox —3(k — 1)) fi(x) + (k = 1)bo1 f—1(x) = 0.

Fork=1,2,3,4,5,6, we find

1 p1(x)
fl (.X') = s fZ(x) - ’
(1+byox)? (1+byo)?
p2(x) p3(x)
(%) =————, (x) = ————3,
& (1+ byox)? i (1+byox) %
pa(x) ps(x)
(x) =———"—7, () = ————r,
& (1+byox) % & (1+byox) %
where p;(x) denotes a polynomial of degree i. Suppose that f(x) = %, where
l+b10x 2

k=1,2,...,n—1. We compute fx(x) for k = n. To this end, we solve the differen-
tial equation
nbyox —3(n—1)

o)+ e ) = H), 3)

where H(x) = ao1xfy_q (X)+a_12f (%) +(1-k)bor fu—1(x)

2x(1+b10x)
fo1, fy_qand f; .

using the induction assumption about



Symmetry 2021, 13, 1510

19 of 25

As the general solution of linear differential equation of the form (30) is (31) and, in our

,weh x) = M0x 30 D) ond h(x) = — 10— where g,,_1 is polynomial of
case, we have g(x) (i Thr) A0 (x) = where g,,_1 is polynomial o
-3
degree at most 1 — 1, it follows that e/ $(*)4% — % and the solution of differential
B
Equation (43) is !
3(n-1) ~ ~ ~ n—1
Cx 2 Ag+Aix+ ...+ A _1x
”(x) = 4n—3 + 4n—3 :
(14 bypx) 2 (14 bypx) 2
Choosing C = 0, we obtain f,(x) = %, where p,,_1 denotes a polyno-

1+byox) 2

mial of degree at most n — 1. We can check t(hat lgh)e power series expansion of transfor-
mation yi(x,y) = Y5, fr(x)y¥, which linearizes the second equation of system (40) is
Y+ L1 aix'y

Note that the same method cannot be used to linearize the first equation of system (40).
Therefore, we want to find a formal first integral of the form ¥ (x,y) = Y3, fi(x)y*. We
compute DY = 0 and set the coefficients of the terms y* to zero, for k > 2 and thus generate
the differential equation:

2x(1 4 byox) fi (x) — ap1xfy_1(x) — a_12f]_(x) + k(b1ox — 3) fi(x)
+ (k= 1)boy fr—1(x) = 0.

Setting the integration constant equal to 1 and considering fy(x) = fi1(x) = 0, we

. 3
obtain f,(x) = (HZTx)“
each k equal to 0), we obtain the following:

for k = 2, and for k = 3,4, 5, 6 (setting the integration constant for

_ palx) __ ps(x)
f3(x) _(1+4b710x)6' fa(x) = (1—1—517710308’

 pe(x) _ prv)
f5(x) —m' folx) = m

where py(x) denotes a polynomial of degree at most k. Suppose by induction that, for

k=2,...,n—1,wehave f(x) = % and that integration constant is zero. We solve
the differential equation:
/ n(3 — bypx)
— = =H 44
fi’l(x) 2x(1+b10x)fn(x) (x) ( )

where H(x) is the same as in (43) and for f,,_1 and f,_, we use the induction assumption.
Considering Formula (31), we obtain the general solution of linear differential
Equation (44):

3n 1 2 n+1
fulx) = C- X2 , Box* 4+ B1x +...2+an
(14 byox)" (1 4+ byox)>"
3n
oot P ()

(T+brox)? (14 brox)?"

Pt (x)
(1+b1ox)2”

degree at most 1 + 1. Therefore, the first integral of the form ¥ (x,y) = Y37, fre(x)yF in
which the power series expansion is of the form x%y? + ¥ j>6 QijX'y! exists.

Choosing C = 0, we obtain f,(x) = where p,,11(x) is a polynomial of
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Case (9) If a_1p = ag1 = 0, system (3) has the form

X =2x— aloxz,
. 2 2 (45)
y=-3y+ bz,_lx + bloxy -+ boﬂ/ .

We find two algebraic partial integrals:

fi=x and fz—l—%.

Transformation
2x

2— ajpx

x1=fify ! =

linearizes the first equation of system (45). System (45) has an analytic first integral of the
form ¥ (x,y) = x3y? + ... [22]. According to Theorem 2, the second equation of system is

linearized by transformation y; = %

Case (10) The linearizability of the corresponding system is proven in a similar way as
in Case (4), using the method based on blow-up.

Case (11) We are able to linearize the second equation using three algebraic partial
integrals:

fi=y
bory

1 1
fo=1—2bygx + b3gx* — =3 + gbmwa}/ + gﬂ—lzbloyzyB,

f3 =1 —3bygx + 3b3px* — b3x° + = ( 3by — /b3 — 12a12b10>y
+ % (3b01b10 + bioy/ D3, — 12a12b10> xy + 6(—31;0117%0
— B2\/B3, — 12a_12byo) 2%y + — (bm +6a_12b1g
+ oy /b3, — 12a_ 12b10>y + 18( B3,b1o — 6a_12b%,
— boyb1oy/ b3, — 12a_ 12b10> xy? + 12196( 72a_12bg1b19+
+ bG1\/ D3, — 12a_1pb19 — 84a_1pb1g4/ b2, — 12a_1pb1g

_ (b%n _ 1211_12b10)3/2>y3.

The equation K; + aK; + bK3 = —3 holds for

a= E + 15001 and b= -— Sbor

4 4@ / b(zn — 12[1,121710 21 / b(zn — 1261,121710

thus, the second equation is linearizable and we construct a Darboux integrating fac-

5 731)014’\/}72 —12a15bqg
tor of the form M = f{fifs forc = —1, d:—< = )
6\/17%1 —12&1,121710

and e =

5boy

3\ / bgl —12&12h10 ’
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Case (12) There are two algebraic partial integrals:

fl :y/

b2, x> b3x3 2b
— 10 10*  <bo1y
fo=1+bx+ —3 7 3

1
— by bioxy + §b01b%ox2y

b%l]/z

18

1 by y®
+ §b%1b10xy2 + 7021:; .
The second equation is linearizable by the change of coordinates y; = f1f, /2 and

the Darboux integrating factor is of the form M = f;~ 1/3 ik
Case (13) The algebraic partial integrals are
_ _ 4 _ by biox
hi=x h=l-77
5b%0x2 5b10X
8 4 7

5
f3=1— ;borbioxy +
the linearization of the first equation is

_ _ . boxy  bypx?
x1=fifp=x 3 1

and teh Darboux integrating factor is M = fll/ 2 fz_l/ 2 fs L
Case (14) We use three algebraic partial integrals

f _ 16b%0x2 y blox]/ . b()]yz f —1— 5b10x . 5b01y

1™ 270, 3 12 7 /2 9 12 7
. 25bjox  200b3x* 25 25b3,

fs=1+ o T8 ﬁbmbmxy +t s

the second equation is linearizable by the change of coordinates

yi=ffy

and the Darboux integrating factor is of the form M = f; /3 it
Case (15) We find three algebraic partial integrals

_ b10x2 _ 4b01xy 3b31y2 _ 5b10x 5b01y

g = 1

h=x=—¢ 21 o8b, 1 3 21
- 5b10x 101?01}/

fr=lo— =

the first equation is linearizable by the change of coordinates

x1 = filfofs) 3

and we construct Darboux integrating factor M = 11/ 2 it fa 2,
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Case (16) We compute the following algebraic partial integrals:

108b3,x*  480b3,x° _ Nbwvy | 261
fi=y- b Yy —
49b¢; 343bp, 7 9
5bg1y°
486

20by9x  25b%,x%>  5b
f=1- 710 + ;0 81}/ b01b10xy+

10
+ @b()lb]oxyz +
b%1y2
243
15,0 .
=1 71(—211)10 + \@bm)x + 3 (bm +4iv/3bY, ) 12
12
412 (10b — 9i\/3b3 )x3 + 3i(3ibm + ﬁbm) y

343
63 (95011)10 + 1\[b01b10)xy + — l\fbm)

162 (
125

— @l< 15ib01b%0 + 11\f3b01b10)x Y

125i (5z‘bglb10 + ﬁbélblo) xy? 125ib3,
1134 2187V/3

+

Transformation

y1 = fifsf3

with a = %i(?)i + \/§) and b = o 3li$> linearizes the second equation of considered
system and we construct the Darboux integrating factor M = f;~ 1/3 f{ .

Case (17) We obtain three algebraic partial integrals

9 2 2 2b01y2 5b10x 5b01y
2 s = —
fl + b xy — 5 fz 1+ 1 18/
35b10x 175b3,x*  5bpry 25 25b3, 2
=1 - — Z“byb
fo=lt——+—3 9 24 (01010XY + oy

the second equation is linearizable by the change of coordinates

72(—18b01y + (9b10x - 2b01y)2)
bo1 (36 + 45b10x — 10bg1y)?

=fifs 2 =-—

and the Darboux integrating factor is of the form M = f;~ /3 fa /3 fa L

Case (18) The linearizability of the corresponding system is proven using the method
based on blow-up in a similar way as in Case (4).

Case (19) Using algebraic partial integrals

bipx?  2byxy 603,y

L S E R T T,
1317%03(2 blox]/ b(nyz
f2 =¥+ Z3gp, 5 T3
Sbigx  25b3,x*  10bgy 25 2563,y
-1 _ _ _ s
fs 6 108 39 17 by - 5

we are able to linearize both equations of the system by the transformations

=ff;' and oy = fofs

Case (20) The linearizability of the obtained system is proven in a similar way as in
Case (4), using method based on blow-up.
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Case (21) Using algebraic partial integrals

33b10x2 T 15[7%03(3 _ 12b01xy

h=x+=— 1024 23
45bibrox®y  6bGy* | 45bgxy* | 60bg v
1472 529by, | 2116 ' 12167byy’
l3b%0x2 bloxy b01y2
fa= by, VT3 T3
Sbigx  25b3,x*  10bgy 25 2503,y
fs 6 108 39 117 00y T TRag

we find linearizing transformation
xi=fify? and y1=fofs
Case (22) We use the following three algebraic partial integrals:

19262, x2 11b bo11/? 5b 5b,
10 ty— 1oxy+ 01y 10X 01Y

= 10— =1 _
h= 49by; 7 s I 7 24
15b
f3 =1 —15byox 4 7563 x% — 125b3,x° — > 8‘” —bmbmxy
375 7562, > 375 12563, 2
~ g Moy + g — g by’ - ™

The second equation of the system is linearizable by

—-1/4 (—1/12
= fifs VY

and system has a Darboux integrating factor M = f; 173 fa -1/6 f3 7718,

Cases (23), (24) and (25) As for the conditions that arise in cases (23), (24), and (25) we
observe that they are quite long. We can find some solutions that satisfy to the particular
cases (23), (24), or (25). For instance, using Mathematica, we can solve the system of
equations in case (23) and we obtain 15 solutions. If we pick up one solution, for example

b 963, 2163,
= = - b = O, b -1 = —
=T s 250_1," 10 2717 T2

we can easily check that, under this solution, all four pairs of linearizability quantities are
zero and the system corresponding to this solution is

8b
X =2x+ X% + ley—a 12y,

25a
12 (46)

2153
S gy 01 24 12
Y YT 1502 )" +boy

To prove the linearizability of this system, we can use a similar approach based on
blow-up transformation as in Case (4). Similarly, we can use the approach also in cases (24)
and (25). O

Remark 2. Some functions appearing in the proof of Theorem 4 are not defined for specific values
of parameters. The existence of analytic first integrals or analytic linearizing transformations for
these specific values is following from the fact that the set of all systems (3) with a complex resonant
(linearizable) center is a closed set with Zariski topology. The computations are similar as in the
proof of Case (6) of Theorem 4.



Symmetry 2021, 13, 1510 24 of 25

The proofs of cases (10), (18), (20), (23), (24) and (25) are very long and similar to Case (4);
thus they are omitted in the paper, but the interested reader can requent them from the authors.
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