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Abstract: In our present study, two subclasses of starlike functions which are symmetric about the
origin are considered. These two classes are defined with the use of the sigmoid function and the
trigonometric function, respectively. We estimate the first four initial logarithmic coefficients, the
Zalcman functional, the Fekete-Szego functional, and the bounds of second-order Hankel determi-
nants with logarithmic coefficients for the first class Sgeq
existing second-order Hankel determinant of logarithmic coefficients for the second class

and improve the obtained estimate of the
i All
the bounds that we obtain in this article are proven to be sharp.

Keywords: starlike functions; sigmoid function; logarithmic coefficient; Hankel determinant

1. Introduction, Definitions and Preliminaries

To aid readers in interpreting the basics used throughout our reporting of these im-
portant results, certain fundamental knowledge from function theory is included here,
starting with the letters S and A, which stand for the normalized univalent (or Schlicht)
functions class and the normalized holomorphic (or analytic) functions class, respec-
tively. The subsequent set builder representations in the region of the open unit disc
04 = {z € C: |z| < 1} present these fundamental notions:

A=1geH(0y):8(z) =) b, (z€0y) ¢, 1)
=1

where H(0,) shows the class of holomorphic functions, and
S ={g € A:gisschlichtin Oy }.

A stunning interplay between univalent function theory and fluid dynamics has
recently been shown by Aleman and Constantin [1]. In fact, they showed a straightforward
technique for using a univalent harmonic map to obtain explicit solutions of incompressible
two-dimensional Euler equations.

The formula below provides the logarithmic coefficients A, of g € S

Ge(z) = log(g(zz)> =2) A" for z €y

n=1
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These coefficients have a considerable impact on the theory of Schlicht functions in
many estimations. In 1985, de Branges [2] deduced that, forn > 1,

n

.
Y- i+ DA<y
j=1 =t

and equality is achieved if g has the form z/ (1 — eiez)2 for some 6 € R. It is evident
that this inequality yields the most general version of the well-established Bieberbach—
Robertson-Milin conjectures involving Taylor coefficients of g belonging to S. For further
details on the explanation of de Brange’s assertion, see [3-5]. By taking into consideration
the logarithmic coefficients, in 2005 Kayumov [6] was able to resolve Brennan’s conjecture
for conformal mappings. We include a few studies here that have made major contributions
to the investigation of logarithmic coefficients [7-15].

From the definition provided above, it is not challenging to calculate that, for g
belonging to S, its logarithmic coefficients are provided by

Moo= o @
Ay = ;(% - ;ﬂ%), 3)
A = % (114 — axa3 + ;lé)/ 4
Ay = ;(a5 — axay + a%ag — %aé — iaé). 5)

It is quite clear that the geometric interpretations of an analytic function depend on the
bounds of the coefficients that appear in its Taylor series form. This is why researchers have
shown keen interest in studying coefficient-related problems for various analytic functions
in recent years. Among these problems, the Hankel determinant for m,n € N = {1,2,...}
and g € S,

an 41 --- Andm—1
Api1 Ap42 cee Ap4m

Hinn (8) =1 . . (6)
Itm—1 An+m  --- OAp42m—2

created by Pommerenke [16,17] is perhaps the most challenging problem in this field, in
particular the determination of the sharp bounds. Here, we cite several recent works on
Hankel determinants of different orders in which the authors investigated sharp bounds
for different subclasses of univalent functions; see [18-30].

In recent times, Kowalczyk and Lecko [31,32] have offered analyses of the Hankel
determinant Hy, , (Gg / 2), the members of which are logarithmic coefficients of g, that is,

An T Y, P |
Houn (Go/2) — :/\n+1 :)\n+2 :/\n-i-m . )
Mwemet Mmoo Aniamea
It has been noted that
Hy1(Gg/2) = MAz—A3, (8)

Hy»(Gg/2) = Apdg— A3 )
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In the present paper, our main focus is on finding the sharp upper bounds of loga-
rithmic coefficient-related problems, including the Zalcman functional and Fekete-Szego
functional, along with (8) and (9) for the subclass SZ of starlike functions established by
Kumar and Goel [33], which is stated as

L . 28'(2) 2
Sgeg 1= {geS. e =< e (ze@d)}.

In addition, for the following defined class S, introduced by Cho et al. [34], we im-
prove the obtained estimate of the existing second-order Hankel determinant of logarithmic

coefficients:

/
z8'(2) ;
* = S N 1 7 @ 7
sin {g € () <1+sinz (z € d)}
where "<" denotes the familiar subordination between analytic functions.

2. A Set of Lemmas

Here, we include the facts that are incorporated into our main problems. First, we
define the class shown below.

P = {qu:q(z):icnz"<ij§ (ze@d)} (10)

The following Lemma consists of the widely used ¢, formula [35], the c3 formula [36],
and the ¢4 formula illustrated in [37].

Lemma 1. Let g € P have the form (10). Then, for x, 0,6 € Oy = Q4 U {1},

20 = G+x(4-d), (11)

des = G+2(d-d)ax—a(4-d)2+2(4-3) (1~ 1x)e, (12)

scs = o+ (4—c)x[d(x2—3x+3) +4x| —a(4-) (1-|xP)
[c(x—l)g+fg2— (1— |g|2)5] (13)

Lemma 2 ([38]). Ifq € P is provided by (10) and if E € [0,1] with E(2E —1) < F < E, then
we have
‘c3 —2Ecicy + Fcﬂ <2 (14)

Lemma 3. Let g € P be the series expansion (10). Then,

len| <2 n>1 (15)
and
2 for 0<6<1;
— < — = - -
|chak — dcnck] < 2max{1,]26 — 1|} { 226 1] otherwise. (16)

Inequalities (15) and (16) are studied in [35,39], respectively.

Lemma 4 ([40]). Let T,, 0 and g satify the inequalities 0 < T < 1,0 < ¢ < 1 and

86(1—¢) ((t9 —20)° + (t(c +7) —$)°) + (1 = 1) (9 —267)" < 4eT2(1 = 1)*(1 —¢).
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If q € P is the series form (10), then

3
chll + QC% +27c103 — EIPC%C;)_ —cy| < 2.

*

seg

In this section, we study problems involving coefficients for the class Sg,. The bound
of the most difficult problem of the third-order Hankel determinant is under consideration
here for this class as well. We begin by proving the sharp bounds of the initial coefficient of

g € Sieg-

3. Logarithmic Coefficient Inequalities for the Class S,

Theorem 1. If the function § € S, is defined by (1), then

A < Lli
A2 < %,
A5l < 117
PR

The above inequalities are sharp.

Proof. From the definition of the class S5, along with subordination principal, there is a
Schwarz function w(z) such that

z8'(z) 2
s@) irewm (€0

Assuming that g € P, by writing ¢ in terms of the Schwarz function w(z), we have

B 1+ ZU(Z) . 2 3
q(z) = 1wl 1+cz+cz"+ez" 4+,
which is equivalent to

q(z) =1 cz+cz? +c32® +ogzt + - -
q(z) +1  2+4ciz+ 22+ 328 +ogzd + -

w(z) = (17)

Using (1), we can easily obtain

= 1+ (ap)z+ (—a% + 2413),22 + (—3u2a3 +3a4 + a%)zg’
+ (—4a2a4 — a3 + 4as + 4a3a3 — 2a§)z4 4o (18)

From the series expansion of (17), we have

2 = 1+ 1c z+ 1c2+10 z2+ 1cc+nc3’+1c 2
1tew@ 4! g1 4712 T g 1 T g™

1, 1 3, 1 1,\,
+ (64C1C2 ZClCB @Cl“‘ZQ} 8C2>Z + . (19)

By comparing (18) and (19), it follows that
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a = 1 c
2 = 1 1,
a = ! 2+ 1c
5 T Tttt
o 5 T a1
LT T2 T R T 2%
7 1 17 4 1 3,
T = gggti T 500 T Tl T g%~ 1% 20)
By using (20) in (2)—(5), we can obtain
1
Moo= g @)
1, 1
Ay = —3p4 + 16 (22)
Az = ! + S p— 1 (23)
3T T T R T g%
1m, 1 1 3, 1,
= — Sy — =003 — et — = 24
A4 51212 T 3% T 3B T o1 T 512 @4
Implementing (15) in (21), we obtain
1
Al < =
Ml =g
Now, reshuffling (22), we obtain
1 1,
)\2 16 (C2 — 261>
Applying (16), we obtain
Al < 3
2 3
From (23), we can deduce that
1 1 11 4
|)\3| = 24‘ <C3 — 2(2>C1C2 + <48>C1> ‘
From (14), let
1 11
E = 5 and F = T
Itisclear that0 < E<1,E > F,and
EQE—1)=0<F.
Thus, all the conditions of Lemma 2 are satisfied. Hence, we have
1
A
As] < 15
From (24), we can deduce that
1 3 1 1 3/11
/\4:—32<(32>c‘11+ <2)C%+2<2)C1C3—2<24)C%C2 4>. (25)
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By comparing the right side of (25) with
3
oct + gc% +27c103 — Etpc%cz —c4/,

we obtain the following values:

I
0=3 STy TTy V=

It follows that0 < ¢ < 1,0 < T < 1,and

8¢(1—¢) ((np —20)* + (t(c+ 1) — tp)Z) +1(1—1)(p — 267)° = 2%,
and 1
4g72(1 — 7)2(1 —¢) = 6

Thus, all the conditions of Lemma 4 are satisfied. Hence, we have

1
M| < —.
\4\_16

The required inequalities are sharp and the equality is determined from (2)-(5) along
with consideration of a function

, 2

gz = n=1234
Thus, we have
§1(2) = ZeXp(/()Zl+ze_tdt>_z+;z2+;z3+...,
82(z) = Zexp(/ozuze_tzdt)=z+iz3+31225+---,
g(z) = zexP</Ozl+zet3dt>=z+éz4+71227+...,
ga(z) = ZeXp</021+2e—f4dt>_Z+§1325+1;8Z9+”"

O

Theorem 2. If the function g € Sg,, is defined by (1), then

‘Az f(mﬂ < max{;,llﬂ}.

Thus, the Fekete—Szeg0 functional is the best possible.

Proof. By employing (21) and (22), we obtain

‘AZ—JA%‘ _ 1,1

1
2 2
16 561~ 3%

By applying (16) to the above equation, we obtain

2 246
’Az—Mﬂ < 16max{1, = —1‘}.
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After simplification, we have

‘Az f(mz‘ < max{8 |1‘56|}

The required Fekete-Szego functional is the best possible and is obtained using
(2), (3), and

— 1y, 1 25
gz(z)—zexp(/ 1+e_t2dt> z+4z +32 +e

O

Theorem 3. If the function § € S, is of the form (1), then

1
A2 — Ag| < VR
This inequality is the best possible.

Proof. Using (21)-(23), we have

|AMAr — Az] =

From (14), let

19 31
E_ﬁ and F = %

Itisclearthat0 < E<1,E > F,and

7
EQE—1) = 5512 <F.

Thus, all the conditions of Lemma 2 are satisfied. Hence, we have

1

AMAry — A
|A1A 3|_12

The required inequality is the best possible and is determined using (2)—(4) and

z 2 1, 1.,
pr— t: _— — ...
23(2) zexp(/O 1+et3d> 2zt +
O

Theorem 4. If ¢ € S, is of the form (1), then

1

‘)‘4_)‘2 16°

The Zalcman functional is sharp.

Proof. From (22) and (24), we obtain

1 5 1 3/13
42 o 1Y 4 2\ 2 1 0 2
‘A4 A ‘ (8>c1+<8>c2+2<2)c103 2<24>c102 Cy4l.

By comparing the right side of (26) with

(26)

3
oct +¢c3 +27er03 — Sycier — cyl,
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we obtain the following values:

It follows that0 < ¢ < 1,0 < 7 < 1,and

2 31
86(1—¢)((t9 —20) + (t(6 +7) = 9)°) +T(1L = D) — 267)* = 5,
and 15
201 — —
462201121~ ¢) = o
Thus, all the conditions of Lemma 4 are satisfied. Hence, we have
1
52
‘A‘* TS
The required Zalcman functional is sharp and the equality is obtained using (3), (5),
and
nZ 2
Qu(z) = zexp(/0 1+e_t4dt> =z+ 82 + @Z +-
O

4. Second Hankel Determinant with Logarithmic Coefficients for Class Sg,
Theorem 5. If the function § € S, is defined by (1), then

1
H. 2)| < =.
’ le(Gg/ )’ = 64

This inequality is the best possible.
Proof. The determinant H, 1 (Gg/2) can be reconfigured as follows:

Hy1(Gg/2) = MAs — A3

From (21)—(23), we achieve

1, 1 1 1,
2 — —C5.
Ha1(Gg/2) = —zegeier + el + 5510 ~ 536
Using (11) and (12) to express cp and c3 in terms of ¢, and with ¢c; = ¢, and ¢ € [0,2],
we obtain
_ 1 4 1 55 2 1 5, 22
[H21(Ge/2)| = |~ g15¢ ~ 765 Y (4 ¢ ) 1024 (4 ¢ )

+ﬁc(4 — cz) (1 — \x\z)g

By replacing |o| < 1 and |x| = t, where t < 1, and using triangle inequality while
taking ¢ € [0,2], we have

1 1op(y 2 L oo, 2)?
[H21(Gg/2)| < gopge +%Ct(4 )+1024t (4-¢)

+ﬁc( c2> (1—t ) = 0(c, ).

Now, differentiating ®(c, t) with respect to ¢, we have
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8®(c,t)_t(4_cz)< 1, 1 L 1 )

ot 1536°  192° " 128

It is a simple exercise to show that % >0on [0,1], thus, O(c,t) < O(c,1).Ift =1,

we have

1 4 1 2 2 1 2 2._
|H21(Gg/2)| < e + 7ege (4-2) +@(4—c) = K(c).

Clearly, K'(c) < 0; thus, it follows that K(c) is a decreasing function. Hence, K(c)
achieves its maximum value at ¢ = 0. We can see that

1
[H21(Gg/2)| < -

The required Hy 1 (Gg/2) is the best possible and is determined using (2)-(4) and

(z) = zex /zidt —z+lz3+iz5+
§22) =20\ Jy 11 2%) TET T3 ‘

O
Theorem 6. If the function § € S, is defined by (1), then

1
144°

[H22(Gg/2)| <
The inequality is sharp.
Proof. The determinant Hy,(Gg/2) is described as follows:
Hy»(Gg/2) = AgAg — A3
By virtue of (22)—(24), along with ¢; = ¢ € [0, 2], it can be determined that

1 6 4 3 22 2
(-1 4 252022 — 2592
2654208(C 56ctcy + 480c3cs + 252¢2c2 — 2592¢%¢cy

+4032cco03 — 259263 + 5184cacs — 4608c§) . 27)

H,5(Gg/2)

Let j = 4 — c? in (11)—(13). Now, using these lemmas, we obtain

156ctc; = 78¢® +78c%jx,
480c%c3 = 120 (c6 - c4jx2> +240 (c4xj + c3j(l - |x|2> Q),
252023 = 126c%jx + 63 (c6 + j2x2),
2592c%c;, = 324c® + 324c*jx® — 972c*jx? 4+ 972c*xj 4 1296jc*x* — 1296¢%]

(1 [xI*) xo — 1296% (1 — |« ) %e? + 1296¢%] (1 — [x[*) (1~ |o[* )¢
+1296c3j(1 - \x\z) 0,

4082ccoc3 = —504x3c? — 504ctjx® + 1008cxj? (1 - |x\2) 0 + 1008x%2¢?
+1008¢%(1 — x| o +1512¢"xj + 504c",

25026 = 972(cljx+2a?) + 324 (x4 ),
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5184coc, = 324c® + 324ctjx® — 972c4jx? 4 1296¢*xj 4+ 1296jc*x* — 1296¢°]
(1= x*)vo — 1296¢%i(1 — |« ) %o + 1296¢%i(1 — ) (1~ |0 )
+1296c3j(1 - \x\z) 0+ 324x*2c? — 9723 2?4+ 972x2 22
+1296x° 2 — 1296372 (1 [x[*) cg — 129672 (1 — || ) %2
+1296x72 (1~ [x[°) (1~ Jof*)é +1296cx2 (1~ |x*) e,
46082 = 288x*j%2 — 1152x2]'2(1 — x| )cg 11523322 — 576¢4jx% + 1152
A= |x|2)2Q2 +2304cx? (1 — [x[?) g + 115227 2% + 1152cx]

+288¢6 + 1152c3j(1 - |x|2) 0.

Inserting the above formulae into (27), we obtain

Hyy(Gg/2) = 2654208 {%c ](1 H )g — 324233 + 1296232 — 48c*jx?
2
— 81222 — 32423 2c® + 3624 2c? — 1152]'2(1 - |x\2) 02
—1442%2 (1 - [x| ) e — 1296x72 (1 — || )% + 1296/

(1= %) (1 leP)o —2¢°}.

Because j = 4 — ¢?,

q1(c, x) + q2(c, x)o + q3(c, x)0* + w(c, x,Q)é),

1
Hp2(Gg/2) = 2654208 (

) = =284 (4= ) [(4- ) (8163 + 36c%t) — 4scta?],
(1) 1 ) (1) () o).

= (a2 k(o= ) (v -]

) = (4-¢) (1) (1 1ol [1296x (4= ) |.

Let |x| = x and |g| = y. By taking |6| < 1, we achieve

q1(c, x

q02(c,

qs(c, x

><

w(e %,

1

|Hap(Gg/2)| < 2654208

(laate, )] + aa(e, )y + las(c, )y + |w(e, x, )] )

< e (e m ) 28)
e = slen) ey s WP e (1-),
with
si(cx) = 2004 (4—c?)[(4-c?) (81622 +36c* ) + d8ct?],
sa(cx) = (4-¢)(1-2)[(4- ) (144e2%) +96¢],
s3(c,x) = ( )(1 xz)[( )(144x2+1152)},
si(c,x) = ( )(1 x2> [1296x<4 c)}
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Now, we have to maximize f (¢, x,y) in the closed cuboid I : [0,2] x [0,1] x [0, 1].

For this, we have to discuss the maximum values of F (c, x, y) in the interior of T, in
the interior of its six faces, and on its twelve edges.

1. Interior points of cuboid I':

Let (c,x,y) € (0,2) x (0,1) x (0,1). By taking a partial derivative of f (¢, x,y) with
respect to y, we obtain

%’; = a8(4-2) (1 -2 ey (4 - @) (r ~1)(x—8) +e(35 (4 - 2) +227)].

Setting aa—'; = 0 yields

(B4 —c?) 22
Ted—A)x—1B—x)

If yo is a critical point inside T, then yo € (0,1), which is possible only if
3CX2(4—C2) +203 < 6(4—c2> (x—1)(8 — x). (29)
and
>4 (30)

For the existence of the critical points, we have to obtain the solutions which satisfy
both inequalities (29) and (30).

As c? > 4, it is not hard to show that (29) does not hold true in this case for all values
of x € (0,1). Thus, there is no critical point of F (c, x,y) that exists in (0,2) x (0,1) x (0,1).

2. Interior of all the six faces of cuboid I :

(i) Onfacec =0, F (c, x,y) yields

F(0,x,y) = bi(x,y) = 2304y%(1 — x2) (x — 8)(x — 1) + 20736x(1 — x2).

Taking the partial derivative with respect to y, we obtain

%"yl = 4608y(1 — x*)(x —8)(x — 1).

However, % # 0. Thus, b1 (x, y) has no critical point in the interval (0,1) x (0,1).
(ii) On face c = 2, F (c, x, y) reduces to

F(2,x,y)=128.

(iii) On face x = 0, F (c, x,y) is equivalent to

2
F(c,0,y) = ha(c,y) = 2 +96c3y(4 — ) + 1152y (4 - cz) .

Taking the derivative of h,(c,y) partially with respect to y, we have

dh o 3 2 _2)?
2 =% (4—c)+2304y(4 c).

Again, taking derivative of h(c,y) partially with respect to ¢, we have

% = 12¢° — 192c*y + 288c%y (4 - cz) — 4608cy” (4 - Cz)-
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A numerical calculation shows that the system of equations

oy _ 0,

ohy
0 and e

oy
has no solution in (0,2) x (0,1). Hence, ha2(c,y) has no optimal point in the interval

(0,2) x (0,1).
(iv) On face x = 1, F (¢, x,y) takes the form

F(c,1,y) = ba(c,y) = 71c® — 744c* + 1872¢2

Clearly,
b3 ., 5 3
e 426¢° — 2976¢° + 3744c.
By solving %% = 0, we can find that the only critical pointin (0, 2) is ¢ = 2 1/4402 — 3551/43,
at which b3 (c, y) achieves its maximum value, provided by

345551959
<
He 1Y) = —55000
(v) On facey =0, F (¢, x,y) becomes
ba(c, x) = 36c%x* + 33c0x? — 288ctx* — 1296¢* x> + 2¢® — 456¢*x?
+576¢%x* + 1296¢*x + 10368c2x° + 1296¢%x% — 10368c2x
— 20736x3 + 20736x.

F(c,x,0) =

Taking the derivative partially with respect to x and then simplifying, with respect to

¢ we have
%L; = 144c%x3 + 66c%x — 1152¢*x® — 3888c*x? — 912¢*x + 2304c2x> + 1296¢*
+31104c?x% 4 2592¢?x — 10368c* — 62208x2 + 20736.
and
aa% = 216c°x* 4+ 198c°x? — 11523 x* — 5184c%x> + 12¢° — 1824c%x* + 1152cx*

+5184c3x + 20736cx> + 2592¢x% — 20736¢x.

Thus, after a few basic calculations we can find that the system of equations has no

solution 3 %
4 9y _
5 0 and 5 0,
in the interval (0,2) x (0,1). Hence, h4(c, x) has no optimal solution in the interval (0,2) x
(0,1).

(vi)Onfacey =1, F (¢, x,y) yields

b5(c, x) = 36cx* — 1447 x* + 33c0x% — 432c*x* + 240c°x% 4 1152¢3x*
+2¢® — 1464c*x? + 1728¢%x* — 96¢° — 1536¢3x2 — 2304cx* + 1152¢
+9360c2x? — 2304x* + 384¢® + 2304cx? — 9216¢% — 16128x% + 18432.

F(e,x,1) =

Taking the partial derivative of hs(c, x) with respect to x, with respect to ¢ we have

s _ 144c°x3 — 576¢%x3 — 1728¢*x3 + 480c° x + 46083 x3 — 2928¢*x — 92163

ox
+6912c2x3 — 3072¢%x — 9216¢cx> + 18720c%x + 4608cx — 32256x + 66c°x.
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and

% = 216c°x* — 720c*x* 4 198c°x* — 1728cx* 4 1200c*x* + 3456¢%x* + 12

—5856¢°x2 + 34560x* — 480c* — 4608c%x% — 2304x* + 4608¢> + 1152¢2
+18720cx2 + 2304x% — 18432c.

As in the above case, we can obtain the same result for face y = 0, that is, that there is
no existing solution for the system of equations

b5 _
ox

dbs

0 and §

=0,

in the interval (0,2) x (0,1).
3. On the Edges of Cuboid I":
(i) Onedgex =0andy =0, F (¢, x,y) reduces to

F(c,0,0) = 2c® = be(c).

By simple computation, it follows that he(c) achieves its maximum value at ¢ = 2,

provided by
F(c,0,0) <128.

(ii)) Onedgex =0andy = 1, F (¢, x,y) is equivalent to
F(c,0,1) = 2c® —96¢° + 1152¢* + 384¢> — 9216¢ + 18432 = b7 (c).

Clearly,
bl (c) = 12¢° — 480c* + 4608c® + 1152c? — 18432c.

We can see that b/,(c) < 01in [0, 2] shows that h7(c) is decreasing over [0, 2]. Thus, hy(c)
achieves its maximum at ¢ = 0. Hence,

F(c,0,1) < 18432.
(iii) On edge c = 0and x = 0, F (¢, x,y) reduces to
F(0,0,y) = 18432y> = bg(y).

Note that hg(y) > 01in [0,1] follows hg(y) increasing over [0, 1]. Thus, bg(y) achieve
its maxima at y = 1, and we have

F(0,0,y) < 18432.
(iv) As we can see that f (¢, 1,y) is independent of y, we have
F(c,1,0) = F(c,1,1) = ho(c).
bo(c) = 71c® — 744c* + 1872¢2.
Taking the derivative with respect to c, we obtain

ho(c) = 426¢° —2976¢° + 3744c.

By setting b} (c) = 0, we obtain the critical point ¢ = %1/4402 — 3551/43 at which
ho(c) achieves its maximum value, that is,

345551959

<
F(e1,0) = =250
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(v)Onedgec=0and x =1, F (¢, x,y) yields
F(0,1,y) =0
(vi) On edge c = 2, F (c, x,y) takes the form
F(2,x,y) = 128.
As F (2,x,y) is independent of ¢, x and y, we have
F(2,0,y) = F(2,1,y) = F(2,x0) =F(2,x1) =128
(vii) Onedgec =0and y =1, F (¢, x,y) is equivalent to
F(0,x,1) = —2304x* — 16128x2 + 18432 = hyo ().

It is clear that
bo(x) = —9216x° — 32256x.

Note that h},(x) < 01in [0,1], therefore, h1o(x) is decreasing in [0, 1]. Hence, h1o(x)
achieves its maximum at x = 0, which is provided by

F(0,x,1) < 18432,
(viii) Onedgec =0and y =0, f (c, x, y) becomes
F (0,x,0) = —20736x> + 20736x = b1 (x).

Clearly,
b1 (x) = —62208x% 4 20736.

We know that b/, (x) = 0 provides the critical point x = % at which b1 (x) achieves
its maximum value. Thus, we have

F (0,x,0) < 4608V/3.
Hence, from the above cases we can deduce that
F(c,xy)<18432 on [0,2] x[0,1] x [0,1].

From (28), we have

1 1
[H22(Ge/2)| < Szag (F (€ 09) < 14

If g € Sgeg, then the sharp bound for the second Hankel determinant is achieved using
(3)-(5) and
=2 1,4, 1
23(z) _zexp(/O l—l—e—ﬁdt> :Z_I—EZ _|_ﬁz7_‘_... .
O

*

5. Second Hankel Determinant with Logarithmic Coefficients for the Class S,

Theorem 7. If the function § € S, is defined by (1), then

The inequality is sharp.
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Proof. From the definition of the class S, along with the subordination principal, there is
a Schwarz function w(z) such that

203 1 fsin(w(z)),  (z€0).

Assuming that g € P, by writing g in terms of the Schwarz function w(z), we have

q(z):%=1+clz+0222+03z3+--~

which is equivalent to

q(z) —1 €1z + 2% + 3z + gzt + - -
w(z) = = > 3 1 . (31)
g(z) +1  2+4c1z+ 22+ 323 + gzt + - - -
Using (1), we can easily obtain
z8'(z) _ 2 2 . 3\.3
2(2) = 1+4+az+ ( as + 2a3)z + <3a4 3asas + az)z
+ (—a% + 411%113 —4aray — 211% =+ 4a5)z4 + - (32)
From the series expansion of (31), we have
1 1 1 1 5 1
1+sin(w(z)) = 1+ (201>z + (—40% + 2C2>Z2 + <—2c1cz + @C? + 203)23
1 1 1 1 5
+ (_4C%_2C1C3 32C1+2C4+ 16C1C2)Z4+... . (33)
By comparing (32) and (33), it follows that
ap = ! c
2 = 2 1,
az = ! c
3 - 4 27
ag = ! c L ——c+ 1c
S Y R R V'V R
1 1 5 1 1,
= —— —c2c,. 34
s 322 2499 T 1151t 34 T 195710 (34
By using (34) in (2)-(5), we achieve
1
/\1 = <4)C1/ (35)
1 1
Ay = , 36
2 1661 +3% (36)
1 5 1
Ay = T+ =3, 37
T R TR VA (37)
1, 1y, 1 5
Ay = 3—2c2 ﬁcl + 16C4 1661C3 + 128c1c2. (38)

The determinant Hy (G, /2) is described as follows:

Hy»(Gg/2) = AgAg — A3
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By virtue of (36)—(38) along with c; = ¢ € [0,2], we can find that

1
Hy»(Gg/2) = T (—19c6 —12¢*cy 4 336¢3c3 — 36¢%c3 — 1296¢%c,

+2016¢c503 — 129663 + 2592¢2¢4 — 2304c§) . (39)

Let j = 4 — ¢ in (11)—(13). Now, using the aforementioned lemmas, we obtain

12ctc; = 6c° 4 6ctx,
336c%c; = 84 (c6 - c4jx2> + 168 (c4xj + c3j(1 - |x|2) Q),
36c%c3 = 18c*jx +9 (c6 + c2j2x2) ,
1296c%cy = 162c® 4 162c*jx® — 486¢*jx* + 486c*xj + 648jc*x>

—648¢%i(1— [ ) xg — 648¢%(1 — |x|*) %® + 648¢% (1 — | ")

(1-1a?)s+648% (1 - [x?)e,

2016ccoc3 = —252x37%c? — 252ctjx? + 504cxj? (1 — \x\z) 0 + 504x%2¢?
+504c%j (1 — [x1”) o + 756¢x] + 252,
129663 = 486(ctjx +c2Pa?) +162(P% + ),
2592cpcs = 162c® 4 162c*jx® — 486¢*jx* + 648ctxj + 648jc*x?

—64803]'(1 - \x\z)xQ - 648c2j<1 - |x|2)fg2 + 64802]'(1 - ]x\z)
(1 [of*)6 +648¢%i(1 — [ ) o + 162 2c? — 48627 f2c?
148622 2c% + 6483312 — 648222 (1 - \x\z)cg — 6482 (1 - |x|2)fg2
+648xj2<1 - \x\z) (1 - \g|2)5 + 648cxj2(1 - |x|2>Q,

23042 = 144x*2c® — 576x% (1 - |x|2) co — 576x32c% — 288c4jx2 + 5762
(1 - |x|2>2g2 +1152cx/ (1 - |x|2> 0 + 57622 2c% + 576c3j<1 - |x|2) 0
+576¢*xj 4 144c.

Inserting the above formulae into (39), we obtain
Hy2(Gg/2) = L{%c?’j(l — [x) g — 16207 + 64872 — 48c*)x®
“ATE 331776
2
— 81222 — 16223 2c® + 18x*2c? — 576/ (1 - |x\2) 02

=722 (1 [x[) g — 648x72 (1 — || ) %e? + 648

(1 - |x|2) (1 - |Q|2)5 —4c6}.

Because j = 4 — ¢?,

1
Hy5(Gg/2) = BL776 (ql(c, xX) +qa(c, x)o + g3(c, x)0® + w(c, x, Q)J),
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where x,0,6 € 0, and

qi(ex) = —ac0+ (4—c?)[(4-c) (81 + 18c%* ) — dsct?],

ey = (1-2)(a-w7) (1) (ree) o]

g3(c,x) = (4—c2> (1f |x|2> [(4 )(—72|x|2—576)},
w(c,x,0) = (4—c2) (1 - |x|2) (1 lo| ) [648x(4—c2)]

Let |x| = x and |g| = y. Taking |6| < 1, we obtain

1 2
[H22(Gy/2)| < sz (I, 0)| + [2(e, 1)y + lga(e, 1) ly? + (e, %, @)1)-
1

< e Elexy), (40)
o) = or(ex) + o0y + a0 a6 1) (1-),
with
or(c,x) = 4c+ (4—c?)[(4—c?) (81632 + 182 ) + 4sct?],
e = (-2) (- 2)[(o-) (o) 95]
e (1-2) (1) (o) (5]
vs(c,x) = ( 2)(1—x2)[648x( )}

Now, we have to maximize &(c, x,y) in the closed cuboid T : [0,2] x [0,1] x [0, 1].

For this, we have to discuss the maximum values of £(c, x,y) in the interior of T, in
the interior of its six faces, and on its twelve edges.

1. Interior points of cuboid I' :

Let (c,x,y) € (0,2) x (0,1) x (0,1). By taking a partial derivative of £(c, x,y) with
respect to y, we obtain

g‘; - 24(4 - cz)(l — x?) [6_1/(4 - cz)(x —1)(x—8) +c(3x2(4 - cz> +4c2)]
Setting % = 0 yields

c(3x2(4 — c?) +4c?)
¥y = ) — — = Yo-
6(4—c2)(x—1)(8—x)
If yo is a critical point inside T, then yg € (0,1), which is possible only if

3cx2(4—c2) +4c% < 6(4—c2)(x—1)(8—x). (41)

and
>4 (42)

For the existence of the critical points, we have to obtain the solutions which satisfy
both inequalities (41) and (42).

As ¢? > 4, it is not hard to show that (41) does not hold true in this case for all values
of x € (0,1). Thus, there is no critical point of £(c, x,y) in (0,2) x (0,1) x (0,1).

2. Interior of all six faces of cuboid I :
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(i) On face c = 0, £(c, x,y) yields
£(0,x,y) = I;(x,y) = 1152y*(1 — x%) (x — 8)(x — 1) + 10368x (1 - xz).

Taking the partial derivative with respect to y, we obtain

oh _ 2304y(1 — x%)(x — 8)(x — 1).
%y
However, %1 # 0. Hence, I;(x, y) has no critical point in the interval (0,1) x (0,1).

(ii) On face c = 2, £(c, x,y) reduces to
E(2,x,y) = 256.

(iii) On face x = 0, £(c, x,y) is equivalent to
2
£(c,0,y) = L(c,y) = 4c® +96c%y(4 — ¢?) + 576y> (4 — 02) .

Taking the derivative of I,(c, y) partially with respect to y, we have

oh _ o 3 2 2\?
a3 =% (4- )+ 1152y (4 - ).

Again, taking the derivative of I;(c,y) partially with respect to ¢, we have

% =24¢° — 192c4y +288€2y <4 _ Cz) _ 2304cy2 (4 B c2>_

A numerical calculation shows that the system of equations

0h =0 and

A _ o 0,
dy

= =
has no solution in (0,2) x (0,1). Hence, I (¢, y) has no optimal point in the interval (0,2) x
(0,1).

(iv) On face x = 1, £(c, x, y) takes the form

£(c,1,y) = Iz(c,y) = 55¢° — 600c* + 1584¢>

Clearly,
3 = 330c” — 2400c¢” + 3168c.
By solving %3 = 0, we can find that the only critical point in (0,2) is

c= % /2750 — 551/685, at which I5(c,y) achieves its maximum value, which is provided by

284800 + 17536~/ 685

<
Elely) < 605

Now, using (40) along with the last obtained value, we can conclude that [H 2 (Gg/2)| < 2.
(v) On face y = 0, £(c, x,y) becomes

E(c,x,0) = Ig(c,x) = 18cPx* 4 33cOx% — 144c*x* — 648c* x> + 4c® — 456c4x?

+288c%x* + 648cx + 518423 + 1296¢%x% — 5184c2x
— 10368x> + 10368x.
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Taking the derivative partially with respect to x and then simplifying, with respect to

¢ we have
% = 72c¢%3 + 66c0x — 576¢*x® — 1944c*x? — 912¢*x 4 1152¢2x3 + 648¢*
+15552c?x% 4 2592¢%x — 5184c? — 31104x2 + 10368.
and
aai; = 108c%x* +198c%x* — 5763 x* — 2592¢3x% + 24¢% — 1824¢%x + 576¢cx*

+2592¢3x + 10368cx> + 2592cx? — 10368cx.

Thus, after a few basic calculations we can find that the system of equations has no

solution
oy aly

o9x dc
in the interval (0,2) x (0,1). Hence, I4(c, x) has no optimal solution in the interval (0,2) x
(0,1).
(vi)On facey =1, £(c, x,y) yields

and 0,

E(c,x,1) = Is(c,x) = 18c®x* — 72c°x* 4 33cbx% — 216¢*x* + 168c°x? + 576¢3x*
+4c° —960c*x? + 864c%x* — 96¢° — 9603 x% — 1152cx* + 576¢*
+5328¢%x% — 1152x* + 384¢® + 1152cx% — 4608¢ — 8064x% + 9216.

Taking the partial derivative of I5s(c, x) with respect to x, with respect to ¢ we have

?le = 72c¢%x3 — 288c%x% — 864c*x® + 336c°x + 23043 %% — 1920c*x — 460823
+345602x3 — 19203 x — 4608cx>® + 10656¢%x + 2304cx — 16128x + 66c°x.
and
ol
aT5 = 108c°x* — 360c*x* 4+ 198c°x% — 864c3x* + 840c*x? + 1728¢%x* + 24c°

—3840c%x% + 1728cx* — 480c* — 2880c%x% — 1152x* + 23043
+10656¢cx? 4 1152¢% + 1152x% — 9216¢.

As in the above case, we can obtain the same result for face y = 0, that is, that there is
no existing solution for the system of equations

s _
ox

ols
and e = 0,
in the interval (0,2) x (0,1).

3. On the Edges of Cuboid I":
(i) Onedge x =0and y = 0, £(c, x, y) reduces to

£(c,0,0) = 4c® = I4(c).
Clearly, the function I¢(c) achieves its maximum value at ¢ = 2, as provided by
£(c,0,0) < 256.
(i) Onedge x =0and y =1, £(c, x, y) is equivalent to

E(c,0,1) = 4c® —96¢° + 576¢* + 384¢> — 4608¢* + 9216 = I7(c).



Symmetry 2022, 14, 2039 20 of 23

Clearly,
I(c) = 24c® — 480c* + 2304¢% + 1152¢? — 9216¢.

We can see that I (c) < 01in [0, 2] shows that I7(c) is decreasing over [0,2]. Thus, I7(c)
achieves its maxima at ¢ = 0. Hence,

£(c,0,1) < 9216.
(iii) On edge ¢ = 0 and x = 0, £(c, x, y) reduces to
£(0,0,y) = 9216y* = Ig(y).

Note that from I[(y) > 0 in [0,1] it follows that I3(y) is increasing over [0, 1]. Thus,
I3(y) achieves its maxima at y = 1. Thus, we have

£(0,0,y) <9216.
(iv) As we can see that £(c, 1, y) is independent of y, we have
E(c,1,0) = &E(c,1,1) = Ig(c).
Io(c) = 55¢° — 600c* + 1584c2.
Taking the derivative with respect to c, we have

T5(c) = 330c — 2400c® + 3168c.

Setting Ij(c) = 0, we obtain the critical point ¢ = & /2750 — 551/685 at which Iy(c)
achieves its maximum value, which is provided by

284800 + 17536~/ 685

<
E(c,1,0) < 05

(v)On theedgec =0and x =1, £(c, x,y) yields
£(0,1,y) =0

(vi) On edge c = 2, £(c, x,y) takes the form

E(2,x,y) = 256.
As £(2,x,y) is independent of ¢, x and y, we have

£(2,0,y) = £(2,1,y) = £(2,x,0) = £(2,x,1) = 256.
(vii) Onedgec =0and y =1, £(c, x,y) is equivalent to
£(0,x,1) = —1152x* — 8064x? + 9216 = I;9(x).

It is clear that
I}o(x) = —4608x> — 16128x.

Note that Ij,(x) < 01in [0,1]; therefore, I;o(x) is decreasing in [0, 1]. Hence, Ijp(x)
achieves its maxima at x = 0, which is provided by

£(0,x,1) < 9216.
(viii) Onedge c = 0and y = 0, £(c, x,y) becomes

£(0,x,0) = —10368x> 4- 10368x = I11(x).
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Clearly,
I};(x) = —31104x + 10368.

We know that I7; (x) = 0 yields the critical point x = % at which I11 (x) achieve its
maximum value. Thus, we have

£(0,x,0) < 2304V/3.
Hence, from the above cases we can deduce that
E(c,x,y) <9216 on  [0,2] x[0,1] x [0,1].

From (40), we have

1 1
< — < —.
‘HZ/Z (Gg/z) ‘ — 331776 (g(C, X, y)) — 36
If ¢ € 8, then the sharp bound for the second Hankel determinant can be achieved
using (3)—(5) and

z1+sin() —1 1
g(z)—zexp(/o smf)dt>—z+3,z4+~-.

O

6. Conclusions

Calculating the third-order Hankel determinant sharp bound is a challenging task
in spite of the extensive literature on the Hankel determinants in the area of geometric
function theory. In the present article, two subfamilies of starlike functions connected to
special functions are taken into consideration. For the stated classes, we achieve sharp
bounds on the coefficient-related problems. In particular, by transforming the third Hankel
determinant to a real function with three variables defined on a cuboid, we determine the
exact bound of the third Hankel determinant with logarithmic coefficient entries. This
makes it easier to comprehend the additional geometric characteristics of these function
classes. By upgrading the current methodologies, it could be feasible to obtain more results
for other univalent or analytic function subfamilies.
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