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Abstract: Quantum information theory, an interdisciplinary field that includes computer science,
information theory, philosophy, cryptography, and symmetry, has various applications for quantum
calculus. Inequalities has a strong association with convex and symmetric convex functions. In this
study, first we establish a (p, q)-integral identity involving the second (p, q)-derivative and then we
used this result to prove some new trapezoidal type inequalities for twice (p, q)-differentiable convex
functions. It is also shown that the newly established results are the refinements of some existing
results in the field of integral inequalities. Analytic inequalities of this nature and especially the
techniques involved have applications in various areas in which symmetry plays a prominent role.

Keywords: Hermite–Hadamard inequality; (p, q)-calculus; convex functions

1. Introduction

In convex functions theory, Hermite–Hadamard (HH) inequality is very important,
and was discovered by C. Hermite and J. Hadamard independently (see, also [1,2], p. 137).

Π
(

π1 + π2

2

)
≤ 1

π2 − π1

π2∫
π1

Π(κ)dκ ≤ Π(π1) + Π(π2)

2
(1)

where Π is a convex function. In the case of concave mappings, the above inequality
satisfies in reverse order.

On the other hand, several works in the field of q-analysis, beginning with Euler,
have been implemented in order to master the mathematics that underpins quantum com-
puting. The term q-calculus creates a link between mathematics and physics. It’s used
in combinatorics, number theory, basic hypergeometric functions, orthogonal polynomi-
als, and other fields, as well as relativity theory, mechanics, and quantum theory [3,4].
In quantum information theory, it has many applications [5–7] and it not only has a link
with the estimations calculus, but also to affine algebraic geometry including the famous
Jacobian Conjecture [8,9]. Euler used the q-parameter in Newton’s work on infinite se-
ries, which is why he is thought to be inventor of this important branch of mathematics.
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The concept of q-calculus that is known to be calculus without limits was given by Jack-
son [10,11] for the first time in a proper way. The notions about the q-fractional integral
and q-Riemann–Liouville fractional integral was given by Al-Salam [12] in 1996. Since
the research increased gradually in this field, therefore Tariboon and Ntouyas [13] gave
the idea about the π1 Dq-difference operator and qπ1-integral. The notions about the π2 Dq-
difference operator and qπ2-integral were given by Bermudo et al. [14] very recently in
2020. Sadjang [15] generalized the concept of q-calculus by introducing the concepts of
(p, q)-calculus. Soontharanon et al. [16] introduced the concepts of fractional (p, q)-calculus
later on. The (p, q)-variant of π1 Dq-difference operator and qπ1 -integral was introduced by
Tunç and Göv [17]. Recently, in 2021, Chu et al. introduced the notions of π2 Dp,q derivative
and (p, q)π2 -integral in [18].

Many integral inequalities for many sorts of functions have indeed been investi-
gated employing quantum as well as post-quantum integrals. For example, the HH
inequalities and their right–left estimates for convex and coordinated convex functions
via π1 Dq,π2 Dq-derivatives and qπ1 , qπ2 -integrals were given by different authors in [19–27].
Noor et al. [28] used the pre-invexity to prove HH inequalities in the setup of q-calculus.
Some parameterized q-integral inequalities for generalized quasi-convex functions es-
tablished by Nwaeze et al. [29]. Khan et al. used the notions of Green functions to
establish some new inequalities of HH type in [30]. Budak et al. [31], Ali et al. [32,33]
and Vivas-Cortez et al. [34] proved some new boundaries for Simpson’s and Newton’s
type inequalities for convex and coordinated convex functions in the setting of q-calculus.
One can consult [35–37] for q-Ostrowski’s inequalities for convex and coordinated con-
vex functions. In [38], the authors generalized the results of [21] and proved HH type
inequalities and their left estimates using π1 Dp,q-difference operator and (p, q)π1

-integral.
Recently, in [39], the authors established the right estimates of HH type inequalities proved
by Kunt et al. [38]. For (p, q)-Ostrowski type inequalities, one can consult [18]. The results
proved in [14] were generalized in [40].

Inspired by the ongoing studies, we establish some new post-quantum trapezoidal
type inequalities for (p, q)-differentiable convex functions through the (p, q)-integral. Fur-
thermore, we prove that the newly established inequalities are the extensions of some
already given inequalities.

The organization of this paper is as follows: In Section 2, a short explanation of the
concepts of q-calculus and some associated works in this direction are given. In Section 3,,
we review the notions of (p, q)-derivatives and integrals. In Section 4, the trapezoidal
type inequalities for twice (p, q)-differentiable functions via (p, q)-integrals are presented.
The relationship between the results provided here and comparable outcomes in the
literature are also taken into account. Section 5 provides some findings as well as other
study directions.

2. Quantum Derivatives and Integrals

In this portion, we recall a few known definitions and related inequalities in q-calculus.
Set the following notation ([4]):

[n]q =
1− qn

1− q
= 1 + q + q2 + ... + qn−1, q ∈ (0, 1).

The q-Jackson integral of a mapping Π from 0 to π2 is given by Jackson [11], which is
defined as:

π2∫
0

Π(κ) dqκ = (1− q)π2

∞

∑
n=0

qnΠ(π2qn), where 0 < q < 1 (2)
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provided that the sum converges absolutely. Moreover, over the interval [π1, π2], he gave
the following integral of a mapping Π:

π2∫
π1

Π(κ) dqκ =

π2∫
0

Π(κ) dqκ −
π1∫
0

Π(κ) dqκ .

Definition 1 ([13]). The qπ1 -derivative of mapping Π : [π1, π2]→ R is defined as:

π1 DqΠ(κ) =
Π(κ)−Π(qκ + (1− q)π1)

(1− q)(κ − π1)
, κ 6= π1. (3)

For κ = π1, we state π1 DqΠ(π1) = limκ→π1 π1 DqΠ(κ) if it exists and it is finite.

Definition 2 ([14]). The qπ2 -derivative of mapping Π : [π1, π2]→ R is given as:

π2 DqΠ(κ) =
Π(qκ + (1− q)π2)−Π(κ)

(1− q)(π2 −κ) , κ 6= π2. (4)

For κ = π2, we state π2 DqΠ(π2) = limκ→π2
π2 DqΠ(κ) if it exists and it is finite.

Definition 3 ([13]). The qπ1-definite integral of mapping Π : [π1, π2] → R on [π1, π2] is
defined as:

κ∫
π1

Π(τ) π1 dqτ = (1− q)(κ − π1)
∞

∑
n=0

qnΠ(qnκ + (1− qn)π1), κ ∈ [π1, π2]. (5)

On the other side, the following concept of q-definite integral is stated by
Bermudo et al. [14]:

Definition 4 ([14]). The qπ2-definite integral of mapping Π : [π1, π2] → R on [π1, π2] is
given as:

π2∫
κ

Π(τ) π2 dqτ = (1− q)(π2 −κ)
∞

∑
n=0

qnΠ(qnκ + (1− qn)π2), κ ∈ [π1, π2]. (6)

Remark 1. If Π is a symmetric function, that is Π(t) = f (π1 + π2 − t), then we have the
following relation ∫ π2

π1

Π(t) π1 dqt =
∫ π2

π1

Π(t) π2 dqt.

3. Post-Quantum Derivatives and Integrals

In this section, we review some fundamental notions and notations of (p, q)-calculus.
The [n]p,q is said to be (p, q)-integers and expressed as:

[n]p,q =
pn − qn

p− q

with 0 < q < p ≤ 1. The [n]p,q! and
[

n
k

]
! are called (p, q)-factorial and (p, q)-binomial,

respectively, and expressed as:

[n]p,q! =
n

∏
k=1

[k]p,q, n ≥ 1, [0]p,q! = 1,
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[
n
k

]
! =

[n]p,q!

[n− k]p,q![k]p,q!
.

Definition 5 ([15]). The (p, q)-derivative of mapping Π : [π1, π2]→ R is given as:

Dp,qΠ(κ) = Π(pκ)−Π(qκ)
(p− q)κ , κ 6= 0 (7)

with 0 < q < p ≤ 1.

Definition 6 ([17]). The (p, q)π1
-derivative of mapping Π : [π1, π2]→ R is given as:

π1 Dp,qΠ(κ) = Π(pκ + (1− p)π1)−Π(qκ + (1− q)π1)

(p− q)(κ − π1)
, κ 6= π1 (8)

with 0 < q < p ≤ 1.

For κ = π1, we state π1 Dp,qΠ(π1) = limκ→π1 π1 Dp,qΠ(κ) if it exists and it is finite.

Definition 7 ([18]). The (p, q)π2 -derivative of mapping Π : [π1, π2]→ R is given as:

π2 Dp,qΠ(κ) = Π(qκ + (1− q)π2)−Π(pκ + (1− p)π2)

(p− q)(π2 −κ) , κ 6= π2. (9)

For κ = π2, we state π2 Dp,qΠ(π2) = limκ→π2
π2 Dp,qΠ(κ) if it exists and it is finite.

Remark 2. It is clear that if we use p = 1 in (8) and (9), then the equalities (8) and (9) reduce
to (3) and (4), respectively.

Definition 8 ([17]). The definite (p, q)π1-integral of mapping Π : [π1, π2] → R on [π1, π2] is
stated as:∫ κ

π1

Π(τ) π1 dp,qτ = (p− q)(κ − π1)
∞

∑
n=0

qn

pn+1 Π
(

qn

pn+1κ +

(
1− qn

pn+1

)
π1

)
(10)

with 0 < q < p ≤ 1.

Definition 9 ([18]). The definite (p, q)π2-integral of mapping Π : [π1, π2] → R on [π1, π2] is
stated as:∫ π2

κ
Π(τ) π2 dp,qτ = (p− q)(π2 −κ)

∞

∑
n=0

qn

pn+1 Π
(

qn

pn+1κ +

(
1− qn

pn+1

)
π2

)
(11)

with 0 < q < p ≤ 1.

Remark 3. It is evident that if we pick p = 1 in (10) and (11), then the equalities (10) and (11)
change into (5) and (6), respectively.

Remark 4. If we take π1 = 0 and κ = π2 = 1 in (10), then we have

∫ 1

0
Π(τ) 0dp,qτ = (p− q)

∞

∑
n=0

qn

pn+1 Π
(

qn

pn+1

)
.

Similarly, by taking κ = π1 = 0 and π2 = 1 in (11), then we obtain that

∫ 1

0
Π(τ) 1dp,qτ = (p− q)

∞

∑
n=0

qn

pn+1 Π
(

1− qn

pn+1

)
.
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In [38], Kunt et al. proved the following HH type inequalities for convex functions via
(p, q)π1 -integral:

Theorem 1. For a convex mapping Π : [π1, π2] → R, which is differentiable on [π1, π2], the
following inequalities hold for (p, q)π1

-integral:

Π

(
qπ1 + pπ2

[2]p,q

)
≤ 1

p(π2 − π1)

∫ pπ2+(1−p)π1

π1

Π(κ) π1 dp,qκ ≤
qΠ(π1) + pΠ(π2)

[2]p,q
(12)

where 0 < q < p ≤ 1.

Lemma 1 ([40]). We have the following equalities:

∫ π2

π1

(π2 −κ)α π2 dp,qκ =
(π2 − π1)

α+1

[α + 1]p,q

∫ π2

π1

(κ − π1)
α

π1 dp,qκ =
(π2 − π1)

α+1

[α + 1]p,q

where α ∈ R− {−1}.

Remark 5. If Π is a symmetric function, that is Π(t) = f (π1 + π2 − t), then we have
following relation

∫ pπ2+(1−p)π1

π1

Π(t) π1 dp,qt =
∫ π2

pπ1+(1−p)π2

Π(t) π2 dqt.

4. Post-Quantum Trapezoidal Type Inequalities

In this section, we prove some new trapezoidal type inequalities for twice (p, q)-
differentiable convex functions using the (p, q)-integrals.

Lemma 2. Consider a mapping Π : I = [π1, π2] → R, which is twice (p, q)-differentiable and
π2 D2

p,qΠ is continuous and integrable on I. Then, the following equality holds:

pΠ(pπ1 + (1− p)π2) + qΠ(π2)

[2]p,q
− 1

π2 − π1

π2∫
p2π1+(1−p2)π2

Π(κ) π2 dp,qκ

=
q2(π2 − π1)

2

[2]p,q

1∫
0

pτ(1− qτ) π2 D2
p,qΠ(τπ1 + (1− τ)π2)dp,qτ, (13)

where 0 < q < p ≤ 1.

Proof. Consider

π2 D2
p,qΠ(τπ1 + (1− τ)π2)

= π2 Dp,q

[
Π(qτπ1 + (1− qτ)π2)−Π(pτπ1 + (1− pτ)π2)

(p− q)(π2 − π1)τ

]
=

pΠ
(
q2τπ1 + (1− q2τ)π2

)
− [2]p,qΠ(pqτ + (1− pqτ)π2) + qΠ

(
p2τπ1 + (1− p2τ)π2

)
pq(p− q)2(π2 − π1)2τ2 .

Now, from Definition 9, we have
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1∫
0

pτ(1− qτ) π2 D2
p,qΠ(τπ1 + (1− τ)π2)dp,qτ

=

1∫
0

pτ(1− qτ)



pΠ(q2τπ1 + (1− q2τ)π2)− (p + q)Π(pqτ

+(1− pqτ)π2) + qΠ(p2τπ1 + (1− p2τ)π2)

pq(p− q)2(π2 − π1)2τ2


dp,qτ

=
1

q(p− q)2(π2 − π1)2

×



1∫
0

pΠ(q2τπ1+(1−q2τ)π2)−(p+q)Π(pqτπ1+(1−pqτ)π2)+qΠ(p2τπ1+(1−p2τ)π2)
τ dp,qτ

−pq
1∫

0
Π
(
q2τπ1 + (1− q2τ)π2

)
dp,qτ + q[2]p,q

1∫
0

Π(pqτπ1 + (1− pqτ)π2)dp,qτ

−q2
1∫

0
Π
(

p2τπ1 + (1− p2τ)π2
)
dp,qτ



=
1

q(p− q)2(π2 − π1)2



p(p− q)
∞
∑

n=0
Π
(

qn+2

pn+1 π1 + (1− qn+2

pn+1 )π2

)
−(p2 − q2)

∞
∑

n=0
Π
(

qn+1

pn π1 + (1− qn+1

pn )π2

)
+q(p− q)

∞
∑

n=0
Π
(

qn

pn−1 π1 + (1− qn

pn−1 )π2

)
−pq(p− q)

∞
∑

n=0

qn

pn+1 Π
(

qn+2

pn+1 π1 + (1− qn+2

pn+1 )π2

)
+q(p2 − q2)

∞
∑

n=0

qn

pn+1 Π
(

qn+1

pn π1 + (1− qn+1

pn )π2

)
−q2(p− q)

∞
∑

n=0

qn

pn+1 Π
(

qn

pn+1 π1 + (1− qn

pn+1 )π2

)



=
1

q(p− q)2(π2 − π1)2



p(p− q)(Π(π2)−Π(qπ1 + (1− q)π2))

+q(p− q)(Π(pπ1 + (1− p)π2)−Π(π2))

− p3

q(π2−π1)

π2∫
p2π1+(1−p2)π2

Π(κ) π2 dp,qκ + p2

q (p− q)Π(pπ1 + (1− p)π2)

+p(p− q)Π(qπ1 + (1− q)π2)− q2

π2−π1

π2∫
p2π1+(1−p2)π2

Π(κ) π2 dp,qκ

+
p[2]p,q
π2−π1

π2∫
p2π1+(1−p2)π2

Π(κ) π2 dp,qκ − (p2 − q2)Π(pπ1 + (1− p)π2)



=
1

q(π2 − π1)2 Π(π2) +
p

q2(π2 − π1)2 Π(pπ1 + (1− p)π2)−
[2]p,q

q2(π2 − π1)3

π2∫
p2π1+(1−p2)π2

Π(κ) π2 dp,qκ. (14)

Now, we have the identity (13) by multiplying both sides of (14) by q2(π2−π1)
2

[2]p,q
, and the

proof is complete.

Remark 6. In Lemma 2, If we set p = 1, then we have

Π(π1) + qΠ(π2)

[2]q
− 1

π2 − π1

π2∫
π1

Π(κ) π2 dqκ =
q2(π2 − π1)

2

[2]q

1∫
0

τ(1− qτ) π2 D2
qΠ(τπ1 + (1− τ)π2)dqτ.
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This is established by Ali et al. in [19].

Remark 7. In Lemma 2, If we set p = 1 and later take the limit as q→ 1−, then we have

Π(π1) + Π(π2)

2
− 1

π2 − π1

π2∫
π1

Π(κ)dκ =
(π2 − π1)

2

2

1∫
0

τ(1− τ)Π′′(τπ1 + (1− τ)π2)dτ.

This is established by Alomari et al. in [41].

Theorem 2. Consider the assumptions in Lemma 2 are valid. If |π2 D2
p,qΠ| is convex on I, then

the following inequality holds:∣∣∣∣∣∣∣
pΠ(pπ1 + (1− p)π2) + qΠ(π2)

[2]p,q
− 1

π2 − π1

π2∫
p2π1+(1−p2)π2

Π(κ) π2 dp,qκ

∣∣∣∣∣∣∣
≤ p3q2(π2 − π1)

2

[2]p,q[3]p,q[4]p,q

[
p
∣∣∣ π2 D2

p,qΠ(π1)
∣∣∣+ (p2 − p + q2)

∣∣∣ π2 D2
p,qΠ(π2)

∣∣∣],
where 0 < q < p ≤ 1.

Proof. Taking modulus of (13) and applying the convexity of
∣∣∣π2 D2

p,qΠ
∣∣∣, we obtain∣∣∣∣∣∣∣

pΠ(pπ1 + (1− p)π2) + qΠ(π2)

[2]p,q
− 1

π2 − π1

π2∫
p2π1+(1−p2)π2

Π(κ) π2 dp,qκ

∣∣∣∣∣∣∣
≤ pq2(π2 − π1)

2

[2]p,q

1∫
0

τ(1− qτ)
∣∣∣π2 D2

p,qΠ(τπ1 + (1− τ)π2)
∣∣∣dp,qτ

≤ pq2(π2 − π1)
2

[2]p,q

1∫
0

τ(1− qτ)
[
τ
∣∣∣π2 D2

p,qΠ(π1)
∣∣∣+ (1− τ)

∣∣∣π2 D2
p,qΠ(π2)

∣∣∣]dp,qτ

≤ pq2(π2 − π1)
2

[2]p,q

∣∣∣π2 D2
p,qΠ(π1)

∣∣∣ 1∫
0

τ2(1− qτ)dp,qτ +
∣∣∣π2 D2

p,qΠ(π2)
∣∣∣ 1∫

0

τ(1− qτ)(1− τ)dp,qτ


=

pq2(π2 − π1)
2

[2]p,q[3]p,q[4]p,q

[
p3
∣∣∣π2 D2

p,qΠ(π1)
∣∣∣+ p2(p2 − p + q2)

∣∣∣π2 D2
p,qΠ(π2)

∣∣∣]
and the proof is completed.

Remark 8. In Theorem 2, if we set p = 1, then we obtain [19], Theorem 4.

Remark 9. In Theorem 2, If we set p = 1 and later take the limit as q → 1−, then we
obtain [42], Proposition 2.

Theorem 3. Consider the assumptions in Lemma 2 as valid. If |π2 D2
p,qΠ|r, r ≥ 1, is convex on I,

then the following inequality holds:∣∣∣∣∣∣∣
pΠ(pπ1 + (1− p)π2) + qΠ(π2)

[2]p,q
− 1

π2 − π1

π2∫
p2π1+(1−p2)π2

Π(κ) π2 dp,qκ

∣∣∣∣∣∣∣
≤ p3q2(π2 − π1)

2

[2]
2− 1

r
p,q [3]p,q[4]

1
r
p,q

[
p
∣∣∣π2 D2

p,qΠ(π1)
∣∣∣r + (p2 − p + q2)

∣∣∣π2 D2
p,qΠ(π2)

∣∣∣r ] 1
r
,
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where 0 < q < p ≤ 1.

Proof. Taking modulus of (13) and applying the power mean inequality, we have∣∣∣∣∣∣∣
pΠ(pπ1 + (1− p)π2) + qΠ(π2)

[2]p,q
− 1

π2 − π1

π2∫
p2π1+(1−p2)π2

Π(κ) π2 dp,qκ

∣∣∣∣∣∣∣
≤ pq2(π2 − π1)

2

[2]p,q

1∫
0

τ2(1− qτ)
∣∣∣π2 D2

p,qΠ(τπ1 + (1− τ)π2)
∣∣∣dp,qτ

≤ pq2(π2 − π1)
2

[2]p,q

 1∫
0

τ(1− qτ)dp,qτ

1− 1
r
 1∫

0

τ(1− qτ)
∣∣∣π2 D2

p,qΠ(τπ1 + (1− τ)π2)
∣∣∣rdp,qτ


1
r

.

Now, using the convexity of
∣∣∣π2 D2

p,qΠ
∣∣∣r, we have∣∣∣∣∣∣∣

pΠ(pπ1 + (1− p)π2) + qΠ(π2)

[2]p,q
− 1

π2 − π1

π2∫
p2π1+(1−p2)π2

Π(κ) π2 dp,qκ

∣∣∣∣∣∣∣
≤ pq2(π2 − π1)

2

[2]p,q

 1∫
0

τ(1− qτ)dp,qτ

1− 1
r

×

∣∣∣π2 D2
p,qΠ(π1)

∣∣∣r 1∫
0

τ2(1− qτ)dp,qτ +
∣∣∣π2 D2

p,qΠ(π1)
∣∣∣r 1∫

0

τ(1− qτ)(1− τ) dp,qτ


1
r

≤ pq2(π2 − π1)
2

[2]p,q

[
p2

[2]p,q[3]p,q

]1− 1
r

×
[

p3

[3]p,q[4]p,q

∣∣∣π2 D2
p,qΠ(π1)

∣∣∣r +
p2(p2 − p + q2)

[3]p,q[4]p,q

∣∣∣π2 D2
p,qΠ(π2)

∣∣∣r ] 1
r

=
p3q2(π2 − π1)

2

[2]
2− 1

r
p,q [3]p,q[4]

1
r
p,q

[
p
∣∣∣π2 D2

p,qΠ(π1)
∣∣∣r + (p2 − p + q2)

∣∣∣π2 D2
p,qΠ(π2)

∣∣∣r ] 1
r

which completes the proof.

Remark 10. In Theorem 3, if we set p = 1, then we obtain [19], Theorem 5.

Remark 11. In Theorem 3, if we set p = 1 and later take the limit as q→ 1−, then we have∣∣∣∣∣∣Π(π1) + Π(π2)

2
− 1

π2 − π1

π2∫
π1

Π(κ)dκ

∣∣∣∣∣∣ ≤ 2−
1
r (π2 − π1)

2

12

[∣∣Π′′(π1)
∣∣r +

∣∣Π′′(π2)
∣∣r ] 1

r .

Theorem 4. Consider the assumptions in Lemma 2 are valid. If |π2 D2
p,qΠ|r is convex on I for some

r > 1, then we have the following inequality:∣∣∣∣∣∣∣
pΠ(pπ1 + (1− p)π2) + qΠ(π2)

[2]p,q
− 1

π2 − π1

π2∫
p2π1+(1−p2)π2

Π(κ) π2 dp,qκ

∣∣∣∣∣∣∣
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≤ pq2(π2 − π1)
2

[2]p,q
z

1
s


∣∣∣π2 D2

p,qΠ(π1)
∣∣∣r + ([2]p,q − 1)

∣∣∣π2 D2
p,qΠ(π2)

∣∣∣r
[2]p,q


1
r

,

where z = (p− q)
∞
∑

n=0
( qn

pn+1 )
s+1(1− ( q

p )
n+1)s, 0 < q < p ≤ 1 and s = r/(r− 1).

Proof. Taking the modulus of (13) and applying the Hölder’s inequality, we have∣∣∣∣∣∣∣
pΠ(pπ1 + (1− p)π2) + qΠ(π2)

[2]p,q
− 1

π2 − π1

π2∫
p2π1+(1−p2)π2

Π(κ) π2 dp,qκ

∣∣∣∣∣∣∣
≤ pq2(π2 − π1)

2

[2]p,q

 1∫
0

(τ(1− qτ))sdp,qτ


1
s
 1∫

0

∣∣∣π2 D2
p,qΠ(τπ1 + (1− τ)π2)

∣∣∣rdp,qτ


1
r

.

Now, using the convexity of |π2 D2
p,qΠ|r, we have∣∣∣∣∣∣∣

pΠ(pπ1 + (1− p)π2) + qΠ(π2)

[2]p,q
− 1

π2 − π1

π2∫
p2π1+(1−p2)π2

Π(κ) π2 dp,qκ

∣∣∣∣∣∣∣
≤ pq2(π2 − π1)

2

[2]p,q

 1∫
0

(τ(1− qτ)sdp,qτ


1
s

×

∣∣∣π2 D2
p,qΠ(π1)

∣∣∣r 1∫
0

τ dp,qτ +
∣∣∣π2 D2

p,qΠ(π2)
∣∣∣r 1∫

0

(1− τ) dp,qτ


1
r

=
pq2(π2 − π1)

2

[2]p,q
z

1
s


∣∣∣π2 D2

p,qΠ(π1)
∣∣∣r + ([2]p,q − 1)

∣∣∣π2 D2
p,qΠ(π2)

∣∣∣r
[2]p,q


1
r

,

where

z =

1∫
0

(τ(1− qτ)sdp,qτ = (p− q)
∞

∑
n=0

(
qn

pn+1 )
s+1
[

1− (
q
p
)n+1

]s
.

Hence, the proof is completed.

Remark 12. In Theorem 4, if we set p = 1, then we obtain [19], Theorem 6.

Remark 13. In Theorem 4, if we set p = 1 and later take the limit as q→ 1−, then we have∣∣∣∣∣∣Π(π1) + Π(π2)

2
− 1

π2 − π1

π2∫
π1

Π(κ)dκ

∣∣∣∣∣∣
≤ (π2 − π1)

2

2
(B(s + 1, s + 1))1/s

[
|Π′′(π1)|r + |Π′′(π2)|r

2

] 1
r

,

where B(s + 1, s + 1) = z =
1∫

0
(τ(1− τ)sdτ is the famous Euler’s beta function.
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Theorem 5. With the assumptions of Theorem 4, we have the following inequality∣∣∣∣∣∣∣
pΠ(pπ1 + (1− p)π2) + qΠ(π2)

[2]p,q
− 1

π2 − π1

π2∫
p2π1+(1−p2)π2

Π(κ) π2 dp,qκ

∣∣∣∣∣∣∣
≤ pq2(π2 − π1)

2

[2]p,q

(
1

[s + 1]p,q

) 1
s [

z1

∣∣∣π2 D2
p,qΠ(π1)

∣∣∣r + z2

∣∣∣π2 D2
p,qΠ(π2)

∣∣∣r] 1
r
,

where z1 = (p− q)
∞
∑

n=0

q2n

p2n+2

(
1− qn+1

pn+1

)r
and z2 = (p− q)

∞
∑

n=0

qn

pn+1 (1−
qn

pn+1 )
(

1− qn+1

pn+1

)r
.

Proof. Taking modulus of (13) and applying the Hölder’s inequality, we have∣∣∣∣∣∣∣
pΠ(pπ1 + (1− p)π2) + qΠ(π2)

[2]p,q
− 1

π2 − π1

π2∫
p2π1+(1−p2)π2

Π(κ) π2 dp,qκ

∣∣∣∣∣∣∣
≤ pq2(π2 − π1)

2

[2]p,q

 1∫
0

τsdp,qτ


1
s
 1∫

0

(1− qτ)r
∣∣∣π2 D2

p,qΠ(τπ1 + (1− τ)π2)
∣∣∣rdp,qτ


1
r

.

Now, using the convexity of |π2 D2
p,qΠ|r, we have∣∣∣∣∣∣∣

pΠ(pπ1 + (1− p)π2) + qΠ(π2)

[2]p,q
− 1

π2 − π1

π2∫
p2π1+(1−p2)π2

Π(κ) π2 dp,qκ

∣∣∣∣∣∣∣
≤ pq2(π2 − π1)

2

[2]p,q

(
1

[s + 1]p,q

) 1
s

×

∣∣∣π2 D2
p,qΠ(π1)

∣∣∣r 1∫
0

τ(1− qτ)r dp,qτ +
∣∣∣π2 D2

p,qΠ(π2)
∣∣∣r 1∫

0

(1− τ)(1− qτ)r dp,qτ


1
r

=
pq2(π2 − π1)

2

[2]p,q

(
1

[s + 1]p,q

) 1
s [

z1

∣∣∣π2 D2
p,qΠ(π1)

∣∣∣r + z2

∣∣∣π2 D2
p,qΠ(π2)

∣∣∣r] 1
r
,

where

z1 = (p− q)
∞

∑
n=0

(
qn

pn+1

)2(
1− qn+1

pn+1

)r

and

z2 = (p− q)
∞

∑
n=0

qn

pn+1 (1−
qn

pn+1 )

(
1− (

q
p
)n+1

)r
.

Hence, the proof is completed.

Remark 14. In Theorem 5, if we set p = 1, then we obtain [19], Theorem 7.

Remark 15. In Theorem 5, if we put p = 1 and later take the limit as q→ 1−, then we have∣∣∣∣∣∣Π(π1) + Π(π2)

2
− 1

π2 − π1

π2∫
π1

Π(κ)dκ

∣∣∣∣∣∣
≤ (π2 − π1)

2

2

(
1

s + 1

) 1
s
(

1
(r + 1)(r + 2)

) 1
r [
(r + 2)

∣∣Π′′(π1)
∣∣r + ∣∣Π′′(π2)

∣∣r] 1
r .
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5. Conclusions

In this work, we established some new trapezoidal type (p, q)-integral inequalities
for twice (p, q)-differentiable convex functions. We deduce that the findings proved in
this work are naturally universal and contribute into the theory of inequalities, as well
as applications for determining the uniqueness of solutions in quantum boundary value
problems, quantum mechanics, and special relativity theory. The findings of this study
can be applied to quantum information theory and symmetry. Results for the case of
symmetric functions can be obtained by applying the concepts in Remarks 1 and 5, which
will be studied in future work. As a future direction, one can find similar inequalities for
coordinated convex functions.
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