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Abstract

:

In this paper, we aim to present a survey on subordination and superordination theorems related to the class of analytic functions defined in a symmetric domain, which is the open unit disc. The results were deduced by making use of a new differential operator. We present two properties of this operator from which we constructed the final results. Moreover, based on the obtained outcomes, we give two sandwich-type theorems. Some interesting further consequences are also taken into consideration.
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1. Introduction and Definitions


Let us denote by  H  the set of analytic functions defined in the open unit disc   U = { z ∈ C :  | z | < 1 }  . Consider also   H [ a , n ]   a subset of  H  with the following form of functions


  f  ( z )  = a +  a n   z n  +  a  n + 1    z  n + 1   + ⋯ .  











Let   A ( p , n )   denote the class of functions   f ( z )   normalized by


  f  ( z )  =  z p  +  ∑  k = p + n  ∞   a k   z k  ,  ( p , n ∈ N : =  { 1 , 2 , 3 , ⋯ }  )  ,  








which are analytic in the open unit disc. In particular, we set   A  ( p , 1 )  : =  A p    and   A  ( 1 , 1 )  : = A =  A 1  .   Let    A n  =  { f ∈ H  ( U )  ,  f  ( z )  = z +  a  n + 1    z  n + 1   + ⋯ }    with    A 1  : = A  .



Let f and g be two analytic functions in U. We recall here the well-known principle of subordination. We say that the analytic function f is subordinate to g, if there exists a Schwarz function w in U such that   f ( z ) = g ( w ( z ) )  ,   z ∈ U  . We will denote this subordination relation by


  f ≺ g     or     f ( z ) ≺ g ( z ) ,  ( z ∈ U ) .  











The subordination is equivalent to


  f ( 0 ) = g ( 0 )     and     f ( U ) ⊂ g ( U ) ,  








if g is univalent in U. If f is subordinate to F, then F is called to be superordinate to f.



In the well-known paper [1], Miller and Mocanu studied second order differential superordinations. Let   p , h ∈ H   and let   ϕ  ( r , s , t ; z )  :  C 3  × U → C  . If we consider two univalent functions p and   ϕ ( p  ( z )  , z  p ′   z  ,  z 2   p  ″    ( z )  ; z )   and if the function p verifies the second order differential superordination


  h  ( z )  ≺ ϕ ( p  ( z )  , z  p ′   z  ,  z 2   p  ″    ( z )  ; z ) ,  



(1)




then we say that p is a solution of the second order superordination from (1).



For all functions q verifying the subordination (1), we say that q is a subordinant if   q ≺ p  . If   q ˜  , a univalent function, verifies   q ≺  q ˜    for all differential subordinants q of the relation (1), then we say that   q ˜   is the best subordinant. The above mentioned paper [1] obtained special conditions on the functions h, q, and  ϕ  that satisfy the following implication:


  h  ( z )  ≺ ϕ ( p  ( z )  , z  p ′   z  ,  z 2   p  ″    ( z )  ; z )  ⇒  q  ( z )  ≺ p  ( z )  .  











Based on the results from [1], in the papers [2] and [3], Bulboacă obtained several classes of first-order differential superordinations and superordination-preserving integral operators, respectively. Using the results derived by Bulboacă in [2], Ali et al. in paper [4], considered sufficient conditions for certain normalized analytic functions f that verify


    q 1   ( z )  ≺   z  f ′   ( z )    f ( z )   ≺  q 2   ( z )  .   











In the above double subordination the functions   q 1   and   q 2   are univalent in the symmetric domain U such that    q 1   ( 0 )  = 1   and    q 2   ( 0 )  = 1  .



Referring to the paper [5], we notice that Shanmugam et al. deduced sufficient conditions for f, which is a normalized analytic function to satisfy the following double subordinations


    q 1   ( z )  ≺   f ( z )   z  f ′   ( z )    ≺  q 2   ( z )    








and


    q 1   ( z )  ≺    z 2   f ′   ( z )     f 2   ( z )    ≺  q 2   ( z )    








where   q 1   and   q 2   are given univalent functions in U with    q 1   ( 0 )  = 1   and    q 2   ( 0 )  = 1  .



For a certain form of functions, namely,       f ( z )  z    μ  , in the work [6], Obradović and Owa derived several subordination results. Regarding the convex functions of complex order and starlike functions of complex order, and they were recently studied by Srivastava and Lashin [7] using Briot–Bouquet differential subordination techniques. There are many results concerning the theory of differential subordination and superordination techniques involving differential operators and integral operators as we can mention here [8]. For special function see [9].



Definition 1.

[1] Let Q represent the class of all functions   f ( z )   that are analytic and injective on    U ¯  − E  ( f )   , where


   E  ( f )  = { ζ ∈ ∂ U :   lim  z → ζ   f  ( z )  = ∞ }   








and are such that    f ′   ( ζ )  ≠ 0   for   ζ ∈ ∂ U − E ( f )  , where   ∂ U   is the boundary of the unit disc.





Theorem 1.

[10] Consider q as an univalent function in the open unit disc U and θ and ϕ as analytic in a domain D containing   q ( U )   with   ϕ ( w ) ≠ 0   when   w ∈ q ( U )  . Set


   Q  ( z )  = z  q ′   ( z )  ϕ  ( q  ( z )  )  ,  h  ( z )  = θ  ( q  ( z )  )  + Q  ( z )  .   











Suppose that




	(1) 

	
  Q ( z )   is starlike univalent in Δ and




	(2) 

	
  Re      z  h ′   ( z )    Q ( z )     > 0   for   z ∈ U  .









If


   θ  ( p  ( z )  )  + z  p ′   ( z )  ϕ  ( p  ( z )  )  ≺ θ  ( q  ( z )  )  + z  q ′   ( z )  ϕ  ( q  ( z )  )  ,   








then


   p ( z ) ≺ q ( z ) ,   








and q is the best dominant.





Theorem 2.

[2] Let the function q be univalent in the unit disc U and v and φ be analytic in a domain D containing   q ( U )  . Suppose that




	1. 

	
  Re       v ′   ( q  ( z )  )    φ ( q ( z ) )     > 0   for   z ∈ U   and




	2. 

	
  Q  ( z )  = z  q ′   ( z )  φ  ( q  ( z )  )    is starlike univalent in U.









If the function   p ∈ H [ q ( 0 ) , 1 ] ∩ Q   such that   p ( U ) ⊆ D  , and   v  ( p  ( z )  )  + z  p ′   ( z )  φ  ( p  ( z )  )    is univalent in U and


   v  ( q  ( z )  )  + z  q ′   ( z )  φ  ( q  ( z )  )  ≺ v  ( p  ( z )  )  + z  p ′   ( z )  φ  ( p  ( z )  )    



(2)




then   q ( z ) ≺ p ( z )   and q is the best subordinant.





The theory of subordinations and superordinations has recently become a broad area of study. It is related to the theory of inequalities, operators, and other important branches of mathematics and their applications. In this direction, many inequalities and differential operators have been studied to obtain specific symmetry properties. These operators appears in various problems related to differential subordinations. We survey certain outcomes concerning the best dominants and best subordinants for certain sandwich-type theorems. Through the obtained consequences, we settled several type of functions q that have symmetry properties and are convex univalent functions.




2. Main Results


Definition 2.

Let   f ∈ A  . For   m , β ∈  N 0  = N ∪  { 0 }   ,   λ ∈ R  ,   λ ≥ 0  ,   l ≥ 0  , we propose a differential operator    I  m , β    ( λ , l )    on  A  with the following form


    I  m , β    ( λ , l )  f  ( z )  : = z +  ∑  k = 2  ∞       1 + λ ( k − 1 ) + k l   1 + l     m  C  β , k   a k   z k    








where


    C  ( β , k )  : =    k + β − 1  β   =    ( β + 1 )   k − 1    ( k − 1 ) !      








and


     ( a )  n  : =      1 ,     n = 0       a ( a + 1 ) ⋯ ( a + n − 1 ) ,     n ∈ N =  N 0  −  { 0 }         








is a Pochhamer symbol.





Remark 1.

We reobtain several operators obtained earlier by various researchers. Recall here the Ruscheweyh derivative operator    I  0 , β    ( λ , 0 )  ≡  D β    defined in [11], the Sălăgean derivative operator    I  m , 0    ( 1 , 0 )     ≡  D m   , studied in [12], the generalized Sălăgean operator    I  m , 0    ( λ , 0 )  ≡  D  λ  m    defined by Al-Oboudi in [13], the generalized Ruscheweyh operator    I  1 , β    ( λ , 0 )  ≡  D  λ , β     introduced in [14], the operator    I  m , β    ( λ , 0 )  ≡  D  λ , β  m    defined by K. Al-Shaqsi and M. Darus in [15], and, for   β = 0  , a similar operator introduced in [16]. The operator    I  m , 0    ( λ , 1 − λ )  ≡  I  λ  m      f o r  p = 1   was studied by Cho and Srivastava [17] and Cho and Kim [18].





By making use of a simple computation technique, one obtains the following result.



Proposition 1.

Consider   m , β ∈  N 0   ,   λ ≥ 0  ,   l ≥ 0  


    ( 1 + l )   I  m + 1 , β    ( λ , l )  f  ( z )  =  ( 1 − λ )   I  m , β    ( λ , l )  f  ( z )  +  λ + l  z   (  I  m , β    ( λ , l )  f  ( z )  )  ′  .   



(3)




and regarding parameter β


   z    I  m , β    ( λ , l )  f  ( z )   ′  =  ( 1 + β )   I  m , β + 1    ( λ , l )  f  ( z )  − β  I  m , β    ( λ , l )  f  ( z )  .   



(4)









In the present paper, we deduce sufficient conditions for normalized analytic functions f, which satisfy the next double differential subordination


   q 1   ( z )  ≺       I  m + 1 , β    ( λ , l )  f  ( z )   z    μ  ·       I  m , β    ( λ , l )  f  ( z )   z    η  ≺  q 2   ( z )  ,  








where   m , β ∈  N 0   ,   λ ≥ 0  ,   μ , η ∈ C  ,   η ≠ 0   and    q 1  ,  q 2    are given univalent functions in U.



For a certain operator    I  m , β    ( λ , l )   , various interesting outcomes concerning differential subordination and differential superordination relations were obtained. For the first step, we will prove the following subordination result involving the operator    I  m , β    ( λ , l )   .



Theorem 3.

Consider the number   a , b , c , ξ , μ , η ∈ C  ,   η ≠ 0  ,   ξ ≠ 0  ,   λ > 0   and q be a univalent function in the open unit disc U with   q ( z ) ≠ 0  .



Assume that     z  q ′   ( z )    q ( z )     is a starlike univalent function in U. Let


   Re     b ξ  q  ( z )  +   2 c  ξ    ( q  ( z )  )  2    > 0   



(5)




and


    ψ  μ , η   m , λ , β , l    ( a , b , c , ξ ; f )  : = a + b       I  m + 1 , β    ( λ , l )  f  ( z )   z    μ  ·       I  m , β    ( λ , l )  f  ( z )   z    η  +   



(6)






   + c       I  m + 1 , β    ( λ , l )  f  ( z )   z     2 μ   ·       I  m , β    ( λ , l )  f  ( z )   z     2 η   +   










    +   ξ ( l + 1 )   λ + l   ·  μ      I  m + 2 , β    ( λ , l )  f  ( z )     I  m + 1 , β    ( λ , l )  f  ( z )    − 1   + η      I  m + 1 , β    ( λ , l )  f  ( z )     I  m , β    ( λ , l )  f  ( z )    − 1    .    











If q satisfies the following subordination


     ψ  μ , η   m , λ , β , l    ( a , b , c , ξ ; f )  ≺ a + b q  ( z )  + c   ( q  ( z )  )  2  + ξ   z  q ′   ( z )    q ( z )      



(7)




then,


         I  m + 1 , β    ( λ , l )  f  ( z )   z    μ  ·       I  m , β    ( λ , l )  f  ( z )   z    η  ≺ q  ( z )  ,  z ∈ U ,  z ≠ 0 , η ∈ C ,  η ≠ 0 ,   



(8)




and q is the best dominant.





Proof. 

Let us define the function   p ( z )   by


  p  ( z )  : =       I  m + 1 , β    ( λ , l )  f  ( z )   z    μ  ·       I  m , β    ( λ , l )  f  ( z )   z    η  ,  z ∈ C ,  z ≠ 0 ,  f ∈ A .  



(9)







By a straightforward computation, one obtains


     z  p ′   ( z )    p ( z )   = μ     z   [  I  m + 1 , β    ( λ , l )  f  ( z )  ]  ′     I  m + 1 , β    ( λ , l )  f  ( z )    − 1   + η     z   [  I  m , β    ( λ , l )  f  ( z )  ]  ′     I  m , β    ( λ , l )  f  ( z )    − 1   .   











Using the identity


   ( l + 1 )   I  m + 2 , β    ( λ , l )  f  ( z )  =  ( 1 − λ )   I  m + 1 , β    ( λ , l )  f  ( z )  +  ( l + λ )  z   (  I  m + 1 , β    ( λ , l )  f  ( z )  )  ′  ,  








we obtain


       z  p ′   ( z )    p ( z )      =       μ ( l + 1 )   l + λ        I  m + 2 , β    ( λ , l )  f  ( z )     I  m + 1 , β    ( λ , l )  f  ( z )    − 1   +             η ( l + 1 )   l + λ        I  m + 1 , β    ( λ , l )  f  ( z )     I  m , β    ( λ , l )  f  ( z )    − 1   .      



(10)







By substituting the above equality into (7), we deduce


   a + b p  ( z )  + c   ( p  ( z )  )  2  + ξ   z  p ′   ( z )    p ( z )   ≺ a + b q  ( z )  + c   ( q  ( z )  )  2  + ξ   z  q ′   ( z )    q ( z )   .   











Letting


   θ  ( w )  : = a + b w + c  w 2     and    ϕ  ( w )  : =  ξ w    








it can be easily observed that  θ  is analytic in  C ,  ϕ  is analytic in   C \ { 0 }  , and   ϕ ( w ) ≠ 0  ,   w ∈ C \ { 0 }  . By setting


   Q  ( z )  = z  q ′   ( z )  ϕ  ( q  ( z )  )  = ξ   z  q ′   ( z )    q ( z )     








and


   h  ( z )  : = θ  ( q  ( z )  )  + Q  ( z )  = a + b q  ( z )  + c   ( q  ( z )  )  2  + ξ   z  q ′   ( z )    q ( z )   ,   








we find that   Q ( z )   is starlike univalent in U and


  Re      z  h ′   ( z )    Q ( z )     = Re    1 −   z  q ′   ( z )    q ( z )   +   z  q  ″    ( z )     q ′   ( z )    +  b ξ  q  ( z )  +   2 c  ξ    ( q  ( z )  )  2    ,  










  ( a , b , c , ξ ∈ C , ξ ≠ 0 ) .  











Knowing by hypothesis that     z  q ′   ( z )    q ( z )     is starlike univalent in U, which is


  Re    1 −   z  q ′   ( z )    q ( z )   +   z  q  ″    ( z )     q ′   ( z )      > 0 ,  








we deduce that   Re      z  h ′   ( z )    Q ( z )     > 0 .  



The assertion (8) of Theorem 3 follows by an application of Theorem 1. □





For the choices    q  ( z )  =   1 + A z   1 + B z     ,   − 1 ≤ B < A ≤ 1   and   q  ( z )  =      1 + z   1 − z     δ   ,   0 ≤ δ ≤ 1   in Theorem 3, one obtains the following two corollaries.



Corollary 1.

Consider the numbers   a , b , c , ξ , μ , η ∈ C  ,   η ≠ 0  ,   ξ ≠ 0  ,   − 1 ≤ B < A ≤ 1   and


   Re     b ξ    1 + A z   1 + B z   +   2 c  ξ      1 + A z   1 + B z    2    > 0 .   



(11)




If   f ∈ A  , then the following differential subordination


     ψ  μ , η   m , λ , β , l    ( a , b , c , ξ ; f )  ≺ a + b   1 + A z   1 + B z   + c      1 + A z   1 + B z     2  + ξ   ( A − B ) z   ( 1 + A z ) ( 1 + B z )      



(12)




implies


          I  m + 1 , β    ( λ , l )  f  ( z )   z    μ  ·       I  m , β    ( λ , l )  f  ( z )   z    η  ≺   1 + A z   1 + B z   ,    



(13)




where    ψ  μ , η   m , λ , β , l    ( a , b , c , ξ ; f )    is defined in (6), and     1 + A z   1 + B z     is the best dominant.





Corollary 2.

Consider   a , b , c , ξ , μ , η ∈ C  ,   η ≠ 0  ,   ξ ≠ 0  ,   0 ≤ δ ≤ 1   and


   Re     b ξ       1 + z   1 − z     δ  +   2 c  ξ       1 + z   1 − z      2 δ     > 0 .   



(14)




If   f ∈ A  , then the following differential subordination


     ψ  μ , η   m , λ , β , l    ( a , b , c , ξ ; f )  ≺ a + b      1 + z   1 − z     δ  + c      1 + z   1 − z      2 δ   +   2 ξ δ z   1 −  z 2       



(15)




implies


         I  m + 1    ( λ , β , l )  f  ( z )   z    μ  ·       I m   ( λ , β , l )  f  ( z )   z    η  ≺      1 + z   1 − z     δ  ,   



(16)




where    ψ  μ , η   m , λ , β , l    ( a , b , c , ξ ; f )    is defined in (6), and       1 + z   1 − z     δ   is the best dominant.





We consider the special case   q  ( z )  =  e  υ A z    , such that   | υ A | < π  , and then Theorem 3 easily produces the following corollary.



Corollary 3.

Consider the numbers   a , b , c , ξ , μ , η ∈ C  ,   η ≠ 0  ,   ξ ≠ 0  ,   | υ A | < π   and


   Re     b ξ   e  υ A z   +   2 c  ξ   e  2 υ A z     > 0 .   



(17)




If   f ∈ A  , then differential subordination


    ψ  μ , η   m , λ , β , l    ( a , b , c , ξ ; f )  ≺ a + b  e  υ A z   + c  e  2 υ A z   + ξ υ A z   



(18)




implies


         I  m + 1 , β    ( λ , l )  f  ( z )   z    μ  ·       I  m , β    ( λ , l )  f  ( z )   z    η  ≺  e  υ A z   ,   



(19)




where    ψ  μ , η   m , λ , β , l    ( a , b , c , ξ ; f )    is defined in (6) and   e  υ A z    is the best dominant.





For   q  ( z )  =   ( 1 + B z )    δ ( A − B )  B    ,   − 1 ≤ B < A <   1,   B ≠ 0  , we deduce the next known result.



Corollary 4.

Let   a , b , c , ξ , μ , η , δ ∈ C  ,   η ≠ 0 , δ ≠ 0  ,   ξ ≠ 0  ,   − 1 ≤ B < A <   1,   B ≠ 0   and


   Re     b ξ    ( 1 + B z )    δ ( A − B )  B   +   2 c  ξ    ( 1 + B z )    2 δ ( A − B )  B     > 0 .   



(20)




If   f ∈ A  , then differential subordination


    ψ  μ , η   m , λ , β , l    ( a , b , c , ξ ; f )  ≺ a + b   ( 1 + B z )    δ ( A − B )  B   + c   ( 1 + B z )    2 δ ( A − B )  B   + ξ   z δ ( A − B )   1 + B z     



(21)




implies


         I  m + 1 , β    ( λ , l )  f  ( z )   z    μ  ·       I  m , β    ( λ , l )  f  ( z )   z    η  ≺   ( 1 + B z )    δ ( A − B )  B   ,   



(22)




where    ψ  μ , η   m , λ , β , l    ( a , b , c , ξ ; f )    is defined in (6), and    ( 1 + B z )    δ ( A − B )  B    is the best dominant.





We remark that   q  ( z )  =   ( 1 + B z )    δ ( A − B )  B     is univalent if and only if either


      δ ( A − B )  B  − 1   ≤ 1    or        δ ( A − B )  B  + 1   ≤ 1 .  











Regarding parameter  β , we derive the next result.



Theorem 4.

Consider q as a univalent function in the unit disc U such that   q ( z ) ≠ 0   and   a , b , c , ξ , μ , η ∈ C  ,   η ≠ 0  ,   ξ ≠ 0  ,   λ > 0  .



Suppose that     z  q ′   ( z )    q ( z )     is starlike univalent in U, and the inequality (5) holds. Let the function


    ϝ  μ , η   m , λ , β , l    ( a , b , c , ξ ; f )  = ξ  ( β + 1 )   μ      I  m + 1 , β + 1    ( λ , l )  f  ( z )     I  m + 1 , β    ( λ , l )  f  ( z )    − 1   + η      I  m , β + 1    ( λ , l )  f  ( z )     I  m , β    ( λ , l )  f  ( z )    − 1      



(23)






   + a + b       I  m + 1 , β    ( λ , l )  f  ( z )   z    μ  ·       I  m , β    ( λ , l )  f  ( z )   z    η  +   










   + c       I  m + 1 , β    ( λ , l )  f  ( z )   z     2 μ   ·       I  m , β    ( λ , l )  f  ( z )   z     2 η   .   











If q verifies the following subordination


     ϝ  μ , η   m , λ , β , l    ( a , b , c , ξ ; z )  ≺ a + b q  ( z )  + c   ( q  ( z )  )  2  + ξ   z  q ′   ( z )    q ( z )   ,    



(24)




then


         I  m + 1 , β    ( λ , l )  f  ( z )   z    μ  ·       I  m , β    ( λ , l )  f  ( z )   z    η  ≺ q  ( z )  ,  z ∈ U ,  z ≠ 0 , η ∈ C ,  η ≠ 0 ,   



(25)




and q is the best dominant.





Proof. 

Consider the function p as defined as in (9). Using the identity


  z    I  m + 1 , β    ( λ , l )  f  ( z )   ′  =  ( 1 + β )   I  m + 1 , β + 1    ( λ , l )  f  ( z )  − β  I  m + 1 , β    ( λ , l )  f  ( z )  ,  








we obtain


     z  p ′   ( z )    p ( z )   = μ  ( β + 1 )       I  m + 1 , β + 1    ( λ , l )  f  ( z )     I  m + 1 , β    ( λ , l )  f  ( z )    − 1   +   










  + η  ( β + 1 )       I  m , β + 1    ( λ , l )  f  ( z )     I  m , β    ( λ , l )  f  ( z )    − 1   .  



(26)







By substituting the last equality into (24), we find


   a + b p  ( z )  + c   ( p  ( z )  )  2  + ξ   z  p ′   ( z )    p ( z )   ≺ a + b q  ( z )  + c   ( q  ( z )  )  2  + ξ   z  q ′   ( z )    q ( z )   .   











Letting


   θ  ( w )  : = a + b w + c  w 2     and    ϕ  ( w )  : =  ξ w    








one can be observed that  θ  is analytic in  C ,  ϕ  is analytic in   C \ { 0 }  , and   ϕ ( w ) ≠ 0  ,   w ∈ C \ { 0 }  . Considering


   Q  ( z )  = z  q ′   ( z )  ϕ  ( q  ( z )  )  = ξ   z  q ′   ( z )    q ( z )     








and


   h  ( z )  : = θ  ( q  ( z )  )  + Q  ( z )  = a + b q  ( z )  + c   ( q  ( z )  )  2  + ξ   z  q ′   ( z )    q ( z )   ,   








we deduce that   Q ( z )   is starlike univalent in U and


  Re      z  h ′   ( z )    Q ( z )     = Re     b ξ  q  ( z )  +   2 c  ξ    ( q  ( z )  )  2    > 0 ,  










  ( a , b , c , ξ ∈ C , ξ ≠ 0 ) .  











Applying Theorem 1, the assertion (25) of Theorem 4 is obtained. □





Remark 2.

We remark here that Theorem 4 can be easily reformulated for various choices of the functions q (as in Corollaries 1–4).





We shall prove Theorem 5 below by appealing to Theorem 2 of the previous section.



Theorem 5.

Consider   a , b , c , ξ , μ , η ∈ C  ,   η ≠ 0  ,   ξ ≠ 0  ,   λ > 0   and let q be a convex univalent function in U with   q  ( z )  ≠ 0 , q  0  = 1   and     z  q ′   ( z )    q ( z )     be starlike univalent in U. Moreover, let us presume that


   Re     b ξ  q  ( z )  +   2 c  ξ    ( q  ( z )  )  2    > 0 ,  z ∈ U .   



(27)







If   f ∈ A  ,


   0 ≠       I  m + 1 , β    ( λ , l )  f  ( z )   z    μ  ·       I  m , β    ( λ , l )  f  ( z )   z    η  ∈ H  [ q  ( 0 )  , 1 ]  ∩ Q   








and    ψ  μ , η   m , λ , β , l    ( a , b , c , ξ ; f )    is univalent in U, then


    a + b q  ( z )  + c   ( q  ( z )  )  2  + ξ   z  q ′   ( z )    q ( z )   ≺  ψ  μ , η   m , λ , β , l    ( a , b , c , ξ ; f )     








implies


   q  ( z )  ≺       I  m + 1 , β    ( λ , l )  f  ( z )   z    μ  ·       I  m , β    ( λ , l )  f  ( z )   z    η  ,  z ∈ U ,  z ≠ 0   



(28)




and q is the best subordinant where    ψ  μ , η   m , λ , β , l    ( a , b , c , ξ ; f )    is given in (6).





Proof. 

Consider the function p be in the form


  p  ( z )  : =       I  m + 1 , β    ( λ , l )  f  ( z )   z    μ  ·       I  m , β    ( λ , l )  f  ( z )   z    η  ,  z ∈ U ,  z ≠ 0 ,  f ∈ A .  








A straightforward computation yields


   a + b q  ( z )  + c   ( q  ( z )  )  2  + ξ   z  q ′   ( z )    q ( z )   ≺ a + b p  ( z )  + c   ( p  ( z )  )  2  + ξ   z  p ′   ( z )    p ( z )   .   











Setting


   v  ( w )  : = a + b w + c  w 2     and    φ  ( w )  : =  ξ w    








it is easily to observe that   v ( w )   is analytic in  C . In addition,  φ  is analytic in   C \ { 0 }   and   φ ( w ) ≠ 0  ,   w ∈ C \ { 0 }  .



As q is a convex (univalent) function, we deduce that


  Re       v ′   ( q  ( z )  )    φ ( q ( z ) )     = Re     β ξ  q  ( z )  +   2 c  ξ    ( q  ( z )  )  2    > 0 .  











By an application of Theorem 2, the assertion (28) of Theorem 5 is obtained. □





Remark 3.

We remark that Theorem 5 can be easily reformulated for various choices of the function   q ( z )   (as in Corollaries 1–4).





Appealing to a similar method used in the proof of Theorem 5, we find the proof of the next superordination result regarding parameter  β .



Theorem 6.

Consider   a , b , c , ξ , μ , η ∈ C  ,   η ≠ 0  ,   ξ ≠ 0  ,   λ > 0   and let q be convex univalent in U with   q  ( z )  ≠ 0 , q  0  = 1   and     z  q ′   ( z )    q ( z )     be starlike univalent in U. Presume that   Re     β ξ  q  ( z )  +   2 c  ξ    ( q  ( z )  )  2    > 0 ,  z ∈ U .  



If   f ∈ A  ,   0 ≠       I  m + 1 , β    ( λ , l )  f  ( z )   z    μ  ·       I  m , β    ( λ , l )  f  ( z )   z    η  ∈ H  [ q  ( 0 )  , 1 ]  ∩ Q   and   ϝ  μ , η   m , λ , β , l     ( a , b , c , ξ ; f )   is univalent in U, then


    a + b q  ( z )  + c   ( q  ( z )  )  2  + ξ   z  q ′   ( z )    q ( z )   ≺  ϝ  μ , η   m , λ , β , l    ( a , b , c , ξ ; f )     








implies


   q  ( z )  ≺       I  m + 1 , β    ( λ , l )  f  ( z )   z    μ  ·       I  m , β    ( λ , l )  f  ( z )   z    η  ,  z ∈ U ,  z ≠ 0   



(29)




and q is the best subordinant, where    ϝ  μ , η   m , λ , β , l    ( a , b , c , ξ ; f )    is given in (23).





Combining Theorem 3 and Theorem 5, we deduce the next sandwich-type theorem.



Theorem 7.

Consider   a , b , c , ξ , μ , η ∈ C  ,   η ≠ 0  ,   ξ ≠ 0  ,   λ > 0   and let   q i   be convex univalent functions in U such that    q i   ( z )  ≠ 0 ,  q i   0  = 1   for   i ∈  1 , 2   . Suppose that     z  q  i  ′   ( z )     q i   ( z )      is starlike univalent in U for   i = 1 , 2   and   q 1  ,   q 2   satisfy (5). If   f ∈ A  ,         I  m + 1 , β    ( λ , l )  f  ( z )   z    μ  ·       I  m , β    ( λ , l )  f  ( z )   z    η  ∈ H  [  q i   ( 0 )  , 1 ]  ∩ Q   and    ψ  μ , η   m , λ , β , l    ( a , b , c , ξ ; f )    is univalent in U, then


    α + β  q 1   ( z )  + γ   (  q 1   ( z )  )  2  + ξ   z  q  1  ′   ( z )     q 1   ( z )    ≺  ψ  μ , η   m , λ , β , l    ( a , b , c , ξ ; f )     



(30)






    ≺ α + β  q 2   ( z )  + γ   (  q 2   ( z )  )  2  + ξ   z  q  2  ′   ( z )     q 2   ( z )       








implies


    q 1   ( z )  ≺       I  m + 1 , β    ( λ , l )  f  ( z )   z    μ  ·       I  m , β    ( λ , l )  f  ( z )   z    η  ≺  q 2   ( z )  ,  z ∈ U ,  z ≠ 0   



(31)




and   q 1  ,   q 2   are the best subordinant and the best dominant, respectively.





We deduce a similar result from Theorems 4 and 6.



Theorem 8.

Consider   a , b , c , ξ , μ , η ∈ C  ,   η ≠ 0  ,   ξ ≠ 0  ,   λ > 0   and let   q i   be convex univalent functions in U such that    q i   ( z )  ≠ 0 ,  q i   0  = 1   for   i ∈  1 , 2  .   Suppose that     z  q  i  ′   ( z )     q i   ( z )      is starlike univalent in U for   i = 1 , 2   and   q 1  ,   q 2   satisfy (5). If   f ∈ A  ,         I  m + 1 , β    ( λ , l )  f  ( z )   z    μ  ·       I  m , β    ( λ , l )  f  ( z )   z    η  ∈ H  [  q i   ( 0 )  , 1 ]  ∩ Q   and    ϝ  μ , η   m , λ , β , l    ( a , b , c , ξ ; f )    is univalent in U, then


    α + β  q 1   ( z )  + γ   (  q 1   ( z )  )  2  + ξ   z  q  1  ′   ( z )     q 1   ( z )    ≺  ϝ  μ , η   m , λ , β , l    ( a , b , c , ξ ; f )     



(32)






    ≺ α + β  q 2   ( z )  + γ   (  q 2   ( z )  )  2  + ξ   z  q  2  ′   ( z )     q 2   ( z )       








implies


    q 1   ( z )  ≺       I  m + 1 , β    ( λ , l )  f  ( z )   z    μ  ·       I  m , β    ( λ , l )  f  ( z )   z    η  ≺  q 2   ( z )  ,  z ∈ U ,  z ≠ 0   



(33)




and   q 1  ,   q 2   are the best subordinant and the best dominant, respectively.





Corollary 5.

Consider   a , b , c , ξ , μ , η ∈ C  ,   η ≠ 0  ,   ξ ≠ 0  ,   λ > 0  . Suppose that   − 1 ≤  B i  <  A i  <   1. If         I  m + 1 , β    ( λ , l )  f  ( z )   z    μ  ·       I  m , β    ( λ , l )  f  ( z )   z    η  ∈ H  [ 1 , 1 ]  ∩ Q   and    ψ  μ , η   m , λ , β , l    ( a , b , c , ξ ; f )    is univalent in U, then


    a + b   1 +  A 1  z   1 +  B 1  z   + c      1 +  A 1  z   1 +  B 1  z     2  + ξ     A 1  −  B 1   z    1 +  A 1  z   1 +  B 1  z    ≺  ψ  μ , η   m , λ , β , l    ( a , b , c , ξ ; f )     



(34)






    ≺ a + b   1 +  A 2  z   1 +  B 2  z   + c      1 +  A 2  z   1 +  B 2  z     2  + ξ     A 2  −  B 2   z    1 +  A 2  z   1 + B 2 z       








implies


      1 +  A 1  z   1 +  B 1  z   ≺       I  m + 1 , β    ( λ , l )  f  ( z )   z    μ  ·       I  m , β    ( λ , l )  f  ( z )   z    η  ≺   1 +  A 2  z   1 +  B 2  z   ,  z ∈ U ,  z ≠ 0 ,    



(35)




and     1 +  A 1  z   1 +  B 1  z    ,    1 +  A 2  z   1 +  B 2  z     are the best subordinant and the best dominant, respectively.





Corollary 6.

Let   a , b , c , ξ , μ , η ∈ C  ,   η ≠ 0  ,   ξ ≠ 0  ,   λ > 0 .   Suppose that   − 1 ≤  B i  <  A i  <    1 ,  B i  ≠ 0 ,     δ i  ∈ C  ,    δ i  ≠ 0  , for   i = 1 , 2  . If         I  m + 1 , β    ( λ , l )  f  ( z )   z    μ  ·       I  m , β    ( λ , l )  f  ( z )   z    η  ∈ H  [ 1 , 1 ]  ∩ Q   and    ϝ  μ , η   m , λ , β , l    ( a , b , c , ξ ; f )    is univalent in U, then


   a + b   ( 1 +  B 1  z )     δ 1   (  A 1  −  B 1  )    B 1    + c   ( 1 +  B 1  z )    2  δ 1   (  A 1  −  B 1  )    B 1    + ξ   z  δ 1   (  A 1  −  B 1  )    1 +  B 1  z   ≺  ϝ  μ , η   m , λ , β , l    ( a , b , c , ξ ; f )    



(36)






   ≺ a + b   ( 1 +  B 2  z )     δ 2   (  A 2  −  B 2  )    B 2    + c   ( 1 +  B 2  z )    2  δ 2   (  A 2  −  B 2  )    B 2    + ξ   z  δ 2   (  A 2  −  B 2  )    1 +  B 2  z     








implies


     ( 1 +  B 1  z )     δ 1   (  A 1  −  B 1  )    B 1    ≺       I  m + 1 , β    ( λ , l )  f  ( z )   z    μ  ·       I  m , β    ( λ , l )  f  ( z )   z    η  ≺   ( 1 +  B 2  z )     δ 2   (  A 2  −  B 2  )    B 2      



(37)




and    ( 1 +  B 1  z )     δ 1   (  A 1  −  B 1  )    B 1    ,   ( 1 +  B 2  z )     δ 2   (  A 2  −  B 2  )    B 2     are the best subordinant and the best dominant, respectively.






3. Discussion


In the present paper, we proposed a new form of a differential operator    I  m , β    ( λ , l )   , which generalizes several operators introduced earlier by many other researchers. Relevant connections of the proposed operator with other differential operators are considered. By making use of this operator, we derived the new results. First, we review some of the basic results on the theory of subordination and supeordination results.



Using the method of admissible function, we deduced certain differential subordination results associated with two properties of the newly introduced operator. After that, using the dual notion of subordination, namely that of superordination, we established the corresponding results in terms of superordination. In addition, using specific well-known univalent functions, we derived interesting corollaries that provide the best dominants and the best superordinats.



Finally, future research could address the results of this study. The proposed methodology constructed in the obtained corollaries could inspire other papers in finding several particular function as examples. These new results provide a theoretical basis for further studies. Therefore, many interesting outcomes can be derived using the differential subordination and superordination theory.
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