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Abstract: Several inverse integral inequalities were proved in 2004 by Yong. It is our aim in this paper
to extend these inequalities to time scales. Furthermore, we also apply our inequalities to discrete and
continuous calculus to obtain some new inequalities as special cases. Our results are proved using
some algebraic inequalities, inverse Holder’s inequality and inverse Jensen’s inequality on time scales.
Symmetry plays an essential role in determining the correct methods to solve dynamic inequalities.
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1. Introduction

The form of the established classical discrete Hardy—Hilbert double series inequality [1]
is given as follows: If {a,,} >0, {by} > 0,0 < Y3 ;ah < coand 0 < Y, b}l < oo, then
we have

1 1
Z Z Y. a b, (1)
n=1m=1 Sln% <n—l ! m=1 "
wherep >1,g=r/p-1.

The continuous versions of inequality (1) is given by:

/(;w/(;wf(;)f(yy) V< (/ fx dx);('/o.oogp/(x)dxy, @

unless f = 0 or ¢ = 0, where f and g are measurable non—negative functions such that
Joo fP(x)dx < oo and [ gP(x)dx < co. The constant T, in (1) and (2), is the best
T

possible.

In [2], Pachpatte proved that if f € C![[0,x],R*], ¢ € C'[[0,y],RT] with f(0) =
g(O) = 0 and p, g are two positive functions defined for t € [0,x) and T € [0,y), with

fo T)dt and Q(#) fo T)dt fors € [0,x) and t € [0,y), where x, y are positive
real numbers. Let @ and Y be two real—valued non-negative, convex and sub-multiplicative
functions defined on [0, c0). Then,

fo #dsdt < L(x,y) ( fox(x —s) (p(s)cb(g((jozds) :
, 1

(-

®)
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where

VA CONNASIEG ()AL
v =5 () (%) ) (O Caa) )
In 2004, Yong [3] studied the following integral inequality:

Theorem 1. Let I, m > 1r < 0and f(c) >0, g(t) =2 0forc € (0,&), T € (0,{), where §, {
are positive real numbers and define

¥) = /ng((f)d(f, and E(g) := /g ¢(T)dr,

0

for S € (0,&) and g € (0,). Then, forp™' +g ' =1,p<00r0< p <1

[ /é@’; B asac > el /f(ﬁ—%)(@f(%))qd%);

gr

¢
x (/0 (€=¢) (Eg(g))%) O
unless f = 0or g =0, where O(I) = O () (), Eglg) = 2™ g)g(g).
In 2009, Yang [4] studied the following integral inequality:

Theorem 2. Let p, g > 0,0 > 1,y > 1and f(c) > 0, g(t) = 0foro € (0,8), T € (0,0),
where ¢, C are positive real numbers and define

¥) = /ng(a)da, and E(g) := /g ¢(t)dr,

0

for € (0,¢)and g € (0,(). Then,

¢ rl SR
/0 /0 o~ (a=1)(a+7)

vs

ay

=1 4 N
=N ——asdc < D(pgE i) ( | E-9@ 1 @)/(9) d%)
+ ag
¢ 7
<( [ @ @se) ) ®
unless f = 0o0r g =0, where D(p,q,&,C,a,7) = “’fyg“%gvvj.

In this paper, we prove some new dynamic inequalities of Hilbert type and their
converses on time scales. From these inequalities, as special cases, we formulate some
special integral and discrete inequalities. Symmetry plays an essential role in determining
the correct methods to solve dynamic inequalities.

Now, we present some fundamental concepts and effects on time scales which are
beneficial for deducing our main results. In 1988, S. Hilger [5] presented time scale the-
ory to unify continuous and discrete analysis. For some Hilbert-type integral, dynamic
inequalities and other types of inequalities on time scales, see the papers [2,3,6-16]. For
more details on time scale calculus see [17].

We need the following important relations between calculus on time scales T and
either continuous calculus on R or discrete calculus on Z. Note that:

() If T =R, then

o(g)=¢ n(g) =0, fc) /f Ag—/ f(g) 6)
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(i) If T = Z, then
b b—1

o(g)=¢+1, ulg)=1 f2%)=flc+1)-f(s), / fe)ag =Y flg). )
a c=a

Next, we write Holder’s inequality and Jensen’s inequality on time scales.
Lemma 1 (Dynamic Holder’s Inequality [18]). Let a,b € Tand f, g € C,4([a, b]T, [0, 00)). If
p,q> 1with%+% =1, then

1 1
b b [ b 7
/a f(6)8(g)Ag < [/ﬂ f”(g)AQ] M g”’(g)Ag} : ®)
This inequality is reversed if 0 < p < land if p < 0or g < 0.

Lemma 2 (Dynamic Jensen’s Inequality [18]). Let a, b € T and ¢, d € R. Assume that
g € Cy(la,blr, [c,d]) and r € Cyy([a, blT, R) are non-negative with fab r(c)Ag > 0. If p €
Cra((c,d),R) is a convex function, then

S 8(&)r(©)A\ _ fi r(e)p(g(e))Ae
¢( Ji r(6)Ag >\ freae

This inequality is reversed if ¢ € C,q((c,d),R) is concave.

©)

Moreover, we use the following definition and lemma as we see in the proof of our
results:

Definition 1. A is called a supermultiplicative function on [0, 00) if
Alxy) = MEA(Q), forall §,¢ > 0. (10)

Lemma 3 ([19]). Let T be a time scale with §,a € T such that ¢ > a.If f > Oand a > 1, then

1

(/ff(T)ATY > 06/jf(i7)</:f(f)AT>a Ary. (11)

Now, we present the formula that reduces double integrals to single integrals, which
is desired in [9].
Lemmad. Let x : T — Rand u, S, 6 € T. Then,

R

/u% /MQX(T)ATAG = / (% - U(Q))X(G)Ae fOT’ I e ']I', (12)

u

assuming the integrals considered exist.

The following section contains our main results:

2. Main Results
In the next theorems, we assume that p < 0 and % + % =1
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Theorem 3. Let T be time scale with L, K > 1and Y, ¢, ¢o, &, { € T. Assume a(t) and b(T)

are two non-negative and right-dense continuous functions on [go, ¢| and [co, C], respectively, and
define

o

P(Q) = /JQ(T)AT and ¢(g) := /gb(r)AT,
%0 )
then, for & € [go, &] and ¢ € [co, ], we have that
e K & L
[ O o
60 /o

(P*(% —co)P 1+ p(g—go)p-1

\—/
=
=
%

>k Lpp) ([ 0@ o) @@ (@) a3)]

Go
¢ 7
X (/go (0(C) — U(Q))(b(g)qoLl(G))p*Ag) , (13)
where KL - -
Cl(K/L/p/p*) = W(C—QO)T@—GO) P
(p+px) 77

Proof. By using the inequality (11), we obtain

(&3

N

PE(S) =K i a(n)p 1 (n)An, (14)
¢%@>ijm¢*MMm (15)

Applying inverse Holder’s inequality on the right hand side of (14) with indices p and %,
we have
p—1

K S S — e S K-1 p %
() > K(S - o) (éowww <m)mﬁ 16)

Applying inverse Holder’s inequality on the right hand side of (15) with indices p. and

pf “1, we also have that

1

/g (Wﬂ)qﬂ“(ﬂ))”"M) " (17)

So

¢%92L@—@fﬁ(

From (16) and (17), we obtain

<( [ wonetta)an) " 18)

Using the following inequality

i / 1 «
AP > ([x,(lel)tl + o/z/\g)) , (19)
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where o], ), < 0and Ay, A, > 0. Now, by setting A1 = (3 — go)(p’l), Ay =(¢g— go)(i"*’l),

Wy = %, oy = pl—* and &’ = &} 4 a}. we obtain that
p-1 25} s (S —co)P] — eI i
(S—¢0) " (6—¢0) " > (pr (( ;0) e ‘;0) )> .0
Substituting (20) in (18), yields
ptpx
K)ol KL o~ p—1 p-1) PP
P (S)e(g) = W p+(S —co)’ " +plc—6o)P
ptpa) 7P

X (/(3 (ﬂ(ﬂ)#f“(n))pAv);

(4]
1

x (/g (b(n)pr‘l(v))”*Av)m- (21)

co

ptpx
Ppx

Dividing both side of (21) by (p* (S —go)P 1 +plg— go)”*_l> , we obtain that

Cx

K & L & %
e (o o 2 KL [ </go (a(ﬂ)lpKl(U))pAU)
(P*(%—GO)P1+p(g—go)m1> e (ptps) P

1

X (/; (b(n)¢L‘1(17))p*A17) " @

Integrating both sides of (22) from ¢y to ¢ and from ¢ to {, and applying inverse

P and p., *

— p— 1" we obtain

Holder’s inequality with indices p,

/5 /5 P ()" (o) ASAC
G0 Y 6o pp*
<P*(% —co)P 1+ p(s— go)”*l)

> W(@ - GO)pTTl(g - ‘50);”’;:1 (/gj </go (”(U)¢K1(W))pAU) A%)

X(/: (/gi (b(n)(PL‘l(n))’”*Aﬂ)Ag)pt. (23)
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Applying Lemma 4 on the right hand side of (23), we have

/ / ¢E(S)et () A
6o JGo ( P co)P 1+ p(c — co)P* 1) PP
> W(é‘go)v(g—go);w(/gj( _g(%))(a(%)lpK](%))pA%>:’

<(/ f(@ - (e (ble)g(0)" )
= C1(K,L,p, ps) (/j(é 7 () (a(S)p 1(%‘))%%);

¢ P
— b L-1 P ]
<( [ @t beret )" a)
By using the facts { > p(¢) and ¢ > p({), we obtain

// PE(3) el (o) ASAC
B O R

N———
g\

> & Ly ([ (600 - (@) @@ (@)7a3)

So

<( [ 6@ - ceneet o) )"

S0

This completes the proof. [J
Theorem 4. Let a(7), b(1), Y(S) and ¢(¢) be defined as Theorem 3. Then, we have

// $(S)e(e) ASAC
: ”(* €)1+ plc — co)P* 1)

(5 (;o) (C Go) ”' ¢ p i
(p(8) — () (a(3))" A
(P+P*) </g° ’ 7N ) )

.a
-

1

<([ew —a<g>>(b<g>>”*Ag)”*

o
Proof. Put K = L = 1in (13). This completes the proof. [

As a special case of Theorem 3, when T = R, we have p({) = ¢, p(0) =, 0(3) =S,
o(g) = ¢, and we obtain the following result:
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Corollary 1. Assume that a(Y) and b(g) are non-negative functions and define () := Og a(n)dny
and ¢(c) := [; b(y)dy. Then,

¢ g K & L c
[ [ vy,
(p* Sr-l+p gp*—l)

pp=

> C3(K, L, p, p+) </0¢(€ - %)(ﬂ(%)l/J“(%))pd%y

*

x (/f(é— g)(b(G)qv“(g))”*dg) ",

where
p=1 px—1
KL » g px
- ptpx *

(p+ ps) PP

C3(L/ K/ P/ P*)

As special case of Theorem 3, when T = Z, we have p(¢) = ¢ —1,p(0) = -1,
0(¥) =3 +1,0(g) = ¢ + 1, and we obtain the following result:

Corollary 2. Assume that a(n) and b(m) are non-negative sequences and define

m

Then,

% % ph(n)gX(m)

N
) o > Gk L) (L (N = 1) = (o 1) a1 )7 )
n=1m= (P* l’lpfl‘f‘P mp*1>

PP*

u X
(L (=1 = e+ D) emgt oy )

m=1
where
pl  opel
KLN » M »
C(KLp)=—"—
(p+pe) 7

Theorem 5. Let T be a time scale with 3, ¢, o, &, ¢ € T, Y() and ¢(g) be as defined in
Theorem 3. Let f(t) and g(17) be two non-negative and right-dense continuous functions on [go, ¢]
and [go, ], respectively. Suppose that A and Y are non-negative, concave and supermultiplicative
functions defined on [0, 00). Furthermore, assume that

R} S
0(3):= [ f(r)aT and E(c) = [ gly)a, eh)
S0 S0
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then, for & € [go, ¢ and ¢ € [co, (], we have that

/5/5 AP(S))Y(¢(g)) ASAC
60 Y60 o p—1 _ ps—1 |
P« (S —¢6o) +p(¢ —¢o)

> i) ([ (0l o) (F@)n [“@me); @)

x (/:(p(é) —0o(g)) <g(g)y[28Dp*Ag> p%,

where

i = () (20} (192) )

Proof. Since A is a concave and supermultiplicative function, we obtain by applying
inverse Jensen’s inequality that

[1]

0(9)) [ f(1)§5 ot
IS flr)aT

AGQ) = A

(26)

WV
g
Q
«
A~
2
~|
3

Applying inverse Holder’s inequality with indices p and p—fl on the right hand side of (26),
we see that

My > 887 ([ (oa[ D)) s e

Moreover, since Y is a concave and supermultiplicative function, we obtain by applying

inverse Jensen’s inequality and inverse Holder’s inequality with indices p. and ; f ~7 that

we have

1

Y(p(c)) 2 Y(E(S)) (6— o) 7 (/gj (8(77)Y {b(”ﬂ ) mAn) " (28)

From (27) and (28), we have

AGEYO() > (8- - (A ([ (fﬁ)A[j’f(g])pm)’l“)

)
(EL L o5 )") @

By using inequality (19), we obtain that

ptpx

p—1 px—1 o -1 —1
v pp« (S —¢o)? (¢ —co)P* PP
S—co) " (c—co) " > ( ( + : (30)
( 0) ( 0) p P p P

From (29) and (30), we have that
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& — -1 _ r—1 %
AR Yol > (2 (BE  eel ) @

(o U GoonfG]) o) )OGS (L e [5h]) o))

Then,

e ()™ (RS (ron 5] )’

<P*(% —co)P 1+ p(c— go)l’*—l)
CERLGl] )

Integrating both sides of (32) from ¢ to ¢ and from ¢p and {, we obtain

o <P*(i‘f—go)" Y+ p(s —go)P: 1) "
() LR (e i) )as) oo
X/gf(YﬁS”( [ (s[5 DW) )

/@ /é A(p(S))Y(e(s)) ASAC

Applying inverse Holder’s inequality with indices p, e 1 and p., on the right hand of
side (33), we have
¢ &
[ AGEDYOE) o
o

T R e

DTHLCES) ) (L (on[fgl o) o
DY ek ([ (se]2]) snac)

Applying Lemma 4 on the right hand side of (34), we obtain

(P
(L=

/c /@ AP(3)Y(9(c)) __ASAC

Go TppE
(m(%—go)v—l T ple —Go)p*_1>
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By using the facts ¢ > p(¢) and { > p({), we obtain

/.g/g A(9))Y(9(c))
Jco Jgo

() L CaR) ) L 05

This completes the proof. [

As a special case of Theorem 5, when T = R, we have p(§) = p(0) =, 0(3) =S,
o(g) = ¢, and we obtain the following result:

Corollary 3. Assume that a(), b(g), f(t) and g(n) are non-negative functions and define

I X

o /0061(77)6177/ o) /Ogb(n)d”' 0(3) = O\yf('r)d‘c, and B(c) = /Ogg(ﬂ)dﬂ.
Then,
¢ A(lP(%))Y(‘P(G))HP*dgd
H (P*%P—1+pgp*—1 =
> Mz(p)</og( - (f(%)A [?@ﬂ)p‘ﬁ) p
<(fra-o(sev| 5] p*d‘a‘);
where

= (i) L) o)L CE) )

As a special case of Theorem 5, when T = Z, we have p(¢) = ¢ —1,p(0) = — 1,
o(¥) =3 +1,0(g) = ¢ + 1, and we obtain the following result.

Corollary 4. Assume that a(n), b(m), f(n) and g(m) are non-negative sequences and define

a(S), p(m) =Y. b(k), ©(m) = Y. £(3) and S(m) = Y. g(k).

0 k=0 I=0 k=0

1=

p(n) =

&
Il
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A
G0 Y60

A(O(S)Y(E(6)) (S =~ 60)(s = 6o)

Then,

AN v 35001 6o (s [22] Y}
<P*nP1 + pmml> " =1

=

N
)
n=1m=1

1

{Bo-on (i)}

where

i = (55) " {E (6T LB &R

Theorem 6. Let T be a time scale with 3, g, o, ¢, ¢ € T. Let f and g be two non-negative and
right-dense continuous functions on [go, &| and [go, {], respectively. Suppose that A and Y are
non-negative, concave and supermultiplicative functions defined on [0, c0) and define

&) 1 N —- — 1 6
O3) = g, [ flaT and Be) = — /go (1)AT, (35)

then, for & € [go, & and ¢ € [go, {], we have that

(m(% o)+ ple— o)

[
o ASAG
PP

1

E(pp) ([ (0@~ (3 [A((3)))783) % ([ 0@ - ooy )", 36)

So

pEpx
px—1

: ) " (C—f;o)}%l(é—go) e

P+ px

E(p,p«) = <

Proof. By assumption and by using the inverse Jensen inequality, we see that

AO(S) = A( ! Sf@-)m)

S =60 Jgo

! /3 A(f(T))AT. (37)

%_QO Go

By applying inverse Holder’s inequality on (37) with indices, p, -5, we have

r
A©) > 5237 ([ [atrm))ar) . 8)
This implies that
A@@)S - > (-7 ([ [aGm))ar) . )
Analogously,

V(@) an) > (6 —co) i ([ [¥(go))ar) )

So
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From (39) and (40), we obtain

ARYEO -l —c) > (3= =) ([ [agm))ac)’
x ( /g g [Y(g<r))}”*m) " (41)
By using inequality (19), we obtain that
NS e ((S—g)’! . (g—co)? 1\ 7
(S—co) " (6—50) >(p+p*( ; + o )) . (42)
Then,
S NN~
AER)YEE)S - el -a) > (S22 (! f;’) )
([ iatrenrae)" ([ st ar) . @)
From (43), we have

==

AO)YEE)S —co)le=c0) (1) " (/é[ (

pps p -+ Px
(P*(S —co)P 1+ plc— Qo)’”‘l)

PP*

X ( A [Y(g(r))]”*m) g (44)

So

Taking delta integrating on both sides of (44), first over & from ¢ to ¢ and then over ¢ from
¢o to ¢, we find that

pEpx 1

/gf /gj A(®(%))Y(E(g))(%—go)(g—ggzm ASAe > <p+1p*> Ppe (/i(/; [A(f(T))],,M>pA%)

<p*(%_g0)pl+i7(§—g0)p*1 sz
’ (/gj </g§ [Y<8<T>>]”*AT>;*AQ). (45)

p

By applying inverse Holder sinequality on (45) with indices p, p—1 and ps, ’ 4 i 7o we get
( H ( )) ( ) ( ) 1 P;}P* p-1 px—1
AO(9))Y(E —60){6 —6o . 5 o
ASA — P(7 — =

( (@ pem )

x (/f (/g [A(f(r)ﬂ”Ar)A%);(/gf (/; [Y(g(r))]”*Ar)Ag)'}*. (46)

Applying Lemma 4 on (46), we fined that
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ptpx
px—1

A(®(C\‘S))Y(E(€))(3*Go)(Q*G?lp* ASAC > (p—i—lp) " E— )T (o)

LA,
)

Go
(P*(S —6o)P L+ p(c—go)P-1

By using the facts ¢ > p(¢) and ¢ > p({), we obtain

/c/-z AOENYEE)(S —c)ls —60) g,

PP

Go “Y6o
(P*(% —6o)P 1+ p(c—go)P-!
1

>E@mn(éﬂma—oﬁwPWﬂ%»VM%;(Limo—a@»W@@»Vm{Vi

Epr) = (5557) " G- G-

This completes the proof. [
As a special case of Theorem 6, when T = R, we obtain the following conclusion

where

Corollary 5. Assume that f and g are non-negative functions and define

o(9) := é /O.%f(r)d’r and E(g) := %/f g(1)dr,

then, for & € [0,¢] and ¢ € [0, ], we have that
=) x

/é /5 A(O(9))
0o Jo B

(p*%i’l + pgh+ 1)

1 p;fj«* p=1 px—1
Ei(p,ps) = (P+P*> gr g

As a special case of Theorem 6, when T = Z, we obtain the following conclusion

where

Corollary 6. Assume that f(n) and g(m) are two non-negative sequences of real numbers and de-

fine

:\»—\

i () and B
S—1
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then,
N M = N 5
55 A(®(n))Y(~(m))n:; > Ez(P,P*)< Z((N—l)—(n+1))[A(f(n))]”>
n=1m=1 <p*np1+pmp*l> Pp* n=1

u i

(L (=1 = o ) (sn)]") ",

m=1

where
Ea(p, ps) = (pjp*) "N M

Theorem 7. Let T be a time scale with 3, ¢, 6o, &, { € T. Let a(t) and b(T) be two non-negative
and right-dense continuous functions on [go, ¢ and [go, (], respectively. Let ©, &, f, g, A and Y be
as assumed in Theorem 5. Furthermore, assume that

V) =g | fa(r)f(r)Ar md 9(0)i= 55 [“elginzn @)

then, for & € [go, &] and ¢ € [co, ], we have that

/é /é AW(3))Y(9(6)E(5)O(S) -
f0e (p*(% — o)1+ p(g - 90)”*1>> "
P

|
/N
S
=) IaN]
—
\

Q
—
Np)
S—
N—

U
oqQ
—
Np)
S—

<

[S3
—
Np)
=

"

3
>
Np)
N
N

> i) ([ (€ ot (s@)miaen) a3) |

S0
where
1 pr;rjj p—1 px—1
Dip) = (55 ) " €T @)
Proof. From (47), we see that
1 R)
AYP(Q)) = A == T)a(T)AT ). 48
(3 = A (g [ fTamiac) )
Applying inverse Holder’s inequality with indices p and % on the right hand side of (48),
we obtain - X
([ (1))
AY(I)) > — L — T)Ala(t AT | . 49
@3) > g [ (foak] (49)
From (49), we obtain that
ISWANS p ,
AWENOE) > 3 —e)7 ([ (fmalacen) ar) . )
0

Similarly, we obtain

Y(p(e)2(0) >~ o) 5 ([ (st (’7”>WA”> | D
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From (50) and (51), we observe that

p—1 px—1

AP(3)Y(9(6)E(S)O(I) = (S —co) 7 (¢ — o) P 1
<( [ (reian) ae) ([ (soviewn) ar)”" 62

—1 *x—1
Applying the inequality (19) on the term (3 — ) 5 (¢ —co) pFT, we obtain the following
inequality

==

S — -1 — +—1 PP+
AGENYpe)z@0E) > (SH (Bl o)) 63

<( [ (somiao ) o) : ([ (g(nw[bm)])p*m)”l*.

ptpx

Dividing both sides of (53) by (p*(% —co)P 1+ p(g— go)p*l> " , we obtain that

st (1) ([ e )
«(— 6o —6o)™

x (/gi <g('7)Y[b(f7)])p*A77> ,,%. (54)

Integrating both sides of (54) from ¢ to ¢ and ¢ to , we obtain
¢ rC Cx = Cx
[ [ A0 g, 55
0 0

prps O
(P*(S —co)P 1+ plc— Go)p*l)

> () (L (L (romcen) ae) o) (£ (] s o) o)

p
p—1

Applying inverse Holder’s inequality again with indices p,
right hand side of (55), we have
s 3 = &
[ [ MQYDEDO®) g
60 60
(p (3= o+ ple - o)

PP
ptpx o 1

> (o) e e-oF ([ ()
X (/gj (/gj (g(n)Y[b(n)]y*An)Ag) - (56)

o) [ ([ (romiaen) ac)as) : (L ([ (stmvison) an)ac) g

Applying Lemma4 on the right hand side of (56), we obtain that

and v,
P p
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/é /é AY(9))Y(9(6))E(5)O(S) ASAC
6o 7 6o

ptpx
(m(%—go)vl e —Go)p*1>

> ou)( [/ (6ot (s 'a0)" ([ oten (stonviien) " ac)

By using the facts ¢ > p(¢) and ¢ > p({), we obtain

1
P*

/f: /5 A(9))Y(¢(6))E(5)O(S) ASAC
6o Y 6o *

N—
3

(P*(% —co)P 1+ p(g—co)P+t

=
7 N\
u\
=) N
—
e}
—
N
S—
\

N)
—
<o
SN—
S—

oumny
[02¢}
—~
N
SN—
<
oy
—~

N

=
~__
S

>

N

~__
T

> 01(p) ([ 00~ o)) (7912101 9)

50
This completes the proof. [
As a special case of Theorem 7, when T = R, we have p(§) = ¢, p(0) =, 0(J) =S,
o(g) = ¢, and we obtain the following result:
Corollary 7. Assume that a(), b(g), f(S) and g(g) are non-negative functions and define

3 1

F@a@)dr and oc) = 25 [ s(@pb(xar,

<
\(:?
I
©]
\(32
S

Then,

/é' /g A(P(3))Y(9(c))O(
0 Jo

( 2Casa; >0 [(e-9) (f(%)A(a(%)))pd%)’l”
pxSP1 4 pgp—1

o(fre-o(sox(we)) )",

ptpx

Palr) = (P-:p*> ERGRA( R

where

As a special case of Theorem 7, when T = Z, we have p(¢) = ¢ —1,p(0) = — 1,
0(¥) =¥ +1,0(g) = ¢ + 1, and we obtain the following result:

Corollary 8. Assume that a(n), b(m), f(n) and g(m) are non-negative sequences and define

<
G
I
jo}
G
1=
s
\CE
2
EE
pNY
Iy
X
=X
2
i
[x]
2
e
=
fayl
=

JI=0 k=0

Then
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where
ptpx

Pl = (P-ﬁp*) SRR

3. Conclusions and Discussion

In this article, with the help of the inverse Holder’s inequality and inverse Jensen’s
inequality on time scales, we discussed and proved several new generalizations of the
integral retarded inequalities given in [3]. Moreover, we generalized a number of other
inequalities to a general time scale. Finally, as a special case, we studied the discrete and
continuous inequalities. As a future work, we intend to generalize these inequalities by
using alpha-conformable fractional derivatives on time scales. Furthermore, we will extend
these results to diamond alpha calculus.
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