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Abstract: To date, many interesting subclasses of analytic functions involving symmetrical points
and other well celebrated domains have been investigated and studied. The aim of our present
investigation is to make use of certain Janowski functions and a Mathieu-type series to define a new
subclass of analytic (or invariant) functions. Our defined function class is symmetric under rotation.
Some useful results like Fekete-Szego functional, a number of sufficient conditions, radius problems,
and results related to partial sums are derived.
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1. Introduction and Motivation
Let H represent the class of analytic function inside open unit disk

D={z:z€C and |z] <1}
and of the form

flz)=z+ i anz", (z € D). 1)
n=2

Furthermore, for two given functions g1, g» € A, we say that g is subordinate to g,
(see for example [1,2]) and written symbolically as

81 < 82,
if there exist a Schwarz function @, which is holomorphic in D with

@(0)=0, and |@(z)| <1,

so that

81(2) = 2(@(2)),  (zeD).

Moreover, if the function g; is univalent in D, then the following equivalence hold true:
81 =82 < g1(0) = £2(0) and g1 (D) C g2(D). 3]

For two analytic functions

f@)= Y ane",
n=0
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and -
g(z) =Y buz", (z€E).
n=0

The convolution (Hadamard product) of f(z) and g(z) is defined as:
f(z)*xg(z) = Z anb,z".
n=0

Let we denote the class of Carathéodory functions by P, for example a function p is
said to be in the class P if it has the following series form:

p(z) =14 Y cu2", 3)
n=1
such that

R{pr(z)} >0, (VzeD).

Moreover, by class S we denote all functions of class H which are univalent inside
open unit disc D. Additionally, the class of starlike functions is denoted here by S* and is
defined as that a function f € H is called starlike function if

&E(Z]{;S)> >0, (z e D),

which equivalently, by using the principal of subordination can be written as:

+f'(2)
s ={rea: L <o)}, @
(9) =1f ) "o
where ¢(z) = (1+2z)/(1 —z). If we contrast the function ¢ on the right hand side of
(4), then we acquire several subclasses of S whose image domains have some exciting
geometrical configurations as follows:

1. The functions class S*(¢) with ¢(z) = 1+ sinz was presented and studied by
Cho et al. [3].

2. The functions class S*(¢) with ¢(z) = 1+ z — 123, maps the open unit disc onto

the interior of the nephroid, a 2-cusped kidney-shaped region was familiarized and

investigated by Wani and Swaminathan [4].

The functions class S*(¢) with ¢(z) = 1+ 3z + 322 was presented by Sharma et al. [5].

4.  The functions class $*(¢) with ¢(z) = * was introduced and deliberated by
Mendiratta et al. [6].

5. The functions class $*(¢) with ¢(z) = z + V1 + z2, which maps open unit disk to
crescent shaped region, was given in [7].

W

For each of the above-defined functions classes many interesting properties were
obtained, including some symmetrical and geometrical interpretation. In particular these
classes posses a specific type of symmetry. Also, we note that lately various subclasses of
starlike functions were introduced see [8-10], instead of the function ¢ in (4), using some
specific functions, such as those related with shell-like curves associated with Fibonacci
numbers, Bell numbers, functions associated with conic domains and rational functions.

In the same way, if ¢(z) = 1342 in (4) then, we have the following functions class.

Definition 1. A given function f is said to belong to the class S*[A, B] if and only if

zf'(z) 1+ Az
f(2) “11Bz

(-1<B<A<1).
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or equivalently

zf'(z) _ (A+1)p(z) —(A-1) )
f(z) ~ (B+1)p(z)—(B—1)’ (-1<B<A<I).

The analytic functions class S*[A, B] was introduced by Janowski [11]. Furthermore,
this functions class has been generalized and studied by the many authors. For example,
recently in [12], Hu et al. defined a new subclass of multivalent Janowski functions and
found out some of its interesting properties. In particular, they made use of certain basic
(or g-) calculus in order to define their class. Then, they gave certain interesting results, like
coefficient bounds, radii of starlikeness and convexity, sufficiency criteria, growth theorem
and distortion problem. In their paper published in Symmetry (see [12]), open some
interesting step toward a more aggregate and comprehensive analysis of these functions. In
our present work, we are essentially motivated by the work of Hu et al. [12]. In particular,
we make use of certain Mathieu-type series and the Janowski functions in order to define
our functions class. As far as we know, there is little work in the literature related to
Mathieu-type series for the Janowski functions. The major purpose of this study is to begin
an investigation into the properties of Mathieu-type series related to the Janowski functions.
One may also attempt to apply this Mathieu-type series in order to generalize the works
presented in [13-18].

The preceding series is named after Emile Leonard Mathieu (1835-1890), who explored
it in his monograph [19] on the elasticity of solid bodies

)

2n

St = 1 (n2 +r2)?

(r>0).

||M8

The series S(r) has a closed integral form provided by (see [20])

S(r) = 1/0‘” tsin(rt)dt'

T et —1

The Mathieu-type series is described as follows (see [21])

S(r;z) =

> 2
T2 (r>0, |z <1).

n=1 (”2 + 7’2)
This series was defined specifically for functions of real variables, however it was

redefined for complex variables by Bansal et al. [22]. Since S(r;z) ¢ H so using following
normalization, we have

+1 S
S(r;z) = (7’ Z n2+1’2)
_ z+iL L) ©

n=2 (7’12 + 7’2)2

for some related works, we refer the reader to see [23-25].

In Geometric Function Theory, the study of operators is significant. Convolution of
certain analytic functions may be used to express several differential and integral operators.
This formalism allows for further mathematical research and assists in a better under-
standing of the geometric and symmetric aspects of such operators. The significance of
convolution in operator theory may be explained via [26-29].

Using the Hadamard product in conjunction with (1) and (6), we introduced a new
linear operator Q(n,r) : A — A as follows
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) 72 2
Q(n,r)f = f(z)*S(r;z) =z+ ) Munz”. (7)

n—2 (n2+41r?)

Motivated by a recently published article by Shi et al. [30], in which they have found
estimates for some coefficient functionals for three leaf-type starlike functions, from [31]
where coefficient bounds for certain subclasses of analytic functions connected with Faber
polynomial have been derived, and some other related works on this subject (see for
example [32-35]). We will now define the following concepts:

Definition 2. A given function Q(n,r) f having form (7) be in the class S}, ,(A, B) if and only if

z(Q(n,r)f)’(z) - 1+ Az

Q(n,r)f 1+ Bz’ (z€D), ®)

Or equivalently, we can write the above subordination as follow:

2(Q(n,1)f)'(z) = Q(n,1)f (2)
AQ(n,1)f(z) = Bz(Q(n,1)f)'(2)

Many mathematicians have been focused on problems involving the coefficients
of functions f in a certain subclass of A since the early twentieth century. De Branges
solved the most significant and inspirational problem, the Bieberbach hypothesis, only
70 years after it was formulated. Many intriguing problems involving these coefficients
have emerged throughout the years. The Fekete-Szegt functional |a3 — 43| is now one of
the most key results regarding the coefficients of functions f. The generalization of this
functional is as |a3 — ya%! for some y real as well as complex. Here in this article, we find
the Fekete-Szegd functional |a3 — pa3| for our defined functions class S, (A, B). To find
the Fekete-Szego problem, the following Lemma is needed.

<L

Lemma 1 ([36,37]). Let p € P and of the form (3). Then, for any complex number v
‘cz - vc%‘ < 2max{1,|1—2v|}.
Specifically, if the number v is a real parameter, then
—4v+2  (v20)

‘cz—vcﬂ << 2 0w

A
[IA

1) . C)
4v -2 (v=1).

In this investigation, we define a new subclass of Janowski starlike functions which
involves a Mathieu-type series. We then study some useful results like Fekete-Szego
functional, a number of sufficient conditions, radius problems, and results related to
partial sums.

2. Main Results
Theorem 1. Let Q(n,7)f € Sy (A, B). Then for a complex number y,

(A—B)(*+9) max{l o1(A,B,n) —3u(A—B) (2 +4)*

2(r2 +9)%(r2 +1)°

’113 —W%’ <

6(r2+1)*

}, (10)

where , ,
p1(A,B,n) = (4—2A +4B)(r2 +9) (r2 + 1) )
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Moreover, for a real y, we have the following

<(A—B)(r2+9)2> (pz(A,B,n)—3y(A—B)(r2+4)4), (<o),

6(r2+1) (r249)*(12+1)*

A—B)(249)?
oy —pad| < § L2 @ <p<a), D
(A=B)(r2+9)"\ [ 3u(A—B)(r2+4)* —p>(ABn)
< 6(r2+1) (2+9)* (2+1) r (> a),
where . 2, )
p2(A,B,n) = 24 —2B)(+9) (2 +1), (12)

(24 —4B—2) (2 +9)* (2 + 1)
o] = ’
3(A—B)(r2+4)*

and
(2A — 4B +2)(r2 +9)° ( 2+1)
3(A—B)(r2+4)*

Oy =

Proof. We start here by demonstrating that the inequalities (10) and (11) are true for
Q(n,r)f € Sy (A, B). Since Q(n,r)f € Sy, (A,B), therefore, we have the following

subordination: o(f ))/( )
z(Q(f;S)) (z 1+ Az
0(f;5) 1+Bz’ (13

The above subordination can also be written as:

z(Qn,1)f) (z)  (A+1)p(z) —(A—1) -
QmnNfE)  ~ (Bilpe) —(B-1) (1sB<AsD

Now, let us consider

b g = (A+Dp(a) — (A= DB+ 1)p(z) — (B - 1]

(B+1)p(z) -
(A1) A+1 ~ (B 1) )
T (B- )[1_(/\—1>P(z)} 1+n¥1< - p(z)> ]
A ((A-DB+Y)  (A+D)
(B )"'( (B—1)2 (B_1)>p()
(A-DB+1? (A+HBFDY o
+< (B—1)° (B—1) >(P( )+

If p(z) = 1+ p1z + p2z? + p3z° + ..., then we have after some suitable simplification that

(A+1)p(z )—(A—l)

(B+1)p(z) -
g {2 oai, )
n=1 =1 )

® 2n(A—B)(B+1)""! s +1)(A - B)(B+1)"
+{21 1>n+1 Pz+n§1 i ()é_l)n)fz )p%}zz--- (14)
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Now, we see that the series

4

© _2(B+1)" 1 & 2n(A- B)(B+1)”—1 ® n(n+1)(A—B)(B+1)"
Z (B—l)n ; 1)n+2 Z (B—l)n+2

converges to 1, 3(A — B) and _}I(A — B)(B + 1) respectively. Therefore, we have

(A+1)p(z) —(A—-1) 1
B —(B-1) TaA-BImz
+{;(A—B)p2—1(A—B)(B+l)p%}zz+... (15)
Also
z2(Q(n, 1) f) (z) _ 2(r2+1)2a , {6(1’2+1)2a _4(r2+1)4a2}22
Q(n,r)f(2) _1+3(r2+4)2 2 (2197 0 (214a)P C e 19

We find from the Equations (15) and (16) that

(A—B)(r*+4)°

ay = , (17)
? 42 +1)° n
and )
_ (A-B)(r*+9) 5
R ITE [(A—2B—1)p} +2ps). (18)
Thus, clearly, we find that
B 2| (A=B)(r? —|—9 B
‘03 Wz’ TG ]pz Zpi ] (19)
where

C3u(A-B)(P+4)° A-2B-1
407 + 42 (2 + 1) 2

Finally, by using the Lemma 1 in connection with (19), the result asserted by Theorem 1
is obtained. O

Theorem 2. Let Q(n,7)f € Sy (A, B). Then

o n(r2—|—1)2

2(1124_1/2)2(11—1—&-\Bn—A|)|an|§A—B. (20)
n=

Proof. Let Q(n,r)f € S},(A, B). Then, (8) can be put in the form of Schwarz function @(z)

) 2QnNf)(2) _ 1+ A(z)
QnNfE)  1tBam)’ P (21)
Or equivalently
2Q(nn)f)(:) = Qnnf(z) |

AQ(n,1)f(z) = Bz(Q(n,1)f)'(2)
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Consider
Zoo n(r2+1)2
2(Q(n,1)f) (2) = Q(n,1)f(2) | _ =2 (2tn2)”
AQ(”/ T’)f(Z) - BZ(Q(”/ T’)f)/(Z) (A B)z + Zn 5 ? —f;z [Bn — A]anzn
n(?4+1)°
Zn 2 +n2) [

2
(A—B)— Zf_z((ﬂ +1)2 |Bn — A|> |an|

+n?)

[n—1]a,z"

—1]ax|

< <1

after simple computation we get the required inequality (37). O

The following function define in (22), is an example for a function to be in the class
S (A, B).

Example 1. For the function

z) =z 3 (nZ"H’Z)Z(A_B) 02" z
f(z) = +,§2n(7’2+1)2(n—1+|3n—A|) w2",  (z€D), (22)

such that y . > v, = 1, we have

ad nr2—|—12
7( )(n—1—|—|Bn—A\)|an|
2 4 .2\2
n=2 (n%2 +1+2)

Pt (2 +r) -8
_,Ez (n2+1’2)2( 1+IB A|)<n(r2+1)2(n—1+Bn—A|) "

:(A—B)ivn:(A—B).
n=2

Corollary 1. Let Q(n,r)f € S} (A, B). Then

(n? +r2)*(A - B)
n(r2+1)*(n—1+|Bn—A|)

lan| <

< (n > 2). (23)

Proof. The proof is simple and so therefore left to the readers. [

Theorem 3. Let Q(n,7)f € Sy (A, B). Then

(4+72)*(A—B)

(4+?)(A-B)

- : A< IfE)] <t 2 9
2(”2+1)*(1+[2B - A) 2(r2+1)°(1+[2B — A])
Proof. Consider
=+ L anz"| < J2l+ Xl 21"
n=2 n=2

()
=r+ ) |aa|r|",
n=2
since for |z| = r < 1, we have r" < r? for n > 2 and

F@<r 7Y Janl.

n=2
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f@) =7 =1} |an|.
n=2
Now, from (37) implies that
) 2 1 2
M) 1 B Apas] < A— B,
n=2 (”2+72)
But
2 2(rc+1
27( ) (1+ 2B — Al) ax]
n=2 (4+7’2)
) 2 1 2
<y M( — 1+ |Bn— A])|an| < A— B,
n=2 (n2+1r2)
which gives
o0 (442)*(A—-B)
Y lan] < 5 )
=~ 24 1)%(1+ 2B - A))
O
Theorem 4. Let Q(n,7)f € Si (A, B). Then
4+r2)*(A—B 4+2)*(A—B
_ ( +21" ) ( ) 1,2 < |f/(Z)’ < ( +27" ) ( ) 1’2 (25)
(2 +1)°(1+ 2B - A]) (2 +1)°(1+ 2B - AJ)

Proof. The proof is very similar to the proof of Theorem 3, thus it has been omitted. [

Theorem 5. Let f; € S}3((A, B) and have of the from

z)=z+ Y a,2", (i=1,23,..,k). (26)
n=2

Then H € S} (A, B), where

k
H(z) = 2 cifi(z) with Z|Ci| =1 (27)

i= i=1

Proof. From Theorem 2, we can write

(n—1+ |Bn— Al)a, < A—B.

i r+1)

(n2 +12)?

Also,

H(z) =

ygls

=) 00 k
cilz+ Z lZi/nZn =z Z Z Cili z",
n=2 n=2 \i=1
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therefore

k © 4 1,2 2
:Z[Z (4—15(”1+B”A|)ﬂi,n |ci
71(1‘1 B)|ci| = (A—B) Z;|Cz|—A B,

thus H(z) € 8%,(A,B). O

Theorem 6. Let f; € S3((A, B), fori = 1,2,...,j. Then the arithmetic mean A of f; is given by

j
Y fi(2), (28)

and also belong to class S (A, B).

Proof. From (28), we can write

to show A(z) belong to S},(A, B), it is enough to show that

[ 2 1 2 1 j
M(m—l+\8n—/\|) =Y aj, <A-B.
n=2 (n2+1r?) ) n=1
Consider
© n(r2—|—1)2

1 J
(n—1+|Bn—A|)|], Zam

n=2 (712 + 1’2)2

1 J IS n(r2—|—1)2
H ——(n—14 |Bn — A|)|a;
]"; (nz (ﬂ2+r2)2( | D lajn]
1 j
<= ) (A-B)=(A-B),
]nl

this show that A(z) belong to S},(A,B). O

Theorem 7. Let Q(n,7)f € S},(A, B), then f is starlike functions of order (0 < B < 1) for
|z| < r*, where

= <(1_,3)71(,,2+1)2 ("—1-i-|Bn—A\)>n11
i pEin?  A-B

Proof. Let Q(n,7)f € S},(A, B). To prove f is in class of starlike functions of order f, it's
enough to show that

zf'(2) — f(2)
zf'(z) + (1 =2p)f(2)

<1
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Using basic simplifications, we arrive at

3 (4= )l <1 29)

n=2

Since Q(n,r)f € S},(A, B), from (20) we have

i 2 4+1)° (”—1+|B”_A|)|an|<1. (30)

n2+r2 A—B

Inequality (29) will holds true if the following hold true:

© (n—p wr & n(P+1) (n—1+|Bn— A])
3 (A28 Yt < D oL B Al

n=2 n=2 (112 + 1’2)

which implies that

2"

Q=B 1) (-1 (B - A]
(n—p)(n2 2" A-B ’

thus we get required result. [J

Theorem 8. Let f1(z) = z and

R (n2 +72)*(A - B) - .
fn( )_ n(72+1)2(n—1+|Bn—A|) 7 ( 6}D/ 22)

Then Q(n,r)f € Si,(A,B) ifand only if Q(n,r) f can be expressed in the form

Qvacwzigww» (62> 0), 1)

and

e}
> o=
n=1
Proof. From (31), we can easily write

n

. w2 22 (A —
QUnnf(z) = . oufu2) —Z+§ rzil)tnzfiwi)—AD

then, form Theorem 2, we can write

2

o 1 o0
Z r+) (n—1+ [Bn— Al) (n +12)"6, Z
=5 (n2 +12)? n(r2+1)>* (n—1+|Bn—A]) e

—(A-B)(1-6) < A—B.

Thus by Theorem 2, Q(n,7)f € S3((A, B). Conversly, let Q(n,r)f € S} ,(A, B). Since
the Theorem 2, we have

(n2+12)*(A—B)
n(r2+1)*(n—1+ |Bn— A|)’

lan| < (n>2),
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we set )
n(rr+1)"n—1+|Bn—A
571: ( ) ( 5 | ‘)|an|/ (7122),
(n2 + r2) (A—B)
and .
S=1-Y b
n=2

so it follows that

f@) =) ouful2).
n=1
Hence the proof is completed. [

3. Results Related to Partial Sum

In this section, we will look at the ratio of a function of the form (1) to its sequence of
partial sums

i
fi(z) =z + Y an2",
n=2

when the coefficients of f are small enough to fulfill the criteria (20). We will set sharp

lower bounds for
@Y (@Y w(F@) 4 f}<2>>
%<ﬁ(2)>’%<f(2))’%<ﬂ(2)> ”(ﬂ(z) |

Theorem 9. If f of the form (1) satisfies condition (20), then

f(z) 1
éR(]?(Z)) >1 §j+1, (Vz e D), (32)
d fi(z) 4
j\z j+1 .
§R(f(Z)) = 1+’ (vzeD), (33)
where

~n(r? +1)2(n —1+|Bn—Al)
K N Ty R o

Proof. To show the inequality (32), we set:

j 0
1+ Y a,z" ! +3i1 X a,z" 1

Z lf(z) (1 1 )1 _ n=2 n=j+1
+ fi(z) g1 - é —

n=2

_ 1+l/)1(2)
1+ 1a(z)
We now set:
1+¢1(z) 14 @(z2)
1+1n(z) 1-w@(z)

Then, after some appropriate simplification, we find that:

 P1(z) —¥a(z)
) = @ 4a(D)
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Thus, clearly, we find that:

o~ 1
Jiv1 L anz"
n=j+1

@(z) =

j 0 '
242 Y anz" 14 X apzt!
n=2 n=j+1

We arrived at the following inequality by applying the trigonometric inequalities with

lz| <1,
o0
i1 1|an|
@(2)] < A .
] oo
2-2 % [an| = i1 X |ax]
n=2 n=j+1
We can now see that:
l@(z)] <1

if and only if
o i
20j1 Y lan] <2-2) laul,
n=2

n=j+1

which implies that:

] I
Yo lan| + 31 Y fan| < 1. (35)
n=2 n=j+1

Finally, to emphasize the inequality (32), it is sufficient to demonstrate that the left
hand side of the (35) is bounded above by the following sum:

Z €n|an|/
n=2
which is equivalent to
] o
Z(én*1)|ﬂn|+ Z (gn*CjJrl)mn‘ > 0. (36)
n=2 n=j+1

In lights of (36), thus it completes the proof of inequality in (32).
Moreover, to find the inequality (33), we set:

4 f](z) B €j+1
(1 + €]+1) (f(z) 1+ éj-&-l

n=j+1

j 0o
) 1+ 22 ﬂnZnil — §]-+1 Yy anz"’l
n—=

[e9)
1+ Y auzt—1
n=2

1+ @(z)
1-—w(z)’

where

(14Zj+1) of: |an|

n=j+1

j o0
22 % Jan — (L1 —1) 5 Jau]
n=2 n=j+1

lo(z)] < <1. (37)
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The final inequality in (37) can also be written as:

j 00
Z |an| + Cj+1 Z lan| < 1. (38)
n=2 n=j+1

Finally, we can observe that the inequality (38) on the left hand side is bounded above
by the following sum:

(o)
Z Cnlan|
n=2

and we have completed the assertion’s (33) proof. Finally, the proof of our Theorem 9 is
now completed. O

Next, we look at derivatives-based ratios.

Theorem 10. If f of the form (1) satisfies condition (20), then

%(f'(z)> >1- 171 (yem) (39)

fi(z) g1
and f1(2)
j\z Ci+1
§R(ff(z)) F a1 (FED 40

where {; is given by (34).

Proof. Since the proof of Theorem 10 is equivalent to that of Theorem 9, we skip the
corresponding details here. [J

4. Concluding Remarks and Observation

We have successfully studied the uses of certain Mathieu-type series and defined
a new convolution operator. We have then used our defined operator and studied a
subclass of starlike functions associated with the Janowski functions. We have then derived
some useful results like Fekete-Szegt functional, a number of sufficient conditions, radius
problems and results related to partial sums for our defined functions class.

In concluding our current investigation, we would like to bring to the attention of
interested readers to the possibility of studying fundamental or quantum (or ¢-) general-
izations of the results which we have elaborated on in this paper. The interested readers
may also attempt to developed these results with symmetrical points. Srivastava’s recently
published survey-cum-expository review study [28] see also [29] has impacted and driven
this research area. However, as Srivastava (see p. 340 [28] and Section 5, pp. 1511-1512 [33])
have previously proved the (p, q)-variations of the intended g-results because the forced-in
parameter p is insignificant, it will lead to being insubstantial.
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