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Abstract: The Fourier series expansion of Apostol-tangent polynomials is derived using the Cauchy
residue theorem and a complex integral over a contour. This Fourier series and the Hurwitz-Lerch
zeta function are utilized to obtain the explicit formula at rational arguments of these polynomials.
Using the Lipschitz summation formula, an integral representation of Apostol-tangent polynomials
is also obtained.
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1. Introduction

Generating function is one of the important properties for special functions and other
mathematical objects such as that in [1]. Some studies construct generating functions aiming
to connect some combinatorial numbers and polynomials to some well-known special
polynomials and distributions (see [2]). Other studies use generating functions to derive
Fourier series, integral representation and explicit formula of some special numbers and
functions, which is also the main object of this study. It is important to note that the integral
representation is necessary in finding explicit formula and asymptotic approximation of a
function (see [3,4]).

Tangent polynomials together with Bernoulli, Euler and Genocchi polynomials have
been the object of recent extensive investigation in the field of computational mathematics
and physics (see [5-7]). Analogues, explicit identities and symmetric properties of tangent
polynomials are derived in [8-10].

Some interesting analogues of the classical Bernoulli, Euler and Genocchi polynomials
were investigated by Apostol [11], Luo and Srivastava (see [12-16]) These analogues are
called the Apostol-Bernoulli, Apostol-Euler and Apostol-Genocchi polynomials of higher
order defined by the following relations, respectively (see [17]). For A € C\{0}, log A and
log(—A) are taken to be their principal value,

o 2" 2z m

m A xz
EOG” (A3 ()Lez—i-l) ¢ {
[ee) Zn z m
Y Bl(x ) = (MZ 8 1) {
o] Zn 2 m

m “ Xz
L Ex (M) (/\ez+l> ¢ {

|z| < mwhenA =1 1)
|z| < |log(—A)| when A # 1

|z| <2mrwhenA =1 o)
|z| < |logA| when A # 1

|z| < TtwhenA =1 3)
|z| < |log(—A)| when A # 1

Symmetry 2022, 14, 35. https:/ /doi.org/10.3390/sym14010035

https://www.mdpi.com/journal /symmetry


https://doi.org/10.3390/sym14010035
https://doi.org/10.3390/sym14010035
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com
https://doi.org/10.3390/sym14010035
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com/article/10.3390/sym14010035?type=check_update&version=2

Symmetry 2022, 14, 35

2 0f 10

= z" 2
n;OTn (x;)»)a = (W>e”2 , (|2z +log Al < 1) (4)

when m = 1, the above equations give the generating functions for the Apostol-Genocchi,
Apostol-Bernoulli, and Apostol-Euler polynomials, respectively (see [18]). Parallel to these,
we can also extend the tangent polynomials as follows:

For A € C\{0} and logA is taken to be the principal value, the Apostol-tangent
polynomials T, (x, A) are defined by means of the generating function:

which is valid within the circle C : z = Re'?, -t < 6 < 7t with the radius

1 1
R < min{2|7ri—|—log/\|,2|7‘ci—log)\|}

This validity can be obtained as follows: set the denominator of the generating function
equal to 0 and solve for z.

Ae* +1=0
2z =log(—1) —log A
(In|—1| — i 4+ 2kmi —logA), k€ Z
z=13((2k—1)mi—logA), keZ

z =

N|—=

These values of z, which we denote by z, are the singularities of the generating
Function (4). We impose that R should be less than the modulus of the nearest singu-
larity, which is zg = 3[mi —logA] or z_y = J[mi +logA]. Thus, R < min{|zo|, |z1]} as
prescribed above.

Note that when A = 1, the Apostol-tangent polynomial T, (x, A) reduces to the tangent
polynomial T, (x;1) = Ty, (x).

Fourier series is an expansion of a periodic function as an infinite sum of sines and
cosines which can be easily differentiated and integrated. It is a useful tool in modeling and
analyzing functions such as saw waves, which are common signals in experimentation [19].
Its applications are used in electronics, quantum mechanics, acoustics, and communications.
For instance, Fourier series are utilized in audio compression [20].

In the study of Luo [21], the Lipschitz summation formula was used to obtain the
Fourier series expansion of Genocchi polynomials. Araci and Acikgoz [22] used the Cauchy
residue theorem and a complex integral over a contour to establish the Fourier expansion
of Apostol-Euler polynomials. Motivated by the studies in [13,21,22], Corcino et al. [23]
derived the integral representation and explicit formula at rational arguments for Genocchi
polynomials of higher order. However, there was no available literature or related study
that mentions about the Fourier series of Apostol-tangent polynomials [24].

In this paper, the Fourier series expansion of Apostol-tangent polynomials will be
derived using the method of [22,24]. Moreover, using the method of Luo (see [13,21]), the
integral representation and explicit formula at rational arguments of these polynomials
will be established.

2. Fourier Expansion for Apostol-Tangent Polynomials

The first step of the method in [22] and [24] in deriving the Fourier series expansion of
Apostol-tangent polynomials is to show the convergence of certain integral to 0. The fol-
lowing lemma contains such convergence. In proving the lemma, we used analytic method
as performed in [18].

Lemma 1. Let Cy be a circle about the origin of radius (%(ZN -1+ e)n), N € Z* with e

being a fixed real number such that emi +1logA # 0 (mod 7ti). Then, as N — oo, n > 0 and
0<x<1,

26XZ
e dz = 0
/CN (AQZZ + 1)Zn+l z
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Proof. Using the basic property of integration,

< / |2e¥%||dz]

CN |)\€2‘Z + 1||Zn+1|

/ 2e%% dz
Cy (Ae?Z 4 1)zn+1

For 0< x <1, [Ae** + 1| > |Ae*|. Letz = a + bi,
|exz‘ B ex(a+bi) B ofx - e R(2) - 1
[Ae2z + 1| |Ae22+1]  [AeZ +1] = |AeZ| ~ |A]
Thus,
2 |dz| o+l

/ 2e¥%dz 2
oy (AeZ + 1)z = || Joy |21 [A|(2N —1+€)m))"

As N — oo, the last expression goes to 0. Hence,as N — o0, n > 1,

2eXz
e 42 = 0
/CN (/\1322 + 1)Zn+l z

The Fourier series expansion of Apostol-tangent polynomials is stated in the follow-

ing theorem.

Theorem 1. Forn >0, 0 < x < 1and A € C\{0},

1 .
+1,,1 5 (2k—1)mix
T, (x;)\) = 2" ! e
n(6d) = T kgz [(2k—1)ri—log(A)]" T
_ontlppntl e%[’(’1+1)+<2k+1)"]”1

A2 IEO [(2k+1)rti—Tog(A)] "1

)

) ezi[(n+1)—(2k+1)x]m'
= [(2k + 1) 7ti + log(A)]"

Proof. Consider the integral fCN fn(z)dz where

zexz
fulz) = (Ae? 4+ 1)znHl

and the circle Cy is as described in the Lemma 1.

©)

(6)

The function f, (z) has poles at z = 0 of order n + 1 and at z; = 3[(2k — 1)7ti — logA],

k € Z. The poles z; are simple poles. Using the Cauchy Residue Theorem,

- fu(z) dz = 27i Res (fu(z), z=10) + 27 Y, Res (fn (2),z = z)
N keZ, k<N

Taking N — oo, by Lemma 1,

0=Res (fu(z), z=0)+ )_ Res (fu (2),z = z).

keZ,
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Now, the first residue Res (f,;(z),z = 0) is given as

es(fu(z),z=0) =limb £n(z -0 Ly (;25)

24)01’1. 2+ \ )\e22 41

— liml 4% (_2e
= lim 1 dz7 (/\822+1)

. n ® 1
= lim L ;7 (l)_:o Tl(x;/\)ﬁ)

l—n

il T )
= lim lgnTl(x,)\) (lz—n)!

Note that the limit of each term of the expansion is 0 as z — 0 except the term when [ = n.
This gives
Tu(x; A
Res (fu(z),z =0) = "T>

On the other hand, the residue Res (f,(z), z = z) is given by

— — 1; 1 2e**
Res (fn(z),z = z) = Zlglzlk(z - zk) ot (Aezz_ﬂ)
2%k 1. z—2 o e(xfz)zk
gt Z&%(A@ZH) oAt

Since zj = %[(2k — 1)7ti — log ],

e(xfz){zi[(zkfl)m'flog)\]}
M 3[(2k—1)ri—log A } "+1
2 ntl, %(X*Z) (2k—1)mi ¢ logA

A [(2k—1)mi—log A] "+1 e 3 (logA)
g+l 3@k—1)xmi , (<241

Res (fu(z),z=12) =

A2 [(2k—1)mi—logA] n+1
_ontl %(Zk—l)xni

A 2 [(2k—1)mi—logA] n+1

Combining these residues gives,

Tu(x; A _on+l , 3 (2k—1)xrri
0= Iz A) ' ) 4 Y, — ,
n! ez A2 [(2k— 1)t —log A] nt1
Hence,
o+l 1 1(2k—1)xrmi
Tp(x;A) = — e

A1 [(2k—1)mi —log A] M1 @
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—(n+1)mi

Note that i-"+1) = ¢~ 2" and (—1) "1 = e+ D)7 Thus, replacing k with k + 1 in (7)
yields

1 .
. o ont+l g e 2(2k+2—1)7r1x
Tu(x;A) = A3 kgz [(2k+2—1)wi—log A] "+1

_ontlyyjntl i—(n+1) %(2k+1)m’x

A3 o7, [(2k+1)7ti—log A] "1
ooty jntl i 677(7131)711' e %(2k+l)m’x
- AD =y [(2kt1)mi—logAl n+l

-1 _ (D

1 .
(2k+1) rix
e 2 e2
T X @ Da-logal T

_gntlyyntl |: & e %(7(n+1)7ri+(2k+1)7rix)

A% P [(2k+1)7ti—log A] "1

®© $(=(n+1) 7ri— (2k+1) i)
+ ) £ -

o (—=1) m+1 [(2k+1)7wi+log A] "1
[ oo (= (n4+1) +(2k+1)x) i

_ 2n+1n! i n+1 Z e?2
A% P [(2k+1)ri—log A] "+1
R, (4] w3 (-4 (kD))
T @k og AT
_gntlyy gl I OZO: e %(7(;1+1)+(2k+1)x)m'
- A% Pl [(2k+1)i—log A] "+1

% L ((n+1) = 2k+1)x) 7i
e2
+ kgo [k D)itlog Al 7T |

O

Remark 1. WhenA = 1, the Fourier series expansion in Theorem 1 gives

1 .
5 (2k—1)mix
= M = YlJrl ! 762
Tu(x) = Ty(x;1) =2 n.kgz =
e%((n+1)—(2k+l)x)m’
[

(2k+1) i)

—(n+1))+(2k+1)x) i s
TSy e kgo

7

il | o o2
=2""nli v
=0 |
which is the Fourier series expansion of tangent polynomials.

3. Integral Representation for the Apostol-Tangent Polynomials
In this section, an integral representation for the Apostol-tangent polynomials will be
obtained. For convenience, we take A = ¢27i¢ <§ ER, g < 3).

Theorem 2. Forn > 0, 0 < x <1, ¢ € R, we have

T, (x;e2”i§> :2n+lefm'§x/ M(n; x,t) cosh(2¢mtt) 4+ iN(n; x, t)sinh (2 7tt) Mat (®)
0 cosh(27tt) — cos(mx)

where
M(n; x,t) = sin(— + E)e o sin(— — E)em
2 2
and
N(n;x,t) = cos(H %)e_m — cos(— — %)em
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Proof. Setting A = e2™¢ the Fourier series (6) yields

. 1 g+l | X l(—(n+1)+(2k+1)x)7'ri
T, (x; 627115) _ 2"t n!z”: e2 o
(e2”i§)7 k=0 [(2k+1)7ri710g(62m§)]
o0 o 3 ((n41) = (k1)) i
k=0 [(2k+1)7ri+log(ez7ff§)}n+1
oot il [ & A )+ @k )i % L+~ @k+ D)0
N P [(Zk 2+ )" T 2 (k28 +1) ]

— ot —(n+D)+k+D)x)mi\ ( _ nt
em&x ntl |: ez ) (2k72§+l)n+1

" E ( ((n+1) (2k+1)x)m‘)< !

(2k4+264+1)"T

)

Applying the integral formula

(e )
n ,—at
/0 the " dt = +1'f0”’>0

(9) becomes

eTticx spn+l

T, (x; 270) — 21 [262( 1)+ (2eF )T [ (=(Qh=22+DF gy
0

+ ozo: e% (n+1)—(2k+1)x mf e —(2k+2¢+1)t dt]
(10)

on+1 (m+D)wi xmi

:,{fo ot o280t o eT E p(mix=20k g4

ey s+l =
1) .
20t e(n+ )i —ﬂ Z p(—mix—2t)k dt:|

+ fooo e tem

Note that

(mix—2t)k _ _ - N
Z ¢ 71— ermix—2t emix T Q@_pmix T 2 oix (11)

and ”
[e9)
Z e(fm‘xfzt)k _ 1 _ 1 _ 1 _ € (12)
T _ p—mix—2t —mix T G2t _p—mix 2t ,—7Tix
- 1-e e Ll Y

Applying (11) and (12) to (10) yields

Ty (x;€276) = 2t [f ot 20t p— U am (762* . )dt

eTigx sn+1 e2t _pmix

_t 72 t n+1 )i _xmi
+ f the Gt o e 2 (m) dt:|
(n+D)mwi xmi
_ ol 0 2 2 (2E+1)t 13
T emigx gn+l 0 ¢ 82t_em’)ec e( C+ ) t}’l dt ( )

()i xpi

+ f Wemxz 6(172€)t " df‘|

Now,

TTix —mix : _
e % e 2 (emx —e Zt)

e2t —emix — cosh(2t) — cos(mx)

(14)

Similarly,
e o % e T (e—m'x _ e—Zt)

e2t —e=7ix — cosh(2t) — cos(mx)

(15)
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Applying (14) and (15) to (13) yields

[
27T on o0 ewf%(emhfﬂ)e%mt
Ty (x/e ) = enix il [ Jo cosh(2t)—cos(7x)

thdt

(16)

()i ix

TR L (”i'*ez')f“zé)ttndf]

cosh(2t)—cos(7tx)

Using the transformation t = 7tt, (16) becomes

—(n D g .
oz o o gwe% (emir —e2t) 2+ )t
Ty (x,e ) = gmiex | Jo cosh(2mt) —cos(mx)

thdt

(17)

(m4+D)mi grix
2

n fooo e 2 e (e—nixfe—me>e(l—2§)mf t”ldt‘|

cosh(2mtt)—cos(mx)

Now,

e —Znt)e(Zij-i-l)nt

= —i [cos (3 — M) +isin(3F — 1)] eXtertt (18)
(S + 5) ~ isin (3 - 1) |rie

Similarly,

(1-2¢)mt

=i [cos(3F — M) —isin(3F — 1L)] e 27 (19)
. Vs

o
N
o
N
—
m‘

2

=
N\

N

=]

g

~—
3]

Combining (18) and (19) yields

—(n+D)mi  —gix (n+D)mi mix

e 7 e 2 (enix 76—2nt)e(2§+1)7tt tLe 2 e (e—m'x _ e—27‘[t) p(1-20)mt
= 2sinh(2&7tt) [cos (X + 4 )e ™™ — cos (X — 4 )e™ i (20)
+2 cosh(2¢7tt) [sin(3 + % )e ™ 4 sin (3 — 4T )e™|

Applying (20) to (17) gives

T, (x: e27i¢ oo . 2sinh(zgnt)[cos(%-&-%)e*m—cos(%—%)em]i
n (x’e ) = emicx | JO cosh(27tt) —cos(7x)
+2 cosh(2Z7t) [sin(%Jr%)e_m+sm(%7%)e”t]
cosh(27t)—cos(7x)

thdt

which is exactly the integral representation in (8). [

4. Explicit Formula for the Apostol-Tangent Polynomials at Rational Arguments

To obtain the explicit formula for the Apostol-tangent polynomials at rational argu-
ments, the Fourier expansion derived above will be used.
Recall the Hurwitz-Lerch zeta function [25], which is defined by

0 k

D(z,5,a) = kgé) (k—l—a)s ,

(21)

for (1 € C\Z; ;s € C) when |z] 1 <; R(s) > 1 when |z| = 1, which contains as its spe-
cial case:
> 1
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Theorem 3. Forn, g, p € N;0 < 27’7 < 1; ¢€ R, the following formula of Apostol-tangent
polynomials at rational arguments holds,

(n+1) | (2j=28-1)py .
T, (ZP 27'[z§) o n“ [Z §(n+1 2j— 2§ 1) -+ q |t

q ’
q _ (n+1)  (2j+28-1)py .
+ ZC("—}-L%)E[ 2 g ]m]

=1

Proof. By replacing k with k — 1 in (6), we have

Ta(x;A) = I Z

on+l gy ntl [ oo 3 (= (n+1)+(2k—1)x)mi o o5 ((n+1)—(2k-1)x)7i
= [(2k — 1)7ti —log A]" ™t (= [(2k — 1) i 4 log A"

By applying the elementary series identity

L=y 5

k=1

flgk+7), 9 € N,

HM8

used by Luo in his papers ([13,21]), where f : N — C is a sequence of complex numbers,
we obtain

i)™ 1 g o e%(—(;z+1)+(2qk+2j71)x)ni
A2 j

Tu(x;A) = ~———
n( 7 ) X o [(2qk+2j—1)7‘(i—10g)t]n+]

+ZZ

j=1K=0 [(2gk+2j—1)mwi+log A]

(i) nt q o eqkmxﬁ(f(nn) (2j-1)x)mi
j=1k=0 |

62((n+1) (29k+2j—1)x)mi
n+1

Y (2qk+2j—1)mti~log A"+
22
N Z £ ghrix, b ()09 | T (22)
] 1 k=0 [(2qk+2j71)ﬂi+10g/\]n+l W

(=(n+1)+(2j—1)x)mi

o) 1
— {Z Y edkmix e2

X 1
A2 n+1 (2j—1)mi—logA "+
(ml) j=1 k=0 [+ B tost |
9 1 1)—@j—1)x)ni

—gkmix _e2 (1)~
+ Z kz e k (2j—1)mi+log A n+1
] 1 0 [ + 2qmi }

Using the Hurwitz-Lerch zeta function (21) becomes

2j—1)mi—log A 1 i ;
Ta(x, A) = %(nq)m Z q;(equ n+1, (;%#) 3 (—(n+1)+(2j-1)x)mi
q 4 ' (23)
—1—121@(6*‘7”11",71—1-1, W) x e2((n+1)= <2j1>x)m‘1
=
Setting A = 276 and = %p, (23) becomes
2p. 2mif
T”(ﬂ’ ¢ )
q (n+1) |, (2j-1)p
= 7 O (¥, n+1, 72] 271 ol T gy
¢ fp(nq)"“ s ( ) (24)

g o (1) @2-1p
+Z(D(€72”pl,n+1,2]+22§ 1) el 2 q ]m]
j=1
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Since e 2Pi = ¢2Pi — 1, then by Hurwitz zeta function when z = 1, (24) becomes,

(1 P27iE

n+1

[Z é(n—l—l 2]'—225—1) % e%(*(fﬂrl) (2-1)()m e,ZnTiép

d \2py, 2
n Z g(nJrl 228 1) Xe%((n—!—l)—(Z]—l);’)me_qP]

2j— 2@' 1) e (n+1 i+ (2j—2¢— 1) 7T1+Zq 1C(T’Z+1 2]'+2§71)X
L 1=
ntl
2

2q
(24— (2j+25-1) 8 ]

= n+1 |:E

]

e

5. Conclusions

The researchers obtained three formulas for the Apostol-tangent polynomials: the
Fourier series, an integral representation, and an explicit formula at rational arguments.
Taking into account all the residues of the generating function combined with the use of the
Cauchy Residue Theorem proved to be a good technique to obtain the Fourier series while
the method by Luo proved to be applicable with no major difficulty to obtain the latter two
formulas. For future study, it will be interesting to obtain corresponding formulas for the
generalized Apostol type Frobenius—-Euler polynomials.
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