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Nuttapol Pakkaranang 5,* and Bancha Panyanak 6,7,*

1 GSU-Mathematics for Innovative Research Group, Gombe State University (GSU), Gombe 760214, Nigeria
2 Department of Mathematics, Faculty of Science, Gombe State University, Gombe 760214, Nigeria
3 Department of Mathematics, School of Chemical Engineering and Physical Sciences, Lovely Professional

University, Phagwara 144411, India
4 Faculty of Science and Mathematics, University of Nis, Visegradksa 33, 18000 Nis, Serbia
5 Mathematics and Computing Science Program, Faculty of Science and Technology, Phetchabun Rajabhat

University, Phetchabun 67000, Thailand
6 Research Group in Mathematics and Applied Mathematics, Department of Mathematics, Faculty of Science,

Chiang Mai University, Chiang Mai 50200, Thailand
7 Data Science Research Center, Department of Mathematics, Faculty of Science, Chiang Mai University,

Chiang Mai 50200, Thailand
* Correspondence: nuttapol.pak@pcru.ac.th (N.P.); bancha.p@cmu.ac.th (B.P.)

Abstract: Many practical applications in applied sciences such as imaging, signal processing, and
motion control can be reformulated into a system of nonlinear equations with or without constraints.
In this paper, a new descent projection iterative algorithm for solving a nonlinear system of equations
with convex constraints is proposed. The new approach is based on a modified symmetric rank-one
updating formula. The search direction of the proposed algorithm mimics the behavior of a spectral
conjugate gradient algorithm where the spectral parameter is determined so that the direction is
sufficiently descent. Based on the assumption that the underlying function satisfies monotonicity and
Lipschitz continuity, the convergence result of the proposed algorithm is discussed. Subsequently, the
efficiency of the new method is revealed. As an application, the proposed algorithm is successfully
implemented on image deblurring problem.

Keywords: algorithms for nonlinear problems; derivative-free method; nonlinear monotone equations;
projection method; line search; image deblurring problem
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1. Preliminaries and Motivation

Consider the space Rn with a nonempty closed convex subset, A. The symbol ‖ · ‖
shall mean the Euclidean norm in the entire paper. Recall that a function V is said to be
monotone and Lipschitz continuous if it satisfies the following inequalities

0 ≤ (x− y)T(V(x)−V(y)), (1)

‖V(x)−V(y)‖ ≤ L‖x− y‖, L > 0, (2)

respectively. Let V : Rn → Rn be a monotone function, this paper is concerned with finding
a vector x̂ ∈ A that solves the following system of monotone nonlinear equations:

V(x) = 0. (3)
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Problem (3) is of paramount importance due to its presence in various fields of applied
sciences such as physics, engineering, signal processing, robotic motion control, image
deblurring problems, etc. (see, [1–9]). Among the different classes of iterative algorithms
for solving (3) such as Newton-like methods, quasi-Newton methods and trust-region
methods (see, [10–15]); conjugate gradient (CG) methods (see, [16–20]) stand out. The CG
methods are popular, especially for problems with large dimensions, due to the fascinating
features like low memory demand, global convergence and simplicity.

Recently, the interesting projection map presented by Solodov and Svaiter [21] has
made the CG method for (3) gain more attention. For instance, based on the popular
CG_DESCENT method [22], Xiao and Zhu proposed a projection CG method for solving
problem (3). The search direction produced by their algorithm is sufficiently descent
independent of any line search technique. The sufficient descent property is an important
property for any CG method, especially in the proof of its convergence result. However,
Liu and Li [17] pointed out the possibility of the CG parameter in [23] being undefined
at certain iteration and therefore, proposed another CG projection method. Furthermore,
based on the Dai-Yuan CG method [24], Liu and Feng [25] developed an interesting spectral
CG method with nice characteristics. Experimental results showed that their method is
relatively efficient.

Another set of popular iterative methods for unconstrained optimization problems,
min{v(x) ∈ R : u ∈ Rn}, and (3) are the quasi-Newton methods. This class of methods
compute their directions of search as pk = −MkV(xk), Mk is an approximation of the
Hessian inverse of v at xk. The matrix Mk is usually computed using different updating
formula such as BFGS (Broyden–Fletcher–Goldfarb–Shanno) and SR1 (Symmetric rank-one
formula) [26]. Unlike the CG methods, the quasi-Newton method may be unsuitable when
the dimension of the problems is large. This inspires Zhang et al. [27] to incorporate
the popular Polak–Ribière–Polyak parameter [28,29] into the BFGS updating formula and
developed a three-term matrix-free iterative method for minimization problems without
constraints. Motivated by the success of the Zhang et al.’s [27] approach, Awwal et al. [30]
came up with a spectral CG-like method for (3) where a modified Perry CG parameter [31]
is incorporated into a modified BFGS updating formula. The spectral parameter in their
method is determined so that the sequence of the search directions is sufficiently descent.

The SR1 quasi-Newton method is a successful iterative method for minimization
problems. However, not much has been done to explore its performance on the system of
nonlinear Equation (3), perhaps due to the fact that the denominator of the SR1 updating
formula could be zero at some point (detail is given in the next section). Motivated by the
successes of the methods discussed thus far, in this paper, a new derivative-free spectral
projection method for handling problem (3) is proposed with the aid of a modified SR1
updating formula. A few notable contributions of this work are enumerated below:

1. The search direction of the proposed method is set up based on the modified SR1
updating formula.

2. The direction of search has some nice features such as boundedness and so on.
3. The convergence result of the new method is established under some mild conditions.
4. The numerical performance of the new method is explored by implementing it on a

set of test problems.
5. The proposed method is implemented on image deblurring problem.

The rest part of this paper is arranged as follows. The proposed method and its
motivation, as well as its convergence analysis are expressed in Section 2. The efficiency of
the new method is shown in Section 3 and the application is illustrated in Section 4. Finally,
some remarks are highlighted in Section 5.

2. DFSR1 Method with Its Convergence Results

Let us start by stating the following assumption.

Assumption 1. The point x̂ ∈ A satisfies V(x̂) = 0 and the function V satisfies (1) and (2).
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We briefly recall the quasi-Newton iterative methods, which produce {xk} using the
following recurring formula:

xk+1 = xk + τk pk, k = 0, 1, 2, . . . , (4)

τk is a step-size obtained via a suitable search line strategy and pk is a search direction that
is usually supposed to satisfy

V(xk)
T pk ≤ −c‖V(xk)‖2, c > 0. (5)

One of the popular quasi-Newton matrix updating formula, namely Symmetric rank-one
(SR1), is given as follows:

Mk = µk Mk−1 +
(sk−1 −Mk−1yk−1)(sk−1 −Mk−1yk−1)

T

(sk−1 −Mk−1yk−1)Tyk−1
, (6)

sk−1 = xk − xk−1, yk−1 = V(xk)−V(xk−1) and the parameter µk > 0 shall be determined.
If µk = 1 for all k, then the SR1 update (6) reduces to the classical one. By letting Mk−1 ≡ I
(i.e., identity matrix), then (6) becomes

Mk = µk I +
(sk−1 − yk−1)(sk−1 − yk−1)

T

(sk−1 − yk−1)Tyk−1
. (7)

The quasi-Newton search direction is defined as follows

pk = −MkV(xk), k = 0, 1, 2, . . . . (8)

By substituting (7) into (8), we have

pk = −µkV(xk) + βkuk, (9)

where

βk =
−uT

k V(xk)

yT
k−1sk−1 − ‖yk−1‖2

, (10)

and uk = sk−1 − yk−1. This suggests that (9) imitates the actions of the classical spectral CG
method. To ensure that the βk (10) is well-defined, we must ensure that ‖yk−1‖2 6= yT

k−1sk−1.
Now, defining yk−1 = V(xk) − V(xk−1) + tsk−1, t > 0, sk−1 = xk − xk−1 and using the
Lipschitz continuity assumption on V, gives

‖yk−1‖ = ‖V(xk)−V(xk−1) + t(xk − xk−1)‖
≤ ‖V(xk)−V(xk−1)‖+ t‖xk − xk−1‖
≤ L‖xk − xk−1‖+ t‖xk − xk−1‖
≤ (L + t)‖sk−1‖. (11)

Additionally, by the monotonicity of V, we have

‖yk−1‖2 = (V(xk)−V(xk−1) + t(xk − xk−1))
T(V(xk)−V(xk−1) + t(xk − xk−1))

= ‖V(xk)−V(xk−1)‖2 + 2t(V(xk)−V(xk−1))
T(xk − xk−1) + t2‖xk − xk−1‖2

≥ ‖V(xk)−V(xk−1)‖2 + t2‖xk − xk−1‖2

≥ t2‖sk−1‖2.

(12)

This, together with (11), gives

(t + L)2‖sk−1‖2 ≥ ‖yk−1‖
2 ≥ t2‖sk−1‖2 > 0. (13)
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However, the monotonicity and Lipschitz continuity of V yield

yT
k−1sk−1 = (V(xk)−V(xk−1) + t(xk − xk−1))

T(xk − xk−1)

= (V(xk)−V(xk−1))
T(xk − xk−1) + t‖xk − xk−1‖2 (14)

≥ t‖sk−1‖2 > 0,

and

yT
k−1sk−1 = (V(xk)−V(xk−1) + t(xk − xk−1))

T(xk − xk−1)

= (V(xk)−V(xk−1))
T(xk − xk−1) + t‖xk − xk−1‖2

= ‖V(xk)−V(xk−1)‖‖xk − xk−1‖+ t‖xk − xk−1‖2 (15)

≤ L‖xk − xk−1‖2 + t‖xk − xk−1‖2

= (t + L)‖sk−1‖2.

Combining (14) and (15) gives

(t + L)‖sk−1‖2 ≥ yT
k−1sk−1 ≥ t‖sk−1‖2 > 0. (16)

Therefore, it makes sense to redefine the parameter βk as follows

βk =
−uT

k V(xk)

max{yT
k−1sk−1, ‖yk−1‖2}

, (17)

where uk = sk−1 − yk−1.
Next, we determine the parameter µk so that (9) satisfies (5). Now, taking inner product

of (9) and V(xk) where βk is given by (17), we have

V(xk)
T pk = −µk‖V(xk)‖2 + βkV(xk)

Tuk

= −µk‖V(xk)‖2 −
uT

k V(xk)

max{yT
k−1sk−1, ‖yk−1‖2}

V(xk)
Tuk (18)

= −
[

µk +
(uT

k V(xk))
2

max{yT
k−1sk−1, ‖yk−1‖2}‖V(xk)‖2

]
‖V(xk)‖2.

This means by taking

µk ≥ c−
(uT

k V(xk))
2

max{yT
k−1sk−1, ‖yk−1‖2}‖V(xk)‖2

, c > 0, (19)

we have
V(xk)

T pk ≤ −c‖V(xk)‖2, c > 0, k = 0, 1, 2, . . . . (20)

Now, without loss of generality, we set the value of µk as

µk = c−
(uT

k V(xk))
2

max{yT
k−1sk−1, ‖yk−1‖2}‖V(xk)‖2

. (21)

Before we state the steps of the algorithm for the proposed method, the following definition
is of great importance.

Definition 1. Any point x inRn can be projected onto the feasible set A via PA(x) = argmin{‖x−
y‖ : y ∈ A}.
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The operator PA(·) satisfies the following:

‖PA(x)− y‖ ≤ ‖x− y‖, ∀y ∈ A. (22)

We now state the steps of the proposed Algorithm 1 for solving problem (3).

Algorithm 1: Derivative-free symmetric rank-one method (DFSR1).
Input :Given x0 ∈ A, ρ ∈ (0, 1), t, σ, κ > 0, 0 < ` < 2, Tol ≥ 0.
Step 1: Determine V(xk). If ‖V(xk)‖ ≤ Tol, terminate.
Step 2: Calculate p0 = −V(x0) and

pk = −max{µk, λk}V(xk) + βkuk, (23)

where uk = sk−1 − yk−1, βk and µk are given by (17) and (21), respectively and

λk =
‖sk−1‖2

yT
k−1sk−1

. (24)

Step 3: Set hk = xk + τk pk, τk = κρi with i being the least non-negative integer
satisfying

−V(xk + κρi pk)
T pk ≥ σκρi‖V(xk + κρi pk)‖1/q‖pk‖2, q ≥ 1. (25)

Step 4: If ‖V(hk)‖ = 0, terminate the process. If not, compute the new point by

xk+1 = PA

[
xk − `

V(hk)
T(xk − hk)

‖V(hk)‖2 V(hk)

]
. (26)

Step 5: Increase the counter, i.e., k := k + 1 and repeat from step 1.

Remark 1. By the definition of µk in (21), we cannot guarantee µk > 0 for all k. Considering the

modified Barzilai and Borwein spectral parameter λk =
‖sk−1‖2

yk−1sk−1
and using the inequalities (13)

and (16), we have
1
t
≥ ‖sk−1‖2

yk−1sk−1
≥ 1

t + L
> 0. (27)

Therefore, the use of max{µk, λk} in the definition of the search direction (23) makes sense since
max{µk, λk} > 0, for all k.

Remark 2. The direction (23) satisfies (20). If max{µk, λk} = µk, then the result follows
from (18). Moreover, if max{µk, λk} = λk, then λk ≥ µk and therefore from (19) we have

λk ≥ µk ≥ c−
(uT

k V(xk))
2

max{yT
k−1sk−1, ‖yk−1‖2}‖V(xk)‖2

,

which means (20) holds.

Remark 3. The line search (25) is adopted from [32] and its well-definedness has been discussed
in [33].

Lemma 1. Let the sequences {xk} and {hk} be produced by DFSR1. Suppose the function V is
Lipschitzian and monotone, then the lim

k→∞
‖xk − x̂‖ exists and

‖pk‖ ≤ Γ, for all k ≥ 0, Γ > 0. (28)

lim
k→∞

τk‖pk‖ = 0. (29)
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Proof. Let x̂ ∈ A such that V(x̂) = 0, then V(x̂)T(xk − x̂) = 0. Therefore, it holds that

V(hk)
T(xk − x̂) = V(hk)

T(xk − hk + hk − x̂)

= V(hk)
T(xk − hk) + V(hk)

T(hk − x̂)

≥ V(hk)
T(xk − hk) + V(x̂k)

T(hk − x̂)

= V(hk)
T(xk − hk), (30)

Note that the above inequality has been obtained using (1), that is, V(hk)
T(hk − x̂) ≥

V(x̂)T(hk − x̂). Next, since 0 < ` < 2, then by (22) and (26), we have

‖xk+1 − x̂‖2 =

∥∥∥∥PA

(
xk − `

V(hk)
T(xk − hk)

‖V(hk)‖2 V(hk)

)
− x̂
∥∥∥∥

≤
∥∥∥∥xk − `

V(hk)
T(xk − hk)

‖V(hk)‖2 V(hk)− x̂
∥∥∥∥

=

∥∥∥∥(xk − x̂)− `
V(hk)

T(xk − hk)

‖V(hk)‖2 V(hk)

∥∥∥∥2

≤ ‖xk − x̂‖2 − 2`
V(hk)

T(xk − hk)

‖V(hk)‖2 V(hk)
T(xk − x̂) + `2 [V(hk)

T(xk − hk)]
2

‖V(hk)‖2

≤ ‖xk − x̂‖2 − 2`
V(hk)

T(xk − hk)

‖V(hk)‖2 V(hk)
T(xk − hk) + `2 [V(hk)

T(xk − hk)]
2

‖V(hk)‖2

= ‖xk − x̂‖2 − `(2− `)
[V(hk)

T(xk − hk)]
2

‖V(hk)‖2 (31)

≤ ‖xk − x̂‖2. (32)

Please observe that (32) gives the existence of lim
k→∞
‖xk − x̂‖.

Next, suppose the max{µk, λk} = µk, then from (23), we have

‖pk‖ = ‖ − µkV(xk) + βkuk‖
≤ |µk|‖V(xk)‖+ |βk|‖uk‖

=

∣∣∣∣∣c− (uT
k V(xk))

2

max{yT
k−1sk−1, ‖yk−1‖2}‖V(xk)‖2

∣∣∣∣∣‖V(xk)‖+
∣∣∣∣∣ −uT

k V(xk)

max{yT
k−1sk−1, ‖yk−1‖2}

∣∣∣∣∣‖uk‖

≤
(

c +
‖uk‖2‖V(xk)‖2

max{yT
k−1sk−1, ‖yk−1‖2}‖V(xk)‖2

)
‖V(xk)‖+

‖uk‖‖V(xk)‖
max{yT

k−1sk−1, ‖yk−1‖2}
‖uk‖ (33)

≤
(

c + 2
‖uk‖2

‖yk−1‖2

)
‖V(xk)‖

≤
(

c + 2
(1 + t + L)2‖sk−1‖2

t2‖sk−1‖2

)
‖V(xk)‖

≤
(

c + 2
(1 + t + L)2

t2

)
‖V(xk)‖.

Since {‖xk − x̂‖} is a decreasing sequence, then ‖xk − x̂‖ ≤ ‖x0 − x̂‖ for all k. Setting
c1 = L‖x0 − x̂‖, then by the Lipschitzian continuity of V, we have

‖V(xk)‖ = ‖V(xk)−V(x̂)‖ ≤ L‖xk − x̂‖ ≤ . . . ≤ L‖x0 − x̂‖ = c1. (34)

Combining (33) and (34) gives (28) with Γ =
(

c + 2 (1+t+L)2

t2

)
c1. Moreover, if max{µk, λk} =

λk, then by (27) the result of (28) equally holds.
Furthermore, since lim

k→∞
‖xk − x̂‖ exists, then {xk} is bounded. Therefore by (28) and

hk in Step 3 of DFSR1, it means {hk} is bounded. Using similar argument as in (34) gives

‖V(hk)‖ ≤ c2, c2 > 0. (35)
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Now, (25) and (31) give

σ2τ4
k ‖V(hk)‖2/q‖pk‖4 ≤ τ2

k [V(hk)
T pk]

2

≤ ‖V(hk)‖2

`(2− `)

(
‖xk − x̂‖2 − ‖xk+1 − x̂‖2

)
. (36)

(36) together with (35) gives

σ2τ4
k ‖pk‖4 ≤ ‖V(hk)‖2−2/q

`(2− `)

(
‖xk − x̂‖2 − ‖xk+1 − x̂‖2

)
≤

c2−2/q
2

`(2− `)

(
‖xk − x̂‖2 − ‖xk+1 − x̂‖2

)
. (37)

Since 0 < ` < 2, then taking limits of both sides as k→ ∞ gives

σ2 lim
k→∞

τ4
k ‖pk‖4 = 0. (38)

Hence,
lim
k→∞

τk‖pk‖ = 0.

Theorem 1. Let {xk} be a sequence produced by the DFSR1 and x̂ ∈ A such that V(x̂) = 0 then
{xk} converges to x̂.

Proof. Let the function V be Lipschitz continuous. First of all, we claim that

lim
k→∞

inf ‖V(xk)‖ = 0. (39)

Assume (39) is false, then

‖V(xk)‖ ≥ ω, ω > 0, holds ∀ k ≥ 0. (40)

If τk 6= κ, by setting h′k = xk + τ′k pk, then τ′k = ρ−1τk will not satisfy (25). Therefore,

V(h′k)
T pk + στ′k‖V(h′k)‖

1/q‖pk‖2 > 0. (41)

Since (41) holds, then using (20) yields

c‖V(xk)‖2 ≤ −V(xk)
T pk

< −V(xk)
T pk + V(h′k)

T pk + στ′k‖V(h′k)‖
1/q‖pk‖2

= (V(h′k)−V(xk))
T pk + στ′k‖V(h′k)‖

1/q‖pk‖2

≤ Lτ′k‖pk‖2 + στ′k‖V(h′k)‖
1/q‖pk‖2

= ρ−1τk(L + σ‖V(h′k)‖
1/q)‖pk‖2

≤ ρ−1τk(L + σc1/q
2 )Γ2.

(42)

(42) can be re-written as

τk >
ρc‖V(xk)‖2

Γ2(L + σc1/q
2 )

≥ ρcω2

Γ2(L + σc1/q
2 )

. (43)

Using Cauchy–Schwartz inequality on (20) gives

c‖V(xk)‖2 ≤ −V(xk)
T pk ≤ ‖V(xk)‖‖pk‖. (44)



Symmetry 2022, 14, 2375 8 of 18

This together with (40) yields
‖pk‖ ≥ cω. (45)

Combining (43) and (45) gives

τk‖pk‖ >
ρcω2

Γ2(L + σc1/q
2 )

cω,

which contradicts (29). Hence, (39) must hold.
Lastly, by the continuity assumption on V, then {xk} possesses some limit point x̂ for

which V(x̂) = 0. However, we have shown {‖xk − x̂‖} converges, which means that the
conclusion holds.

3. Numerical Experiments

We now illustrate the numerical performance of the DFSR1 in comparison with:
(i) PDY [25] and (ii) HCGP [34]. In the course of the experiment, we implement the
three algorithms (that is, DFSR1, PDY and HCGP) on a collection of test problems (see,
Appendix A). We vary the dimension of each test problem as 1000, 5000, 10,000, 50,000,
and 100,000 and solve each with the starting points listed in Table 1.

Table 1. List of the starting point used for the experiment.

Starting Points (SP) Values

x1 ( 1
10 , 1

10 , 1
10 , . . . , 1

10 )
T

x2 ( 1
2 , 1

22 , 1
23 , · · · , 1

2n )T

x3 (2, 2, 2, . . . , 2)T

x4 (1, 1
2 , 1

3 , · · · , 1
n )

T

x5 (1− 1
n , 1− 2

n , 1− 3
n , · · · , 0)T

x6 rand(0, 1)

We implement these algorithms in MATLAB R2019b that runs on a PC with intel
Core(TM) i5-8250u processor with 4 GB of RAM and CPU 1.60 GHz. We set the termination
criterion for the iteration process as ‖V(xk)‖ ≤ 10−6. We use the following parameters for
Algorithm 1 (DFSR1): ρ = 0.5, c = 0.1, t = 0.01, σ = 0.01, κ = 1, ` = 1.99. The parameters
used in the implementation of PDY and HCGP are as given in [25,34].

We use three metrics, namely, ITER (number of iterations), FVAL (number of functions
evaluation), and TIME (CPU time), to assess the performance of each algorithm under con-
sideration. We report the ITER, FVAL and TIME recorded by each algorithm in Tables 2–9.
In addition, we report the NORM (final norm of the V(xk) as the iteration process stops) to
show whether an algorithm obtains a solution. Observing through the NORM in Tables 2–9,
we note that all the algorithms in question satisfied the terminating criteria set. However,
the efficiency and performance of each algorithm differ based on the ITER, FVAL and TIME.
Perusing through the ITER, FVAL and TIME in Tables 2–9, we see that DFSR1 recorded
smallest ITER, FVAL and TIME in most cases of the entire experiment. This means that
DFSR1 was able to meet the terminating criteria faster and with the least ITER and FVAL
for most of the problems. We present the summary of these information in Figures 1–3
with the aid of the popular Dolan and Moré performance profile [35]. This shows DFSR1 is
efficient and outperforms the two existing competitors, that is, PDY [25] and HCGP [34].
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Table 2. Numerical results of DFSR1, PDY and HCGP on Problem 1.

Problem 1 DFSR1 PDY HCGP

Dimension SP ITER FVAL TIME NORM ITER FVAL TIME NORM ITER FVAL TIME NORM

1000

×1 6 13 0.05181 2.2 × 10−9 36 74 0.031651 3.49 × 10−7 18 38 0.040198 6.82 × 10−7

×2 2 5 0.007194 4.44 × 10−16 42 85 0.056619 8.84 × 10−7 20 41 0.014543 2.79 × 10−7

×3 4 9 0.004168 0 46 94 0.024212 2.21 × 10−8 20 41 0.007144 9.54 × 10−7

×4 5 12 0.003428 4.85 × 10−8 40 82 0.023213 3.16 × 10−7 17 36 0.005264 6.81 × 10−7

×5 1 3 0.003915 0 51 104 0.031001 9.89 × 10−7 19 39 0.008887 7.54 × 10−7

×6 1 3 0.001159 0 48 98 0.031394 7.21 × 10−7 19 39 0.008946 7.44 × 10−7

5000

×1 7 15 0.015875 5.38 × 10−8 27 56 0.055308 1.3 × 10−8 19 39 0.042978 7.61 × 10−7

×2 2 5 0.010399 4.44 × 10−16 42 85 0.11446 8.84 × 10−7 20 41 0.018623 2.79 × 10−7

×3 4 9 0.010012 0 28 58 0.052897 4.05 × 10−7 21 43 0.040893 5.3 × 10−7

×4 5 12 0.010918 4.85 × 10−8 36 74 0.067928 3.44 × 10−7 17 36 0.02057 6.82 × 10−7

×5 1 3 0.004772 0 51 104 0.14059 7.98 × 10−7 19 40 0.030715 8.34 × 10−7

×6 1 3 0.003104 0 50 102 0.11267 7.91 × 10−7 19 40 0.034105 8.28 × 10−7

10,000

×1 6 13 0.023978 3.74 × 10−8 29 60 0.10814 2.14 × 10−8 18 38 0.05138 5.38 × 10−7

×2 2 5 0.008067 4.44 × 10−16 42 85 0.1269 8.84 × 10−7 20 41 0.054415 2.79 × 10−7

×3 4 9 0.013192 0 31 64 0.12693 1.18 × 10−7 20 41 0.049781 7.49 × 10−7

×4 5 12 0.020775 4.85 × 10−8 41 84 0.14847 1.1 × 10−7 17 36 0.066033 6.82 × 10−7

×5 1 3 0.005923 0 47 95 0.19518 5.62 × 10−7 20 41 0.054006 5.89 × 10−7

×6 1 3 0.006829 0 54 109 0.1683 5.66 × 10−7 18 37 0.050708 5.87 × 10−7

50,000

×1 4 9 0.078887 0 28 58 0.4178 8.48 × 10−8 19 39 0.22635 6.01 × 10−7

×2 2 5 0.030988 4.44 × 10−16 42 85 0.5385 8.84 × 10−7 20 41 0.20855 2.79 × 10−7

×3 4 9 0.088267 0 44 90 0.67125 2.61 × 10−7 20 42 0.26323 8.36 × 10−7

×4 5 12 0.07949 4.85 × 10−8 45 92 0.66928 2.84 × 10−7 17 36 0.22042 6.82 × 10−7

×5 1 3 0.022959 0 51 104 0.83104 6.27 × 10−7 19 40 0.22258 6.57 × 10−7

×6 1 3 0.020248 0 46 94 0.72275 6.27 × 10−7 17 36 0.2241 6.57 × 10−7

100,000

×1 4 9 0.12576 0 21 44 0.74785 7.7 × 10−7 18 37 0.38516 8.5 × 10−7

×2 2 5 0.05741 4.44 × 10−16 42 85 1.0936 8.84 × 10−7 20 41 0.43528 2.79 × 10−7

×3 4 9 0.13963 0 37 76 1.1562 4.43 × 10−8 21 43 0.48012 5.91 × 10−7

×4 5 12 0.13249 4.85 × 10−8 32 66 0.76896 7.38 × 10−7 17 36 0.34743 6.82 × 10−7

×5 1 3 0.075883 0 51 104 1.4413 7.08 × 10−7 19 40 0.45343 9.3 × 10−7

×6 1 3 0.036755 0 51 104 1.4801 7.07 × 10−7 18 38 0.40378 9.29 × 10−7

Table 3. Numerical results of DFSR1, PDY and HCGP on Problem 2.

Problem 2 DFSR1 PDY HCGP

Dimension SP ITER FVAL TIME NORM ITER FVAL TIME NORM ITER FVAL TIME NORM

1000

×1 2 5 0.002032 0 21 44 0.042925 7.52 × 10−7 11 23 0.012052 7.5 × 10−7

×2 1 3 0.001357 0 19 40 0.019641 5.27 × 10−7 9 20 0.008822 9.88 × 10−7

×3 1 3 0.000939 0 24 50 0.033042 8.19 × 10−7 1 3 0.002222 0
×4 1 3 0.001431 0 20 42 0.027811 5.35 × 10−7 10 21 0.006196 8.65 × 10−7

×5 1 3 0.001253 0 23 48 0.007525 9.58 × 10−7 12 25 0.00593 7.76 × 10−7

×6 1 3 0.000854 0 23 48 0.015592 9.65 × 10−7 12 25 0.003991 7.92 × 10−7

5000

×1 2 5 0.00407 0 22 46 0.031534 2.34 × 10−22 11 24 0.016444 8.38 × 10−7

×2 1 3 0.003971 0 19 40 0.032489 5.27 × 10−7 9 20 0.016042 9.88 × 10−7

×3 1 3 0.003208 0 26 54 0.046987 9.45 × 10−7 1 3 0.002345 0
×4 1 3 0.007746 0 20 42 0.03322 5.35 × 10−7 10 21 0.009836 8.65 × 10−7

×5 1 3 0.003147 0 25 52 0.041525 5.36 × 10−7 12 26 0.015802 8.68 × 10−7

×6 1 3 0.003627 0 26 54 0.039863 5.31 × 10−7 12 26 0.024356 8.64 × 10−7

10,000

×1 2 5 0.009787 0 22 46 0.06466 3.31 × 10−22 12 25 0.028574 5.93 × 10−7

×2 1 3 0.004975 0 19 40 0.10797 5.27 × 10−7 9 20 0.022977 9.88 × 10−7

×3 1 3 0.00518 0 27 56 0.078982 6.68 × 10−7 1 3 0.004461 0
×4 1 3 0.0054 0 20 42 0.066558 5.35 × 10−7 10 21 0.021541 8.65 × 10−7

×5 1 3 0.005071 0 25 52 0.074131 7.58 × 10−7 13 27 0.041391 6.14 × 10−7

×6 1 3 0.009867 0 25 52 0.07415 7.57 × 10−7 13 27 0.032896 6.14 × 10−7

50,000

×1 2 5 0.025063 0 24 50 0.52259 6.65 × 10−7 12 26 0.19102 6.63 × 10−7

×2 1 3 0.04304 0 19 40 0.40302 5.27 × 10−7 9 20 0.076766 9.88 × 10−7

×3 1 3 0.020766 0 27 56 0.37274 2.37 × 10−20 1 3 0.013116 0
×4 1 3 0.0234 0 20 42 0.20554 5.35 × 10−7 10 21 0.090916 8.65 × 10−7

×5 1 3 0.016834 0 26 54 0.27215 8.48 × 10−7 13 28 0.16845 6.86 × 10−7

×6 1 3 0.01886 0 26 54 0.55913 8.47 × 10−7 13 28 0.12361 6.86 × 10−7

100,000

×1 2 5 0.057742 0 19 40 0.81337 3.35 × 10−20 12 26 0.21312 9.37 × 10−7

×2 1 3 0.038002 0 19 40 0.36734 5.27 × 10−7 9 20 0.17563 9.88 × 10−7

×3 1 3 0.029571 0 34 70 1.0436 5.62 × 10−7 1 3 0.019906 0
×4 1 3 0.033132 0 20 42 0.8276 5.35 × 10−7 10 21 0.24443 8.65 × 10−7

×5 1 3 0.048638 0 27 56 0.70974 9.24 × 10−7 13 28 0.24368 9.7 × 10−7

×6 1 3 0.032773 0 27 56 0.94873 9.24 × 10−7 13 28 0.31102 9.72 × 10−7
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Table 4. Numerical results of DFSR1, PDY and HCGP on Problem 3.

Problem 3 DFSR1 PDY HCGP

Dimension SP ITER FVAL TIME NORM ITER FVAL TIME NORM ITER FVAL TIME NORM

1000

×1 2 5 0.00159 0 1 3 0.023833 0 1 3 0.002252 0
×2 2 5 0.00307 2.22 × 10−16 1 3 0.00305 0 9 19 0.002664 7.45 × 10−7

×3 3 7 0.003173 0 1 3 0.001358 0 2 5 0.002427 0
×4 3 7 0.002315 1.73 × 10−8 5 12 0.002498 7.88 × 10−9 11 23 0.004118 7.75 × 10−7

×5 4 9 0.003867 3.2 × 10−12 29 59 0.010169 9.22 × 10−7 12 25 0.003538 9.66 × 10−7

×6 4 9 0.003005 5.53 × 10−12 14 30 0.009398 1.71 × 10−9 12 25 0.003652 8.58 × 10−7

5000

×1 2 5 0.003777 0 1 3 0.002194 0 1 3 0.002015 0
×2 2 5 0.004794 2.22 × 10−16 1 3 0.002093 0 9 19 0.012483 7.45 × 10−7

×3 3 7 0.005791 0 1 3 0.003394 0 2 5 0.014348 0
×4 3 7 0.007381 1.85 × 10−8 5 12 0.00686 6.9 × 10−9 11 23 0.013458 7.88 × 10−7

×5 4 9 0.01028 7.25 × 10−12 25 52 0.019655 6.94 × 10−7 13 27 0.009709 5.4 × 10−7

×6 4 9 0.0095 4.8 × 10−12 21 43 0.031217 4.46 × 10−7 12 26 0.014854 9.65 × 10−7

10,000

×1 2 5 0.007738 0 1 3 0.00811 0 1 3 0.003198 0
×2 2 5 0.00719 2.22 × 10−16 1 3 0.008884 0 9 19 0.017369 7.45 × 10−7

×3 3 7 0.010795 0 1 3 0.011714 0 2 5 0.005369 0
×4 3 7 0.009558 1.87 × 10−8 5 12 0.026699 6.79 × 10−9 11 23 0.022454 7.9 × 10−7

×5 4 9 0.012112 1.03 × 10−11 27 55 0.083228 6.22 × 10−7 13 27 0.023442 7.63 × 10−7

×6 4 9 0.011263 1.07 × 10−11 21 43 0.039402 8.19 × 10−7 13 27 0.023976 7.33 × 10−7

50,000

×1 2 5 0.021911 0 1 3 0.01112 0 1 3 0.009598 0
×2 2 5 0.019317 2.22 × 10−16 1 3 0.009912 0 9 19 0.056567 7.45 × 10−7

×3 3 7 0.07312 0 1 3 0.023374 0 2 5 0.016131 0
×4 3 7 0.033954 1.88 × 10−8 5 12 0.049476 6.69 × 10−9 11 23 0.081633 7.92 × 10−7

×5 4 9 0.060339 2.3 × 10−11 1 3 0.014165 0 13 28 0.12374 8.53 × 10−7

×6 4 9 0.044374 3.23 × 10−11 1 3 0.028178 0 13 28 0.10853 8.87 × 10−7

100,000

×1 2 5 0.044082 0 1 3 0.037395 0 1 3 0.016332 0
×2 2 5 0.049941 2.22 × 10−16 1 3 0.040274 0 9 19 0.11363 7.45 × 10−7

×3 3 7 0.072729 0 1 3 0.083691 0 2 5 0.04588 0
×4 3 7 0.071052 1.88 × 10−8 5 12 0.092381 6.68 × 10−9 11 23 0.1511 7.92 × 10−7

×5 4 9 0.079648 3.25 × 10−11 1 3 0.045013 0 14 29 0.24708 6.03 × 10−7

×6 4 9 0.14616 3.22 × 10−11 1 3 0.024994 0 14 29 0.18329 5.74 × 10−7

Table 5. Numerical results of DFSR1, PDY and HCGP on Problem 4.

Problem 4 DFSR1 PDY HCGP

Dimension SP ITER FVAL TIME NORM ITER FVAL TIME NORM ITER FVAL TIME NORM

1000

×1 18 38 0.007132 8.9 × 10−7 6 14 0.037213 2.09 × 10−7 8 17 0.00518 9.7 × 10−7

×2 13 28 0.005894 8.43 × 10−8 34 70 0.024662 6.1 × 10−7 11 24 0.010193 2.47 × 10−7

×3 20 42 0.007719 4.95 × 10−7 6 14 0.006326 6.55 × 10−7 6 13 0.002903 8.28 × 10−9

×4 10 22 0.004068 8.79 × 10−7 33 68 0.061277 5.47 × 10−7 10 22 0.007482 4.59 × 10−7

×5 8 18 0.004327 6.23 × 10−8 48 98 0.057661 8.73 × 10−7 18 38 0.009034 6.91 × 10−7

×6 10 22 0.005321 4.02 × 10−7 49 100 0.078792 5.53 × 10−7 13 27 0.006522 4.87 × 10−9

5000

×1 19 40 0.042286 7.94 × 10−7 6 14 0.027803 4.68 × 10−7 8 18 0.024965 1.8 × 10−7

×2 15 32 0.038477 6.6 × 10−7 35 72 0.13751 5.59 × 10−7 11 24 0.023137 9.68 × 10−8

×3 21 44 0.05194 4.42 × 10−7 7 16 0.038339 9.35 × 10−8 6 13 0.013392 1.85 × 10−8

×4 12 26 0.024726 1.1 × 10−7 36 74 0.13227 6.96 × 10−7 14 30 0.034095 3.04 × 10−7

×5 8 18 0.025379 1.26 × 10−7 34 70 0.1559 7.37 × 10−7 13 27 0.017819 3.58 × 10−7

×6 8 18 0.01772 3.49 × 10−8 43 88 0.27922 7.08 × 10−7 15 32 0.033045 6.32 × 10−8

10,000

×1 20 42 0.096094 4.48 × 10−7 6 14 0.060341 6.62 × 10−7 8 18 0.031653 2.55 × 10−7

×2 15 32 0.069529 1 × 10−7 16 34 0.12798 8.16 × 10−7 11 24 0.053742 4.33 × 10−7

×3 21 44 0.15177 6.25 × 10−7 7 16 0.059352 1.36 × 10−7 6 13 0.025402 2.62 × 10−8

×4 14 29 0.066288 3.87 × 10−7 35 72 0.24323 5.62 × 10−7 15 32 0.066142 1.92 × 10−7

×5 8 18 0.047045 1.76 × 10−7 40 82 0.29859 6.2 × 10−7 13 27 0.05961 5.05 × 10−7

×6 9 19 0.053913 3.79 × 10−7 48 98 0.39773 8.52 × 10−7 15 31 0.099451 1.68 × 10−7

50,000

×1 21 44 0.36637 4 × 10−7 7 16 0.18304 9.46 × 10−8 8 18 0.10205 5.7 × 10−7

×2 17 35 0.2732 8.95 × 10−7 28 58 0.70837 7.57 × 10−7 19 39 0.23808 1.91 × 10−8

×3 22 46 0.41411 5.57 × 10−7 8 18 0.19757 2.69 × 10−7 6 13 0.098579 5.85 × 10−8

×4 12 26 0.25077 8.19 × 10−8 26 54 0.59532 1.44 × 10−7 15 32 0.26854 1.64 × 10−7

×5 8 18 0.13834 3.89 × 10−7 37 76 0.93297 7.23 × 10−7 13 28 0.1878 7.17 × 10−8

×6 9 19 0.15433 6.75 × 10−7 48 98 1.3436 6.36 × 10−7 16 34 0.31217 3.47 × 10−7

100,000

×1 21 44 0.62111 5.66 × 10−7 7 16 0.21426 8.58 × 10−7 8 18 0.19648 8.06 × 10−7

×2 17 36 0.60434 1 × 10−7 35 72 1.0326 7.61 × 10−7 12 26 0.31084 5.07 × 10−8

×3 22 46 0.6102 7.88 × 10−7 8 18 0.34764 3.81 × 10−7 6 13 0.1247 8.28 × 10−8

×4 14 30 0.42957 9.3 × 10−8 29 60 0.87375 5.25 × 10−7 15 31 0.32466 1.28 × 10−9

×5 8 18 0.26303 5.49 × 10−7 35 72 1.2043 4.43 × 10−7 13 28 0.40534 1.01 × 10−7

×6 8 18 0.25233 1.83 × 10−7 41 84 1.4854 6.97 × 10−7 13 28 0.41283 9.35 × 10−8
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Table 6. Numerical results of DFSR1, PDY and HCGP on Problem 5.

Problem 5 DFSR1 PDY HCGP

Dimension SP ITER FVAL TIME NORM ITER FVAL TIME NORM ITER FVAL TIME NORM

1000

×1 1 3 0.002308 0 16 34 0.019027 8.17 × 10−7 6 13 0.004866 3.87 × 10−7

×2 1 3 0.002296 2.22 × 10−16 15 31 0.011457 7.97 × 10−7 1 3 0.002889 3.14 × 10−16

×3 1 3 0.001798 0 18 38 0.011605 8.51 × 10−7 1 3 0.001549 0
×4 6 13 0.003828 0 17 36 0.012113 4.98 × 10−7 9 20 0.008859 5.86 × 10−7

×5 61 123 0.075739 8.25 × 10−7 19 40 0.032744 4.77 × 10−7 14 30 0.014831 2.7 × 10−7

×6 60 121 0.026541 9.82 × 10−7 19 40 0.042873 4.22 × 10−7 15 31 0.009647 4.8 × 10−7

5000

×1 1 3 0.007539 0 17 36 0.12849 6.85 × 10−7 6 13 0.023056 8.66 × 10−7

×2 1 3 0.005604 2.22 × 10−16 15 31 0.076005 7.97 × 10−7 1 3 0.004773 3.14 × 10−16

×3 1 3 0.005712 0 20 42 0.058499 8.59 × 10−7 1 3 0.004512 0
×4 6 13 0.010185 0 17 36 0.048496 4.99 × 10−7 7 15 0.015412 0
×5 64 129 0.19584 8.14 × 10−7 20 42 0.058435 4.02 × 10−7 15 31 0.037637 1.23 × 10−7

×6 64 129 0.15052 7.9 × 10−7 20 42 0.051701 3.98 × 10−7 16 33 0.040346 7.64 × 10−7

10,000

×1 1 3 0.020364 0 17 36 0.18164 9.69 × 10−7 6 14 0.04793 4.59 × 10−7

×2 1 3 0.008206 2.22 × 10−16 15 31 0.081092 7.97 × 10−7 1 3 0.006498 3.14 × 10−16

×3 1 3 0.014966 0 21 44 0.28984 4.56 × 10−7 1 3 0.005154 0
×4 6 13 0.033961 0 17 36 0.1958 4.99 × 10−7 11 23 0.047613 4.06 × 10−7

×5 65 131 0.40617 8.75 × 10−7 20 42 0.097809 5.69 × 10−7 15 31 0.068584 3.8 × 10−7

×6 65 131 0.36916 8.77 × 10−7 20 42 0.09549 5.5 × 10−7 14 29 0.058668 1.06 × 10−7

50,000

×1 1 3 0.030717 0 18 38 0.47586 8.13 × 10−7 7 15 0.16787 1.71 × 10−7

×2 1 3 0.024848 2.22 × 10−16 15 31 0.53998 7.97 × 10−7 1 3 0.017653 3.14 × 10−16

×3 1 3 0.039588 0 23 48 0.81555 9.93 × 10−7 1 3 0.016797 0
×4 6 13 0.11358 0 17 36 0.34906 4.99 × 10−7 11 23 0.1745 7.52 × 10−7

×5 68 137 1.5711 8.55 × 10−7 20 42 0.46878 7.76 × 10−7 15 31 0.25982 7.56 × 10−7

×6 68 137 1.4454 8.59 × 10−7 20 42 0.36411 7.74 × 10−7 15 31 0.24661 2.61 × 10−7

100,000

×1 1 3 0.052007 0 19 40 1.222 4.31 × 10−7 7 15 0.19357 2.42 × 10−7

×2 1 3 0.046685 2.22 × 10−16 15 31 0.50666 7.97 × 10−7 1 3 0.039055 3.14 × 10−16

×3 1 3 0.066953 0 27 56 1.7894 4.72 × 10−7 1 3 0.031785 0
×4 6 13 0.29814 0 17 36 0.56445 4.99 × 10−7 11 23 0.38384 7.66 × 10−7

×5 69 139 2.4612 9.17 × 10−7 21 44 0.96169 4.11 × 10−7 15 32 0.62553 3.75 × 10−7

×6 69 139 2.4641 9.1 × 10−7 21 44 1.2645 4.12 × 10−7 15 31 0.49338 8.85 × 10−8

Table 7. Numerical results of DFSR1, PDY and HCGP on Problem 6.

Problem 6 DFSR1 PDY HCGP

Dimension SP ITER FVAL TIME NORM ITER FVAL TIME NORM ITER FVAL TIME NORM

1000

×1 44 89 0.030153 7.26 × 10−7 139 280 0.081433 9.73 × 10−7 66 134 0.02907 7.63 × 10−7

×2 33 68 0.024583 7.28 × 10−7 187 376 0.087243 8.84 × 10−7 36 74 0.015563 6.67 × 10−7

×3 47 96 0.033269 8.6 × 10−7 227 456 0.10668 9.23 × 10−7 55 112 0.021233 6.9 × 10−7

×4 43 88 0.02823 8.87 × 10−7 218 438 0.099353 9.53 × 10−7 42 86 0.041643 8.78 × 10−7

×5 52 106 0.032009 7.35 × 10−7 233 468 0.24766 9.99 × 10−7 43 88 0.023054 6.11 × 10−7

×6 65 132 0.10119 8.51 × 10−7 189 380 0.12749 9.71 × 10−7 58 118 0.031802 7.64 × 10−7

5000

×1 47 96 0.18102 6.5 × 10−7 188 378 0.70868 8.86 × 10−7 81 164 0.17259 8.38 × 10−7

×2 33 68 0.11644 7.28 × 10−7 187 376 0.66593 8.84 × 10−7 36 74 0.078733 6.67 × 10−7

×3 47 96 0.17374 9.37 × 10−7 277 556 1.0654 9.68 × 10−7 58 118 0.16663 6.21 × 10−7

×4 39 80 0.15158 9.6 × 10−7 218 438 0.77647 9.56 × 10−7 42 86 0.1127 8.8 × 10−7

×5 55 112 0.32966 7.8 × 10−7 181 364 0.76163 9.64 × 10−7 91 184 0.2795 8.56 × 10−7

×6 72 146 0.27598 9.32 × 10−7 200 402 0.80518 9.59 × 10−7 62 126 0.15663 5.8 × 10−7

10,000

×1 47 96 0.40311 8.96 × 10−7 193 388 1.5151 9.37 × 10−7 82 166 0.44199 7.28 × 10−7

×2 33 68 0.25323 7.28 × 10−7 187 376 1.3113 8.84 × 10−7 36 74 0.21537 6.67 × 10−7

×3 54 110 0.40319 7.71 × 10−7 220 442 1.6456 9.39 × 10−7 45 92 0.23366 9.4 × 10−7

×4 40 82 0.29423 8.61 × 10−7 218 438 1.1552 9.56 × 10−7 42 86 0.22799 8.8 × 10−7

×5 65 132 0.56744 9.45 × 10−7 232 466 2.0015 9.66 × 10−7 99 200 0.53545 6.52 × 10−7

×6 61 124 0.46567 7.27 × 10−7 204 410 1.4589 9.71 × 10−7 62 126 0.33344 7.97 × 10−7

50,000

×1 35 71 1.083 9.99 × 10−7 190 382 4.9906 9.44 × 10−7 94 189 1.8118 9.9 × 10−7

×2 33 68 1.0053 7.28 × 10−7 187 376 4.717 8.84 × 10−7 36 74 0.67027 6.67 × 10−7

×3 33 68 0.82318 7.4 × 10−7 233 468 5.453 9.9 × 10−7 46 94 0.95285 8.25 × 10−7

×4 38 78 1.045 8.75 × 10−7 218 438 4.8288 9.56 × 10−7 42 86 0.78167 8.8 × 10−7

×5 66 134 1.9521 6.95 × 10−7 238 478 5.8409 9.93 × 10−7 105 212 2.1204 6.84 × 10−7

×6 75 152 2.031 8.46 × 10−7 208 418 5.3067 9.27 × 10−7 66 134 1.2361 5.7 × 10−7

100,000

×1 46 94 2.2128 8.51 × 10−7 197 396 8.3395 9.98 × 10−7 92 186 3.3487 6.48 × 10−7

×2 33 68 1.6353 7.28 × 10−7 187 376 7.4252 8.84 × 10−7 36 74 1.2983 6.67 × 10−7

×3 53 108 2.2467 9.03 × 10−7 184 370 7.5987 9.73 × 10−7 46 94 1.5285 6.79 × 10−7

×4 35 72 1.4249 8.8 × 10−7 218 438 9.1582 9.56 × 10−7 42 86 1.5365 8.8 × 10−7

×5 59 120 2.6404 7.84 × 10−7 257 516 11.1628 9.96 × 10−7 130 262 5.2584 6.39 × 10−7

×6 84 170 3.6204 7.37 × 10−7 206 414 9.6512 9.17 × 10−7 66 134 2.1315 8.17 × 10−7
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Table 8. Numerical results of DFSR1, PDY and HCGP on Problem 7.

Problem 7 DFSR1 PDY HCGP

Dimension SP ITER FVAL TIME NORM ITER FVAL TIME NORM ITER FVAL TIME NORM

1000

×1 61 123 0.023673 9.91 × 10−7 225 452 0.12358 9.68 × 10−7 154 310 0.063765 9.18 × 10−7

×2 50 102 0.021414 7.3 × 10−7 205 412 0.11853 9.84 × 10−7 149 300 0.040999 8.68 × 10−7

×3 69 140 0.026574 7.38 × 10−7 152 306 0.10356 9.82 × 10−7 104 210 0.028425 9.8 × 10−7

×4 54 110 0.021371 9.54 × 10−7 226 454 0.10959 9.59 × 10−7 145 292 0.040416 8.83 × 10−7

×5 45 92 0.017501 9.38 × 10−7 204 410 0.087927 9.77 × 10−7 148 298 0.042045 9.49 × 10−7

×6 73 148 0.030156 8.61 × 10−7 325 652 0.16361 9.68 × 10−7 238 478 0.080769 9.94 × 10−7

5000

×1 57 116 0.17496 9 × 10−7 208 418 0.37694 9.98 × 10−7 151 304 0.27362 9 × 10−7

×2 65 132 0.14268 9.6 × 10−7 208 418 0.44897 9.66 × 10−7 149 300 0.22391 8.85 × 10−7

×3 59 120 0.12642 9.47 × 10−7 157 316 0.33535 9.77 × 10−7 108 218 0.1743 8.38 × 10−7

×4 64 130 0.1561 8.9 × 10−7 202 406 0.44525 9.74 × 10−7 145 292 0.22877 9.89 × 10−7

×5 66 134 0.14988 8.6 × 10−7 205 412 0.37069 9.48 × 10−7 145 292 0.39989 9.42 × 10−7

×6 88 178 0.1901 8.22 × 10−7 345 692 0.9217 9.68 × 10−7 260 522 0.41205 9.17 × 10−7

10,000

×1 51 103 0.31461 5.68 × 10−7 219 440 1.2146 9.71 × 10−7 150 302 0.61638 9.48 × 10−7

×2 55 112 0.29121 9.62 × 10−7 200 402 1.1583 9.98 × 10−7 145 292 0.63647 9.38 × 10−7

×3 76 154 0.41032 9.63 × 10−7 148 298 0.78906 9.58 × 10−7 108 218 0.54539 8.86 × 10−7

×4 66 134 0.35086 9.07 × 10−7 222 446 1.2542 9.6 × 10−7 142 286 0.63658 9.31 × 10−7

×5 56 114 0.30977 7.82 × 10−7 197 396 1.1353 9.86 × 10−7 145 292 0.64456 9.89 × 10−7

×6 86 174 0.5027 8.36 × 10−7 348 698 2.0085 9.91 × 10−7 268 538 1.2242 8.22 × 10−7

50,000

×1 57 116 1.1288 9.51 × 10−7 204 410 3.8161 9.76 × 10−7 147 296 2.1916 9.65 × 10−7

×2 55 112 1.0816 9.99 × 10−7 201 404 3.6254 9.87 × 10−7 145 292 2.1226 9.5 × 10−7

×3 74 150 1.4655 7.6 × 10−7 152 306 2.6166 9.9 × 10−7 104 210 1.5508 8.79 × 10−7

×4 72 146 1.4134 9.83 × 10−7 198 398 2.9667 9.96 × 10−7 143 288 2.0497 9.18 × 10−7

×5 68 138 1.3541 8.71 × 10−7 196 394 2.9459 9.62 × 10−7 142 286 1.8212 9.97 × 10−7

×6 87 176 2.0557 7.86 × 10−7 364 730 5.3453 9.81 × 10−7 279 560 3.3756 9.43 × 10−7

100,000

×1 65 132 2.8844 9.84 × 10−7 210 422 6.9991 9.9 × 10−7 147 296 3.6906 9.98 × 10−7

×2 65 132 2.6734 7.82 × 10−7 215 432 6.9132 1 × 10−6 146 294 3.7073 9.9 × 10−7

×3 70 142 2.6297 8.73 × 10−7 155 312 5.2351 9.74 × 10−7 104 210 2.7255 9.15 × 10−7

×4 61 124 2.2149 8.42 × 10−7 211 424 7.0719 9.6 × 10−7 142 286 3.5859 9.94 × 10−7

×5 69 140 2.5933 8 × 10−7 212 426 6.8722 9.92 × 10−7 146 294 3.6764 8.11 × 10−7

×6 102 206 3.9598 9.32 × 10−7 374 750 11.9519 9.55 × 10−7 288 578 7.2411 8.77 × 10−7

Table 9. Numerical results of DFSR1, PDY and HCGP on Problem 8.

Problem 8 DFSR1 PDY HCGP

Dimension SP ITER FVAL TIME NORM ITER FVAL TIME NORM ITER FVAL TIME NORM

1000

×1 18 38 0.007958 9.14 × 10−7 5 12 0.035715 6.7 × 10−7 6 13 0.002637 7.39 × 10−8

×2 18 37 0.007423 4.41 × 10−7 56 114 0.022696 4.91 × 10−7 18 38 0.00669 2.4 × 10−7

×3 19 40 0.012079 5.7 × 10−7 7 16 0.006145 3.73 × 10−7 7 15 0.002588 3.49 × 10−8

×4 16 33 0.012515 7.78 × 10−7 53 108 0.033416 7.74 × 10−7 18 38 0.006571 2.09 × 10−7

×5 26 53 0.011984 8.23 × 10−7 55 112 0.051453 9.95 × 10−7 20 42 0.009647 3.18 × 10−7

×6 18 37 0.008318 7.92 × 10−7 65 132 0.038824 7.53 × 10−7 20 42 0.007383 5.83 × 10−7

5000

×1 19 40 0.026268 8.15 × 10−7 6 14 0.017025 9.57 × 10−8 6 13 0.016436 1.65 × 10−7

×2 18 38 0.042577 7.68 × 10−7 44 90 0.10485 2.79 × 10−7 17 36 0.039178 2.35 × 10−7

×3 20 42 0.090895 5.09 × 10−7 7 16 0.013239 8.34 × 10−7 7 15 0.014297 7.81 × 10−8

×4 49 100 0.15176 9.77 × 10−7 43 88 0.16041 9.7 × 10−7 20 42 0.050196 2.3 × 10−7

×5 18 38 0.042496 5.14 × 10−7 45 92 0.12203 8.5 × 10−7 23 47 0.049253 5.73 × 10−7

×6 19 40 0.048408 9.02 × 10−7 77 156 0.2765 7.67 × 10−7 21 44 0.050957 2.39 × 10−7

10,000

×1 20 42 0.10739 4.6 × 10−7 6 14 0.044056 1.35 × 10−7 6 13 0.021673 2.34 × 10−7

×2 34 70 0.14954 9.02 × 10−7 51 104 0.20259 3.85 × 10−7 19 40 0.077444 2.08 × 10−7

×3 20 42 0.10281 7.2 × 10−7 8 18 0.036341 7.53 × 10−8 7 15 0.022822 1.1 × 10−7

×4 60 121 0.33672 8.6 × 10−7 37 76 0.29144 5.71 × 10−7 20 42 0.14996 6.11 × 10−7

×5 17 36 0.085697 8.71 × 10−7 44 90 0.21218 9.11 × 10−7 17 36 0.071395 3.08 × 10−7

×6 20 42 0.1003 5.94 × 10−7 87 176 0.40799 7.95 × 10−7 22 46 0.12034 2.88 × 10−7

50,000

×1 21 44 0.52854 4.11 × 10−7 6 14 0.095905 3.03 × 10−7 6 13 0.081578 5.22 × 10−7

×2 32 66 0.75814 8.53 × 10−7 46 94 1.1108 9.07 × 10−7 17 36 0.30372 2.58 × 10−7

×3 21 44 0.39951 6.42 × 10−7 10 22 0.21688 1.43 × 10−7 7 15 0.093075 2.47 × 10−7

×4 24 50 0.45453 6.22 × 10−7 56 114 1.1769 9.66 × 10−7 21 44 0.34356 7.02 × 10−7

×5 18 38 0.36846 8.95 × 10−7 46 94 0.84367 7.11 × 10−7 21 44 0.42353 2.59 × 10−7

×6 21 44 0.49905 9.61 × 10−7 96 194 1.8368 6.46 × 10−7 21 44 0.38195 5.7 × 10−7

100,000

×1 21 44 0.81437 5.81 × 10−7 7 16 0.22941 3.45 × 10−7 6 13 0.14466 7.39 × 10−7

×2 34 70 1.3899 9.14 × 10−7 53 108 2.1976 8.8 × 10−7 19 40 0.66113 2.42 × 10−7

×3 21 44 0.75336 9.08 × 10−7 12 26 0.46681 8.81 × 10−7 7 15 0.20851 3.49 × 10−7

×4 18 38 0.68936 4.98 × 10−7 58 118 2.407 5.95 × 10−7 19 40 0.67528 1.64 × 10−7

×5 18 37 0.5929 8.63 × 10−7 45 92 1.6446 8.52 × 10−7 22 46 0.64709 8.69 × 10−8

×6 22 46 0.77784 7.98 × 10−7 108 218 3.8486 3.84 × 10−7 23 47 0.89078 6.62 × 10−7
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4. Application in Image Deblurring

Consider the convex unconstrained minimization problem

min
x∈Rn

v(x), v(x) =
1
2
‖y−Qx‖2

2 + η‖x‖1, η > 0 (46)

y ∈ Rk is an observation and the linear function Q is in Rk×n (k << n). The above
model (46) has an interesting application in image deblurring.

The `1 regularization model (46) has attracted a great deal of attention and some
researchers have developed different iterative algorithms for handling it (see, [36–38]).
By reformulating (46) into a bound-constrained quadratic program, Figueiredo et al. [39]
developed gradient-based projection procedure. The reformulation in [39] is as follows:
let the vector x be split into two parts, i.e., x = a− b, where ai = (xi)+, bi = (−xi)+ for all
i = 1, 2, . . . , n, and (.)+ = max{0, .}, then (46) is translated into

min
w≥0

1
2

wTZw + rTw, (47)

w = [a b]T , r = ηe2n +
[
−QTy QTy

]T and Z =

[
QTQ −QTQ
−QTQ QTQ

]
.

Taking it further, Xiao et al. [40] showed that (47) is equivalent to the following system
of nonlinear equation

V(w) = min{w, Zw + r} = 0, (48)

the “min” means componentwise minimum. Finally, while Pang [41] showed that V
satisfies (2), Xiao et al. [40] proved that it also satisfies (1).

One of the immediate advantages associated with the system of monotone nonlinear
equations (48) over (46) is that derivative-free algorithms can be employed to efficiently
solve it. One of the derivative-free algorithms applied on (48) to recover some disturbed
signals as well as restore some blurred images is the SGCS algorithm [40] by Xiao et al. A
few years later, based on the popular CG_DESCENT method [42], Xiao and Zhu [23] came
up with another derivative-free algorithm (CGD), which performs better than the SGCS
algorithm on signal recovery problem. Following this trend, we apply the DFSR1 to recover
some blurred color images by solving the model (48). We compare the performance of the
DFSR1 with the CGD of Xiao and Zhu [23]. Details of the image deblurring experiment are
given as follows.

We coded the two algorithms in MATLAB R2019b and carried out the image deblurring
experiment on a PC with an intel Core(TM) i5-8250u processor with 4 GB of RAM and
CPU 1.60 GHz. We run each algorithm from the same initial point x0 = QTy and terminate
it if |vk−vk−1|

|vk−1|
< 10−5, is satisfied, where vk is the merit function evaluation at xk, with

v(x) = 1
2‖y − Qx‖2

2 + η‖x‖1. The parameters used for both DFSR1 and CGD in this
experiment are taken from [23]. We used four color images for the experiment and the
following metrics are used for assessment: (i) ITER, (ii) TIME, (iii) SNR (signal-to-noise-
ratio), and (iv) SSIM (structural similarity index measure).

The two algorithms, that is, DFSR1 and CGD, successfully recovered all the four
images after being blurred, albeit with different rapidity and level of quality. Original
and blurred images, along with images restored by each of the considered algorithms are
presented in Figure 4. Furthermore, the data on ITER, TIME, SNR and SSIM are presented
in Table 10. In addition, the size of each image used in the experiment are given. The values
in Table 10 revealed that DFSR1 recorded less ITER and TIME than CGD in the experiment.
As for the quality of the restoration, the SNR and SSIM recorded by DFSR1 reveal that the
quality of recoveries by DFSR1 are slightly better than those by the CGD. This shows that
the proposed DFSR1 is efficient and applicable.
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Figure 4. First row (original images), second row (blurred images), third and last rows (recovered
images by methods DFSR1 and CGD, respectively).

Table 10. Test results for DFSR1 and CGD the colored image deblurring experiment.

DFSR1 CGD

Image Size ITER TIME(s) SNR SSIM ITER TIME(s) SNR SSIM

1st Image 256 × 256 43 1.84 26.87 0.91 44 1.95 25.55 0.89
2nd Image 256 × 256 52 3.53 19.23 0.81 52 3.52 17.94 0.74
3rd Image 256 × 256 31 2.61 19.82 0.86 35 3.05 18.45 0.81
4th Image 256 × 256 20 1.77 25.42 0.83 23 2.01 24.75 0.81

5. Conclusions

Based on a modified symmetric rank-one matrix updating formula and a quasi-
Newton search direction, a new descent direction of searching has been proposed. The
proposed algorithm, in this paper, incorporated the popular Solodov and Svaiter projection
techniques and a suitable line search used for obtaining the step length. The boundedness
of the new direction and the theoretical analysis of the algorithm has been established
based on some mild assumptions. The efficiency of the new method as well as its applica-
bility have been illustrated. As future research, the proposed DFSR1 can be modified and
implemented on nonlinear least squares problems [43,44].
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Appendix A

We use the following monotone nonlinear equation for the second experiments where
V(x) = (v1(x), v2(x), . . . , vn(x))T , and x = (x1, x2, . . . , xn)T .

Problem A1 ([45]).
v1(x) = ex1 − 1

vi(x) = exi + xi−1 − 1, i = 1, 2, · · · , n− 1,

where A = Rn
+.

Problem A2 ([46]).
vi(x) = 2xi − sin |xi|, i = 1, 2, · · · , n,

where A = Rn
+.

Problem A3 ([47]).
vi(x) = exi − 1, i = 1, 2, · · · , n,

where A = Rn
+.

Problem A4 ([48]).

vi(x) = ex2
i +

3
2

sin(2xi)− 1, i = 1, 2, · · · , n,

where A = Rn
+.

Problem A5 ([49] ).

vi(x) = xi − sin(|xi − 1|), i = 1, 2, · · · , n− 1,

where A = {x ∈ Rn :
n
∑

i=1
xi ≤ n, xi ≥ −1, i = 1, 2, · · · , n}.

Problem A6.

v1(x) = 2x1 − x2 + ex1 − 1,

vi(x) = −xi−1 + 2xi − xi+1 + exi − 1, i = 2, · · · , n− 1,

vn(x) = −xn−1 + 2xn + exn − 1,

where A = Rn
+.

Problem A7 ([25]).

v1(x) =
5
2

x1 + x2 − 1,

vi(x) = xi−1 +
5
2

xi + xi+1 − 1, i = 2, · · · , n− 1,

vn(x) = xn−1 +
5
2

xn − 1,

where A = Rn
+.
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Problem A8.

v1(x) = x1 + sin x1 − 1

vi(x) = −xi−1 + 2xi + sin xi − 1, i = 2, . . . , n− 1

vn(x) = xn + sin xn − 1.

where A = Rn
+.
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