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Abstract: In this paper, we first generalize the Dirac spectral problem to isospectral and non-
isospectral problems and use the Tu scheme to derive the hierarchy of some new soliton evolution
equations. Then, integrable coupling is obtained by solving the isospectral and non-isospectral zero
curvature equations.We find that the obtained hierarchy has the bi-Hamiltonian structure of the
combined form. In particular, one of the integrable soliton hierarchies is reduced to be similar to the
coupled nonlinear Schordinger system in the AKNS hierarchy. Next, the strict self-adjointness of
the reduced equation system is verified, and conservation laws are constructed with the aid of the
Ibragimov method. In addition, we apply the extended Kudryashov method to obtain some exact
solutions of this reduced equation system.

Keywords: isospectral-non-isospectral integrable hierarchy; integrable coupling; Hamiltonian
structure; conservation laws; exact solution

1. Introduction

Integrable systems are an important research field in nonlinear science and have
important application backgrounds in the fields of optical fiber communication, supercon-
ductivity, shallow water waves, and plasma. The famous Lax pair method proposed by
Magri [1] can generate a large number of integrable hierarchies of evolutionary equations.
Tu [2] constructed the Lax pair or isospectral problem by using the Lie algebra of square ma-
trix and its corresponding loop algebra, derived the soliton hierarchy from its compatibility,
and determined the Hamiltonian structure of the soliton hierarchy by the trace identity,
which is called the Tu scheme by Ma [3]. Many interesting isospectral integrable hierarchies
and their properties can be obtained using the Tu scheme, as shown in Refs. [4-13]. The
above integrable hierarchies are proposed in the case of isospectral problems. As a result,
Zhang et al. [14-16] proposed a method for generating a nonisospectral integrable hierarchy
on the basis of the assumption that Ay = Y, k;(£) A"

With the introduction of the integrable coupling problem, there have been more meth-
ods to construct integrable coupling, such as the perturbation method, the generalization
method of new loop algebra, and the non-semisimple Lie algebra method. Among them,
Ma et al. [17], for the first time, put forward the use of the non-semisimple Lie alge-
bra method to find integrable coupling. Based on this, experts and scholars worldwide
have obtained meaningful conclusions, which have greatly promoted the development of
integrable coupling [18-22].

In this paper, we first consider the application of the Tu scheme to the Dirac spectral
problem and derive some new isospectral-non-isospectral soliton equation hierarchies. In
Section 3, we construct a new Lie algebra g and its corresponding loop algebra g and obtain
the nonisospectral integrable coupling of Dirac by solving the zero curvature equation.

In Section 4, we use the method proposed by Tu [2] to generate integrable Hamiltonian
hierarchies by using trace identities, as well as the Tu scheme to obtain some properties of in-
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tegrable systems and Hamiltonian structures, such as the works [23-25]. In Sections 5 and 6,
we focus on Equation (12) that is reduced from the new isospectral-non-isospectral soliton
equation hierarchies in Section 2, which are similar to the coupled nonlinear Schirdinger
system in the AKNS hierarchy; then, we study the self-adjointness and conservation laws
of this equation system using the method proposed by Ibragimov [26] and find some exact
solutions to the equation system by improving the methods in Refs. [27-29].

2. An Isospectral-Non-Isopectral Dirac Equation Integrable Hierarchy

Firstly, we show a classical algebra A; = I, e, f, where
1 0 0 1 00
=0 %)= o)r=( o)

A1 = {h(n),e(n), £(n)}, h(n) = BA", f(n) = FA", e(n) = eA",

given a loop algebra

along with the commutators
[h(m),e(n)] = 2e(m + n), [h(m), f(n)] = =2f (m + n),[e(m), f(n)] = h(m +n).m,n € Z.
Consider the following Dirac spectral problem
¢x = Ug,U = ph(0) + qe(0) +q£(0) +e(1) — £(1), €]

ot =Vip+Vop =V, ()

where
V =V, + V,, Vi = Ch(0) + (A + B)e(0) + (A — B)f(0),

V, = Ch(0) + (A + B)e(0) + (A — B)f(0),

A=Y aA,B=Y A7 ,C=Y A,

i>0 i>0 i>0
A= ZE]‘/\_J’B = ij/\_],C = ZE]‘}\_].
= = =

Taking the spectral evolution Ay = } ;> kj(t)/\_f , the compatibility condition of (1) and
(2) reads

ou ou
gut + ﬁ)\t - Vx + [u, V] - 0 (3)

According to the generalized Tu scheme, we first solve the stationary zero curvature

equation for V:

ou
ﬁ)\t + [u/ V] - VXr (4)

which gives rise to

a1 = 5Cix + qbi,

Cit1 = —38ix + pbi,

biv1,x = —2qcit1 + 2paii,

djp1 = 3Cjx +qbj,

Cit1= —58x + pb,

bjy1,0 = —29Cj11 +2paj1 + 2kj1a (1),

©)
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Taking ap = cg = 0,bg = a(t), a9 = ¢p = 0, and by = ko (t) into (5), we have

4]
M:WMFW%MIQMIEW,
xQ

o _ X022, 2 _ _ &0 2 2
5 Tx b= (P +07) a3 = =+ S54(p" + ),

14 (44 o
= —p Pt 5 PP +00),bs = 5 (qpx — i),

Cy) = —

_ _ — _ 1
ay = qko,c1 = pko, b1 = 2k1x,a, = Ekao +2qk1x,

_ 1 — k
0= —Eko%c +2pkix,by = Eo(pz +¢°) + 2kax,

kK
13 =~ xx + 5 q(p7 %) + 2qkax + pokax + phy,

_ ko

k
C3 = —prx + ?Op(]o2 + qz) + 2pkox — qyk1x — gky,

Lk
by = 975 (qPxx — Plixx) + 261 (P + % + 4qx + ppsx)].

Note that

thzi&mm—ﬂ+wm+hkm—ﬁ+%m—hﬁw—0)

+iWMm—ﬁ+@+MMm—ﬁ+@—mvw—ﬁL
]:
A =S k(A

j:()

then, a direct calculation reads

ou
=D+ v+ e = e+ 1)

= —251”+]]’l(0) =+ ch+1e(0) + 2Cn+]f(0) — 25m+]h(0) =+ ZEm+1e(0) + 26m+]f(0)
Set V"' = VJ(F") ; then, by the compatibility condition of non-isospectral Lax pairs, we have

g =Ug,¢; = VMg,

which admits an isospectral-non-isospectral integerable hierarchy of evolution equations

p _ (2541 + 2am+1) _ z(ﬂn+1) (ﬂm+1>
= - = +2( 2 . 6
<_q>t (ZCnJrl +2C41 Cn+1 Cm+1 ©)
From (5) we find

<an+1) _ ( 20~ 'p %8 —2q81q> (an> _. L<a">. @)
Cnt1 —%8 +2p0~lp  —2polg Cn Cn

Similarly, it can be inferred from (5) that

Apy1) am qx
() {2 20 (5,
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Therefore, (6) can be written, using (7) and (8), as

(%), =)+ (& () o

Obviously, when K;(t) = 0,i = 0,1,--- ,m,¢; = b; = 0, (9) reduces to a hierarchy of the

Dirac systems
P = 2L"(“°”’>. 10
(%) =aur( (10

When n = 2, and m = 0, we obtain from (9)

Enm

pr = —%qxx + agqp? + aoq® + 4koqx, a1
i = P Pxx — aog”p — aop® — kopx.

Taking &g = 1, kg = 0, (11) becomes
- _1 2 4 3
= —lgu+ar* + 7,
{ pr= a0 AP 12)
gt = zPxx =P — P
This system is similar to the coupled nonlinear Schordinger system in the AKNS hierarchy.

When n = 0, and m = 2, we obtain from (9)

{ pr = —kogxx + kog® + koqp?® + 2kixps + 2k1p + dkagx, 13)

qr = 1k0Pxx — k0p3 — kOqZP + Zklqu + Zqu — 4k2px.

3. Integrable Coupling of the Nonisospectral Dirac Hierarchy
We quote a Lie algebra ¢ = span{g;,i =1,2,---,6} [30], which has a set of bases,

10 0 0 0100 0000
0 -1 0 0 0000 100 0
1710 0 1 o' looo 1" |ooo ol
0 0 0 —1 000 0 0010
0 0 € 0 000 e 000 0
0 0 0 —e 0000 00 e 0
4= 11 0 0 0% lo10 0] o0 o0 0l
0 -1 0 0 000 0 1000

with the commuting relations

(81,82 = 282, [81,83] = —283, 81, 84] = 0, (g1, 85] = 285,81, 86] = —286, 182, 83] = 81,
(92,84] = —2g5,192,85] = 0, (92, 86) = 94, (93, 84 = 286,183, 85] = —84,(93,86] =0,
(84, 85] = 2€82, (84, 86] = —2€83,(85, 6] = €81

The corresponding loop alegbra is taken by
g =span{gi(n),i=1,2,...,6,n=1,2,---},gi(n) = giA",

along with the commutator
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[81(m), g2(n)] = 282(m +n), [g1(m), 85(n)] = —2g3(m +n), [31( ),85(n)] = 2g5(m +n),
[81(m), g6(n)] = —2g6(m +n), [g2(m), g (n)] g1(m+n),[ga(m), ga(n)] = —2g5(m +n),
[82(m), g6(n)] = ga(m +n), [g3(m), ga(n)] = 2g6(m +n), [g3(m), g5(n)] = —ga(m +n),
[84(m), 85(n)] = 2ega(m +n), [34(m), g6 (n)] = *2€gs(m+n) [85(m), 86(n)] = €g1(m +n),
[81(m), 84(n)] = 0, [g2(m), 85(n)] = 0, [g3(m), g6(n)] = 0.
Based on the loop algebra §, we consider the spectral problem

D, =U(u, AP

U = pg1(0) +82(1) — g3(1) +q82(0) +q83(0) +784(0) + g5(1) — 86(1) + 585(0) +586(0),

P =W, (14)

W =¢g1(0) + (a+b)g2(0) + (a — b)g3(0) + eg4(0) + (f + £)85(0) + (f — £)86(0),
M =Yisoki(H)A™

where 4 = (p,q,7, s)T is the potential, ® = (1, Py, O3, <1>4)T is the eigenfunction, and

a= Zui)ﬁi,b = Z A" e = 2 Al e= Zei)t*i,f = Zﬁ)ﬁi,g = Zgi)\*i.

i>0 i>0 i>0 i>0 i>0 i>0
In terms of the steps of the Tu scheme, the non-isospectral stationsry zero curvature equation

ou

Wy = [u,w]+ﬁ

At, (15)

admits that
Cnx = 20y4+1 — 29by +2€f, 11 — 2€58n,

A1+ €fpp1 = %Cn,x +qby + €sgn,

Cnt1 + €€ni1 = —3anx + Pbu + €7gn, 16)
enx = 2ap+1 — 28by + 2fy 11 — 2q8n,

Ap41 Jan—i—l = %en,x +sby + q8n,

Cpt1tepr1 = _%fn,x +rby + P8n,

which has an equivalent form

bux = 2pay, — 2qc, + 2er f, — 2ese, + ky (),
Qnx = 2ran — 25cy + 2p fu — 2qen + ky(£),
pi1 = g (3€enx + €sby + €qgn — 3cnx — Gby — €58n), a7
for1 = %(%nx + qbu + €sgn — zenx sbn — qgn),
Cnt1 = zo7 (—3€fux + €rby + €pgu + 3anx — pbn — €rgn),
epi1 = ﬁ( % An,x + pbn + €rgu + %fn,x — by — Pgn)-
Set
ag=co=¢eo=fo=0bp=g0=1,
and

“m|u:0 = bm|u:0 = Cm|u=0 = em|u:0 = fm|u:0 = gm|u:0 =0,m=>0;
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W[m]

then, the first two sets are written as:

a1 =4q,fi=s,c1=p,er =r,by =k (t)x,g1 = ki(t)x,

ap = 2(61—1)(€r" —px) +gkix, fo = 2(61_1)(Px —12) +skx,
e = 2(61_ 0 (sx —qx) +rk1x,c0 = 2(61_1)(0]9: — esx) + pkix,
by = - : 1 [(*%@2 +q7 +er’ +es’) +epr+eqs)] +kax,
=5 [(%(PZ + - er +es?) — pr—gs)] + kox,

Denote that

W_[:”} = ﬁ[clgl (m—1i)+ (a; + b;)go(m — i) + (a; — b;) gz (m — i)

l+0€z‘34(m — 1)+ (fi + &1)g5(m — 1) + (fi — 8i)ge (m — )],
whl = l-;l[cigl(m — i) + (a; + b;)g2(m — i) + (a; — b;) gz (m — i) (18)
+eig4( — 1)+ (fi + &i)g5(m — i) + (fi — 8i)ge (m — 1)],
Al = Zk DA™= A" Y k(AT = Y k(DA = Ama — A",

i>0 i>n
Then, Equation (15) can be written as

ou

[m]
aA)\ (19)

— w4 w4 ﬁAH = wi - [u,wi -

By taking (18) into (19) and taking these terms of gradation 0, we can obtain

W) AT (a1 4 cforen)81(0) + 2o — eein) (22(0) + 83(0))

(20)
+2(@m 41+ fn11)84(0) + 2(=Cmi1 — em11)(85(0) + 86(0))-
Then, the zero curvature equation
ou ou ] [
A=Wy Wy = 21
St oM +[U, ]=0 (21)
gives rise to the non-isospectral Dirac integrable coupling hierarchy as follows:
P A1 + €fmi1
q —Cm41 — €€m41
Ut,, = . 22
b r A1 + fm+1 ( )
51y, “Cm+1 — €m+1
The first two nonlinear examples as:
pr = Px+2(q +es)ki(b)x,
n = qx = 2(p +erki(t)x, (23)
th =1y +2(q+s)ki(t)x,
= s =2(p+r)ki(t)x.
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and

A (3 (gxx — €5xx) + (5 — 9) (P? + §% + €12 + €s?) + 2epqr + 2eqs — 2epsr — 2eqs?]
(p + pxx)kq (£) + 2(es + q)xka(t),

Ty = =7[3(erse — pax) — (er — p)(p* + 4% + €12 + €s?) + 2epr? + 2eqrs — 2ep>r — 2epys]

qxXx ) ( ) (67+P)Xk2(t)r (24)

LA (5xx — Gxx) + (9 — 8) (P2 + g2 + €r? + €52) + 2epsr + 2eqs® — 2pqr — 24°s)

+(p + pxx)ky (t) +2(s + q)xkz(t),

Sty = El [ (Pxx — T2x) — (p — 1) (P + §* + €r? + €s?) + 2ep?r + 2epqs — 2epr? — 2eqrs]
(s +er)k1( ) = 2(r + p)xka(t).

P, =

lslll

'y, =

+ o
i

+

4. Hamiltonian Structure of the Dirac Integrable Coupling

In this section, we focus on the Hamiltonian structure of the hierarchy (22) by using
the trace identity proposed by Tu [2]. We denote the trace of the square matrices A and B
by < A,B >= tr(AB).

From (14), let
_ p A+g r A+s _ c a+b _ e f+g
Ul_{—/\—i-q —p}'uz{—)x—i-s —r}’wl_[a—b o |2 = -g -/
we obtain
op ap 9q 9

(2
(1)) (02 )
e,

p pr—
aul auZ o 8U1 aUZ _
<W1’8q +€<W2,aq>—2a,<wl, » +e( Wy, 5 = 2¢e,

ol 18 _ ol ol _
<W1/as>+ <W2, 3s >—2€f,<W1, A >+ <W2, a)\>__2b_2€g,

which can be substituted into the following two sets of component-trace identity

) al, all; i 0 ol ol
M/(<w1, 2 >+ <W2’8A >>dx A" a;\m(<wl’a >+ <w2, =1 >) (25)
1) 6U1 aUZ d aul aU2
g /(w5 ) e ) Jax =20 g ({50 ) e 52 ) ) 26)

Then, we substitute the Laurent series into the above identity (25), (26), and we compare

the powers of A to yield
en Cn
) ) a
= [+ gudy = =) |21 2 [+ egundx = - | 2] @)
n efn
We find that v = 0 via substituting m = 1 into (27). Hence,
€n+1 Cn+1
O [ buia+gni2 forr| _ OHun 6 [bpiot€guia g | anpr | _ OHom
ou / n+1 dx = Cur1|  Ou du / n+1 dx = €eni1 Tou (28)

An+1 efn+l
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Consequently, we obtain the Hamilitonian structure of (22)
Ap1+ €fni
_ —Cpa1 — €€ 6Hq 0H,
_ K _ 2 n+1 n+1 _ N _ ,}’l’ 29
ut, = Ky, tnit + Fae h—, =], (29)
—Cn+1 — €n+1
with the Hamiltonian operators
0 2 0 2 0 2 0 2
]_—ZeO—ZOI_—ZO—ZO
“lo 2 o 21" "o 2 o 2|
-2 0 -2 0 -2 0 -2 0

and the Hamiltonian functionals

b b

For the first component, one has the Hamiltonian structure for the integrable coupling
hierarchy (22) as follows:

ap+1 + €fn+1 €n+1

= —Cn+l — €€py1 fus1 0Hy

up, = Ko, =2 =h =h . (30)
Ant1+ fui Cnt1 du
—Cn+l — Cn41 An41

Now, using the recurrence relationships (17), we obtain the recursion operator N of the
hierarchy (22) as follows:

eni1 en en rx
~ - N1 N sx
frvr| N | fn +Lk,(t) = | 1 2 ful 4 kn(t), (31)
Cnt1 Cn eN>, Njf |cn px
An41 an ay qx
where
Ni — 1 —2epd~1s — 2erd g + 2er0 s +2p0~1g %8 +2epd1r +2erd"1p — 2erd~1r — 2p0~p
T et |- %8 —2eq0~1s — 2e5071g + 2507 1s + 29071 2eq0'r +2es97 1 p —2es0"1r —2q071p |’
N> — 1 —2p0~1q — 21915 +2rd"1g +2p0~ s — %8 +2pd~1p+2er0~lr — 2r0"p — 2p0~1r
2T e 10 —24071g — 2es07 s + 2507 1g + 2997 s 20~ 1p +2es071r — 2507 1p — 20~ 1r '

Therefore, we obtain the first component of the Hamiltonian structure of the soliton hierar-
chy (22) as follows:

p q+es
- lq| _ _ 1A —p —e€r
utn - r - K2n - [@T + E?:O q)llknfl(t)x} q + s 4 (32)
sy, —-p—r
where the second pair of Hamiltonian operators
M; = 1N,
and the recursion operator
N D1 €D
d, =N -1 _ 11 12:| ) 33
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Simliarily, we can obtain the following relationships

Cnt1 Cn px

Gl | SN Bk (1), L= | T, (34)
€11 €ey erx

€fn+1 €fn €SX

and for the second component, one has the Hamiltonian structure for the integrable cou-
pling hierarchy (22) as follows:

p q+es
w, = |1 =k, = [0f + 5 @bk (03] | P (35)
sl —p—r
where the second pair of Hammiltonian operators
M, = ]oN,
and the recursion operator
R M| o

After calculation, we find

Dy = Py =
1 { 2eq0~'r 4+ 2es01p — 2es01r — 290~ p 10 +2eq01s + 2es071q — 2507 1s — ?.qa_lq}
€—1|—40—2epd~lr —2erd"1p+2er0"lr +2p0~lp  —2epd~'s —2erd~lq + 2er0 s +2p0 g
Do =Py =
1 [ 20~ 'p +2es071r — 250" 'p — 20~ Ir —%8 +2g071q +2es071s — 2507 1g — 2q8_1s}
e—1 %8 —2pd~1tp —2erdlr +2r01p +2po~1r —2po~tq—2ero"ls+2r0 g +2po~ts |

5. Self-Adjointness and Conservation Laws

In this section, we consider the strictly self-adjointness and conservation laws of
Equation (12) by the method proposed by Ibragimov [26].

First, let us start with the following notation and basic definition

X = (xl,...,x”),

M?‘ = Di(u"‘),uij = Dl-Dj(u"‘), ce ,U?‘ = Di(l)“),vi]’ = DZ'D]'(U“), ey

where xk(k =12,---, n) are independent variables, and D; denotes the total differentia-
tions operator with four dependent variables, u, v, #, and 7, i.e.,

D — ) 0 x 0 0 0
T o tu lau"‘ lav"‘ ”au ”av

The systems of m differential equations can be written as
Fa(x,u,u(l),...,u(s)):0,1x:1,---,m, (37)
which admits the adjoint equations

Fy(x,u,u(1),01y, -+, U(s), U(s)) = 0,0 =1,--- ,m, (38)
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where .
F;(x/ u, u(l)/ v(l), ey M(s),v(s)) e m’

gy = {uf} up) = {M?}},...,u(s) = {”?ﬁ...is}/ (39)
V1) = {v‘l?‘},v(z) = {v?}},v(s) = {v%‘lmis},

with £ as the formal Lagrangian for Equation (37) given by

L= 2 O Fa (2, 1, U1y, - - (s ), (40)
a=1

and 5% is the variational derivative that reads

5 0
o auw + 2 ler{ - (41)

11--1g

Definition 1. Equation (37) is said to be strictly self-adjoint, if the adjoint Equation (38) becomes
equivalent to the original Equation (37) upon the substitution (see Ref. [26])

It means that the equation

F*(x,u,...,u(s)) = /\F(x,u,...,u(s)),

holds with a certain (in general,variable) coefficient A.

Proposition 1. Equation (12) is strictly self-adjoint.

Proof. Set
F(x, tu) =u + %vxx —u?p — 03, 42)
B(x, t,u) =v — %uxx + uv? +ud;
then, the formal Lagrangian for (40) can be written as
L= w'Fi(x,tu) 4+ w*F(x,t,u)
1 1 2 3 2 1 2., .3 (43)
=w (uH—vax—u v—v")+w (Ut—iumﬁ—uv +u”),
which admits the adjoint
oL — —wt 2uvw! — ijx + 3u?w? + v*w?, (44)
oL — 0?2 + 2uvw? +5 1wl — 302w — vrw!
0v t xx .
Substituting w!' = u, w? = v into (44), we have
L= —uy— Yo +utv+o3=-F, (45)
% =-—0u+ %uxx —uv? —u = —F.
Thus, Equation (42) is strictly self-adjoint.
Next, we Con51der the conservation laws of Equation (12).
Let X = é” 42 5.« be any Lie-Bicklund operator
. 0 0
X_(-;I@_FU au“+glaua+€zlzzaua +eey (46)

1112
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where . .
& = Dyl — &u) + Fu
:x l aj 7., ’ P (47)
ii, = Diy Dip (" = ¢Tuf) + &uj - -
We associate with X the following n operators (i = 1,...,n) by the formal sums:
Ni=§i+W“i+iD~---DL (48)
out  H 1 s 5”%144-1‘5,
where
We =gt —giut, O = O S (1yD, .. Dy =1 49
_}7 _gujléuf‘_au?+szl(_) 1'1... isw,ﬂé— e, m, ( )
= 1°ks

The Euler-Lagrange (41), Lie-Bicklund (46), and the associated operators (49) are
connected by the following fundamental identity (see [31]):

. 5 ‘
X+Di(¢") = W“W‘FDi/\ﬂ- (50)
O

Lemma 1. A function f(x,u,...,u)) € A with several independent variables x = (x1, ..., x")

and several dependent variables u = (ul,...,u™) is the divergence of a vector field
H=(h',...,h"),h; € A, where A represents the set of all finite order differential functions, i.e.,

f =div H=D;(h), (51)
if and only if the following equations hold identically in x,u, u(y), ... :

of
Ma:O,tx:l,...,m. (52)

Theorem 1. Any Lie point, Lie-Bicklund, and nonlocal symmetry (see Refs. [26,32])

d

; d
X=¢(xuuqy,...)5+ ’7“(3‘/”/”(1)/--~>W/

ox!
of the Frobenius Equation (37) leads to the conservation law D;(C") = 0 constructed by the formula

i i oL L oL
c'=¢L+WwW" [au? - Dj(au;_x],) + DjDk(augjk) - ]
oL oL
+ Dj(W*) [ — D) + ] (53)
oL
+ DD [ =]+

with W% :n“—éfu}?‘,tle,...,m.

Proof. Let us begin with the Euler-Lagrange equations

oL _ar o
Sud T ou¥ " out

)=0,a=1,...,m, (54)

where L(x,u, u(l)) is a first-order Lagrangian, i.e., it involves, along with the independent
variables x = (x!,...,x") and the dependent variables u = (u,...,u™), the first-order
derivatives u(1) = {uf} only.
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Noether’s theorem states that if the variational integral with Lagrangian £(x, u, u(l)) is
invariant under a group G with a generator

; d 0
X:gl(x,u,u(l),...)@+,7w(x,u,u(1),...)w, (55)
then the vector field C = (Cl, ...,C"), defined by
oL
é,”ﬁ—i—(iy —§7u )?,1—1 (56)
1

provides a conservation law for the Euler-Lagrange Equation (54), i.e., obeys the equation
div C = D;(C") = 0 for all solutions of (54), i.e.,

D;(C")|(54) = 0. (57)
Any vector field c, satisfying (57), is called a conserved vector for Equation (54). O

In order to apply Noether’s theorem, one has first of all to find the symmetries of
Equation (54). Then, one should single out the symmetries leaving invariant the variational
integral (54). This can be done by means of the following infinitesimal test for the invariance
of the variational integral (see [31]):

X(L) + LD;(¢) =0, (58)

where the generator X is prolonged to the first derivatives u ;) by the formula

. d .. d
X=8a5+n" 55 +Dir") —uiDi(d)l5 &

i

(59)

If Equation (58) is satisfied, then the vector (56) provides a conservation law.

From Lemma 1, we can obtain that if one adds to a Lagrangian the divergence of any
vector field, the Euler-Lagrange equations remain invariant. Therefore, one can add to the
Lagrangian £ the divergence of an arbitrary vector field depending on the group parameter
and replace the invariance condition (58) by the divergence condition

X(L)+ LD;(¢') = Di(B). (60)

Then, Equation (54) is again invariant and has a conservation law D;(C") = 0, where (56) is

replaced by
oL

w — B (61)

C' =L+ (" = guf)

It follows from Equations (50) and (58) that if a variational integral [ £ dx with a higher-
order Lagrangian L(x, u, U1y, U2, - .) is invariant under a group with a generator (59),
then the vector

Ct = Ni(L), (62)

provides a conservation law for the corresponding Euler-Lagrange equations. Dropping
the differentiations of £ with respect to higher-order derivative u4), ... and changing the
summation indices, we obtain from (62) and (48):

oL
+D]Dk(au?]k) .. j|

§£+w[@rf (i
Dy (24

+D]‘(Wa) {a )“‘} +D]‘Dk(W“) [aiﬁ

ijjk

SRSy

where A is the operator (48), and W* = y* — il u}?‘ is given by (49).
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With the aid of Maple, Equation (42) has five symmetries as follows:
X1 - i/}(2 - 2/}(3 - ’Ui - ui,
dx ot Jdu dv (64)
X —ti—wci+xui X5 = Ei+t£—zi—zi
T ou v T 20x ot 29u 290
For the generator X3, we have W! = v, and W? = —u.Thus, formulas (53) yield the

following conserved vector

C' = W![—Dx(25)] + W2 [~Da($5) | + D(Wh) [ 25 | + Da(W2) [ 25,
1 A T

1
= va% + Euwx — vaw — Euxw P

c2=w! {%ﬂ + W2 [3—5] = vw! — uw?.

For the generator X;, we have Wl = —u,, and W2 = —v,. Thus, formulas (53) yield the
following conserved vector

1 1
C! =w! (us — u?v — %) + W?(vs + uv® + u®) — Euxw,zc + vaw}c,

2 1 2
C% = —uyw — vyw”.

For the generator X,, we have Wl = —u;, and W2 = —v;. Thus, formulas (53) yield the
following conserved vector

1 1 1 1
Ccl=— Euxwi + vaw,lc + Euxth — vatwl,
1 1
C? :wl(ivxx —u?v— ) + wZ(—Euxx + 3 + uv?).
For the generator X, we have W' = —vx — tu,, and W? = xu — tv,. Thus, formulas (53)

yield the following conserved vector

C! =t{w (uy — v*v — ®) + w?(vr + uv* + )]

2

1 1 1 1
— Zw?(ox — tuy) — Zwl(xu — toy) + sz(v + x0y) + =t (u + xuy),

2 2 2
C? = — wl(vx + tuy) + W?(xu — toy).
For the generator X5, we have wl = —45 — Juyx — tuy, and W2 = —% — 30y — tvy. Thus,

formulas (53) yield the following conserved vector

! zi[wl(ut — 1?0 — ) + w?(vr + uv* + u))
1 o, U X 1 1,0 X 1 2 1 1
— wa(i + E”x + t”t) + wa(i + va + tvt) + E(U (”x + tuxt) - E(U (Ux + tvxt)/
1 2

C? =t[w! (uy — u?v — 03) 4+ wW?(vs + uv? + u®)] — C%(u + Xuy) — %(0 + xvy).

6. Exact Solutions of Equation (12)
Let us take a nonlinear partial differential equation (NLPDE) of the form

F(x,us, uy, thyt, Uxy, ...) = 0. (65)
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We assume that the solutions of Equation (65) can be expressed in the form
N .
D=Act )y, ¥ 4@y +ZBk¢ +ZC¢ (66)
K=1i+j=K =

where Ay, Az-j(i, j=0,1,2,...,N), and By are constants to be determined, and the functions
¢(&) and (1) satisfy the Beronoulli and the Riccati equations, respectively,

—% = Ro?(§) = Rig(§), Ry #0, (67)

= =Sy (1) + S1p(17) + So, 52 # 0, (68)

where Ry, R1, Sy, S1, and S are constants.The parameters ¢ and 7 are given by ¢ = x1x + w;t
and n = xyx + wyt, where x,%p,wy, and w, are constants to be determined later. The
solutions of the Bernoulli Equation (67) are

Ry
, Ry #0,
R R R
o= 2;1-1 1exp(R1¢ + Go) 69)
T x, x 7/ R :0/
Ra¢ +Go !

where ¢y is a constant of integration.
It is well known that the Riccati Equation (68) admits several types of solutions

-5
! —ﬂtanh(\/ﬁﬂ+ﬂo), u>0,
. 25, 25, 2 70)
=S5 VH VH
25, 25, coth(~Y— 51l +10), >0,
—1
= 7/5 = S = 0, 71
4 S+ 0=>51 (71)
_s =7 =
Ly ytan( V17+170), <o,
p = 25, 25, 2 72)
=51 VB VH

where y1 = S — 45055, and 7y is a constant of integration.
Now, we rewrite (12) as the following form

1
(73)
U= Slhar — uo® — ud.

We consider the exact solutions of Equation (73). To do that, let

N
xt)=Ao+ Y. ) Aij4>i( JrZBklP Z

K=1i+j=K

N )
o(x,t) =ag+ ), Y. ai¢' ()¢ (n) + Z by~ () + Z cj¢”

K=1i+j=K

(74)
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Next, by balancing the nonlinear term and the highest derivative term in Equation (12),
we can obtain N = 1 and M = 1. Therefore, we have the following ansatz solution of
Equation (12):

- -
u(x,t) = Ao+ A10¢(S) + Aop(n7) + 0 o .
o(x,t) = ag + a1¢(8) +any(n) + % + %’

where k1,2, w1, wy, Ag, A1, Aot, B1, C1, a0, 410, 01, b1, and ¢; are constants to be deter-
mined, and the functions ¢(¢) and () satisfy Equations (67) and (68). Substituting (75)
into (73), we obtain a system of algebraic equations for x1, x3, wy, wa, Ag, A10, Ao1, B1, C1, ao,
a10, 401, b1. and c1. We solve these algebraic equations with the aid of Maple. Therefore, we
obtain the following formulae of the traveling wave solutions of Equation (73):

_ Ry
O TRy (76)
o a10
o f) = T RoZ+ 80
where § = k1,
242
up(x,t) = 0_ ,
ko= ptan(¥Y5 Lt + o)) 77)

va(x, t) = ay,

2

a
where 17 = Kpx — agkpt, 4 = —4K—%,

2

Figures 1 and 2 display the kind of solution structure of u(x, t) and v(x, t) determined
by (76) and (77), respectively.

Figure 1. Plot of the u(x, t) and v(x, t) given by Equation (76) for parameters
K1 = Rz = 1,5110 =2, and 60 =0.
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Figure 2. Plot of the u(x, t) and v(x, t) given by Equation (77) for parameters ag = k, = 1, and 179 = 0.

. iaoRq
) = digg & =1L
uz(x, t) = =iag Ro + Ryexp(&o) 78)
v3(x t) = —ul()Rl
"7 Ry + Ryexp(&)’
. iajoRq
t) = +iag £+
u4(x, ) tao RZ + Rlexp(Rléf + 60)1 (79)
va(x, 1) = a10Rq
’ Ry 4+ Riexp(Ri& + Go)’
. 2
where ¢ = x1x + lRéKl t,
. 3iajoRq
t) = +iag £+
u5(x’ ) tao R2 —+ Rlexp(lef + CO) ’ (80)
v5(x, t) =ag+ GAULS! ’
Ry + Ryexp(R1€ + &o)
where ¢ = x1x + \/EWOKl/Rl = iz\{@'Rz = iZ\/ffm’
. iR1a10 2i52110
ug(x,t) = tiay ’
6(x:1) O~ Ry+ Ryexp(&o) ~ S1+ /fitanh(r) @)
a0k, 252”0
ve(x, 1) = ag+ - ’
Ry + Ryexp(8o)  S1+ /#tanh(rp)
) iR1a10 2l'S2bl
uy(x,t) = +iag + + ’
(x.£) Ry + Ryexp(80) g, —|—\/ﬁtanh(*/7ﬁ17+110) -
Riaqg 25,0, %2

v7(x,t) = ag+

Ry +Riexp(§0) s, + /fitanh(*Ly + o)
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K35
where 17 = Kox F —5—t,
uo(x, ) = ing + Zzszblﬁ )
S1 + /ftanh (%1 + 1) 83)
2S,b1
vo(x,t) = ag — i
g
S+ \/ﬁtanh(Tn +10)
. K35 @
where 7 = xox F —5—t,u = 5,
10 (x, ) = tiag + 2\1/5]72171 " ic1(Ro + R1€1§P(R1§ + Co)),
~5 — 4 tanh(yo) 1 "
_ 25,b4 c1(R2 + Riexp(R1& + Go))
Ulo(x/ t) =4ap — \/ﬁ + R ’
S1+ %5 tanh(#o) 1
where ¢ = k1%,
. 25,B ic1(Ry + Riexp(Ry¢ +
1 (x,£) = iag — - 2 1\/ﬁ L iR 1RP( 16 +%0))
S1+ % tanh( -7 +10) 1 )
B 2iS; B4 c1(Ra + Ryexp(Ri¢ + &o))
vll(x,t) —Ho:l: NG NG + R
S1+ %-tanh(%-7 +170) 1
; 2 .2
where & = k1x &+ ZRékl t,n =kyx+ m2251 t,
upa(x, 1) = + \2;5251 " 161(R2+R—;€XP(R1§+CO))’
S1+ %~ tanh(7) 1 (86)
_ 25,b1 c1(Ra + R —Texp(R1§ + o))
UlZ(Xr t) - \/17 + R ’
S1 + %5 tanh(7) 1

where ¢ = kix £+ %t.

7. Conclusions and Discussion

In this paper, the Lax pairs of Dirac spectral problems were studied by the improved
Tu-scheme of Zhang et al., and the isospectral-non-isospectral integrable hierarchies were
derived from their compatibility. The integrable hierarchy can be reduced to Equation (12).
Subsequently, the self-adjointness and conservation laws of this system of equations were
discussed using the method proposed by Ibragimov, and the exact solution of the equation
system was obtained by using the solutions of the Bernoulli and Riccati equations. In
Sections 3 and 4, based on the non-semisimple Lie algebra §, we obtained the nonisospec-
tral coupling hierarchies of the soliton hierarchy (22) and the Hamiltonian structure of its
coupling hierarchy. We hope to apply the Tu scheme to find new nonisospectral integrable
systems and their properties.
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