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Abstract: In this paper, we consider the Brinkman equations pipe flow, which includes the salinity
and the temperature. Assuming that the fluid satisfies nonlinear boundary conditions at the finite
end of the cylinder, using the symmetry of differential inequalities and the energy analysis methods,
we establish the exponential decay estimates for homogeneous Brinkman equations. That is to prove
that the solutions of the equation decay exponentially with the distance from the finite end of the
cylinder. To make the estimate of decay explicit, the bound for the total energy is also derived.

Keywords: spatial decay estimates; Brinkman equations; Saint-Venant principle

1. Introduction

The Brinkman equations are one of the most important models in fluid mechanics.
This model are mainly used to describe flow in a porous medium. For more details, one
can refer to Nield and Bejan [1] and Straughan [2]. In the present paper, we define the
Brinkman flow depending on the salinity and the temperature in a semi-infinite cylindrical
pipe and derive the spatial decay properties. When the homogeneous initial-boundary
conditions are applied on the lateral surface of the cylinder, We prove that the solutions of
Brinkman equations decays exponentially with spatial variable.

In fact, the Brinkman equations have been studied by many papers in the literature.
For example, Straughan [2] considered the mathematical properties of Brinkman equations
as well as Darcy and Forchheimer equations, and stated how these equations describe
the flow of porous media. Ames and Payne [3] studied the structural stability for the
solutions to the viscoelasticity in an ill-posed problem. Franchi and Straughan [4] proved
the structural stability for the solutions to the Brinkman equations in porous media in a
bounded region. More relevant results one can see [5-10]. Paper [11] studied the double dif-
fusive convection in porous medium and obtained the structural stability for the solutions.
The continuous dependence for a thermal convection model with temperature-dependent
solubility can be found in [12]. For more recent work about continuous dependence, one
may refer to [13-19].

In this paper, let R be a semi-infinite cylinder and dR represents the boundary of R. D
denotes the cross section of the cylinder with the smooth boundary dD (see Figure 1).

In this paper, we also use the following notations

R, = {(X1,xz,X3)‘(x1,xz) €D, x3>z> 0},

D, = {(X1,x2,x3)‘(x1,x2) €D, x3=z2> 0},

where z is a point along the x3 axis. Clearly, Ry = R and Dy = D. Letting u;, T, C and p
denote the fluid velocity, temperature, salt concentration and pressure, respectively.
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Figure 1. Cylindrical pipe.
The Brinkman equations we study can be written as [20]
aui .
5 = vAu; —kyu; —p;+gT+hC, in R x {t >0}, (1)
oT oT )
nguiaixi :szT, in R x {tZO}, (2)
aC aC .
5 + ”"aTcz- = k3AC + 0AT, in R x {t >0}, (3)
uj; =0, in R x {t >0}, 4)

where v, ¢ > 0 denote the Brinkman coefficient, and the Soret coefficient, respectively.
ki,kp, k3 > 0. Without losing generality, we take them equal to 1. A is the Laplacian
operator. g;(x) and h;(x) are gravity field, which are given functions. We suppose that
(1)-(4) have the following initial-boundary conditions

=0, T=C=0, on aD x {t >0}, (5)
uj=0, T=C=0, on R x {t=0}. (6)
u; = fi(x1,x9,t), T = F(x1,x2,t), C = G(x1,x2,t), on Dy x {t >0}, (7)
ui, i, uiy, T,T;,C,Cip = o(xgl) uniformly in x1,xp,t, as xz — oo. (8)

In (1)—(8) and in the following, the usual summation convention is employed with re-

peated Latin subscripts summed from 1 to 3 and repeat Greek subscript summed from

1 to 2. The comma is used to indicate partial differentiation, i.e., u;ju;; = Z?,jzl (g%{ )2,
2

Pa90 = Tapot (52)

The purpose of this paper is to consider the spatial decay properties of the
Equations (1)-(8) in a semi-infinite cylindrical pipe by using the symmetry of differen-
tial inequalities, that is, to prove that the solutions of the equations decay exponentially
with the distance from the finite end of the cylindrical pipe.

In Section 2, some auxiliary inequalities are presented. We establish some useful
lemmas in Section 3. The spatial exponential decay estimate for the solution is established
in Section 4. Finally, in Section 5 we derive the bounds for the total energies.

2. Auxiliary Results

In this paper, we will use some inequalities in the following sections. Thus, we firstly
list them as follows.
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Lemma 1. Let D be a plane domain D with the smooth boundary 0D. If w = 0 on oD, then

/ WawadA > Aq wdx, 9)
JD JR;

where A1 is the smallest eigenvalue of the problem
Ap+Ap=0 in D,
¢ =0 on oD.
Many papers have studied this inequality, e.g., one may see [21,22].

A representation theorem will be also used in next sections. We write this theorem as

Lemma 2. Let D be a plane Lipschitz bound region and w be a differential function in D which
satisfies [, wd A = 0, then there exists a vector function ¢, (x1,x) such that

Qo =w in D,

@a =0 on 9D,
and a positive constant A depending only on the geometry of D such that

/D PupPupdh < A /D g2 dA. (10)

The Lemma 2 was proofed by Babuska and Aziz [23] and Horgan and Wheeler [24]
have used the Lemma 1 to viscous flow problems. The explicit upper bound of A can
be found in Horgan and Payne [25]. In this paper, this Lemma 2 is used to eliminate the
pressure function difference terms p, since we can prove that u3 satisfy the hypothesis of
this Lemma 2 later.

Ifw € C}(D) and w € C}(R), the following Sobolev inequalities hold

/D whdA < %[ /D w?dA] | /D w104, (11)

- 3
/ wldx < Q[/ w,l-w,idx} . (12)
R, R,

For (11), we assume that w — 0 as x3 — oo. Payne [26] has given the derivation of (12).
For a special case of the results one can see [27,28]. They have obtained the optimal value

of O 1L ,3n4
0=2(3)
In the following, we also use the following lemma.

Lemma 3. Ifw € C}(R;), w; . 0 and w; — 0as x3 — oo, then

/D (wiwi>2dA < 4\/5{/R wi,jwi,jdxr. (13)

We will also use the following lemmas which were derived in [29].
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Lemma 4. Let that the function ¢ is the solution of the problem

Ap =0 in Ry,
99
i 0 on 9D, (14)
g—q) g in Dy,
where [, gdA = 0. Then
/D PaPadA = /D g7 dA, (15)
fi papiaa= [ g (16)

3. Some Useful Lemmas

In this section, we derive some useful lemmas which will be used in next section. First,
we define a weighted energy expression

(z,t) —k/ /Rz umumdxdiy—i-v/ / ul]ul]dxdﬂ

17
+p /0 /R (& = 2)T,;Tdxcn + p2 /0 /R (& —2)C,C jdxdy 17
= E1(z,t) + Ex(2,t) + E3(z,t) + E4(z, 1),
where k, p1, p» are positive parameters and ¢ > z > 0.
By using the divergence theorem and Equations (1) and (4), we obtain
t
Ei(z,t) = k/o / (& —2)uiy [vAu,' —ui—pi+8&T+ hiC] dxdn
t t
= kv/o /Rz Uj i 3dxdy —i—k/o /Rz us y pdxdn
t t
+ k/o /R (& —z)uj,giTdxdy + k/ / (& — z)u;,h;Cdxdy
(18)

kv/RZ(g )ul]u”dx et k/ u; udx‘
4

= ZA
i=1

1 1, 7
— Ekv /Rz(g"f - z)ui,jui,jdx‘nzt - Ek /Rz (¢ — z)u,-uidx‘

Using the Schwarz inequality, the arithmetic geometric mean inequality and (9), we

can obtain
%
{// umulﬂdxdr]// ul3ul3dxd17

1<k
19)
< —\F k dxd dxd
<5 /0 /Rzui,iy”i,zy x ’7+V/0 /Rzuz',suis x ’7},
kot ! 2
Az < —[/ / (g—z)ui,”ui,”dxdiy/ / (é—z)T,,XT,,xdxdiy}
A1 LJo JR, 0 JR, (20)

t ke2 ot
< Ek/o /Rz (& — z)ujyu;,dxdy + ﬁ/o /Z({f—z)T,,xT,adxd;y,
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and

e [t k2t
< 22 _ — P2 _
Ay < 2k /0 / (&~ 2y + 572 /0 / (&~ 2)CaCadud,

where €1, €, > 0 will be determined later and

(5% = mgx(gigi), (5% = mgx(hihi),

We note that for any z* > 0, using (4) and (5),

Z*
/ 3, dA = / 3, dA — / / 13 3y d AdE
D, DZ* zZ D,:

Z*
_ / 3, dA + / / gy d AdE
DZ* zZ DE

= dA.
Jo 1o

Since

f3/,7dA =0, t>0,
Dy

then,

uz ,dA = 0.
[

(21)

(22)

(23)

Under this assumption, using Lemma 2, there exist vector functions (¢1, ¢2) such that

Pan =uzy in D, ¢ =0 on dD.

Hence we have

t t
A:k// dd:—k// dxd
2=k | [, Quapdxdy ) Sy, Pupadxy

t
= k/o /Rz o [”m — VAU +uy — gaT — haC} dxdn

t t
— k/o /Rz Pallaydxdn —|—k1//0 /Rz q),xlﬁu,xlﬁdxdﬂ
t t
—Q—kl//0 /Dz Qalig3dxdy —i—k/o /Rz Qautgdxdy

t .t
—k/o /Rz Qa8 Tdxdy —k/o /Rz @l Cdxdy
= Ap1 + A + Az + Aps + Aos + Age.

(24)

(25)
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Using the Schwarz, Poincaré and the AG mean inequalities, (9) and (10), we can obtain

t i t 3
Ay < (/0 /Rz (p,xcp,xdxdiy) </0 /Rz ua,qua,,]dxdn)
1 t 1 t i
< [ ot [ ], vttt
3 t 1 t 1
Si // u%dﬂ)z(// M,X,,?ua,,]dxdﬁ)z
g kA / / Uj iy ydxdyy, (26)
2 i 3
Ay < kv /o /Rz (pa,ﬁ(pa,ﬁdxdq /0 /Rz ua,ﬁua,ﬁdxdq)
1 t % bty 3
< kvA? / / u%l,]dxdq / / ua,ﬁua,ﬁdxdﬂ)
kAt / / u3,7dxd17+ kvt / / Uy, plly, pdxdi], (27)
A23§kv /O/DZ go,xgo,xdxdq 2 ./0 /Dz Ma,g,ua,?,dxdﬂ 2
1 1 1
kvA2 t 7 t 2
< N </0 /Dz ué,”dxdq // Lla,gua,gdxdﬂ>
1
kvAz ot kuAz
< 2\/)»71/0 /Zugﬂdxdn—i— // Ug 3Ug 3dxdY, (28)
t 1
A <k( [ [ ouguray)” ( /0 | ez 2
1 1 1
kA2 t 2 7 t 2
< " (/ / u3/,7dxd17 / / u,x,ﬁu,x,ﬁdxdn
S dxd dxd 2
—2)\1// ”3’7’”“2)\1// Moo pEXET] @9)
Aps < k / / q)aq)adxdiy / / g,xgaTzdxd;y)

ko1Az ’ 7 L 2
< " (/ /Zu&ndxdiy /0 ZT,IT,ded;y)

IN

k51A2 k51A t
< T
<o // 3, dxdr + /O/RZTJT,ldxdn, (30)
k52A2 k52A t
Azs < <2 / / u3,dxdry + /0 /R GGy @31)

—_

Inserting (26)—(31) into (25), then (19)—(21) and (25) into (18), and choosing e] = &3 =
we obtain the following lemma.

27
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Lemma 5. Let u, T, C, p be solutions of Equations (1)—(8) with ¢,h € Leo(R x {t > 0}) and
[p f3dA = 0. Then

Ei(z,t) + kl//R (¢— z)ui/]«ui,jdx’ t +k| (- z)uiuidx'
z =

Rz

t t
< alk/o /Rz Ui ik ydxdn +a21//0 /Rz u; juj jdxdn

1 1
ké1Az t kér Az [t
= /0 /R T Ty + =% / / C.:Cidxdy

1

1
kvAz ot k Az
+ le/ﬁ/ /D ”é, dxdiy—i— v / / Uy 3Uy3dxdY

2k52
// —zTdedn+—// ¢ —2)CoCadxdy,

where

1 1 1 1
A2 Az 261A2 26,2
= Vi + Syl 4 28 AT SR
VA M M A
Vv N kAZ . kA2
2 2 21/\/)\1 )

Similar to Lemma 5, for E»(z, ) we can obtain the following lemma.

ap; =

Lemma 6. Let u, T,C, p be solutions of Equations (1)—(8) with g,h € Leo(R x {t > 0}) and
Jp f3dA =0. Then

2(z,t) 2// —zuudxd17+2/ uudx‘n_t
< ng/ / ui,jui,]-dxdier 5/ / uju;dxdy
(51[\2
2}\1// ulﬂuwdxdiy—i— / T T odxdy

(52/\2
55 /0 C oC adxdy

—2)T o Todxd — dxd
2/\183/~/Rz Z x17+2)\1€2//RZ ZCC X

where

v n A7% n VA2 n VA2 n kA2 . 51/\% JZA%
2 20 2/A1 0 2\ 2M\q 2Aq 2A1

az =
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Proof. By the divergence theorem and Equations (1)-(8), we have

— [ [ (= sy 5 [ €]

_U/t/ uiu[/3dXdT]+/t/ (¢ —z)u;giTdxdn

+ / / z)u;h;Cdxdy + / / uzpdxdi (32)
,/0 /Z(g — 2)upidxdy — 5 /Rz (€ — 2)ujudx y=t

i=1

Using the Schwarz inequality, the Poincaré inequality and the AG mean inequality,

we can obtain
t t %
<v // uil3ui,3dxd17// uiuidxdry

% / / M131/l13dx17l77+/ / u; udxdq (33)
Similar to (20) and (21), we have for By and B3
< S — — 34
B, < //Rz zuudxd17+2)\1€3//RZ 2)T o T ydxdy, (34)
and
<= 35
B; < / / z)ujuidxdny + 2/\152/ /Z 2)C o C ndxdy, (35)

where €3, ¢4 are positive constants.
To bound By in (32), we also require that

/D FdA = 0.

Then using to the Lemma 2 in Section 2, there exist vector functions (§1, ¢2) such that
Pau =1uz, in D, ¢, =0, on aD. (36)

Therefore, we have

By = /Of /R P pdxdy
_/Ot /Rz Pap adxdy
= /Of /RZ P [”m —VAUy + Uy — guT — h,xC] dxdn
= /Ot /Rz Patha,pdxdn + V/()t /Rz aa,ﬁua"gd.?(dﬂ + v/ot /Dz Puliy3dAdy
[ donststy — [ [ giTgudsdy— [ [ nuCoudy

6
=) By
i=1

(37)
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As the derivation of (26)—(32), we conclude that
Ero bt 3
By < (/0 /Rz q)agoadxdiy) (/ /Rz u“,”umdxd;y)
1 b 1 %
< \/7)?(/0 2. P pPa,pdxdn)? / / umuwdxdry
1 1
A2 f 3 b
< A (/ / u%xd;y)z(/ / umu,,élqclxal;y)2

32/\1 // M3a1/13axd77+// ulqulﬂdxdn (38)

1
By <v // (p?a,,g@,ﬁdxdiy 2 /O/R u,,é,,gu,,c,/gdxdn)2
1 t 1
<vA % // dxd;y)2<// u,xlﬁu,xrﬁdxdn)Z
R;
S vAl // u; jujdxdn, (39)
PN 2 t 3
Biz <v / / (PWuchd’? /0 /D ua,au,x,sdxdﬂ)
1/A2 t %
S\/)Tl //Z dxdn (/0 /Dzua,guagdxdﬂ)
vAi
< T
<o /O /D ] u; ju jdxdn, (40)
t % t %
< PN
By < (/0 /Rz (pa(padxdﬂ) (/0 /Rz u,xu,xdxd;y)
1
Az gt
< 27 s
=% /0 /Rz uju;dxdy
kA2t
< 2A1 // ui,ﬂéui,adxdql (41)
1
Bys < // qvaqvadxdn //gagaT dxd;y)z
3 1
< 51A2 / / u3au3adxd77 / / T T dxdﬁ)z
M

5Az
<9t /0 /R stz gl + /0 /R Z T, Todxdy], 42)

B, < 2N /t/u 3 odxd +/t/ccml} 43)
46 < 2)\1 Jo Jr. 3aU3,n n o Jr. ol 7.

Inserting (38)—(43) into (37), we obtain

1 1 1 1
A2 VA2 vA2 kA2 §1A2 52Az
< |22
By < [z/\1+2,ﬁ+2/\ +2/\1 o Ty // i ey

B o

(52/\2
+ 2 /()Azc,ac,adxdn.

t
/ ToTadxdy (44)
0 JRr,
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Inserting (33), (34), (35) and (44) into (32) and choosing &3 = ¢4 = %, we can obtain

Lemma 5.
Next we may bound Ej3(z, t). First we let T); denotes that the maximum of T by using

the maximum principle in R, i.e.,

Ty = F(xq1,x7,t).
M= jmax Flx 2t (45)

Integrating by parts, using (3), (5), (6), (7) together with (9) and the AG mean inequality,
we have

t t
E3(z,t):—p1/0 /R Trgdxdiy—pl/o /R T(T, + u;T;)dxdy

_ M 2 P1 /t 2 P1 /t/ 2
= - —2)T4d — T-dAd — T<dxd
3 RZ(Cf z) x‘W:tJr > /o n+5 | , uaT dxdy

IN

_h _ )72 P
3 RZ(§ z)de‘ +2/\1// TaTndAdy

P1Tm /t/ dd //Tzdd
2(0 R, xry R, xr;)

A — T2
-3 (§ z)de‘ +2/\1// ToT dAdy

01T
41/\1\4 //Rzugauwdxdq—l—// Tded17

Using Equations (3)—(7) and integrating by parts, we obtain

t t
Ey(z,t) = —Pz/ / CCsdxdy — pz/ / (¢—2z)C {Cﬂ +u;C; — O'AT} dxdy
0 /R,

Pz 2 02 2 P2 t/ 2
< _ 7«
/ C*dAdny — (C z)C clx‘77 t+ /0 ' Zug,C dxdn 47)

_ CTadxdn — // _ 2)C, T dxdn.
UPZ/O/RZ 3axan UPZORZ(é Z) il jaxan

By the Schwarz and the AG mean inequalities, it follows that from (47)

(46)

Eu(zt) + 2 (- z)Czdx‘

2 n=t

P
< 2 2 72 C.
/ A1 / / Cldady+ 5 |7 ] CiCydxdy -

Upz / A T3T3dxdy + p285 / / ¢ —z)C;C,dxdy

ZZ/ / —z)T;T;dxdn + pz/ / usC*dxdy,
5

for an arbitrary constant e5 > 0.
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In order to bound the last term on the right of (48), using the Equations (9), (11) and (13),
the Schwarz inequality and the AG mean inequality to obtain

3, o< [ ([ weran)'(J, o)
> /0 Zu3C dxdny < Z(ugC) dx) ( R C dx) dn
. N 1
P2 2 4 4 1
< 2 max {( / C2dx) / / / (/ CtdA) gy
3 1 (49
< piﬂf mtax{(/ Czdx / / uljuljdxdn / / C,C dxdry)2

1M}

< Ziji max {( . Czdx>%}(/0t/R wj ju; dxdn + /Ot /R C,l-C,idxdﬂ),
iA] z 2 .

[

-

where the bound for max; {( /, R, C%dx) 2 } will be derived later.
Inserting (49) back into (48), we have

P2
Eq(z,t) + 2 )k (C - z)C2dx‘)77t

Opz
< == ( ( d Ad?] —‘,—

+‘7p286/0 / (g—z)c,,-c,,-dxdﬁ‘rpz/ / —2)TTidxdy

Qs
+ P2 mtax{ /Czdx // u,]ul]dxqur/ / CCdxdiy

2/\4

t
T ) ToTadxn
(50)

Combining (46) and (50), we obtain the following Lemma.

Lemma 7. Let u, T, C, p be solutions of Equations (1)—(8) with ¢,h € Leo(R x {t > 0}) and
[p f3dA =0. Then

Eala )+ Eilat); [ @) +pzc2}dx\

SN A
< L
< g /0 . T\ TadAdy + 22 o CoCadAdy

0’p2

+ [2\/7 + Zz(/zj max {(/Z Czdx> : H /Ot " C,iCdxdn

op2 | p1lm /t/ .
+ [2r+ 4)L1 T,zT,ldde

t
Up2£6/ / —z)C,Cdxdy + Pz/ / (¢ —2)T;T;dxdn
R,

+ {plTM + szS max{(/ Cde / / u; ju jdxd,
4)\1 21 /\4 t

where g4 1s a positive constant. Next, we use Lemmas 5—7 to prove our main result.
O
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4. Main Result
First, we introduce a new function
P(z,t) —k/ /Rz umul,?dxdiy—i-v/ / ul]ul]dxdiy
+ 01 / / (é — Z)T,Z’T’idxdﬂ + pz/ / (C — z)CriC,idxdiy
0 JR; 0 JR; (51)

+ kV/R ((: — z)ui,jui,jdx‘ gt + (k—|— %)/ ((;: — z)u,»uidx‘

R; n=t

2/ / uudxdiy—i—z/ -z [p1T2+p2C2}dx’ )t

Using Lemmas 4-6 and in view of (51), we have
t t
P(z,t) < a4/0 /Rz Ui i ydxdn + a5/0 /Rz u; juj jdxdn
t t t
+ ag / / TliT,,'dde + % / / uiuidxdiy + 117/ / CriC,idxdiy
k A2 kvA?2
VA / / u3,7 dAdy —|— d / / Ug 3Ug 3dAdY
o[ / / 52
+2A1/ [ TaT dAuz;erz)Ll CoCadAdy (52)

2k52 2kd3
// ¢ —2)TaTpdxdy + —= // ¢ —2)CaCadxdy

2/\153//z —zTdediy—i—z/\lSz//Z ¢ —2)CoCadxdy

O'P256 _ gp2 _ T
/ /Rz z)C,C idxdn + 26 /0 /RZ(C z)T,T idxdn,

where
A T, Qs }
a4=a1k+—,a5:a2v+a3+p1 M +p2 T max{(/ Czdx)z},
2M 4M z%Ai t R;
1
1 1 1 1 1 1
ko1 A2 0 A2 kdr A2 0 A2 op2 szS / 2 2
= — d .
ag A + 2 ,az A =+ 2 —|—2 o 2%/\% m?x{( ch x) }
1

8ko7 | 283 4k6? 7
Tt e =0t /\11 + PZ and define

Y(z,t) = k/ / umumdxd;y—i—v/ / uZ]ul]dxdiy
+ 50 /0 ] (&~ T Ty + Epz/o ] (&~ 2)C Cday

—|—k1// (¢— z)ul]uljdx’ B —|—(k+%)/R (C—z)uiuidx’

Choosing e = 5,02 =

(53)

2/ / uudxdierz/ C—z [p1T2+p2C2}dx‘ y—t
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we can have from (52)

t t
Y(z,t) < a4/0 /Rz Ui ki ydxdn +a5/0 /Rz u; ju; jdxdn
t t t
+616/ / T’iT,idxdﬁ+%/ / uiuidxdn+a7/ / CliC,idxdn

kVAZ// dAdry—l—kVAz// Uy 3Uy 3d Ady

+ 2 //TTdAd17+ /CCdAd;y
z/\l

From (53), we have

0¥ (z,t ¢ ¢
_ éz ) p— k/() /RZ ui/,?ui/,?dxdiy —|-1//0 /RZ ui,jui,jdxdiy

1 t 1 t
+ Epl/o /R T, T dxdy + Epz/o /R C..Cdxdy

" 1
+k/ d‘ +k+f/ --d‘
1/. Zul,]ul,] x’] t ( 2) Zuzu, x77 t

1t 1 2 5
+ 5/0 /R uittidxdi + 5 /R [T+ paC Pxﬂ,?:t

(54)

(55)

and

%Y (z, t 't t
% = k,/() /D ui,ﬂui,,idAdn—i—v/o ,/D ui,jui,jdAdiy
1 £ 1 t
5P / / T, TidAdy + 502 / /D C;CdAdy

+k1//D ul]ul]dA‘ + (k+ 2)/DZ uiuidA’U:t

1 17 . - 2 2
+§/O /D ulu,dAdq+2/DZ (172 + paC }dA‘U:t.

Combining (54), (55) and (56), we have
Thus

(56)

¥ (z,t)
0z

%Y (z,t)

9z2 ©7)

¥(z,t) < K[ - | +K

where

a4 a5 dg 4y
Kl max{ 7/1//7/7}/
v o1 P2
1

VAT kAT 1

2V 2V E}'

Ky = max{

Inequality (57) can be rewritten as

%{le (aaT + ZZ‘P) } 0, (58)

where
K

Ky, 1 [K?
=L 42,/ +
1= 2k, T2 K2

N =
e
2

4
T
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Integrating (58) from z to oo leads to

aé)j+€21¥<0

and hence
¥(z,t) < ¥(0,t)e 22, (59)
Combining (53) and (59), we can obtain the following theorem.

Theorem 1. Let u, T, C, p be solutions of Equations (1)—(8) with g,h € Leo(R x {t > 0}) and
Jp f3dA =0. Then

k/ / ul,]ul,]dxdiy—i-v/ / z)u; ju; jdxdy

+ 591 /0 /R Z(C —2)T;T dxdn + Epz /0 /R Z (¢ —z)C,;iC dxdn

+kv/ (é—z)u”uz]dx‘ . +(k+%)/R ((f—z)uiul-dx‘ . (60)

2 =

2/ /Rz z)uudxdny + = / -z [psz—f—poZ}dx‘ et

< ¥(0,t)e 2%,

Remark 1. The result of Theorem 1 belongs to the study of Saint-Venant principle, which shows
that the fluid decays exponentially with spatial variables on the cylinder.

Remark 2. Theorem 1 shows that the solutions of Equations (1)—(8) decays exponentially as z — oo.
To make the decay bound explicit, we have to derive the bounds for ¥ (0, t) and max; [ C2dx in
next section.

5. Bounds of ¥ (0, t) and max; [, C*dx

From the previous section, we can see that a3 involves the quantities max; [ C?dx.
To make our main result explicit, we have to derive bounds of ¥ (0, {) and max; f R C2dx
in term of the physical parameters o, v, g;, h;, the boundary data and so on. To do this, we

begin with
t t t
| [ mitidxdy = — [ [ Frsdady— [ [ TaTdxdy. (61)
0 JR 0 JD 0 /R

Now we assume that S is a sufficiently smooth function satisfying the same initial and
boundary conditions as T. Thus,

t ¢ ;
| [ Titidxay = — [ [ sTadady— [ [ TaTdxay
0 JR 0o JD o Jr
t t
= | [ sy [ [ (T—8)aTdxay
t t
:/0 /RS,Z'T,idxdW—/O /R(T—S)(T,U+uiT,i)dxd17 (62)
by .
=[] siTixay— [ 122 + [ TSax
0 Jr R M yt
[ syTaxdy— [ [ s;Twdxdy— L [ [ frraad
_/O/R,ry XTI_/O/R,Zulx;y—E/O/Df 7
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Using the Schwarz and the arithmetic-geometric mean inequalities, we can obtain
t 1 1t
/Tzdx’ +/ / T, Tidxdy < f/ S2dx| _7/ /szdAdiy
R n=t ;7 t
+( //Tdediy—l— //Sded;y)
(63)
+(2A1/ /Tdedry+2€2A1/ [ S )
€3§M/ /uudxdiy—l——/ /S S dxd;y
0
where €1, €3, €3 are positive constants. Choosing
1 A

we can obtain

t t
/Tzdx’ —|—/ /TliTlidxdry < €3TM/ /uiuidxdq—i—data. (65)
R =t Jo JR 2 Jo Jr

Obviously, the data terms in (65) involve % [, S2dx‘ ; y [z S:Sdxdy, [5 [« SySydxdy
}7:

and —1 fot [p fF?dAdy. Similarly, we can bound fot Jx CiCidxdn as well as max; [ C?dx.
Firstly, we introduce a function H:

%—Ij +u;H; = AH, inRx {t> 0},
H=0, inRx{t=0}, (66)
H=0, ondD x {x3>0} x{t >0},

H = G(x1,x,t), onD x {t>0},
Then we have
(C—H);+ui(C—H);=A(C—H)+0cAT, inRx{t>0},
C—H=0 in R x {t =0},
C—H=0 on oD x {x3 > 0} x {t >0},
C—H=0 on D x {t > 0}.

(67)

By the triangle inequality, we obtain that

/ /C .C dxdn / / (C—H);(C—H), dxdnf%— {/Ot/RH,iH,idxdn}%, (68)

and
b b %
max/ Cde < {mtax/(C H)de] mtax szx} . (69)
R
Then,

%/R(c - H)2dx"7:t n /Ot /I'{(c ~ H);(C — H) jdxdy = fa/ot /R(c — H),Tdxdy, (70)
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which follows that
1 ) :
5 /R(c —H) dx‘qzt +/0 /R(c ~H),(C — H) dxdy
t
<o? / / T, T dxdy 71)
0 JR

Tpo? [t
< S3iMT / /u,-uidxdiy—i—data.
2 0 JrR

Just as in the computation for T, we have the following inequality

t t
1/ szx|,]:t+/ /H,iHidxdn §e4/ /uiuidxd;y—l—data. (72)
2 JR 0 JR ’ 0 JR

Thus,
1 ot . ot
f/ C2dx|,7:t+/ / C;Cdxdy < €5/ /uiuidxdn+data, (73)
2 JrR Jo Jr Jo JR

where €5 > 0 depends on €3, €4 and 0. Next we have to derive a bound for fg f R Witkidxdn
in term of data. To do this, we define a function

w; = fie_glz, (74)

for some positive constant @;. Then,

t i t 1
{/0 /Rui,]-ul-,]-dxdﬂ < {/0 /R(Mi —coi),]-(ui —C’Di),]'dxdT]

+ [/Ot/R@i,jwi,jdde} %

Obviously, we find that the last term of (75) is a data term. Now

t
v [ = @) = @) sy

(75)
t
=- /0 /R(”i - ‘Di),j [(”i —@;)+pi—8gT—hC+w;— vAch} dxdn
or
v ft
E ./0 ,/R(ui — (Di)’j(ul' — (Dl’),jdxdﬂ
t é‘% t 5 5% t ) (76)
< _ . 1 2
< /0 /R paoy sty + /O /R T2dxdy + /O /Rc dxdy + data.
Noting that
@i = (fua —G1f3)e 1" =0, (77)
inRforgy = fjﬁ—:‘, we can rewrite (76) as
v ot
5/0 /R(”i — ;) j(u; — @;) jdxdy
| 78)

5% t T;T,dxd (S% t dxd d
< 1 T - 2 .C .
_2)L1/0/R T idx r]—f—z)\l/o /RC,IC,I xdn + data
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Inserting (78) back into (75), we may have a bound of the form

t t t
/ / w; ju; dxdy < Cy / / T, T dxdny + Cy / / C :C.idxdy + data, (79)
0 JR 0 JR 0 JR

for computable C; and C,. Combining (65) and (73) and by inequality (17), we have

t CiT top C t oy
/0 /Rui,jui,jdxdn < 21/\?463/0 ./R ui,juj,jdxdﬂ+ﬁe5/0 '/R ui juj dxdn + data.  (80)
It is clear to see that
t
/0 /Rui,]-ui,jdxdly < data, (81)
for ez = 2C)1L71TM/€5 = 4%. From (65) and (73), we can obtain
max/ T?dx < data, mtax/ C?dx < data, (82)
R R

t

and
t -t
/ / T;Tdxdy < data, / /C,,-C,,-dxdiy < data. (83)
0o JrR Jo JR

Next we seek bound for the total energy ¥ (0, ). From (54) we can obtain for ¥ (0, t)

t vortor
Y(0,t) < a4/0 /Rui,,?u,-lﬂdxdnJr 5/0 /R wudxdy

t (84)
+ by / / Uy 3Uy 3dAdy + data.
0 Jp

We are left to derive bounds for fot /, R, Wiyliydxdny and fot [p a3t 3dAdy. Multiplying (1)
with u;, and integrating in the region R x [0, t], we have

t t
./0 /R Uit pdxdn = ./0 /Rui,,] [vAui —ui—p;+gT+ hiC] dxdy, (85)

which follows that

t t t
/ /uirﬂuirqudry < —21// / ua,guwdAd;y—i—Z/ / uz ,pdAdn
0 JR

1 86
+2/\1//Tdediy#—ZM//CCdxdiﬁ—data (86)
< —21//0 /Duagfa,qud;y +2/0 /ng,,,]pdAdU + data,

where we have used the fact 33 = —ugq = —fa,a o0 Dy and (83), and ¢ is a positive

constants. For the first term of (86), using the Schwarz and the AG mean inequalities
we have

1
=Y / / Fanttasdxdy < 2v / / iyt 3 Ay / / fnfondAdy)’

g// Uy 3y 3dAdy + data.
0 JDy

(87)
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To bound the second term on the right of (86), we define p to be the mean value of p
over Dy, i.e.,

1

P=— dA, 88
P= 100l Jo,? o
where | D] is the measure of Dy. Since
pAA=p [ fo,dd =0,
/Do f3,17 p p Dy f3,i7 (89)
we obtain
[ faapdA= [ fay(p—p)aA. (90)
Dy Dy

It follows by using Schwarz inequality that

t t t
ddz// —BVdAdy < dat // _P)2dAdy, (91
/O/DOfs,qpxn A D0f3"7(p p)dAdy < data + e A Do(p P) 1, (91

where € is a positive constant to be determined later.
To deal with the integral [, | D, (P — 7)2d Adn, we let an auxiliary function x satisfying:

X

9x
= = = dD 2=
Ax =0, 0 onaDy, 5

3 p— P, in Dy. (92)

From the definition of 7 in (88), it is clear that || Do (p —p)dA = 0. Thus, the necessary
condition for the existence of a solution is satisfied and we compute

t t ) t
—P)2dAd :// —*ldd:// —B) ixdxd
/O/DO(P P) = aR(P P) 5, dxd A R(P P),ix,idxdny

f (93)
:/0 /R)C,i[_ui,q + vy jj —ui+giT—|—hiC} dxdn.
Since
t ; t
1//0 /RX,z‘Mi,jjdxdﬂ = —v/o /Dx,iui,gdxdiy—y/o /RX,ij“z‘,jdan
! t
=v dxd —1/// . ded
/O/DX,Sfa,a Ui 0 DX,tx a30xd1 o8

t t
—l—v/o /D)(,]-u&jdxdiy—i—v/o /R)(,]-ui,ijdxdn

t t
= —1//0 /DX,a”zxﬁdx‘i’?"‘V/O /D)g,afmdxdiy.
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From (93), we can obtain
t t
/0 DO(P —p)?dAdy = /O /R X,i [ — Uy Vil — giT+hl-C] dxdy
t % t %
< (/ /X,iX,idXdW /0 /Rumui/,?dxd;y)
t 1
(/ / thXadAdU / / ugaumdAd;y 2
1
(/ / Xa)(,didiy / / fg,,,éfg,,did;y)2 (95)
1 % 1

()
ﬁl(/t/)(,i)(,idxdq % //T dxd17 %
(

+

<

+

<

NI—

5 :

—= //Xl)(ldxdq j //CCdxdiy)

Making use of (15), (16), (81) and (83) with ¢ = p — P, we have

A

N|—

t
—7)%dAd
[/0 b, P P) |
1
7 //ul,]umdxdiy 2+v // M,X31/l“3dxd17)
(// f3af3adxd17 Ty y)\ //uljul]dxdq
L)) 2
T, dxdy) //C-C-dd ,
// x17 +,/y/\1 .o.R']’]xn)

which follows that
t t t
/0 /Do(p —P)?dAdy < data + C3/0 /Do U 3Ug 3dxdn + 64/0 /Rui,,?ui,,]dxdiy. (97)

Obviously, from (97) we must establish a bound for the term fot I D, Ha3Ua3dxdr. To do
this, we begin with the identity

t
,/O /R Ui [vui,]-j — Ui —pi— Uy + giT+ hiC} dxdn = 0. (98)

Integrating (98) by parts, we can have

t ; ,
_1//0 /Do ui,3ui,3dxd17+v/0 /R“i,jza“i,jdﬂiﬂ‘i‘/o /Ruilguidxd;y

t ; ,
+/0 /Rui,3P,z‘dxd17+/O /Rui,3ui,,7dxd;7+/0 /12ui’3gdexd;7 (99)

t
+ / / i shiCdxdy = 0,
0 JR

which follows that

t t t
dxdy < dat // dAd // pdxdy. 100
/O /DO Uy 3Ug3dxdr < data + o oy Uy 3P n+e7 0 R”l,;j”z,ry xan (100)

where €7 is a positive constant.
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As the derivation of (91), for the term fot Jp, ta3pdAdiy we can obtain

t t
dAdy < dat // —B2dAdn, 101
/O/DUuaBP 7 < data+es | Do(p p) 1 (101)

where €3 is a positive constant.
Combining (97), (100) and (101), we have

t t
=2
(1 - €8C3) /0 /Do(p —P)dxdy < data + C3€7/O /Rui,”uwdxd;y. (102)

Combing (86), (87), (91) and (100), we obtain

t t
(1—¢7) / / u; i pdxdy < data + (€6 + €7) / / (p — p)*dxdy. (103)
0 JR 0 /Do

Choosing €7 and eg small enough such that 1 —egc3 > 0 and 1 —ey; > 0, from
(102) and (103) we can obtain

t
/0 /Rui,ﬂui,”dxdn < data, (104)

and

t .
/ / (p—P)?dAdy < data. (105)
Jo Jp,

Inserting (101) back into (100), we obtain

t t t
—\2
/0 /Do Ug 3Uy3dxdy < data +€g/0 /Do(p —P) dAdy +e7/0 /Rul-,,?ui,”dxdn. (106)

In light of (104) and (105), we have

t
/ / Uy 3Ug 3dxdy < data. (107)
0 /Dy
Recalling (84) and using (104) and (107), we obtain
¥ (0,t) < data, (108)

which is to say that we have bounded the total energy.

6. Conclusions

In this paper, we consider the spatial decay bounds for the Brinkman equations in
double-diffusive convection in a semi-infinite pipe. Using the results of this paper, we
can continue to study the continuous dependence of the solution on the parameters in the
system of equations. In addition, Using the results of this paper, we can continue to study
the continuous dependence of the solution on the parameters in the system of equations.
This research can refer to the method of [30,31]. In addition, if Equation (1) is replaced by a
nonlinear problem (e.g., Forchheimer equations), it will be a more interesting topic.
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