symmetry

Article

A p-Adic Matter in a Closed Universe

Branko Dragovich 2

check for
updates

Citation: Dragovich, B. A p-Adic
Matter in a Closed Universe.
Symmetry 2022, 14, 73. https://
doi.org/10.3390/sym14010073

Academic Editor: Vladimir

Al Osipov

Received: 28 November 2021
Accepted: 2 January 2022
Published: 4 January 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://

creativecommons.org/licenses /by /
4.0/).

1
2

Institute of Physics, University of Belgrade, 11080 Belgrade, Serbia; dragovich@ipb.ac.rs
Mathematical Institute, Serbian Academy of Sciences and Arts, 11000 Belgrade, Serbia

Abstract: In this paper, we introduce a new type of matter that has origin in p-adic strings, i.e., strings
with a p-adic worldsheet. We investigate some properties of this p-adic matter, in particular its
cosmological aspects. We start with crossing symmetric scattering amplitudes for p-adic open strings
and related effective nonlocal and nonlinear Lagrangian which describes tachyon dynamics at the
tree level. Then, we make a slight modification of this Lagrangian and obtain a new Lagrangian for
non-tachyonic scalar field. Using this new Lagrangian in the weak field approximation as a matter
in Einstein gravity with the cosmological constant, one obtains an exponentially expanding FLRW
closed universe. At the end, we discuss the obtained results, i.e., computed mass of the scalar p-adic
particle, estimated radius of related closed universe and noted p-adic matter as a possible candidate
for dark matter.

Keywords: p-adic strings; p-adic matter; p-adic scalar field; nonlocal cosmology; closed universe

1. Introduction

p-adic numbers were invented (discovered) by mathematician K. Hansel in 1897. Their
initial use in physical systems modeling was conducted by I. V. Volovich [1] in 1987 by
construction of some string scattering amplitudes in terms of p-adic analysis; see also [2].
This work has induced a lot of activity, not only in p-adic string theory, but also in many
other sectors of modern mathematical and theoretical physics—what is now known as
p-adic mathematical physics. We refer to the reviews [3-6].

Let us recall that classical theoretical physics uses mathematical methods based on
real numbers, whereas quantum theory is inherently related to mathematics with complex
numbers, which are algebraic extensions of real numbers. General relativity combined
with quantum mechanics predicts the Planck length as the smallest length that can be
measured [4]. In other words, there is breakdown of the Archimedean axiom at the
Planck scale and the problem of how to use methods with real and complex numbers
emerges, since their geometrical properties are based on the Archimedean norm. Then,
the following question arises: are there some other numbers that could be relevant to
approach the very small space-time (Planck) length? A possible answer could be related
to a hypothesis [7] which assumes that space-time, at very short distances, may be non-
Archimedean (ultrametric) and p-adic numbers could play some significant role. If so,
then string worldsheets may be not only real but also p-adic. This was realized by the
construction of some new string amplitudes replacing a real worldsheet by its analog with
p-adic numbers. Strings with p-adic-valued worldsheets are called p-adic strings.

Progress in p-adic string theory has been mainly developed in two directions, namely,
towards the p-adic analog of conformal field theory, in particular AdS/CFT correspondence,
e.g., see [8,9]; and along an effective Lagrangian [10,11] for the scalar field, that describes
all scattering amplitudes on the tree level, see [3,4] as a review for initial research. The
research work contained in the present paper is based on this effective Lagrangian.

Let us mention some interesting points related to the effective Lagrangian (10) for
p-adic open strings, which was constructed in 1988 [10,11]. Since it does not contain p-
adic ingredients, but only real terms, there is no need to know and use p-adic analysis,
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which simplifies further elaboration of p-adic string theory. In fact, this Lagrangian (10)
is exact at the tree level and contains a scalar field (tachyon) with a nonlocal kinetic term
and nonlinear potential. It is also worth mentioning the following: demonstration of
tachyon condensation [12], connection to the ordinary bosonic string in the limit p — 1[13],
investigation of dynamics with infinitely many time derivatives [14] and exact solutions [15],
inflation [16] and some other features (see reviews [3,5,6]).

Let us recall that p-adic strings have connections with ordinary strings not only in
the limit p — 1 [13,17,18] but also through an adelic product formula of ordinary and
p-adic crossing symmetric Veneziano amplitudes [19,20] (see next section). Despite these
connections, p-adic strings have been treated as auxiliary constructions with respect to
ordinary strings, often as a toy version of the ordinary ones. However, if ordinary matter
has its origin in ordinary strings, why could p-adic strings not generate p-adic matter?
In this paper, we consider how non-tachyonic matter can be obtained from Lagrangian
for p-adic tachyons and demonstrate that this new matter makes sense in the case of a
closed universe.

This article is organized as follows: In Section 2, some basic facts about p-adic numbers,
adeles, amplitudes for scattering of open p-adic strings and an effective nonlocal Lagrangian
with an equation of motion are presented. Section 3 is devoted to p-adic matter; the
Lagrangian for p-adic strings is slightly modified to obtain the well-defined new one,
the dynamics of p-adic scalar particles is considered in weak field approximation and a
cosmological solution is found and presented in the case of a closed universe fulfilled by
p-adic matter with the cosmological constant. Concluding remarks, which contain some
discussions on the mass of p-adic particles and the radius of the related closed universe,
are the subject of Section 4. There is also an Appendix with some details on derivation of
the equations of motion in the case of a nonlocal scalar field.

2. On p-Adic Strings

In this section, we recall basic facts about p-adic strings. Since they have p-adic
worldsheets, we start with some mathematical background.

2.1. p-Adic Numbers, Adeles and Their Functions

For those who are not familiar with p-adic numbers, adeles and their functions, here
are some basic introductory facts. To this end, it is useful to start with the field of rational
numbers Q, since Q is important from a physical and mathematical point of view. In physics,
all numerical results of measurements are rational numbers. In mathematics, Q is an infinite
number field. With respect to a given prime number p, any non-zero rational number x
can be presented as x = %p”, where a,v € Z and b € N; further, a and b are not divisible
by p. Then, by definition, the p-adic norm (also called p-adic absolute value) is x|, = p~"
and 0], = 0. One can easily show that |a|, < 1, for any a € Z and any prime p. From
the above definition, it follows the strong triangle inequality |x + y|, < max{|x|,, |y|y},
i.e., the p-adic norm is an example of ultrametric (non-Archimedean) norm. The p-adic
distance between x,y € Qis dy(x,y) = |x — y|,. In the same manner, as the field R of real
numbers obtains from Q by completion with respect to the real distance d(x,y) = |x — y|,
so the completion of Q using a p-adic distance gives the field Q, of p-adic numbers, for
any prime number p.

Any non-zero p-adic number 0 # x € Q, has unique representation in the follow-
ing form:

x=p'(xo+x1p+xp*+..), VEL x#0, x,€{0,1,.,p—1}, )

where x,, are digits. For instance, —1 = p—1+ (p —1)p + (p — 1)p? + ... for any given
prime number p.

There are mainly two kinds of functions with p-adic argument, (i) p-adic-valued
functions and (ii) complex (real)-valued functions. For example, p-adic-valued elementary
functions are defined by the same infinite power series as in the real case, but their conver-
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gence is subject to the p-adic distance. There are three typical complex-valued functions of

the p-adic argument x:

e  multiplicative character: 7tp(x) = x|}, c € C;

e additive character: x,(x) = exp(2mi{x},), where {x}, is a fractional part of x;

e characteristic function: Q(|x|,) = {1 %f *lp <1,
0 if |x|, > 1.

There is a well-defined integration of complex-valued functions with the Haar measure,
1—p’1
1— p—a 7

see [4]. For example, f‘
number, with a > 0.
According to the Ostrowski theorem, real and p-adic numbers are all possible numbers
that can be obtained by completion of QQ with respect to any nontrivial norm on Q. Q is a
common subfield of R and all Qy.
Adeles are a concept that takes together real and p-adic numbers. By definition, an
adele is the following infinite sequence:

Il*l _ . . . .
xlp<1 |x|p = where x is a p-adic variable and a is a complex

& = (Koo, X2, K3, o0y Xp, ...), )

where &, € Qo = R and, for all but a finite set P of primes p, it must be satisfied that
xp € Zp = {x € Qp : |x|p < 1}. Z, is called a ring of p-adic integers. The set Ag of all
adeles over QQ can be defined as

Ag=UJAMP), AMP)=Rx][]Qpx[]Z. 3)
P

peP p¢P

Ag is called an adele ring, since it satisfies, component-wise, addition and multiplica-
tion. Note that the components of an adele can be rational numbers; thus, Q is naturally
embedded in Ag. Hence, adeles can be viewed as a generalization of rational numbers that
takes simultaneously into consideration all their completions.

There are many useful adelic product formulas which connect real and all p-adic
constructions of the same form; e.g., see [4]. Some simple cases are:

* @)L mp(x) = XTI lx[p =1, 0#xeQ
* Xeo(x) I, xp(x) = p—27ix T, ity =1, x e Q.
In the next subsection, we present adelic product formulas for string amplitudes.

Above, some very basic properties of p-adic numbers and adeles are presented. For
more information, we refer to books [4,21,22].

2.2. p-Adic Open String Amplitudes

It is worth noticing that string theory started with the Veneziano amplitude. Let us
recall that, by definition, the crossing symmetric Veneziano amplitude for the scattering of
ordinary two-open strings is

Aw(b) = & [ 13157 1 - 2l deox @

2 ((1—a) ZA-0b) (A —c)
) o) L)
where a,b, c € C are related to kinematical quantities with a condition, | - |- denotes the

usual absolute value and ( is the Riemann zeta function. Then, the analogous p-adic
Veneziano amplitude is defined as follows [2]:

=g a+b+c=1, ©)
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AﬂmmZg?@ﬂﬂgll—ﬂﬁl@x ©)
1— a—1 1— b—1 1— c—1
21-p p p
:gp 1—p—a _p=b 1 —p-c’ (7)
pt 1-p p

where 4, b and ¢ are the same quantities as in the above real case. It is obvious that the
amplitude in (7) is symmetric under any interchange among a,b and c. Note that the
form of Expressions (4) and (6) is the same and contains analogous ingredients. Only
the integration is different—along a real axis in (4) and over Q, in (6). Regarding the
integration of the p-adic integral in (6), one can see [3,4]. Finally, one can say that the
difference between p-adic and ordinary strings is in their worldsheets, i.e., p-adic and real
worldsheets, respectively. Both these kinds of strings are related to tachyons [3].

Recalling the Euler expression of the Riemann { function and taking the product of (7) over
all primes, one obtains the Freund-Witten formula [19] for the above Veneziano amplitudes.

A(a,b) = Aco(a,b) [ [ Ap(a,b) = 9% Hgf, = const. 8)
p p

Formula (8) tells us that the amplitudes of the above p-adic and ordinary strings are
on equal footing, that they may be different faces of an adelic string and that complicate
ordinary amplitude with the Riemann zeta function can be expressed as the infinite product
of inverse p-adic amplitudes, which are elementary and simpler functions.

By a similar procedure one can define the amplitudes for p-adic closed strings and
the corresponding adelic formula also exists; as a review, see [3]. However, this article is
devoted only to p-adic open strings.

2.3. Effective Field Theory for p-Adic Open Strings

It is very interesting and important that there is an effective field theory model that
can reproduce the p-adic string amplitudes in (7). The corresponding action [10,11] for the
scalar field ¢(x) in D-dimensional Minkowski space is

" 1 _1n 1
S, = / dD — = 2m2 = pptl P 9
= [ dx (= g0p 2 et g0 ©)
2
where 0, = ’g—g%, p is a prime number and [J = —aa—:z + ZlD: _11 ai% is the d’Alembert

operator (¢ = 1) in D-dimensional space-time. Note that Action (9) is invariant (symmetric)
under discrete transformation ¢ — — ¢ if the prime number p > 3 and is asymmetric when
p = 2. Field ¢ and mass parameter m can also depend on the prime p, but, for simplicity,
we omit index p. A similar, effective field theory was also constructed for closed p-adic
strings. This model (9) describes not only four-point scattering amplitudes (7) but also all
higher (Koba—Nielsen) ones at the tree-level.

The corresponding Lagrangian

1

1 _ 10 1
Lp=0p (— PP Mt 4)’7“), (10)

contains a nonlocal kinetic term with infinitely many space-time derivatives in the form
_ 1
p 2m? - and nonlinear potential with ¢”*! interaction.
The equation of motion (EoM) related to Lagrangian (10) is

_ 10 _Inp

p 2m2 q) =e Zmz‘:‘q) = q)p (11)
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There are trivial solutions ¢ = 0, 41 for any p as well as ¢ = —1, when p # 2. In the
Minkowski space, there is a nontrivial homogeneous and isotropic time-dependent solution

= P—1 55
— 2(p-1) r
(t) = p2r exp (Zplnpm #) (12)

and also an inhomogeneous solution in any spatial direction x’

i - p—1 o i
— 20 _
o) = pr T exp (= 5 ()?). (13)

In D-dimensional space-time, the solution is [15]

2 p—1 5 5 2 2 R o
= p2p-1) - - - - _
p(x) = p2 exp( 2plnpm x ), x 2+ l; (x")2. (14)

For example, the solution in (12) can be obtained employing the identity
A2 B2 1 B2
et e?t = ———¢T-448, 1—4AB > 0. (15)

All the above solutions of EoM (11) are unstable [23].
The corresponding potential V;,(¢) = —L, (00 = 0) of Lagrangian (10) is

1, 1

— o[22 1 pl

Volg) = 0|50 17 | (16)

which has local minimum V,(0) = 0 for all p and local maxima V»(1) = 2 and V,(£1) =

Jp%, when p # 2. When p = 2 and p = 3, these potentials are illustrated at Figure 1.
When p # 2, all potentials are an even (symmetric) function of ¢.

Let us consider the above scalar field ¢ in a vicinity of its unstable value ¢ =1, i.e., let

us take ¢ = 1+ 5, where || < 1. Then, EoM (11) becomes

p

,(M72+1)
T+n) =0+ ~=Q+py), =p ‘22 /=7, (17)

which gives M? = —2m?, i.e., the scalar field ;7 (@) presents a tachyon.

Vy V3
1.5 1.5
1 1
0.5 0.5
-1 1 P ¢ =2 71 1 2 ¢
-0.5 -0.5
-1 -1
-1.5 -1.5

Figure 1. The 2-adic string potential V,(¢) (on the left) and 3-adic potential V3(¢) (on the right) of
standard Lagrangian (10), where potential is presented by Expression (16) with 0, = 1.

3. Scalar p-Adic Matter

We are now going to slightly modify Lagrangian (10) with the intention to obtain a
new Lagrangian for a similar scalar particle which is not a tachyon. Another direction of
research based on Lagrangian (10) is towards zeta strings that take into account the effects
of p-adic strings over all primes p; see [24] and references therein.
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3.1. Non-Tachyonic p-Adic Scalar Field in Minkowski Space

To this end, for some prime p, let us consider the transition —m? — m? in (10); see an
initial consideration in [25,26]. To differ from a tachyon, we denote this new scalar p-adic
field by ¢. Note that, by replacing —m? with m?, the new related Lagrangian becomes

D 1 o
LP((p) = (_1)7 Up[— E(PpZmz ¢+

where the change ¢, — (-1) 7

sionality D, we have

+1 if D=4k

D -1 if D=4k+2
+i if D=4k+1
—i if D=4k+3,

p+1

ol (18)

0p is taken into account. Depending on space—time dimen-

(19)

where k € N. According to (19), it follows that Lagrangian (18) can be real only when space-
time dimensionality D = 2,4, 6, ... Note that the kinetic term is positive when D = 4k + 2,
i.e., including D = 10 and 26, which are critical dimensions in string theory.

The equation of motion for the scalar field ¢ is

0
prt ¢ =¢F

(20)

and it has the same trivial solutions as the previous field ¢, i.e., ¢ = 0and ¢ = 1 for any p
and ¢ = —1, if p # 2. There are also nontrivial solutions, such as (12)—(14), where one has

to replace m? with —m?.

When D = 2 + 4k, Lagrangian (18) is

n? — ptl
L) =y 3007 0= g 07, @1)
and the corresponding potential becomes
1
— p+1 _ = 2
V(@) = oy [ g 97 - 347 @2)

Note that, now, L,(¢) = —L,(¢) and V,(¢) = —Vy(9).

The trivial solutions of EoM (20) have the following meaning: ¢, = 0 is a local

maximum and ¢, = +1and ¢, =

Vz
1.5

+1, with p # 2, are local minima; see also Figure 2.

Vs

Figure 2. New potentials V»(¢) and Vz(¢), which are defined by (22).

Figure 1, but with opposite sign.

This is the same potential as in
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Let us consider field ¢ around minima ¢ = +1. For example, let ¢ = 1 + 8 in the case
when D = 2 + 4k. Then, the EoM for weak field 6, i.e., |0] < 1, becomes

o
)

p? (1460)=(1+60)7, = p%B:pG. (23)

0
Let us look for a solution of EoM p2n? § = p 6 in some detail. In fact, we have equation

IHPD lnpD (M)ZDZ

em? g — (1+2 5a) o - )9=p9, (24)

which has a solution when the following Klein-Gordon equation is satisfied:

D-1 2
o

(O—2m*)6 =0, where 0= — 2+Z (25)
ot 1133@

and we have that 8 ~ ¢*/(=Et+K%) is 3 scalar field with E2 = 2m? + k2.

The above consideration is related to a scalar field in the D-dimensional Minkowski
space. In the next subsection, we want to study some cosmological aspects of field 6 in
4-dimensional space-time.

3.2. A Closed Universe with p-Adic Matter

Let us start with a 4-dimensional gravity with a nonlocal scalar field ¢ and cosmologi-
cal constant A, given by the Einstein-Hilbert action

Szy/\/jgd4x (R —2A) + Sy, (26)

where v = ﬁ, R is the Ricci scalar and

m—o/Fd”‘ D)g — U(9)), 27)

where F(O) = Y57 f» 0" is a nonlocal operator and U(¢) is a part of the potential. Note
that, now, 0 = V, V¥ = —=0,,\/=8g"" dy.

According to the variation in Action (26), with respect to 6g*” and d¢ and the principle
of least action, the equations of motion for gravity field g;, and scalar field ¢ are as follows:

V(G + Aguv) — %gzﬂf PF(O)¢ + guv g u(e) + % Qu(p) =0, (28)
F(O)¢ - U'(¢p) =0, (29)

where

(9 2 fo 2 [ (VO PV g+ g

—2v,0 ’4>V,,D”_1_E¢} . (30)
For details about the derivation of Equations of motion (28), we refer to [27]; see also

Appendix A.
As a matter of interest, we take the p-adic scalar field given by its Action (21)

P_UP/Fd4 %D4’ p+14’p+l) (31)
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2
% and p is a prime number. Note that, in (31), we have 4-

dimensional space-time, but this takes the same signs in the Lagrangian as in the case
D = 4k + 2. The reason for this choice is to have the correct sign in front of the kine-
matic term.

The equation of motion for p-adic field ¢ has the same form as the previous one,
(20), i.e.,

where, again, 0, =

OQ‘S
=M<y

pap = uip = g7, (2)
but [J now depends on the gravity field g,,. It has the same trivial solutions, as in the
Minkowski space-time.

The potential V),(¢) is already given by Expression (22) and V; and V3 are presented
in Figure 2.

In the sequel, we are interested in cosmological solutions of the Equations of motion
(28) and (29) in the homogeneous and isotropic space given by the Friedmann-Lemaitre—
Robertson—-Walker (FLRW) metric, as follows:

dr?

1— kr?

ds? = —di® + a*(t) ( + 12 d0? + 12 sin? 9 d<p2), (33)
where a(t) is the cosmic scale factor and k = 0,41, —1 for the plane, closed and open
universe, respectively. Owing to the symmetries of the FLRW metric, there are only two
independent Equations of motion (28), which are usually trace

4A — R — o F(O) + 20U () + %Q =0 (34)
and 00-component
NGoo — A) + 3 PFO)9— 5 U) + T Qoo(9) =0, (35)

where Q) = ¢""(),,. We return to (34) and (35) after some elaboration of the EoM for field
¢in (32).

Let us look for a solution of (32) in a weak field approximation around local minimum
¢ =1, thatis, ¢ =1+ 6, where |f] < 1. As in (23), again, we have

O

O
pr? (1+6)=(1+6)", = p»6=p9, (36)
where, now,

2 9 a
D__ﬁ_?’H&’ H_E (37)
and H is the Hubble parameter.
Equation

P70 = po (38)

has solution if there is a solution of (06 = 2m20, i.e.,

026 00 )

— +3H—+2 =

o2 +3 8t+ m=0 =0, (39)
where the Hubble parameter H = 4/4 may be a function of cosmic time, which depends
on the scale factor a(t). The simplest case is H = constant and it corresponds to the scale

factor a(t) = AeH*. When H is constant, Equation (39) is a linear differential equation with
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constant coefficients and has solution in the form 6(t) = C e™, where A must satisfy the
quadratic equation

A% +3HA +2m? = 0. (40)

The solution of Equation (40) has the form A, = —8H:VIH" —8m” ngz_gmz, where H and m can
be connected as H = +m, which yields the simple solutions A _ = dm. It follows that the
general solution of Equation (39) can be written in the form

0(t) =C_e ™ +Cyet™ =0_(t) +0.(t), (41)

where C_ and C are integration constants. Note that H and A must have opposite sign.
Hence, we have the following pairs:

(ay(t),0-(1)) : ar(t)=Aset™, 0 (t)=C_e ™, (42)
(a—(t),04(t)) : a_(t)y=A_e ™, 0,(t)=Ciet™, . (43)

The next step is to explore how the solution in (41) satisfies the corresponding equa-
tions of motion for a gravitational field. To this end, we have to rewrite the Einstein—Hilbert
action with weak field approximation for scalar field ¢, i.e., we have to rewrite (26) in terms
of field 6. The corresponding action is

S:fy/d4x\/jg(R—2A)+Up/d4x V-8 (% GP%G—592+%>, (44)

_ _p-1
where ap = ISR

The potential V},(6) = —L,(0 = 0) is

V,(0) = (7,7(’77_192 —a) (45)

and it has the form resembling that of the harmonic oscillator.
We can now return to the Equations of motion (34) and (35). With the relevant replacements

=0, oo, U®) = gez —ap, (46)
we have
(44 = R) — 0, 0F(D)6 + 20, (£ ez—ap)+% Q=0, 47)
7(Goo — A) + % OF ()0 — % (62— ) + % Qoo (6) =0, 48)
where
E(0) = po — io (;‘7@)"% o — ’gfnmn. (49)

0
We show above that there is a field 8 which satisfies the EoM p2n26 = p 6. This
simplifies the above equations and we come to

(o
Y(4A — R) — 20,0, + Z” Q(6) =0, (50)

0, 0,
v(Goo — A) + 7” ap + Z” 0o (8) = 0. (51)
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Let us recall that, in the FLRW metric,

G00:3(Z—§+§2), 6( + 2+ k) (52)

Computation (52) for the scale factors a, (t) = Are™ and a_(t) = A_e ™ gives

G )—3(m + ) :3(m2+ —2"”), (53)

Giy! =3(m? + o ):3(m2+ “’"t), (54)

R, = (2m2 + %) = 6(2m2 + = —2”“), (55)
+

R =620+ ) = 6(2m? + 5 e72). (56)

Direct calculation of Q(0) = g"" (),,(6) and Qg (6), where (see (31))

Zf" Z [gw V“DZGV“D" 1- EQ‘FDécPD” 69)

—~ ZVMDZGVVD””*E()}, &)
yields
Q- =Q(0-)=3plnp6* =3plnp C2 e~ 2™, 8)
Q, =Q(6;) =3plnp 0% =3plnp C2 2, (59)
968) 2000(9—)2—%plnp92_ Z—%plnpcz_ o2mt (60)
Q(()ar) 2000(9+):—gplnp92 :—gplnpci p+omt 61)

One can now easily verify that EoM (50) and (51) are satisfied in the following way:

+
’Y(G(()o)* )+2p“p+4pgoozo (63)
with the conditions
6ym* + opnp —2yA =0, plnpo, AZCL —8yk=0, k=+1, (64)
or, in a more explicit form,
2
Azsm?e 6 P e (65)
Zop-1"
3
1 _2nGp Inp - (66)

(AxCy)> & P— "

Therefore, there is a solution of the corresponding equations of motion only in the pair

form (a+(t),0+(t)).

4. Concluding Remarks

It is worth noting that (65) contains the connection between the cosmological constant
A and mass m of a p-adic scalar particle (that we call p-adic scalaron or p-scalaron). For a
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small mass m, as well as not a big value of prime number p (it makes sense to take p = 3)
and g2 > 1, one can neglect the second term on the RHS with respect to 3m2. As a result,
one obtains A =~ 3m?, which is written in the natural units (# = ¢ = 1). In the international
system of units (SI), the previous relation should be rewritten as

h |\
mmc—z 3 (67)

From (67), we can compute the approximate value of mass m, where
h=1.05x10"*m?kg/s, c =3 x10°m/sand A = 3H?’Q, = 9.8 x 1076572,
We obtain that the mass of p-scalaron is

m 2.1 x 10~ %kg, (68)

which is about a 1073 part of the mass of the electron (m, = 9.1 x 10~3! kg). Note that, in
the above approximation (67), the mass of the p-adic scalaron does not depend on p.

Equality (66) tells us that the product of the radius R = A+ of the closed universe
under consideration and amplitude C= of the p-adic scalaron field is a constant that depends
on the p-scalaron’s mass m. Rewriting (66) and using the SI system, we have

- | w3 1 8 p—1

Now, one can estimate radius the R = A4 of the related closed universe (where
G = 6.67 x 10~ m2kg~!s~2) , that s,

/S|
R=Py{/— —— ~P, x10% 7
P\ 27mc m2\/G p x 107 m, (70)

which is a huge number, many times larger than the radius of our observable universe.
Since a p-scalaron has an extremely small mass (68), it is unlikely to be detected in
laboratory experiments. However, if the density of p-scalarons is sufficiently large at
the galactic scale, then they may play a significant role as dark matter. In addition to
gravitational interaction, p-scalarons have also nonlinear and nonlocal self-interaction that
gives a solitonic form to the effective scalar field in the 4-dimensional Minkowski space, i.e.,

2

2 p—1 2> 2 2 N2
q)(x) :p(/ﬂ—) exp (Wm X ), X< = —t —i—Z(x) . (71)
i=1

Note that some dark matter effects at the cosmic scale can be obtained as nonlocal
modification of the Einstein gravity; see [28]. A role of nonlocality in cosmic dark energy,
bouncing and cosmic acceleration is also considered in the framework of string field theory;
e.g., see [29,30] and references therein.

The main results presented in this paper are:

¢ Construction of Lagrangian for p-adic matter field and investigation of its equation of
motion in weak field approximation.

¢  Itisshown that a closed universe fulfilled by p-adic matter and a cosmological constant
has an exponential expansion.

* A connection between the mass of p-adic scalar particle and the cosmological constant
is obtained.

*  The mass of p-adic scalar particle is computed.

e A formula that connects the radius of the closed universe under consideration with the
mass of a p-adic scalar particle is obtained and the corresponding radius is estimated.
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*  The corresponding notion of p-scalaron is proposed and its possible connection with
dark matter is conjectured.

In the end, it is worth noting how to see some trace of p-adic worldsheets in the above
effective nonlocal scalar field theory. To this end, let us consider EoM (20) in the simplified
form when spatial coordinates are fixed, i.e.,

2
w0 (1) = P (b). (72)
Using Fourier transform ¢(t) = [ ¢(E)et'dE, one can rewrite (72) in the form
. E2
[ P22 B(E) eldE = 97 (1), 73)

Let us recall that, according to the p-adic integration with the Haar measure (e.g.,
see [4]), one has

/@ . [l xp(u)du = —p*~L, Ra >0, (74)

where u is a p-adic variable. Replacing adequately (74) in (73), one obtains

£2

[, W X ) F(E) e = g7 ), 75

A similar procedure can be also conducted in the above effective Lagrangians. One
can now conclude that, by some way, a p-adic variable u is related to the p-adic worldsheet.
Note that the prime number p can be extended to any natural number # > 2 in Lagrangians
(10) and (21), but, when n # p, there is no analogue of Equation (74) and no direct
connection with a p-adic string.
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Appendix A. Derivation of Q, (¢)

Here, there are some main steps in the derivation of (0, (¢) in EoM (28), where O, (¢)
is given by Equation (30); for more details, see [27].

What has to be conducted is the elaboration of the variation in the nonlocal operator
SF(O) = yo fu o0

Let H and G be scalar fields. Then, for any natural number #, we have

1= [ MG =g d'x = [ MgV, 9,07G) gt
- /M’H(WVV 0"1G sg +gw(5(vyva”‘1g)) V—gdix

:/M’H(vyvv O 1Gag +D3(T1G) — (VAT 1G)gM T}, ) /g d,
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where
ghory, = —%g’“’ (80 V0™ + 81a V08 — 81080p V58 )
= —% (h7,08™ + 549,68 — dygup V")
= f%(zvyagw — gu'V'ogh).
Further, using Stokes’ theorem, we obtain
51 = /M H(V, V.0 1gegh + 060 1g
+ %V,\anlg(zvyég’\” — g;wV’\(Sg””)> V-8 d*x
= | MV, 0.0 Gogh =g dx+ /M H 060 1G/~g dix
- /M Y, (HVAO"1G)ogM /=g dix
+ % /M G VA (HV,O"1G)og /g d*x
= /M H O8O 1G /g dx — /M Y HV O 1Gogh /—g dix
+ % /M g (VIHV,\O" G + HOO1G)égh \/—g d*x
- /M H 060" 1G/—g d*x + % /M Suw(H,0"71G)ogh /g d*x,
where the following notation is used:
Suv(A,B) = guv(V*A V4B + AOB) — 2V, A V,B.
The partial integration in the first term of Formula (A1) yields
ol = /M OH 601G /—g d*x + % /M Suw(H,0"71G)dg" \/—g d*x.

Repeating the above procedure n — 1 times, we obtain
ol = / (D"?—l 5G+ 1 f S (O'H anlffg)agW) /=g d*x.
M 257" /
Since G = 0, we have
1 ¢ 1-¢ 4
o1 =5 [;}SW(D 1,0 _’g)(SgVV)«/—g dix.
Finally, taking H = G = ¢, we obtain

00 n—1
va(‘l’) = Zlfn 1/20 Syv(Déqb, anlfqu)

n—1

= i fo X (g (V'O V0"l + Ofp0" ') — 2V, 0%V, 0" 1 p).
=1

(=0
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