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Abstract: This paper presents a novel algorithm about the industrial robot contouring control based
on the NURBS (non-uniform rational B-spline) curve. First, aiming at the error between the industrial
robot’s actual trajectory and the desired trajectory, the contour error is proposed as the trajectory
evaluation index, and the estimation algorithm of contour error based on the tangent approximation
is proposed. Based on the tangent approximation algorithm, the estimation algorithm of contour
error in the local task coordinate frame is proposed to realize the transformation from the Cartesian
coordinate frame to the local task coordinate frame. Second, according to the configuration of the
industrial robot, a modified cross-coupling control scheme based on the local task coordinate frame is
designed. Finally, the Bernoulli’s lemniscate curves are constructed by NURBS curve and five-order
polynomial curve, respectively, and they are symmetrical. The contrast experiment is designed using
the two types of constructed Bernoulli’s lemniscate curves as the incentive trajectory. Through the
analysis and comparison between the obtained uniaxial tracking error and the contour error curve of
the two incentive trajectories, it is concluded that the incentive trajectory constructed by the NURBS
curve has better contour control performance than that constructed by the five-order polynomial
curve. The results drawn from this paper lay a certain foundation for the future high-precision
contouring control of industrial robots.

Keywords: NURBS curve; contour error; local task coordinate frame; cross coupled control;
industrial robot

1. Introduction

In the working process of the industrial robot, the quality of trajectory makes a
difference in the overall working process of the robot [1]. Generally speaking, for the
industrial robot, given all the critical path points through online-teaching, there exists
trajectory error between the actual trajectory and the desired trajectory inevitably because
the dynamic response process of the robot always lags behind the reference input [2–4],
which are mainly manifested in tracking error and contour error [5,6]. With multi-joint
motors of the robot coordinate with each other, the tracking error of single axis motor will
superimpose on the operation trajectory, which forms contour errors [7]. Tracking error
could be defined as the distance between the desired position and the actual position at a
certain moment, while the definition of the contour error is the tangential distance between
the actual position at a certain moment and the desired track point. That is to say, contour
error could also be defined as the distance between the desired trajectory and the actual
trajectory [8]. According to the definition of tracking error and contour error, tracking
error describes the distance between two different points, while contour error describes the
distance from the actual point to a set of points. In the research of the precision contour
error control, the value of contour error is less than or equal to the tracking error’s value,
and the tracking error could be regarded as the maximum value of e contour error at the
very moment. However, the tracking error and contour error does not have a specific
relation with each other, and according to the two definitions above, the two kinds of error
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is completely different [9]. The contour error and tracking error of the robot operation
trajectory are shown in Figure 1.
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In order to explain the difference between the contour error and the tracking error
more directly, as shown in Figure 1, Pd is the expected point, while point Pa1 and Pa2 are
the actual points at different moments. Then, the tracking error corresponding to the actual

point Pa1 and Pa2 could be expressed as
→

|Pa1Pd| and
→

|Pa2Pd|, meanwhile
→

|Pa1Pc1| and
→

|Pa2Pc2|
are the contour error corresponding to the actual point Pa1 and Pa2. It could be seen from

Figure 1 that the tracking error
→

|Pa1Pd| is less than
→

|Pa2Pd|, but the contour error
→

|Pa1Pc1|
is greater than

→
|Pa2Pc2|. When

→
|Pa1Pd| = 0,

→
|Pa1Pc1| = 0, the opposite is not true. It is

obviously concluded that Pa2 has more practical significance for the contour control than
Pa1. According to the above definitions, it is easy to conclude that the contour error only
depends on the current actual position and the geometry shape of the desired trajectory,
and is irrelevant to the desired point and the tracking error.

The calculation of the contour error depends on the shape of the robot’s end-effector
trajectory. Contour error could be accurately calculated when the trajectory is a simple
curve such as a straight line or arc [10,11]. However, under any common smooth curve,
contour error could not be accurately calculated [12], which could be approximated with a
variety of approximation algorithms in these cases. Yeh [13] et al. proposed a general curve
contour error estimation algorithm based on the tangent approximation of the line contour
error, which achieved good estimation effect for curves with small curvature. J. Yang [14]
et al. improved the estimation accuracy of the contour error through the osculating circle
at any point of the curve as an approximation condition. Y. Zhu [15] et al. proposed
new contour error calculation model under task coordinates, and calculated the first order
approximation of the contour error, which does not depend on the single axis tracking
error. During the calculation process, we just need to know the equation of the desired
trajectory, and the coordinates of the actual point, which achieved good results in planar
curve contour error calculation. However, the contour error calculation for the spatial
curve needs further research [16]. In addition, with the improvement of the processor’s
computing speed in robot system, F. Huo [17] took the minimum value of the distance
between the actual position points and a series of the path points on the desired trajectory
as the estimated value of the contour error. When the interpolation period is short, the
estimation effect of this algorithm is better for the contour error, but this kind of algorithm
needs higher controller performance.

In order to reduce contour error, and improve trajectory performance, L.B [18] et al.
applied the single-axis uncoupled control algorithm to control a single axis separately,
which reduced the tracking error of each axis and improved track accuracy. Jin.Z [19]
established contour error models of the OMPR in straight line, arc, and spiral trajectories
are. Then, they established feed-forward combined multi-axis cross-coupled contour control
compensation strategy which achieved good control effect. L. Wang [20] et al. designed
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a cross-coupled controller in which the inputs of the controller were the tracking errors
obtained according to the five feed-axes commands and encoder feedbacks. S. Wang [21]
et al. designed a self-adaptive fuzzy PID cross-coupled controller which can eliminate
the influence of the characteristics mismatching and parameter difference of each axis.
N.T. Hu [22] et al. proposed a new structure of cross-coupled position command shaping
controller using H∞ control scheme for the precise tracking in the multiaxial motion control
which remarkably reduces contour error. Cross coupling control was applied to solve the
multi-axis motion incoordination caused by a large tracking error of single axis which
achieved good control effect for the motion platform with orthogonal axes, and multi-axis
CNC machining platform [10,19,20,23–25].

However, most of the estimation algorithms mentioned above for the contour error are
suitable for the contour error of the planar curve; furthermore, the estimation algorithms
for the spatial curve contour error are rarely involved. In recent years, more and more
researchers have started to engage in this field. H. Zhao [4] et al. proposed a components-
based contouring control structure for a six-degree of freedom robot. A locally iterative
robotic contour error estimation approach with high accuracy and high efficiency was
designed by compensating the weighted contour error components to the velocity com-
mands in the robotic task space. Z. Wang [26] et al. proposed an Atiken method based on
acceleration iterative to achieve higher estimation accuracy of contouring error and reduce
the real-time calculation burden, and verified the effectiveness of the proposed method
through experiments. The estimation algorithms mentioned above are mostly used in CNC
machining platforms with orthogonal axes, and the control algorithm design of the spatial
curve contour error is also mostly based on the above platforms [27].

Compared with the CNC machine platform, industrial robot has higher degrees
of freedom and more complex actions. Therefore, it is necessary to design a contour
error control algorithm which suits the robot contour control [28–30]. According to the
configuration of the industrial robot, this paper presents a trajectory planning algorithm
in the Cartesian space based on the NURBS curve [31–33]. NURBS curve is often used in
robot path generation algorithms. Compared with other algorithms, the NURBS algorithm
is more conducive to the generation and processing of multidimensional and irregular
curves. G. Wu [34] et al. proposed a path planning method based on the NURBS curve
with optimal robot performance. By solving a multi-objective optimization problem, the
optimal curve parameters and the execution time distributed along the curve segments can
be obtained simultaneously. K. Erwinski [35] et al. presented a NURBS toolpath federate
profile generation algorithm for a biaxial linear motor control system, and constructed two-
dimensional plane curves of “Bird” and “flower” by using NURBS toolpath with marked
control points and polygons. On the basis of existing research results, this paper presents
an approximation algorithm to approximate the contour error of the robot, and constructs
the incentive trajectory by the NURBS curve. Then, based on the approximation algorithm,
a modified cross-coupling controller in the local task coordinate frame is presented, which
realizes the contour control of the robot, improves the trajectory performance and quality
of industrial robot’s working process.

The main contributions of this paper could be summarized as follows:

(1) A contour error approximation algorithm for the spatial curve based on under the
local task coordinate frame was proposed, and realizes the transformation from the
tracking error of each axis on the desired trajectory to the contour error;

(2) A modified cross-coupling control algorithm is proposed which realizes the error
feedback control from the tracking error to the contour error.

(3) The evaluation system of contour error controller with root mean square as evaluation
index is established, and Bernoulli’s lemniscate curves as the incentive trajectory was
constructed by NURBS curve through adjusting its parameters.

This paper is organized as follows. In Section 2, the contour error approximation algo-
rithm of general spatial curve in the local task coordinate frame is proposed. In Section 3,
based on the above contour error approximation algorithm, a modified cross-coupling
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control algorithm is proposed, which is suitable for the industrial robot configuration.
In Section 4, based on the improved cross-coupling control algorithm, the NURBS curve
trajectory planning algorithm is compared with the five-order polynomial planning algo-
rithm, and illustrates the effectiveness of the NURBS planning and modified cross-coupling
controller. In Section 5, this paper arrives at some conclusions.

2. Contour Error Estimation Algorithm
2.1. Contour Error Estimation Based on Tangent Approximation

As shown in Figure 2, the contour error of a line can be accurately calculated. Given the
actual point A(xa, ya), expected trajectory point D(xd, yd), then tracking error could be de-
fined as

⇀
e = (xd − xa, yd − ya). Given direction vector of the planar line

⇀
s = (cos φ, sin φ), and β is the included angle between the vector

⇀
e and

⇀
s , β + θ = π/2.

Then the contour error of the planar line could be expressed as,

→
ε =

→
AE =

→
e cos θ =

→
e

√√√√√√1−

(→
e ·→s

)2

∣∣∣→e ∣∣∣2 · ∣∣∣→s ∣∣∣2 (1)
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Figure 2. The contour error of a planar line.

Similarly, for a line in the Cartesian space, its parametric equation is shown as,
x = xd + mt
y = yd + nt
z = zd + pt

,
x− xd

m
=

y− yd
n

=
z− zd

p
= t (2)

Then, the contour error of a spatial straight line can also be expressed in the form of
Equation (1). In addition, a spatial straight line could be regarded as the intersection of
two planes, i.e., {

A1x + B1y + C1z + D1 = 0
A2x + B2y + C2z + D2 = 0

(3)

where
⇀
n 1 = (A1, B1, C1),

⇀
n 2 = (A2, B2, C2) are the normal vectors of the two planes shown

in Equation (3). Then the direction vector of the spatial line is,

→
s =

→
n1 ×

→
n2 =

∣∣∣∣∣∣∣
→
i

→
j

→
k

A1 B1 C1
A2 B2 C2

∣∣∣∣∣∣∣
=

∣∣∣∣ B1 C1
B2 C2

∣∣∣∣→i − ∣∣∣∣ A1 C1
A2 C2

∣∣∣∣→j +

∣∣∣∣ A1 B1
A2 B2

∣∣∣∣→k
(4)

For common curves, it is difficult to obtain the geometric description of the desired
trajectory, thus it is difficult to calculate the contour error of the common curves. However,
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the calculation of the contour error about a common curve can be simplified as the tan-
gency distance between the actual point and the corresponding desired point, as shown
in Figure 3.
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In Figure 3, contour error ε could be approximated by εc which is the distance of the

tangent line from point A to point D, and
⇀
t is the unit tangent vector at point D,

⇀
n is the

unit normal vector, then,

εc =
→

AD ·→n (5)

The parametric equation of the spatial curves could be expressed as,

Γ : r(t) =


x = x(t)
y = y(t)
z = z(t)

(6)

Tangent vector at any point of the spatial curve Γ is
⇀
s = (x′(t), y′(t), z′(t)). Thus,

→
εc =

→
e cos θ =

→
e

√√√√√√1−

(→
e ·→s

)2

∣∣∣→e ∣∣∣2 · ∣∣∣→s ∣∣∣2 (7)

In addition, a spatial curve can be thought as the intersection of surfaces, i.e.,{
F(x, y, z) = 0
G(x, y, z) = 0

(8)

where
⇀
n 1 = (Fx, Fy, Fz),

⇀
n 2 = (Gx, Gy, Gz) are the normal vectors of the two surfaces

shown in Equation (8). Then the tangent vector of the common spatial curve is,

→
s =

→
n1 ×

→
n2 =

∣∣∣∣ Fy Fz
Gy Gz

∣∣∣∣→i − ∣∣∣∣ Fx Fz
Gx Gz

∣∣∣∣→j +

∣∣∣∣ Fx Fy
Gx Gy

∣∣∣∣→k (9)

2.2. Contour Error in Local Task Coordinate Frame

In Figure 3,
⇀
t and

⇀
n are orthogonal to each other at point D on the desired trajectory,

where
⇀
t is the unit tangent vector, and

⇀
n is the unit normal vector, which constitute

the local task coordinate frame at point D. From Cartesian coordinates to the local task
coordinates, we have the following transformation of the coordinates,

ε = Te,
[

εn
εt

]
=

[
− sin φ cos φ
cos φ sin φ

][
ex
ey

]
(10)



Symmetry 2022, 14, 2533 6 of 16

where T is the transformation matrix from the Cartesian coordinate frame to the local task
coordinate frame, and,

T−1 = TT = T (11)

In addition, Equation (10) is equivalent to the Equation (1). For the common curves,
the approximate value of the tangent approximation could be used to estimate the actual
contour error.

For common planar curve whose parametric equation is,{
x = x(t)
y = y(t)

(12)

and the unit tangent vector is,

→
t =

(
− x′√

x′2 + y′2
,

y′√
x′2 + y′2

)
(13)

the unit normal vector is,

→
n =

(
− y′√

x′2 + y′2
,

x′√
x′2 + y′2

)
(14)

then, [
εn
εt

]
=

 − y′√
x′2+y′2

x′√
x′2+y′2

x′√
x′2+y′2

y′√
x′2+y′2

[ ex
ey

]
(15)

where Equation (10) is equivalent to Equation (15).
The above is the case of a planar curve. In the case of the spatial curve, the Frenet local

task coordinate frame as shown in Figure 4 can be established at point D,
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Similar with the case of a planar curve,
⇀
t is the unit tangent vector,

⇀
n is the unit

principal normal vector,
⇀
b is the unit binormal vector, furthermore,

⇀
t ,

⇀
n ,

⇀
b are orthog-

onal to each other, and satisfy the right-hand coordinate frame. Vector
⇀
t and

⇀
n form

the osculating plane at point D,
⇀
t and

⇀
b form the rectifying plane,

⇀
n and

⇀
b form the

normal plane.
Referring to Equation (6) for parametric equation of spatial curve, then,

→
t =

r′(t)
|r′(t)| =

(x′, y′, z′)√
x′2 + y′2 + z′2

(16)
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→
b =

r′(t)× r′′ (t)
|r′(t)× r′′ (t)| =

(∣∣∣∣ y′ z′

y′′ z′′

∣∣∣∣,−∣∣∣∣ x′ z′

x′′ z′′

∣∣∣∣, ∣∣∣∣ x′ y′

x′′ y′′

∣∣∣∣)√∣∣∣∣ y′ z′

y′′ z′′

∣∣∣∣2 + ∣∣∣∣ x′ z′

x′′ z′′

∣∣∣∣2 + ∣∣∣∣ x′ y′

x′′ y′′

∣∣∣∣2
(17)

and,

→
n =

→
b ×

→
t =

∣∣∣∣∣∣∣∣∣
→
i

→
j

→
k∣∣∣∣ y′ z′

y′′ z′′

∣∣∣∣− ∣∣∣∣ x′ z′

x′′ z′′

∣∣∣∣∣∣∣∣ x′ y′

x′′ y′′

∣∣∣∣
x′ y′ z′

∣∣∣∣∣∣∣∣∣
√

x′2 + y′2 + z′2

√∣∣∣∣ y′ z′

y′′ z′′

∣∣∣∣2 + ∣∣∣∣ x′ z′

x′′ z′′

∣∣∣∣2 + ∣∣∣∣ x′ y′

x′′ y′′

∣∣∣∣2
(18)

The equations of normal plane Π1, osculating plane Π2, and rectifying plane Π3 at
point D are: 

Π1 : (Xd − r(t)) ·
→
t = 0

Π2 : (Xd − r(t)) ·→n = 0

Π3 : (Xd − r(t)) ·
→
b = 0

(19)

The estimated value εc of the contour error at point A can be decomposed into the
distance εb from point A to the osculating plane Π2, and the distance εn from point A to
the rectifying plane Π3, which could be expressed in the form of:

ε = Te (20)

i.e.,  εb
εn
εt

 =

 T11 T12 T13
T21 T22 T23
T31 T32 T33

 ex
ey
ez

 (21)

where the first, second, and third lines of T are the X, Y, and Z components of
⇀
b ,

⇀
n , and

⇀
t respectively, referring to Equations (16)–(18). Obviously, Equation (20) is equivalent
to Equation (21).

Similar with the case of planar curve,
⇀
t ,

⇀
n and

⇀
b are orthogonal to each other, then

we can get the conclusion shown in Equation (11).
The approximation algorithm presented in Section 2.1 can obtain the effective esti-

mation value of the contour error for general spatial curve, whereas, the estimation value
is expressed as a scalar, which is not suitable for the coordinate transformation from the
tracking error to the contour error. Therefore, it is necessary to establish contour error
approximation model in the local task coordinate frame as shown in Section 2.2.

3. Modified Cross Coupling Control in the Local Task Coordinate Frame

According to the first section of this paper, traditional cross-coupling control algorithm
has better performance for the contour control of the experimental platform with fewer
and orthogonal axes. However, industrial robots are different from orthogonal platform
in configuration. They have higher degrees of freedom. The motion among adjacent
axis motors is transformed through the robot’s link coordinate frame, and the coordinate
transformation from the base coordinate frame to the end-effector coordinate frame is
more complicated. This paper takes SR4C robot as the experimental platform, and its DH
parameter is shown in Table 1.
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Table 1. The DH parameter of the SR4C robot.

Link ai αi di θi Limit (Deg)

1 40 90 330 θ1 −180~180
2 315 0 0 θ2 −130~80
3 70 90 0 θ3 −70~160
4 0 −90 310 θ4 −240~240
5 0 90 0 θ5 −30~200
6 0 0 70 θ6 −360~360

The link coordinate frame of the SR4C industrial robot is shown in Figure 5.
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The transformation matrix from base coordinate frame to the end-effector coordinate
frame is Equations (22) and (23).

T = T1T2T3T4T5T6 =


nx ox ax px
ny oy ay py
nz oz az pz
0 0 0 1

 (22)

Ti(i=1∼6) =


cos θi − cos αi sin θi sin αi sin θi αi cos θi
sin θi cos αi cos θi − sin αi cos θi αi sin θi

0 sin αi cos αi di
0 0 0 1

 (23)

In traditional cross coupling control application, such as linear motor platforms,
the transformation matrix T from tracking error to the contour error only involves the
transformation of position, and the calculation is relatively simple, but traditional cross
coupling control is not suitable for the robot contour control. Based on the traditional
cross coupling control, an improved cross coupling controller is proposed in the local task
coordinate frame. It is shown in Figure 6.
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The contour error control flow chart based on the control block diagram of Figure 6 is
showed in Figure 7.

Symmetry 2022, 14, x FOR PEER REVIEW 10 of 17 
 

 

SR4C

Robot

dX

Contour 

Error 

Controller

x

Tracking

Error

xe

ye

ze

-

y

z

Joint

SpacevJ + aX

T

 

Figure 6. Cross coupled control based on the local task coordinate frame. 

The contour error control flow chart based on the control block diagram of Figure 6 

is showed in Figure 7. 

dX

aX

Incentive

Trajectory

Tracking

Error

Contour

Error

Te =
1 TT T T− = =

Joint

Angle

vJ e + = Joint

Torque

Inverse 

Dynamics

In Joint 

Space

End-effector  

6-dimensional 

Force ComponentInverse Dynamics

In Cartesian Space

Feedback

 

Figure 7. Control flow chart of the contour error. 

The controller proposed in the literature [23] is shown in Figure 8. 

 

Figure 8. Block diagram of the typical cross-coupled control system. 

In Figure 7, first, we get the corresponding point D  on the desired trajectory accord-
ing to the parameter value u  of the NURBS curve corresponding to point A  on the ac-

tual trajectory, and the tracking error from point A  to point D  could be calculated. The 

contour error at point D  is obtained from Equation (21). Then, the end-effector coordi-

nate frame where the tracking error locates is transformed to the joint space where each 

Figure 7. Control flow chart of the contour error.

The controller proposed in the literature [23] is shown in Figure 8.
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In Figure 7, first, we get the corresponding point D on the desired trajectory according
to the parameter value u of the NURBS curve corresponding to point A on the actual
trajectory, and the tracking error from point A to point D could be calculated. The contour
error at point D is obtained from Equation (21). Then, the end-effector coordinate frame
where the tracking error locates is transformed to the joint space where each axis is located
through the inverse kinematics equation of the industrial robot in Equation (22). Next,
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regarding the joint angle solved from Equation (22) as the input of the inverse dynamics
equation in the robot joint space, and the solution of robot inverse dynamics, that is to say,
joint torque as the output. At the same time, the inverse dynamics equation in joint space
can be transformed to the Cartesian space, that is to say, the tracking error is taken as the
input of the inverse dynamics equation. Comparing with the controller in Figure 8 which is
proposed in the literature [23], controller in Figure 6, the six-dimensional force component
at the end of the output is fed back to the actual trajectory, so that we could realize the
closed-loop control of the contour error. Thus, the control accuracy of contour error can
be improved.

The inverse dynamics equations in joint space and Cartesian space are shown in
Equations (24) and (25).

M(θ)
..
θ + C

(
θ,

.
θ
) .

θ + G(θ) = τ (24)

MX(θ)
..
X + CX

(
θ,

.
θ
) .

X + GX(θ) = F (25)

where, 
F = J−Tτ
.

X = J
.
θ

..
X = J

..
θ +

.
J

.
θ

..
θ = J−1

..
X− J−1

.
J

.
θ

(26)

J is the Jacobi matrix of the robot, see Equation (27),

J =
[

Jv
Jω

]
, J+v = JT

v

(
Jv JT

v

)−1
(27)

Combining Equation (19) with (20) and (26), it can get Equation (28),
MX(θ) = J−T M(θ)J−1

CX(θ,
.
θ) = J−T

[
C(θ,

.
θ)−M(θ)J−1

.
J
]

J−1

GX(θ) = J−TG(θ)

(28)

For the contour error control, X = [x, y, z]T . Suppose that the coordinate of the desired
point is Xd = [xd, yd, zd]

T , and the coordinate of the actual point is X = [x, y, z]T , then the
tracking error is e = X− Xd. When D is a constant point, Xd = [xd, yd, zd]

T also becomes
constant, and .

Xd =
..
Xd = 0 (29)

Then the inverse dynamics equation in Equation (25) could be written as,

MX(θ)
..
e + CX

(
θ,

.
θ
) .

e + GX(θ) = F (30)

Combining Equation (10) with (11), it can get,

.
e = T

.
ε +

.
Tε,

..
e = T

..
ε + 2

.
T

.
ε +

..
Tε (31)

Substitute Equation (31) into Equation (30), we could get the dynamics equation of the
robot in the local task coordinate frame, which could be expressed as,

MT
..
ε + CT

.
ε + DTε + GT = FT (32)

where,
MT = TMXT, CT = 2TMX

.
T + TCXT

DT = TMX
..
T + TCX

.
T, GT = TGX , FT = TF

(33)
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4. Analysis of Simulation Experiment Results

In this paper, SR4C robot is taken as the experimental object, and the dynamic param-
eters are shown in Table 2.

Table 2. The dynamical parameter of the SR4C robot.

Link
Mass
(kg)

Center of Mass (m) Interia Matrix (kg·m2)

x y z Ixx Iyy Izz Ixy Ixz Iyz

1 1.2228 0.0729 −0.0113 −0.0053 0.0076 0.0130 0.0144 0.0011 0.0013 0.0001
2 1.5967 0.1211 −0.0124 0.0068 0.0071 0.0464 0.047 0.0014 −0.0016 0.00009
3 0.8378 0.0367 −0.0024 −0.021 0.0025 0.0049 0.0043 0.00008 0.0012 0.00002
4 0.5312 −0.0005 0.0008 −0.1167 0.011 0.0111 0.001 0 0 0.00006
5 0.1376 0.00015 0 −0.0111 0.00015 0.00017 0.0001 0 0 0
6 0.0817 0 0 −0.0128 0.00004 0.00004 0.00005 0 0 0

According to the kinetic parameters in Table 2, the kinetic equation described in
Equation (24) could be calculated.

Generally speaking, a k-order NURBS curve can be expressed in the following Equation (34),

P(u) =

 x(u)
y(u)
z(u)

 =

n
∑

i=0
ωidi Ni,k(u)

n
∑

i=0
ωi Ni,k(u)

(34)

where di stands for n+ 1 control points, i = 0, 1, . . . , n; ωi is the weight factor corresponding
to the control point, ω0 > 0, ωn > 0, the rest ωi ≥ 0; U = [u0, u1, un+k+1] is the node vector,
and all the ui is not decrease; 0 ≤ u ≤ 1 is the normalization factor, u1 = u2 = · · · = uk = 0,
un+1 = un+2 = · · · = un+k+1 = 1; the step size of the rest ui in the middle is 1/(n + 1− k),
i.e., uk+1 = 1/(n + 1− k), uk+2 = 2/(n + 1− k), . . . un = (n− k)/(n + 1− k); Ni,k(u) is
the k-order B-spline basis function, which is defined by the recursion Equation of Cox-de
Boor as, 

Ni,0(u) =
{

1, ui ≤ u ≤ ui+1
0, else

Ni,k(u) =
u−ui

ui+k−ui
Ni,k−1(u) +

ui+k+1−u
ui+k+1−ui+1

Ni+1,k−1(u)
de f ine 0

0 = 0

(35)

The parameters of the NURBS curve are as follows: the order of the NURBS curve k = 3;
the weight factor vector is ω = [1, 1, . . . , 1]; the node vector is U = [0, 0, 0, 0, 1/313, 2/313, . . . ,
312/313, 1, 1, 1, 1]; and the control points could be determined by the following
Equation (36), 

xi = 420
yi = 100 cos θi

√
cos 2θi

zi = 715 + 100 sin θi
√

cos 2θi

(36)

where, i = 0, 1, . . . , 315, the number of control points is n + 1 = 316; and the step size of θi
in Equation (36) is 0.01 rad.

Bernoulli’s lemniscate is commonly used on the robots, which is selected as the
incentive trajectory, as shown in Figure 9.



Symmetry 2022, 14, 2533 12 of 16

Symmetry 2022, 14, x FOR PEER REVIEW 13 of 17 
 

 

0,0,0,0,1/ 313, 2 / 31 ]1[ 3, ,312 / 3 3,1,1,1,1U = ; and the control points could be de-

termined by the following Equation (36), 

420

100cos cos 2

715 100sin cos 2

i

i i i

i i i

x

y

z

 

 

 =


=


= +

 (36) 

where, 0,1, ,315i = , the number of control points is 1 316n + = ; and the step size of i

in Equation (36) is 0.01 rad. 

Bernoulli’s lemniscate is commonly used on the robots, which is selected as the in-

centive trajectory, as shown in Figure 9. 

 

Figure 9. Incentive trajectory. 

According to Equation (36), Bernoulli’s lemniscate curve is constructed by using 

NURBS curve. At the same time, Bernoulli’s lemniscate curve is also constructed by using 

the five-order polynomial curve. 

The partial enlargement of the above incentive trajectory is shown in Figure 10. 

 

Figure 10. Partial enlarged view of the incentive trajectory. 

To evaluate the performance of the controller, the following indicators are used: 

Figure 9. Incentive trajectory.

According to Equation (36), Bernoulli’s lemniscate curve is constructed by using
NURBS curve. At the same time, Bernoulli’s lemniscate curve is also constructed by using
the five-order polynomial curve.

The partial enlargement of the above incentive trajectory is shown in Figure 10.
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To evaluate the performance of the controller, the following indicators are used:

|εc|rms =

√
1
T

∫ T

0
|εc|2dt (37)

Equation (37) is the root mean square of the contour error, where T is the total planning
duration, which could be used for measuring the average contour error control performance.

max(|εc|) is the maximum absolute value of the contour error, which measures the
instant performance.

Figure 11 shows the uniaxial tracking error chart of the NURBS curve,
Figure 12 shows the uniaxial tracking error chart of the five-order polynomial curve, and
Figure 13 shows the contour error comparison chart of the NURBS curve and the five-order
polynomial curve:
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The tracking error and the contour error of the NURBS curve and five-order polyno-
mial curve can be seen in Tables 3 and 4.

Table 3. Error value of the NURBS curve.

Error Value
NURBS Curve

max(|εc|)/µm |εc|rms/µm

Tracking error-Y 27.792 4.721
Tracking error-Z 24.231 3.134

Contour error 9.922 1.536
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Table 4. Error value of the five-order polynomial curve.

Error Value
Five-Order Polynomials

max(|εc|)/µm |εc|rms/µm

Tracking error-Y 142.72 76.03
Tracking error-Z 117.13 53.14

Contour error 39.72 24.06

It could be concluded from Figure 9 that the curve constructed by the NURBS curve
trajectory planning is closer to the desired trajectory than the curve constructed by the
five-order polynomials. Furthermore, the improved cross-coupling controller in the local
task coordinate frame designed in this paper is used to control the profiles of the above
two curves. Then, the single axis tracking error diagram, and the contour error re-
sult diagram of the two kinds of the two kinds of curves are obtained. Comparing
Figures 10 and 11, single axis tracking error curve, it is obvious that the single axis tracking
error precision of the NURBS curve planning is significantly higher than the single axis
tracking error precision of the five-order polynomial curve, and the single axis tracking
error of the NURBS curve planning fluctuates far less than the single axis tracking error of
the five-order polynomial curve.

In the comparison of the contour error curves in Figure 12, the contour error of
the NURBS curve planning is significantly lower than that of the five-order polynomial
curve, and the amplitude fluctuation of the NURBS curve contour error is smaller, and
the fluctuation is less. Combining with the contour control data of the two curves in
Tables 3 and 4, it could be concluded that the curve constructed by the NURBS curve
planning controls the contour error at the level of 10 µm, and the root mean square value of
the contour error decreases from 39.72 µm of the five-order polynomial curve to 9.922 µm
of the NURBS curve.

5. Conclusions

In this paper, the difference between tracking error and contour error is described, and
the significance of contour error for trajectory evaluation obtained from trajectory planning
is discussed. Then, the estimation algorithm of the contour error based on the tangent
approximation is proposed. Next, the estimation algorithm of the contour error in the local
task coordinate frame is proposed. Then, according to the configuration characteristics of
the industrial robot, an improved cross-coupling control scheme based on the local task
coordinate frame is designed to control the profiles of the two incentive trajectories which
are constructed by the NURBS curve and the five-order polynomial curve. The obtained
uniaxial tracking error and contour error curve were compared and analyzed. Through the
analysis of simulation experiment results, it is concluded that the NURBS curve has better
contour control performance than the five-order polynomial curve. The research results
of this manuscript provide practical application value for the high precision contouring
control for industrial robots.
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