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Abstract

:

In this article, we study a system of Hilfer (  k , ψ  )-fractional differential equations, subject to nonlocal boundary conditions involving Hilfer (  k , ψ  )-derivatives and (  k , ψ  )-integrals. The results for the mentioned system are established by using Mönch’s fixed point theorem, then the Ulam–Hyers technique is used to verify the stability of the solution for the proposed system. In general, symmetry and fractional differential equations are related to each other. When a generalized Hilfer fractional derivative is modified, asymmetric results are obtained. This study concludes with an applied example illustrating the existence results obtained by Mönch’s theorem.
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1. Introduction


Fractional derivatives are generalizations of classical derivatives. The concept of fractional differentiation has coincided with ordinary differentiation until late in our present era. However, recently, researchers have begun to focus their attention on fractional differentiation, which is considered a generalization of ordinary differentiation. Fractional analysis is the branch of mathematical analysis that deals with the several different possibilities of defining real number powers or complex powers of the differentiation operator and of integration. Fractional order differential equations are generalized and noninteger differential equations that are achieved in time and space with a power-law memory kernel of nonlocal relationships [1].



In [2], the authors studied the drug concentration in a blood model via Psi-Caputo fractional derivative, where the fractional model showed more accurate results in estimating the drug concentration in the blood. In [3], based on real data, the authors showed the superiority of a fractional model of blood ethanol concentration over a classical model. Moreover, in [4], a fractional modeling of the logistic population growth again showed superiority over an ordinary one. It should be noted that most of the works on fractional differentiation in the literature deal with Riemann–Liouville and Caputo fractional derivatives; see [5,6,7,8,9,10]. It is impossible to list all of the research papers that have addressed the issue of fractional stability of differential equation solutions in various known ways. On the other hand, many studies have focused on the stability of solutions using the Ulam–Hyers technique [11,12,13,14,15,16]. The study of the Hyers type of stability contributes significantly to more practical problems and applications such as population dynamics and fluid movement. While others have reported results using other types of stability, Ulam’s group designed and implemented a type of stability for ordinary, fractional differential, and difference equations; see [17,18,19]. In [20], the (k,  ψ )-fractional derivative of Hilfer was linked to the familiar Riemann–Liouville (k,  ψ )-fractional derivative and the Caputo (k,  ψ )-fractional derivative so the authors concluded that each of them was a special case of that derivative, and they provided some properties on that derivative. In addition, they investigated the existence of solutions to the following


           k , H    D  a +   Ξ , ν ; ψ   W  ( ς )  = f  ( ς , W  ( ς )  )  , ς ∈  ( a , T ]  ,  0 < Ξ < k ,  0 ≤ ν ≤ 1 ,          k   I  k −  ξ k  ; ψ   W  ( a )  =  W a  ∈ R     ξ k  = Ξ + ν  ( k − Ξ )  ,     








where      k , H    D  a +   Ξ , ν ; ψ    ( · )    is the Hilfer   ( k , ψ )  -fractional derivative of order  Ξ  and type   ν ,   k   I  k −  ξ k  ; ψ    ( · )    is the Riemann–Liouville   ( k , ψ )  -fractional integral of order   k −  ξ k   .



The authors considered the Cauchy problem for the Hilfer  ψ -fractional differential equations and investigated the existence and uniqueness of solutions in the weighted space of functions for the following FDE [21].


          H   D  a +   Ξ , ν ; ψ   W  ( ς )  = f  ( ς , W  ( ς )  )  , ς ∈  ϖ 1  =  ( a , a + ζ ]  ,  0 < Ξ <  0 ≤ ν ≤ 1 ,         I  1 − ξ ; ψ   W  ( a )  =  W a  ∈ R    ξ = Ξ + ν  ( k − Ξ )  ,     








where     H   D  a +   Ξ , ν ; ψ    ( · )    is the Hilfer   ( ψ )  -derivative of order  Ξ  and type   ν ,  I  1 − ξ ; ψ    ( · )    is the Riemann–Liouville   ( ψ )  -fractional integral of order   1 − ξ  , and   f :  ϖ 1  × R → R   is an appropriate function.



The aforementioned works inspired us to employ Mönch’s fixed point theorem for investigating the following system:


               k , H    D   ϑ 1  ,  φ 1  ; ψ   W  ( ς )  =  B 1   ( ς , W  ( ς )  , S  ( ς )  )  ,  ς ∈  ( a , T ]  ,  k > 0 , 1 <  ϑ 1  ≤ 2 ,   φ 1  ∈  [ 0 , 1 ]  ,           k , H    D   ϑ 2  ,  φ 2  ; ψ   S  ( ς )  =  B 2   ( ς , W  ( ς )  , S  ( ς )  )  ,  ς ∈  ( a , T ]  ,  k > 0 , 1 <  ϑ 2  ≤ 2 ,   φ 2  ∈  [ 0 , 1 ]  ,        W  ( a )  = 0 ,   W  ( T )  =  ϖ 1     k , H    D   ρ 1  ,  q 1  ; ψ   W  (  Ξ 1  )  +  χ 1    k   I   μ 1  ; ψ   W  (  ϱ 1  )  ,        S  ( a )  = 0 ,   S  ( T )  =  ϖ 2     k , H    D   ρ 2  ,  q 2  ; ψ   S  (  Ξ 2  )  +  χ 2    k   I   μ 2  ; ψ   S  (  ϱ 2  )  ,         



(1)




where      k , H    D   ϑ 1  ,  φ 1  ; ψ     denotes the Hilfer   ( k , ψ )  -fractional derivative of order    ϑ 1  ,  ϑ 2   ,   1 ≤  ϑ 1  ,  ϑ 2  < 2   and parameter    φ i  , i = 1 , 2 .  ,   0 ≤  φ i  ≤ 1 ,  B i  :  [ a , T ]  ×  R 2  → R   is a continuous function,      k , H    D   ρ i  ,  q i  ; ψ    ,   i = 1 , 2  , denotes the   ( k , ψ )  -Hilfer type fractional derivative of order   ρ i  ,   1 <  ρ i  < 2   and parameter   q i  ,   1 <  q i  < 2  ,   p <  ϑ i   ,     k   I   μ i  ; ψ     is the the Riemann–Liouville   ( ψ )  -fractional integral of order   v > 0  ,   ϖ 1  ,  χ ∈ R  , and   0 <  Ξ i  ,  ϱ i  < 1 , i = 1 , 2 .  



The idea and originality of this study are summed up by using the Hilfer (k,  ψ )-fractional derivative, which has received little attention in the literature. In addition, the existence of solutions to the system of fractional and nonlinear equations is investigated via Mönch’s fixed point theorem, which has not been paid much attention to, as the Leray–Schauder alternative. Finally, the stability of the solution to the system of nonlinear equations given in Equation (1) is verified.



The manuscript is organized as follows: In the second section, we present the most important mathematical tools in the form of definitions and theories. In the third part, the main findings are presented. In the fourth part, the stability of the solutions to the system of equations studied is examined. In the fifth part, a numerical example is presented, documenting the theoretical results obtained in the third part. Finally, we present the most important observations and special cases and summarize the main results in the conclusion section.




2. Preliminaries


Definition 1

([22]). Consider   h ∈  L 1   (  [ a , T ]  , R )    and   k , ϑ ∈  R +   . Then, the Riemann–Liouville k-fractional derivative of order ϑ of function  h  is presented by


       k   J  a +  ϑ  h  ( ς )  =  1  k  Γ k   ( ϑ )     ∫  ϑ  ς    ( ς − w )    ϑ k  − 1   h  ( w )  d w ,     



(2)




where   Γ k   is the k-Gamma function for   z ∈ C   with   ℜ ( z ) > 0   and   k ∈ R ,  k > 0  , which is given in [23] by


      Γ k   ( z )  =  ∫  0   + ∞    s  z − 1    e  −   s k  k    d s .     













Definition 2

([24]). Let   h ∈  L 1   (  [ a , T ]  , R )    and   k , ϑ ∈  R +  .   Then, the Riemann–Liouville k-fractional derivative of order ϑ of function  h  is given by


        k , RL    D  a +  ϑ  h  ( ς )  =   k  d  d ς    n    k   J  a +   n k − ϑ   h  ( ς )  ,  n =   ϑ k   ,     



(3)




where    ϑ k    is the ceiling function of   ϑ k  .





Definition 3

([25]). Let   h ∈  L 1   (  [ a , T ]  , R )    and a monotone increasing function   ψ : [ a , T ] → R   with    ψ ′   ( ς )  ≠ 0   for all   ς ∈ [ a , T ]  . Then, the Riemann–Liouville ψ-fractional integral of function  h  is given by


      J  ϑ ; ψ   h  ( ς )  =  1   Γ k   ( ϑ )     ∫  a  ς   ψ ′   ( u )    ( ψ  ( ς )  − ψ  ( u )  )   ϑ − 1   h  ( u )  d u .     



(4)









Definition 4.

Let  n − 1 < ϑ ≤ n , ψ ∈  C n   (  [ a , T ]  , R )   is a monotone increasing function with   ψ ′   ( ς )  ≠ 0 , ς ∈  [ a , T ]   , and  h ∈ C ( [ a , T ] , R )  .




	(a) 

	
The Riemann–Liouville ψ-fractional derivative of function  h  of order ϑ is presented in [25] as


       RL   D  ϑ ; ψ   h  ( ς )  =    1   ψ ′   ( ς )     d  d ς    n   J  a +   n − ϑ ; ψ   h  ( ς )  .     



(5)








	(b) 

	
The Caputo ψ-fractional derivative of function  h  of order ϑ is presented in [26] as


       C   D  ϑ ; ψ   h  ( ς )  =  J  a +   n − ϑ ; ψ      1   ψ ′   ( ς )     d  d ς    n  h  ( ς )  .     



(6)








	(c) 

	
The Hilfer ψ-fractional derivative of function   h ∈ C ( [ a , T ] , R )   of order   ϑ ∈ ( n − 1 , n ]   and type   φ ∈ [ 0 , 1 ]   is presented in [27] as


       H   D  ϑ , φ ; ψ   h  ( ς )  =  J  a +   φ ( n − ϑ ) ; ψ      1   ψ ′   ( ς )     d  d ς    n   J  a +   ( 1 − φ ) ( n − ϑ ) ; ψ   h  ( ς )  .     



(7)















Definition 5

([28]). Let   ψ : [ a , T ] → R   be a monotone increasing function with    ψ ′   ( ς )  ≠ 0   for all   ς ∈ [ a , T ]  . Then, the Riemann–Liouville   ( k , ψ )  -fractional integral of order   ϑ > 0 ( ϑ ∈ R )   of a function   h ∈  L 1   (  [ a , T ]  , R )    is given by


       k   J  ϑ ; ψ   h  ( ς )  =  1  k  Γ k   ( ϑ )     ∫  a  ς   ψ ′   ( u )    ( ψ  ( ς )  − ψ  ( u )  )    ϑ k  − 1   h  ( u )  d u , k > 0 .     



(8)









Definition 6

([20]). Let   ϑ , k ∈  R +  =  ( 0 , + ∞ )  , φ ∈  [ 0 , 1 ]  , ψ ∈  C n   (  [ 0 , 1 ]  , R )    be a monotone increasing function with    ψ ′   ( ς )  ≠ 0 , ς ∈  [ a , T ]    and   h ∈  C n   (  [ a , T ]  , R )   . Then, the Hilfer   ( k , ψ )  -fractional derivative of function  h  of order ϑ and type φ is defined as


        k , H    D  ϑ , φ ; ψ   h  ( ς )  =   k   J  a +   φ ( n k − ϑ ) ; ψ      k   ψ ′   ( ς )     d  d ς    n    k   J  a +   ( 1 − φ ) ( n k − ϑ ) ; ψ   h  ( ς )  ,  n =   ϑ k   .     



(9)









Remark 1.

The Hilfer   ( k , ψ )  -fractional derivative can be presented using the   ( k , ψ )  -Riemann–Liouville fractional derivative as


        k , H    D  ϑ , φ ; ψ   h  ( ς )      =   k   J  a +    ϕ k  − ϑ ; ψ      k   ψ ′   ( ς )     d  d ς    n    k   J  a +   ( n k −  ϕ k  ) ; ψ   h  ( ς )  ,        =   k   J  a +    ϕ k  − ϑ ; ψ       k , RL    D  ϑ , φ ; ψ   h   ( ς )  ,     



(10)




where   ϕ k  = ϑ + φ  ( n k − ϑ )  , φ  ( n k − ϑ )  =  ϕ k  − ϑ  and   ( 1 − φ )   ( n k − ϑ )  = n k −  ϕ k  , φ ∈  [ 0 , 1 ]   . Note that  n − 1 <   ϕ k  k  ≤ n  , where  n − 1 <  ϑ k  ≤ n  .





We now recall some useful lemmas.



Lemma 1

([20]). Let   h ∈  C n   (  [ a , T ]  , R )    and     k   J  n k − χ , ψ   〈 ∈  C n   (  [ a , T ]  , R )    with   χ , k ∈  R +  =  ( 0 , + ∞ )    and   n =   χ k    . Then,


        k , H    D  ϑ , φ ; ψ   h  ( ς )      = h  ( ς )  −  ∑  j = 1  n     ( ψ  ( ς )  − ψ  ( a )  )    χ k  − 1     Γ k   ( χ − j k + k )         k   ψ ′   ( ς )     d  d ς    n    k   J  a +   n k − χ ; ψ   h  ( ς )    z = a   ,     



(11)









Lemma 2

([20]). Let    ϕ k  = ϑ + φ  ( k − ϑ )    with   ϑ , k ∈  R +  =  ( 0 , + ∞ )  , φ ∈  [ 0 , 1 ]  .   Then,


        k , RL    D  ϑ , φ ; ψ   h  ( ς )  =    k , H    D  ϑ , φ ; ψ   h  ( ς )  .  h ∈  C n   (  [ a , T ]  , R )  .     













Lemma 3

([20]). Let   ζ , k ∈  R +  =  ( 0 , + ∞ )    and   Ξ ∈ R   such that    Ξ k  > − 1  . Then,




	(1) 

	


       k   I  ζ , ψ     ( ψ  ( ς )  − ψ  ( a )  )   Ξ k   =    Γ k   ( Ξ + k )     Γ k   ( Ξ + k + ζ )      ( ψ  ( ς )  − ψ  ( a )  )    Ξ + ζ  k   .     












	(2) 

	


       k   D  ζ , ψ     ( ψ  ( ς )  − ψ  ( a )  )   Ξ k   =    Γ k   ( Ξ + k )     Γ k   ( Ξ + k − ζ )      ( ψ  ( ς )  − ψ  ( a )  )    Ξ − ζ  k   .     



















Definition 7

([29]). Let  W  be a bounded set on a Banach space   E ^  , then the Kuratowski measure of noncompactness of  W  is defined as:


     k  ( W )  : = inf { r > 0 : W =  W i     a n d   d i a m     (  W i  )  ≤ r    f o r    1 ≤ i ≤ m } .     













Lemma 4

([29]). Let   E ^   be a Banach space with  U  and   μ 1   two bounded proper subsets of   E ^  , then the following properties hold true




	(1) 

	
If   W ⊂ S ,   then   k ( W ) ≤ k ( S )  ;




	(2) 

	
  k  ( W )  = k  (  W ¯  )  = k  (   c o n v  ¯  W )   ;




	(3) 

	
 W  is relatively compact   k ( W ) = 0  ;




	(4) 

	
  k ( δ W ) = | δ | k ( W ) , δ ∈  ;




	(5) 

	
  k ( W ∪ S ) = max { k ( W ) , k ( S ) }  ;




	(6) 

	
  k ( W + S ) = k ( W ) + k ( S ) , W + S = { x | x = W + S , W ∈ W , S ∈ S }  ;




	(7) 

	
  k  ( W + S )  = k  ( W )  , ∀ y ∈  E ^   .











Lemma 5

([29]). Given an equicontinuous and bounded set   G ⊂ C (  [ a , T ]  ,  E ^  )  , then the function   ↣ k ( G ( ) )   is continuous on     [ a , T ]  ,  k C   ( G )  =  max  ∈ [ a , T ]   k  ( G  ( )  )    , and


     k   ∫  a  T  x  ( ς )  d ς  ≤   ∫  a  T   ( x  ( ς )  )  d ς  , G  ( ς )  =  { x  ( ς )  : x ∈ G }  .     



(12)









Definition 8

([29]). Given the function   Ψ :  [ a , T ]  ×  E ^  →  E ^  , Ψ   satisfies the Carathéodory’s conditions, if the following conditions apply:




	
  Ψ ( ς , z )   is measurable in ς for   z ∈  E ^   ;



	
  Ψ ( ς , z )  is continuous in  z ∈  E ^   for  ∈ [ a , T ]  .










Theorem 1

([30]). (Mönch’s fixed point theorem) Let Ω be a closed, bounded and convex subset of   E ^  , such that   0 ∈ Ω  ; let also  M  be a continuous map of Ω into itself.



If  G =   c o n v  ¯  M  ( G )   or  G = M ( G ) ∪ { 0 }  , then  k ( G ) = 0  , such that ∀  G ⊂ Ω  , and  M  has a fixed point.





In the next section, we present an auxiliary result dealing with the linear variant of problem (1).




3. Main Result


In this section, through the following lemma, we find a solution to the proposed system of fractional equations given in (1), then set the necessary conditions to verify the existence of solutions to the system of equations mentioned. Accordingly, we verify the applicability of Mönch’s fixed point theorem to the system.



Lemma 6.

Let   g ∈ C  ( a , T )  ∪  L 1   ( a , T )    and


        Λ ^  1  =    ( ψ  ( T )  − ψ  ( a )  )     ϕ k  k  − 1     Γ k   (  ϕ k  )    −  ϖ 1   Γ k   (  ϕ k  )     ( ψ  (  Ξ 1  )  − ψ  ( a )  )      ϕ k  −  ρ 1   k  − 1     Γ k   (  ϕ k  )    −  χ 1   Γ k   (  ϕ k  )     ( ψ  (  ϱ 1  )  − ψ  ( a )  )      ϕ k  +  μ 1   k  − 1     Γ k   (  ϕ k  )    ≠ 0 .      



(13)




and


        Λ ^  2  =    ( ψ  ( T )  − ψ  ( a )  )     ϕ k  k  − 1     Γ k   (  ϕ k  )    −  ϖ 2   Γ k   (  ϕ k  )     ( ψ  (  Ξ 2  )  − ψ  ( a )  )      ϕ k  −  ρ 2   k  − 1     Γ k   (  ϕ k  )    −  χ 2   Γ k   (  ϕ k  )     ( ψ  (  ϱ 2  )  − ψ  ( a )  )      ϕ k  +  μ 2   k  − 1     Γ k   (  ϕ k  )    ≠ 0 .      



(14)







Then,   W , S   are a solution for the following BVP


               k , H    D   ϑ 1  ,  φ 1  ; ψ   W  ( ς )  =  g 1   ( ς )  ,  ς ∈  ( a , T ]  ,  k > 0 , 1 <  ϑ 1  ≤ 2 ,   φ 1  ∈  [ 0 , 1 ]  ,           k , H    D   ϑ 2  ,  φ 2  ; ψ   S  ( ς )  =  g 2   ( ς )  ,  ς ∈  ( a , T ]  ,  k > 0 , 1 <  ϑ 2  ≤ 2 ,   φ 2  ∈  [ 0 , 1 ]  ,        W  ( a )  = 0 ,   W  ( T )  =  ϖ 1     k , H    D   ρ 1  ,  q 1  ; ψ   W  (  Ξ 1  )  +  χ 1    k   I   μ 1  ; ψ   W  (  ϱ 1  )  ,        S  ( a )  = 0 ,   S  ( T )  =  ϖ 2     k , H    D   ρ 2  ,  q 2  ; ψ   S  (  Ξ 2  )  +  χ 2    k   I   μ 2  ; ψ   S  (  ϱ 2  )  ,         



(15)




if and only if


     W  ( ς )  =   k   I   ϑ 1  ; ψ    g 1   ( ς )  +    ( ψ  ( ς )  − ψ  ( a )  )     ϕ k  k  − 1      Λ ^  1   Γ k   (  ϕ k  )      ϖ 1    k   I   ϑ 1  −  ρ 1  ; ψ    g 1   (  Ξ 1  )  +  χ 1    k   I   μ 1  +  ϑ 1  ; ψ    g 1   (  ϱ 1  )  −   k   I   ϑ 1  ; ψ    g 1   ( T )   ,     



(16)




and


     S  ( ς )  =   k   I   ϑ 2  ; ψ    g 2   ( ς )  +    ( ψ  ( ς )  − ψ  ( a )  )     ϕ k  k  − 1      Λ ^  2   Γ k   (  ϕ k  )      ϖ 1    k   I   ϑ 2  −  ρ 2  ; ψ    g 2   (  Ξ 2  )  +  χ 2    k   I   μ 2  +  ϑ 2  ; ψ    g 2   (  ϱ 2  )  −   k   I   ϑ 2  ; ψ    g 2   ( T )   ,     



(17)




where   ϕ k  =  ϑ i  +  φ i   ( 2 k −  ϑ i  )   ,  i = 1 , 2  .





Proof. 

Applying the operator     k   I   ϑ i  ; ψ   , i = 1 , 2   and using Lemma 1 and 2 yield


       k   I   ϑ 1  ; ψ       k , H    D   ϕ k  ; ψ   W   ( ς )  =       k   I   ϕ k  ; ψ       k , RL    D   ϕ k  ; ψ   W   ( ς )       =    W  ( ς )  −    ( ψ  ( ς )  − ψ  ( a )  )     ϕ k  k  − 1     Γ k   (  ϕ k  )        k   ψ ′   ( ς )     d  d ς      k   J  a +   2 k −  ϕ k  ; ψ   W  ( ς )    w = a          −    ( ψ  ( ς )  − ψ  ( a )  )     ϕ k  k  − 2     Γ k   (  ϕ k  − k )        k   J  a +   2 k −  ϕ k  ; ψ   W  ( ς )    w = a   ,     








consequently


     W  ( ς )  =   k   I   ϑ 1  ; ψ    g 1   ( ς )  +  c 0     ( ψ  ( ς )  − ψ  ( a )  )     ϕ k  k  − 1     Γ k   (  ϕ k  )    +  c 1     ( ψ  ( ς )  − ψ  ( a )  )     ϕ k  k  − 2     Γ k   (  ϕ k  − k )    ,     



(18)




where


      c 0  =     k   ψ ′   ( ς )     d  d ς      k   J  a +   2 k −  ϕ k  ; ψ   W  ( ς )    w = a   ,    c 1  =     k   J  a +   2 k −  ϕ k  ; ψ   W  ( ς )    w = a   ,     








and


       k   I   ϑ 2  ; ψ       k , H    D   ϑ 2  ,  φ 2  ; ψ   S   ( ς )  =       k   I   ϕ k  ; ψ       k , RL    D   ϕ k  ; ψ   S   ( ς )       =    S  ( ς )  −    ( ψ  ( ς )  − ψ  ( a )  )     ϕ k  k  − 1     Γ k   (  ϕ k  )        k   ψ ′   ( ς )     d  d ς      k   J  a +   2 k −  ϕ k  ; ψ   S  ( ς )    w = a          −    ( ψ  ( ς )  − ψ  ( a )  )     ϕ k  k  − 2     Γ k   (  ϕ k  − k )        k   J  a +   2 k −  ϕ k  ; ψ   S  ( ς )    w = a       








implies


     S  ( ς )  =   k   I   ϑ 2  ; ψ    g 2   ( ς )  +  d 0     ( ψ  ( ς )  − ψ  ( a )  )     ϕ k  k  − 1     Γ k   (  ϕ k  )    +  d 2     ( ψ  ( ς )  − ψ  ( a )  )     ϕ k  k  − 2     Γ k   (  ϕ k  − k )    ,     



(19)




where


      d 0  =     k   ψ ′   ( ς )     d  d ς      k   J  a +   2 k −  ϕ k  ; ψ   S  ( ς )    w = a   ,    d 1  =     k   J  a +   2 k −  ϕ k  ; ψ   S  ( ς )    w = a   ,     








by the condition   W ( a ) = 0 , S ( a ) = 0  , we find that    c 1  = 0 ,  d 1  = 0   as     ϕ k  k  − 2 < 0   by Remark 1. By using Lemma 3, we obtain


       k   D   ρ 1  ,  σ 1  ; ψ     ( ψ  ( ς )  − ψ  ( a )  )     ϕ k  k  − 1   =    Γ k   (  ϕ k  )     Γ k   (  ϕ k  −  ρ 1  )      ( ψ  ( ς )  − ψ  ( a )  )      ϕ k  −  ρ 1   k  − 1   .     



(20)




and


       k   I   μ 1  ; ψ     ( ψ  ( ς )  − ψ  ( a )  )     ϕ k  k  − 1   =    Γ k   (  ϕ k  )     Γ k   (  ϕ k  −  ρ 1  )      ( ψ  ( ς )  − ψ  ( a )  )      ϕ k  −  μ 1   k  − 1   ,     



(21)




from (20) and (21) and the boundary conditions   W  ( T )  =  ϖ 1  W  (  Ξ 1  )  +  χ 1    k   I   μ 1  ; ψ   W  ( ϱ )   ,   S  ( T )  =  ϖ 2  S  (  Ξ 2  )  +  χ 2    k   I   μ 2  ; ψ   S  ( ϱ )    and we obtain


      c 0  =  1   Λ ^  1     ϖ 1    k   I   ϑ 1  −  ρ 1  ; ψ    g 1   (  Ξ 1  )  +  χ 1    k   I   μ 1  +  ϑ 1  ; ψ    g 1   (  ϱ 1  )  −   k   I   ϑ 1  ; ψ    g 1   ( T )   .     








and


      d 0  =  1   Λ ^  2     ϖ 2    k   I   ϑ 2  −  ρ 2  ; ψ    g 2   (  Ξ 2  )  +  χ 2    k   I   μ 2  +  ϑ 2  ; ψ    g 2   (  ϱ 2  )  −   k   I   ϑ 2  ; ψ    g 2   ( T )   ,     








by substituting the values of the constants    c 0  ,  d 0  ,  d 1   , and   c 1   where necessary, we obtain the solution (16) and (17). By a trivial computation, the converse of the lemma can be easily verified. □





Denote the Banach space by the set    E ^  =  {  ( W  ( ς )  , S  ( ς )  )  |  ( W , S )  ∈ C  (  [ a , T ]  ,  R e  )  × C  (  [ a , T ]  ,  R e  )  }   , endowed with the norm defined as


       | |  ( W , S )  | |   E ^   =   | | W | |  ∞  +   | | S | |  ∞  ,     








for simpler computations, we set


      Δ 1  =        ( ψ  ( T )  − ψ  ( a )  )    ϑ 1  k     Γ k   (  ϑ 1  + k )    +    ( ψ  ( T )  − ψ  ( a )  )     ϕ k  k  − 1     |    Λ ^  1   |   Γ k   (  ϑ 1  + k )      |   ϖ 1   |     ( ψ  (  Ξ 1  )  − ψ  ( a )  )     ϑ 1  −  ρ    k     Γ k   (  ϑ 1  −  ρ 1  + k )              + |   χ 1   |     ( ψ  (  Ξ 1  )  − ψ  ( a )  )     ϑ 1  +  μ 1   k     Γ k   (  ϑ 1  +  μ 1  + k )    +    ( ψ  (  Ξ 1  )  − ψ  ( a )  )    ϑ 1  k     Γ k   (  ϑ 1  + k )     .     








and


      Δ 2  =        ( ψ  ( T )  − ψ  ( a )  )    ϑ 2  k     Γ k   (  ϑ 2  + k )    +    ( ψ  ( T )  − ψ  ( a )  )     ϕ k  k  − 1     |    Λ ^  2   |   Γ k   (  ϑ 2  + k )      |   ϖ 2   |     ( ψ  (  Ξ 2  )  − ψ  ( a )  )     ϑ 2  −  ρ    k     Γ k   (  ϑ 2  −  ρ 2  + k )              + |   χ 2   |     ( ψ  (  Ξ 2  )  − ψ  ( a )  )     ϑ 2  +  μ 2   k     Γ k   (  ϑ 2  +  μ 2  + k )    +    ( ψ  (  Ξ 2  )  − ψ  ( a )  )    ϑ 2  k     Γ k   (  ϑ 2  + k )     ,     








in the following, we present the hypotheses that support verifying the possibility of the existence of the solution for system (1).



	   (  A 1  )   

	
Let    B 1  ,  B 2  :  [ a , T ]  ×   (  R e  )  2  →  R e    satisfy Carathéodory conditions.




	   (  A 2  )   

	
∃   Y  B 1   ,  Y  B 2   ∈  L 1   [ a , T ]  ×   (  R e  )  +    and ∃   H  B 1   ,  H  B 2   :   (  R e  )  +  →   (  R e  )  +    such that ∀  ς ∈  [ a , T ]  , ∀  ( W , S ∈  E ^  )    we have


      | |   B 1     ( ς , W , S )  | |  ∞  ≤  Y  B 1    ( ς )   H  B 1     ( | | W | |  ∞  +   | | S | |  ∞   ) ,         | |   B 2     ( ς , W , S )  | |  ∞  ≤  Y  B 2    ( ς )   H  B 2     ( | | W | |  ∞  +   | | S | |  ∞   ) ,      








here   H  B 1   ,   H  B 2    are nondecreasing continuous functions.




	   (  A 3  )   

	
Let   G ⊂  E ^  ×  E ^   , assumed to be bounded, and


     Y  (  B 1  ,  ( ς , G )  )  ≤  Y  B 1    ( ς )  Y  ( G )  ,       Y  (  B 2  ,  ( ς , G )  )  ≤  Y  B 2    ( ς )  Y  ( G )  .     















Theorem 2.

Assume that the assumptions    (  A 1  )  ,  (  A 2  )  ,   and   (  A 3  )   hold. If


     max {  Y  B 1  *   Δ 1  ,  Y  B 2  *   Δ 2  } < 1 ,     



(22)




where    Y  B i  *  =  sup  a ≤ ς ≤ T    Y  B i  *   ( ς )  ,    ∀ i  = 1 , 2   , then the system of fractional differential equations given by (1) has at least one solution on  [ a , T ]  .





Proof. 

Define the operator   M :  E ^  →  E ^    as:


     M =       M 1   ( W , S )   ( ς )         M 2   ( W , S )   ( ς )       ,     



(23)




where


       M 1   ( W , S )   ( ς )  =        ( ψ  ( ς )  − ψ  ( a )  )     ϕ k  k  − 1      Λ ^  1   Γ k   (  ϕ k  )      ϖ 1    k   I   ϑ 1  −  ρ 1  ; ψ    B 1   (  Ξ 1  , W  (  Ξ 1  )  , S  (  Ξ 1  )  )          +  χ 1    k   I   μ 1  +  ϑ 1  ; ψ    B 1   (  ϱ 1  , W  (  ϱ 1  )  , S  (  ϱ 1  )  )  −   k   I   ϑ 1  ; ψ    B 1   ( T , W  ( T )  , S  ( T )  )         +   k   I   ϑ 1  ; ψ    B 1   ( ς , W  ( ς )  , S  ( ς )  )  ,     



(24)




and


      M 2   ( W , S )   ( ς )  =        ( ψ  ( ς )  − ψ  ( a )  )     ϕ k  k  − 1      Λ ^  2   Γ k   (  ϕ k  )      ϖ 2    k   I   ϑ 2  −  ρ 2  ; ψ    B 2   (  Ξ 2  , W  (  Ξ 2  )  , S  (  Ξ 2  )  )          +  χ 2    k   I   μ 2  +  ϑ 2  ; ψ    B 2   (  ϱ 2  , W  (  ϱ 2  )  , S  (  ϱ 2  )  )  −   k   I   ϑ 2  ; ψ    B 2   ( T , W  ( T )  , S  ( T )  )           +   k   I   ϑ 2  ; ψ    B 2   ( ς , W  ( ς )  , S  ( ς )  )  ,   ς ∈  [ a , T ]  ,     



(25)




define the operator equation


     ( W , S ) = M ( W , S ) ,     



(26)




observe that both systems given in (1) and (26) are equivalent, that is, by showing the existence of the solution to the defined operator in Equation (26), we show the existence of a solution to system (1).



Next, we define the closed, bounded, convex set in   E ^   given by    G δ   = {  ( W , S )  ∈   E ^    : | |  ( W , S )  | |   E ^    ≤ δ ,  δ > 0 }    with


     δ ≥  Y  B 1  *   Δ 1   H  B 1    ( δ )  +  Y  B 2  *   Δ 2   H  B 2    ( δ )  ,     








to facilitate the proof of Theorem (2). We present the proof in four steps.



Step 1: We show that   M  G δ  ⊂  G δ   . Let   τ ∈ [ a , T ]   and   ∀  ( W , S )  ∈  G δ   ; we have


      | |   M 1   ( W , S )    | |  ∞  ≤        ( ψ  ( ς )  − ψ  ( a )  )     ϕ k  k  − 1      Λ ^  1   Γ k   (  ϕ k  )      ϖ 1    k   I   ϑ 1  −  ρ 1  ; ψ    | |   B 1   (  Ξ 1  , W  (  Ξ 1  )  , S  (  Ξ 1  )  )    ) | |  ∞          +  χ 1    k   I   μ 1  +  ϑ 1  ; ψ    | |   B 1   (  ϱ 1  , W  (  ϱ 1  )  , S  (  ϱ 1  )  )    | |  ∞  −   k   I   ϑ 1  ; ψ    | |   B 1   ( T , W  ( T )  , S  ( T )  )    | |  ∞         +   k   I   ϑ 1  ; ψ    | |   B 1   ( ς , W  ( ς )  , S  ( ς )  )    | |  ∞  ,     



(27)




and


      | |   M 1   ( W , S )    | |  ∞  ≤        ( ψ  ( ς )  − ψ  ( a )  )     ϕ k  k  − 1      Λ ^  2   Γ k   (  ϕ k  )      ϖ 2    k   I   ϑ 2  −  ρ 2  ; ψ    | |   B 2   (  Ξ 2  , W  (  Ξ 2  )  , S  (  Ξ 2  )  )    | |  ∞          +  χ 2    k   I   μ 2  +  ϑ 2  ; ψ    | |   B 2   (  ϱ 2  , W  (  ϱ 2  )  , S  (  ϱ 2  )  )    | |  ∞  −   k   I   ϑ 2  ; ψ    | |   B 2   ( T , W  ( T )  , S  ( T )  )    | |  ∞           +   k   I   ϑ 2  ; ψ    | |   B 2   ( ς , W  ( ς )  , S  ( ς )  )    | |  ∞  ,   ς ∈  [ a , T ]  ;     



(28)




using   (  A 2   ),   ∀ ς ∈ [ a , T ]  , we have


      | |   B 1   ( ς )  , W  ( ς )  , S  ( ς )    | |  ∞  ≤      Y  B 1  *   ( ς )   H  B 1     ( | | W  ( ς )  | |  ∞  +   | | S  ( ς )  | |  ∞   )       ≤     Y  B 1  *   H  B 1    ( δ )  ,     








that is


      | |   M 1   ( W , S )    | |  ∞  ≤        ( ψ  ( ς )  − ψ  ( a )  )     ϕ k  k  − 1      Λ ^  1   Γ k   (  ϕ k  )      ϖ 1    k   I   ϑ 1  −  ρ 1  ; ψ    Y  B 1  *   H  B 1    | |   B 1   (  Ξ 1  , W  (  Ξ 1  )  , S  (  Ξ 1  )  )    ) | |  ∞          +  χ 1    k   I   μ 1  +  ϑ 1  ; ψ    Y  B 1  *   H  B 1    | |   B 1   (  ϱ 1  , W  (  ϱ 1  )  , S  (  ϱ 1  )  )    | |  ∞  −   k   I   ϑ 1  ; ψ    Y  B 1  *   H  B 1    | |   B 1   ( T , W  ( T )  , S  ( T )  )    | |  ∞         +   k   I   ϑ 1  ; ψ    Y  B 1  *   H  B 1    | |   B 1   ( ς , W  ( ς )  , S  ( ς )  )    | |  ∞  ,          ≤  Y  B 1  *   H  B 1    ( δ )  .     



(29)




Similarly,


      | |   M 2   ( W , S )    | |  ∞  ≤        ( ψ  ( ς )  − ψ  ( a )  )     ϕ k  k  − 1      Λ ^  2   Γ k   (  ϕ k  )      ϖ 2    k   I   ϑ 2  −  ρ 2  ; ψ    Y  B 2  *   H  B 2    | |   B 2   (  Ξ 2  , W  (  Ξ 2  )  , S  (  Ξ 2  )  )    | |  ∞          +  χ 2    k   I   μ 2  +  ϑ 2  ; ψ    Y  B 2  *   H  B 2    | |   B 2   (  ϱ 2  , W  (  ϱ 2  )  )    | |  ∞         −   k   I   ϑ 2  ; ψ    Y  B 2  *   H  B 2    | |   B 2   ( T , W  ( T )  , S  ( T )  )    | |  ∞         +   k   I   ϑ 2  ; ψ    Y  B 2  *   H  B 2    | |   B 2   ( ς , W  ( ς )  , S  ( ς )  )    | |  ∞           ≤  Y  B 2  *   H  B 2    ( δ )  .     



(30)




(29) and (30) yield


       | | M  ( W , S )  | |   E ^   =      | |   M 1     ( W , S )  | |  ∞  +  | |   M 2   ( W , S )    | |  ∞       ≤     Y  B 1  *   Δ 1   H  B 1    ( δ )  +  Y  B 2  *   Δ 2   H  B 2    ( δ )       ≤    δ ,     



(31)




that is,   M  G δ  ⊂  G δ   .



Step 2: We show that the operator  M  is continuous. Indeed, define the sequence


      {  V n  =  (  W n  ,  S n  )  }  ∈  G δ  ;    we   show   that     V n  → V =  ( W , S )     as    n → ∞ ,     








because of hypothesis   A 1  , it is clear that


      B 1   ( · ,  W n   ( · )  ,  S n   ( · )  )  →  B 1   ( · , W  ( · )  , S  ( · )  )     as    n → ∞ ,     








recalling (  A 2  ), we deduce that


       k   I   φ 1  ; ψ    | |   B 1   ( s ,  W n   ( s )  ,  S n   ( s )  )  −  B 1   ( s , W  ( s )  , S  ( s )  )    | |  ∞  ≤  Y  B 1  *   H  B 1    ( δ )    k   I   φ 1  ; ψ   ,     



(32)




additionally, using the function’s Lebesgue dominated convergence theorem and the fact that


     X →  Y  B 1  *   H  B 1    ( δ )    k   I   φ 1  ; ψ   ,     



(33)




is Lebesgue integrable on   [ a , T ]  , we get


      | |   M 1   ( W , S )    | |  ∞  ≤        ( ψ  ( ς )  − ψ  ( a )  )     ϕ k  k  − 1      Λ ^  1   Γ k   (  ϕ k  )      ϖ 1    k   I   ϑ 1  −  ρ 1  ; ψ    Y  B 1  *   H  B 1    | |   B 1   ( s ,  W n   ( s )  ,  S n   ( s )  )  −  B 1   ( s , W  ( s )  , S  ( s )  )    | |  ∞           +  χ 1    k   I   μ 1  +  ϑ 1  ; ψ    Y  B 1  *   H  B 1    | |   B 1   ( s ,  W n   ( s )  ,  S n   ( s )  )  −  B 1   ( s , W  ( s )  , S  ( s )  )    | |  ∞           −   k   I   ϑ 1  ; ψ    Y  B 1  *   H  B 1    | |   B 1   ( s ,  W n   ( s )  ,  S n   ( s )  )  −  B 1   ( s , W  ( s )  , S  ( s )  )    | |  ∞           +   k   I   ϑ 1  ; ψ    Y  B 1  *   H  B 1    | |   B 1   ( s ,  W n   ( s )  ,  S n   ( s )  )  −  B 1   ( s , W  ( s )  , S  ( s )  )    | |  ∞  ,  → 0    as    n → ∞ ,     



(34)




that is,


      | |   M 1   (  W n  ,  S n  )   ( ς )  −  M 1   ( W , S )   ( ς )    | |  ∞  → 0    as    n → ∞   ∀   ς ∈  [ a , T ]  ,     








then


      | |   M 1   (  W n  ,  S n  )  −  M 1   ( W , S )    | |  ∞  → 0    as    n → ∞ ,     



(35)




which shows the continuity of   M 1  .



Similarly,


      | |   M 2   (  W n  ,  S n  )  −  M 2   ( W , S )    | |  ∞  → 0    as    n → ∞ .     



(36)




(35) and (36) yield


      | | M   (  W n  ,  S n  )  − M  ( W , S )    | |   E ^   → 0    as    n → ∞ ,     



(37)




and by getting (37), we conclude that the operator  M  is continuous.



Step 3: We show that  M  is equicontinuous.



Let    ς 1  ,  ς 2  ∈  [ a , T ]    and   ∀  ( W , S )  ∈  G δ   ; then


         | |   M 1   ( W )   (  ς 2  )  −  M 1   ( W )   (  ς 1  )    | |  ∞       ≤     1   Γ k   (  ϑ 1  )      ∫  a   ς 1    ψ ′   ( s )   [   ( ψ  (  ς 2  )  − ψ  ( s )  )     ϑ 1  k  − 1   −   ( ψ  (  ς 1  )  − ψ  ( s )  )     ϑ 1  k  − 1   ]   B 1   ( s , W  ( s )  )  d s         +  ∫   ς 2    ς 1    ψ ′   ( s )    ( ψ  (  ς 2  )  − ψ  ( s )  )     ϑ 1  k  − 1    B 1   ( s , W  ( s )  )  d s        +     ( ψ  (  ς 2  )  − ψ  ( a )  )     ϕ k  k  − 1   −   ( ψ  (  ς 1  )  − ψ  ( a )  )     ϕ k  k  − 1      |    Λ ^  1   |   Γ k   (  ϕ k  )      ϖ 1    k   I   ϑ 1  −  ρ 1  ; ψ    |  B 1   (  Ξ 1  , W  (  Ξ 1  )  , S  (  Ξ 1  )  )  |          +  χ 1    k   I   μ 1  +  ϑ 1  ; ψ    |   B 1   (  ϱ 1  , W  (  ϱ 1  )  , S  (  ϱ 1  )  )   | +    k   I   ϑ 1  ; ψ    |  B 1   ( T , W  ( T )  , S  ( T )  )  |      



(38)






      ≤  Y  B 1  *   H  B 1    ( δ )  ×  1   Γ k   (  ϑ 1  )      ∫  a   ς 1    ψ ′   ( s )   [   ( ψ  (  ς 2  )  − ψ  ( s )  )     ϑ 1  k  − 1   −   ( ψ  (  ς 1  )  − ψ  ( s )  )     ϑ 1  k  − 1   ]  d s         +  ∫   ς 2    ς 1    ψ ′   ( s )    ( ψ  (  ς 2  )  − ψ  ( s )  )     ϑ 1  k  − 1   d s        +     ( ψ  (  ς 2  )  − ψ  ( a )  )     ϕ k  k  − 1   −   ( ψ  (  ς 1  )  − ψ  ( a )  )     ϕ k  k  − 1      |    Λ ^  1   |   Γ k   (  ϕ k  )      ϖ 1    k   I   ϑ 1  −  ρ 1  ; ψ    |  B 1   (  Ξ 1  , W  (  Ξ 1  )  , S  (  Ξ 1  )  )  |           +  χ 1    k   I   μ 1  +  ϑ 1  ; ψ    |   B 1   (  ϱ 1  , W  (  ϱ 1  )  , S  (  ϱ 1  )  )   | +    k   I   ϑ 1  ; ψ    |  B 1   ( T , W  ( T )  , S  ( T )  )  |   → 0   a s    ς 2  →  ς 1  ,     



(39)




in a similar manner, we have


         | |   M 2   ( W , S )   (  ς 2  )  −  M 2   ( W , S )   (  ς 1  )    | |  ∞       ≤     1   Γ k   (  ϑ 2  )      ∫  a   ς 1    ψ ′   ( s )   [   ( ψ  (  ς 2  )  − ψ  ( s )  )     ϑ 2  k  − 1   −   ( ψ  (  ς 1  )  − ψ  ( s )  )     ϑ 2  k  − 1   ]   B 1   ( s , W  ( s )  )  d s         +  ∫   ς 2    ς 1    ψ ′   ( s )    ( ψ  (  ς 2  )  − ψ  ( s )  )     ϑ 2  k  − 1    B 2   ( s , W  ( s )  )  d s        +     ( ψ  (  ς 2  )  − ψ  ( a )  )     ϕ k  k  − 1   −   ( ψ  (  ς 1  )  − ψ  ( a )  )     ϕ k  k  − 1      |    Λ ^  2   |   Γ k   (  ϕ k  )      ϖ 2    k   I   ϑ 2  −  ρ 2  ; ψ    |  B 2   (  Ξ 2  , W  (  Ξ 2  )  , S  (  Ξ 2  )  )  |          +  χ 2    k   I   μ 2  +  ϑ 2  ; ψ    |   B 2   (  ϱ 2  , W  (  ϱ 2  )  , S  (  ϱ 2  )  )   | −    k   I   ϑ 2  ; ψ    |  B 2   ( T , W  ( T )  , S  ( T )  )  |      



(40)






      ≤  Y  B 2  *   H  B 2    ( δ )  ×  1   Γ k   (  ϑ 1  )      ∫  a   ς 1    ψ ′   ( s )   [   ( ψ  (  ς 2  )  − ψ  ( s )  )     ϑ 2  k  − 1   −   ( ψ  (  ς 1  )  − ψ  ( s )  )     ϑ 2  k  − 1   ]  d s         +  ∫   ς 2    ς 1    ψ ′   ( s )    ( ψ  (  ς 2  )  − ψ  ( s )  )     ϑ 2  k  − 1   d s        +     ( ψ  (  ς 2  )  − ψ  ( a )  )     ϕ k  k  − 1   −   ( ψ  (  ς 1  )  − ψ  ( a )  )     ϕ k  k  − 1      |    Λ ^  2   |   Γ k   (  ϕ k  )      ϖ 2    k   I   ϑ 2  −  ρ 2  ; ψ    |  B 2   (  Ξ 2  , W  (  Ξ 2  )  , S  (  Ξ 2  )  )  |           +  χ 2    k   I   μ 2  +  ϑ 2  ; ψ    |   B 2   (  ϱ 2  , W  (  ϱ 2  )  , S  (  ϱ 2  )  )   | −    k   I   ϑ 2  ; ψ    |  B 2   ( T , W  ( T )  , S  ( T )  )  |   → 0   a s    ς 2  →  ς 1  .     



(41)







It is notable that (38) and (40) are both free of    ( W , S )  ∈  G δ    and because of what is obtained from (38) and (40), we obtain the equicontinuity of operator  M .



Step 4: Finally, we let   Φ =  Φ 1  ∩  Φ 2  ;  Φ 1  ,  Φ 2  ⊂  G δ   . Furthermore,   Φ 1   and   Φ 2   are assumed to be bounded and equicontinuous.



We show that


      Φ 1  ⊂   c o n v  ¯   (  M 1   (  Φ 1  )  ∪  { o }  )     a n d     Φ 2  ⊂   c o n v  ¯   (  M 1   (  Φ 1  )  ∪  { o }  )  ,     








thus, the functions


      Π 1   ( ς )  = k  (  Φ 1   ( ς )  )  ,        Π 2   ( ς )  = k  (  Φ 2   ( ς )  )  ,     








are continuous on   [ a , T ]  . By Kuratowski’s Lemma (4) and (  A 3  ), we write


      Π 1   ( ς )  =     k (  Φ 1   ( ς )  )        ≤ k (   c o n v  ¯   (  M 1   (  Φ 1  )  ∪  { o }  )  )        ≤ k (  M 1   Φ 1   ( ς )  )     



(42)






    ≤    k     ( ψ  ( ς )  − ψ  ( a )  )     ϕ k  k  − 1      Λ ^  1   Γ k   (  ϕ k  )      ϖ 1    k   I   ϑ 1  −  ρ 1  ; ψ    | |   B 1   (  Ξ 1  , W  (  Ξ 1  )  , S  (  Ξ 1  )  )   ) | |            +  χ 1    k   I   μ 1  +  ϑ 1  ; ψ    | |   B 1   (  ϱ 1  , W  (  ϱ 1  )  , S  (  ϱ 1  )  )   | |  −   k   I   ϑ 1  ; ψ    | |   B 1   ( T , W  ( T )  , S  ( T )  )   | |          +   k   I   ϑ 1  ; ψ    | |   B 1   ( ς , W  ( ς )  , S  ( ς )  )   | |  , :  ( W , S )  ∈ Φ     



(43)






    ≤    k     ( ψ  ( ς )  − ψ  ( a )  )     ϕ k  k  − 1      Λ ^  1   Γ k   (  ϕ k  )      ϖ 1    k   I   ϑ 1  −  ρ 1  ; ψ    B 1   ( s ,  Φ 1   ( s )  )            +  χ 1    k   I   μ 1  +  ϑ 1  ; ψ    B 1   ( s ,  Φ 1   ( s )  )  −   k   I   ϑ 1  ; ψ    B 1   ( s ,  Φ 1   ( s )  )          +   k   I   ϑ 1  ; ψ    B 1   ( s ,  Φ 1   ( s )  )  , :  ( W , S )  ∈ Φ     



(44)






    ≤    k     ( ψ  ( ς )  − ψ  ( a )  )     ϕ k  k  − 1      Λ ^  1   Γ k   (  ϕ k  )      ϖ 1    k   I   ϑ 1  −  ρ 1  ; ψ    Y  B 1  *   Δ 1  k  ( s ,  Φ 1   ( s )  )            +  χ 1    k   I   μ 1  +  ϑ 1  ; ψ    Y  B 1  *   Δ 1  k  ( s ,  Φ 1   ( s )  )  −   k   I   ϑ 1  ; ψ    Y  B 1  *   Δ 1  k  ( s ,  Φ 1   ( s )  )          +   k   I   ϑ 1  ; ψ    Y  B 1  *   Δ 1  k  ( s ,  Φ 1   ( s )  )  , :  ( W , S )  ∈ Φ     










     ≤  Y  B 1  *   Δ 1   | |   Π 1    | |  ∞  ,     








that is,


      | |   Π 1    | |  ∞  ≤  Y  B 1  *   Δ 1   | |   Π 1    | |  ∞  ,     








but it was assumed   max {  Y  B 1  *   Δ 1  ,  Y  B 2  *   Δ 2  } < 1 ,   which yields    | |   Π 1    | |  ∞  = 0  , so    Π 1   ( ς )  = 0 , ∀ ς ∈  [ a , T ]   .



Similarly, we get    Π 2   ( ς )  = 0 , ∀ ς ∈  [ a , T ]   .



Consequently   k  ( Φ  ( ς )  )  ≤ k  (  Φ 1   ( ς )  )  = 0   and   k  ( Φ  ( ς )  )  ≤ k  (  Φ 1   ( ς )  )  = 0  , implying that   Φ ( ς )   is relatively compact in    E ^  ×  E ^   , and based on the Arzila–Ascoli theorem, we obtain that  Φ  is relatively compact in   G δ  .



By all the results obtained from the four steps, Mönch’s fixed point theorem applies. Hence,  M  has a fixed point   ( W , S )   on   G σ  . □






4. Stability Results for the Problem


Define the operators    Z 1  ,  Z 2  ∈ C  (  [ a , T ]  ,  R e  )  × C  (  [ a , T ]  ,  R e  )  → C  (  [ a , T ]  ,  R e  )   , such that


            k , H    D   ϑ 1  ,  φ 1  ; ψ   W  ( ς )  −  B 1   ( ς , W  ( ς )  , S  ( ς )  )  =  Z 1   ( W , S )   ( ς )  ,     ς ∈  ( a , T ]  ,    ⸦ 1  ∈  ( 1 , 2 ]  ,          k , H    D   ϑ 2  ,  φ 2  ; ψ   S  ( ς )  −  B 2   ( ς , W  ( ς )  , S  ( ς )  )  =  Z 2   ( W , S )   ( ς )  ,         








with


      | |   Z 1   ,  ( W , S )  | |  ≤  τ 1   ,     | |   Z 2  ,  ( W , S )   | |  ≤  τ 2  ∀  τ 1  ,  τ 2  > 0 .     



(45)







Definition 9.

The coupled system (1) is said to be stable in the Ulam–Hyers sense, if ∃   X 1  ,  X 2  > 0   and there is a unique solution    ( W , S )  ∈ C  (  [ a , T ]  ,  R e  )  × C  (  [ a , T ]  ,  R e  )    of problem (1) with


      | |  ( W , S )   −  (  W ^  ,  S ^  )   | |  ≤  X 1   τ 1  +  X 2   τ 2      








∀  (  W ^  ,  S ^  )  ∈  C  (  [ a , T ]  ,  R e  )  × C  (  [ a , T ]  ,  R e  )   .





Theorem 3.

Suppose that Theorem 2’s assumptions hold. Then, the boundary value problem (1) is Ulam–Hyers stable.





Proof. 

Let    ( W , S )  ∈ C  (  [ a , T ]  ,  R e  )  × C  (  [ a , T ]  ,  R e  )    be the solutions of problems (16) and (17). Let   (  W ^  ,  S ^  )   be any solution satisfying (45).


            k , H    D   ϑ 1  ,  φ 1  ; ψ   W  ( ς )  =  B 1   ( ς , W  ( ς )  , S  ( ς )  )  +  Z 1   ( W , S )   ( ς )  ,          k , H    D   ϑ 2  ,  φ 2  ; ψ   S  ( ς )  =  B 2   ( ς , W  ( ς )  , S  ( ς )  )  +  Z 2   ( W , S )   ( ς )  ,         








∀  ς ∈ [ a , T ]  .



Therefore,


      W ^   ( ς )  =      M 1   (  W ^  ,  S ^  )   ( ς )  +     ( ψ  ( ς )  − ψ  ( a )  )     ϕ k  k  − 1      Λ ^  1   Γ k   (  ϕ k  )      ϖ 1    k   I   ϑ 1  −  ρ 1  ; ψ     (  B 1   (  Ξ 1  , W  (  Ξ 1  )  , S  (  Ξ 1  )  )  )  ∞            +  χ 1    k   I   μ 1  +  ϑ 1  ; ψ     (  B 1   (  ϱ 1  , W  (  ϱ 1  )  , S  (  ϱ 1  )  )  )  ∞  −   k   I   ϑ 1  ; ψ     (  B 1   ( T , W  ( T )  , S  ( T )  )  )  ∞           +   k   I   ϑ 1  ; ψ     (  B 1   ( ς , W  ( ς )  , S  ( ς )  )  )  ∞   ,     








and it follows that


      |   M 1   (  W ^  ,  S ^  )   ( ς )  −  W ^   ( ς )   | ≤         ( ψ  ( ς )  − ψ  ( a )  )     ϕ k  k  − 1      Λ ^  1   Γ k   (  ϕ k  )      ϖ 1    k   I   ϑ 1  −  ρ 1  ; ψ     (  B 1   (  Ξ 1  , W  (  Ξ 1  )  , S  (  Ξ 1  )  )  )  ∞           +  χ 1    k   I   μ 1  +  ϑ 1  ; ψ     (  B 1   (  ϱ 1  , W  (  ϱ 1  )  , S  (  ϱ 1  )  )  )  ∞  −   k   I   ϑ 1  ; ψ     (  B 1   ( T , W  ( T )  , S  ( T )  )  )  ∞           +   k   I   ϑ 1  ; ψ     (  B 1   ( ς , W  ( ς )  , S  ( ς )  )  )  ∞   ,      ≤       ( ψ  ( T )  − ψ  ( a )  )    ϑ 1  k     Γ k   (  ϑ 1  + k )    +    ( ψ  ( T )  − ψ  ( a )  )     ϕ k  k  − 1     |    Λ ^  1   |   Γ k   (  ϑ 1  + k )      |   ϖ 1   |     ( ψ  (  Ξ 1  )  − ψ  ( a )  )     ϑ 1  −  ρ    k     Γ k   (  ϑ 1  −  ρ 1  + k )               + |   χ 1   |     ( ψ  (  Ξ 1  )  − ψ  ( a )  )     ϑ 1  +  μ 1   k     Γ k   (  ϑ 1  +  μ 1  + k )    +    ( ψ  (  Ξ 1  )  − ψ  ( a )  )    ϑ 1  k     Γ k   (  ϑ 1  + k )       τ 1         ≤  Δ 1   τ 1  ,     








and again


      |   M 2   (  W ^  ,  S ^  )   ( ς )  −  S ^   ( ς )   | ≤         ( ψ  ( ς )  − ψ  ( a )  )     ϕ k  k  − 1      Λ ^  2   Γ k   (  ϕ k  )      ϖ 2    k   I   ϑ 2  −  ρ 2  ; ψ     (  B 2   (  Ξ 2  , W  (  Ξ 2  )  , S  (  Ξ 2  )  )  )  ∞           +  χ 2    k   I   μ 2  +  ϑ 2  ; ψ     (  B 2   (  ϱ 2  , W  (  ϱ 2  )  , S  (  ϱ 2  )  )  )  ∞  −   k   I   ϑ 2  ; ψ     (  B 2   ( T , W  ( T )  , S  ( T )  )  )  ∞           +   k   I   ϑ 2  ; ψ     (  B 2   ( ς , W  ( ς )  , S  ( ς )  )  )  ∞   ,      ≤       ( ψ  ( T )  − ψ  ( a )  )    ϑ 2  k     Γ k   (  ϑ 2  + k )    +    ( ψ  ( T )  − ψ  ( a )  )     ϕ k  k  − 1     |    Λ ^  2   |   Γ k   (  ϑ 2  + k )      |   ϖ 2   |     ( ψ  (  Ξ 2  )  − ψ  ( a )  )     ϑ 2  −  ρ    k     Γ k   (  ϑ 2  −  ρ 2  + k )               + |   χ 2   |     ( ψ  (  Ξ 2  )  − ψ  ( a )  )     ϑ 2  +  μ 2   k     Γ k   (  ϑ 2  +  μ 2  + k )    +    ( ψ  (  Ξ 2  )  − ψ  ( a )  )    ϑ 2  k     Γ k   (  ϑ 2  + k )       τ 2         ≤  Δ 2   τ 2  ,     










      |  ( W , S )  −   (  W ^  ,  S ^  )   | ≤   Δ 1   τ 1  +  Δ 2   τ 2  ,     








thus, operator  M , which is given by (24) and (25), can be extracted from the fixed point property as follows:


     | W ( ς ) − W ∗ ( ς ) | =      | W  ( ς )  −   M 1   ( W ∗ , S ∗ )   ( ς )  +  M 1    ( W ∗ , S ∗ )   ( ς )  − W ∗  ( ς )  |       ≤     |   M 1   ( W , S )   ( ς )  −  M 1    ( W ∗ , S ∗ )   ( ς )  | + |   M 1    ( W ∗ , S ∗ )   ( ς )  − W ∗  ( ς )  |       ≤     (  (  Δ 1   ϑ 1  +  Δ 1    ϑ 1  ^  )  +  (  Δ 1   ϑ 2  +  Δ 1    ϑ 2  ^  )  )   | |   ( W , S )  −  ( W ∗ , S ∗ )   | |           +  Δ 1    τ 1  ^  +  Δ 1    τ 2  ^  .     



(46)






     | S ( ς ) − S ∗ ( ς ) | =      | S ς )  −  M 2   ( W ∗ , S ∗ )   ( ς )  +  M 2    ( W ∗ , S ∗ )   ( ς )  − S ∗  ( ς )  |       ≤     |   M 2   ( W , S )   ( ς )  −  M 2    ( W ∗ , S ∗ )   ( ς )  | + |   M 2    ( W ∗ , S ∗ )   ( ς )  − S ∗  ( ς )  |       ≤     (  (  Δ 2   ϑ 1  +  Δ 2    ϑ 1  ^  )  +  (  Δ 2   ϑ 2  +  Δ 2    ϑ 2  ^  )  )   | |   ( W , S )  −  ( W ∗ , S ∗ )   | |           +  Δ 2    τ 1  ^  +  Δ 2    τ 2  ^  ,     



(47)




from the above Equations (46) and (47), it follows that


     | | ( W , S ) − ( W * , S * ) | | ≤       (  Δ 1  +  Δ 2  )    τ 1  ^  +  (  Δ 1  +  Δ 2  )    τ 2  ^    1 − (  (  Δ 1  +  Δ 2  )   (  ϑ 1  +  ϑ 2  )  +  (  Δ 1  +  Δ 2  )   (   ϑ 1  ^  +   ϑ 2  ^  )  )       ≤     V 1    τ 1  ^  +  V 2    τ 2  ^  ,     








with


      V 1  =   (  Δ 1  +  Δ 2  )   1 − (  (  Δ 1  +  Δ 2  )   (  ϑ 1  +  ϑ 2  )  +  (  Δ 1  +  Δ 2  )   (   ϑ 1  ^  +   ϑ 2  ^  )  )       










      V 2  =   (  Δ 1  +  Δ 2  )   1 − (  (  Δ 1  +  Δ 2  )   (  ϑ 1  +  ϑ 2  )  +  (  Δ 1  +  Δ 2  )   (   ϑ 1  ^  +   ϑ 2  ^  )  )   .     








this demonstrates that the problem (1) is Ulam–Hyers stable. □






5. Example


An applied example is used to support the result presented in this work as follows



Let    W 0  =  {  W 1  ,  W 2  , ⋯  W n  , ⋯ }   , it clear that   W 0   is a Banach space with     | | W | |  ∞  =  sup  n ≥ 1    |  W n  |   . Consider the following boundary value problem:



Example 1.



                k , H    D   ϑ 1  ,  φ 1  ; ψ   W  ( ς )  =  B 1   ( ς , W  ( ς )  , S  ( ς )  )  ,  ς ∈  ( a , T ]  ,  k > 0 , 1 <  ϑ 1  ≤ 2 ,   φ 1  ∈  [ 0 , 1 ]  ,           k , H    D   ϑ 2  ,  φ 2  ; ψ   S  ( ς )  =  B 2   ( ς , W  ( ς )  , S  ( ς )  )  ,  ς ∈  ( a , T ]  ,  k > 0 , 1 <  ϑ 2  ≤ 2 ,   φ 2  ∈  [ 0 , 1 ]  ,        W  ( a )  = 0 ,   W  ( T )  =  ϖ 1     k , H    D   ϑ 1  ,  φ 1  ; ψ   W  (  Ξ 1  )  +  χ 1    k   I   μ 1  ; ψ   W  (  ϱ 1  )  ,        S  ( a )  = 0 ,   S  ( T )  =  ϖ 2     k , H    D   ϑ 2  ,  φ 2  ; ψ   W  (  Ξ 2  )  +  χ 2    k   I   μ 2  ; ψ   W  (  ϱ 2  )  ,          



(48)




where   k =  5 3  ,   ϑ 1  = 8 / 5 ,   ϑ 1  = 7 / 5 ,   φ 1  = 2 / 5 ,  φ 2  = 3 / 5  a = 1 / 5 , T = 5 / 3 ,   Ξ 1  = 4 / 7 ,   Ξ 2  = 3 / 5 ,   ϱ 1  = 5 / 8 ,  ϱ 2  = 6 / 5 ,   χ 1  = 3 / 51 ,  χ 2  = 4 / 51 ,  ϖ 2  = 2 / 51 ,  ϖ 1  = 1 / 51 ,   ϕ k  = 35 / 15  ,


       B 1   ( ς , W  ( ς )  , S  ( ς )  )      =    | W ( ς ) |   ( ς + 9 ) ( 1 + | W ( ς ) | )   +  1  27 ( 1 + |  S 2   ( ς )  | )   +  1 81   ,        B 2   ( ς , W  ( ς )  , S  ( ς )  )      =    sin ( 2 π | W ( ς ) ) |   40 π   +  1  10   ς + 4     +   | S ( ς ) |   10 ( 1 + | W ( ς ) | )    ,      








and   ∀ ς ∈ [ a , T ]   with     {  W n  }   n ≥ 1   ,   {  S n  }   n ≥ 1   ∈  W 0   , the hypothesis   A 2   of Theorem 2 is verified. Moreover,


       | |   B 1   ( ς , W  ( ς )  , S  ( ς )  )    | |  ∞      ≤      | W ( ς ) |   ( ς + 9 ) ( 1 + | W ( ς ) | )   +  1  27 ( 1 + |  S 2   ( ς )  | )   +  1 81    ∞  ,        ≤  1  ( ς + 9 )    ( | | W | | + 1 )         =  Y  B 1    ( ς )   H  B 1     ( | | W | |  ∞   )       








and similarly,


       | |   B 2   ( ς , W  ( ς )  , S  ( ς )  )    | |  ∞      ≤      sin ( 2 π | W ( ς ) ) |   40 π   +  1  10   ς + 4     +   | S ( ς ) |   10 ( 1 + | S ( ς ) | )     ∞  ,        ≤  1 10   ( | | S | | + 1 )         =  Y  B 2    ( ς )   H  B 2     ( | | S | |  ∞   ) ,       








this implies condition   A 2   of Theorem 2 is verified.



Next,


      Y  (  B 1  ,  ( ς , G )  )  ≤  Y  B 1    ( ς )  Y  ( G )  ,       Y  (  B 2  ,  ( ς , G )  )  ≤  Y  B 2    ( ς )  Y  ( G )  ,      








where in our case, we have    Y  B 1    ( ς )  =  1  ς + 9   ,   Y  B 2    ( ς )  =  ς 10   , and the next two inequalities guarantee that the condition   (  A 2  )   of Theorem 2 is valid.



Finally, we calculate


          Y   B 1   *   ( ς )   =  1 10  ,        Δ 1  ≤        ( ψ  ( T )  − ψ  ( a )  )    ϑ 1  k     Γ k   (  ϑ 1  + k )    +    ( ψ  ( T )  − ψ  ( a )  )     ϕ k  k  − 1     |    Λ ^  1   |   Γ k   (  ϑ 1  + k )      |   ϖ 1   |     ( ψ  (  Ξ 1  )  − ψ  ( a )  )     ϑ 1  −  ρ    k     Γ k   (  ϑ 1  −  ρ 1  + k )                + |   χ 1   |     ( ψ  (  Ξ 1  )  − ψ  ( a )  )     ϑ 1  +  μ 1   k     Γ k   (  ϑ 1  +  μ 1  + k )    +    ( ψ  (  Ξ 1  )  − ψ  ( a )  )    ϑ 1  k     Γ k   (  ϑ 1  + k )     ≈ 0.356723562     



(49)




and


          Y   B 2   *   ( ς )   =  2 10  ,        Δ 2  ≤        ( ψ  ( T )  − ψ  ( a )  )    ϑ 2  k     Γ k   (  ϑ 2  + k )    +    ( ψ  ( T )  − ψ  ( a )  )     ϕ k  k  − 1     |    Λ ^  2   |   Γ k   (  ϑ 2  + k )      |   ϖ 2   |     ( ψ  (  Ξ 2  )  − ψ  ( a )  )     ϑ 2  −  ρ    k     Γ k   (  ϑ 2  −  ρ 2  + k )                + |   χ 2   |     ( ψ  (  Ξ 2  )  − ψ  ( a )  )     ϑ 2  +  μ 2   k     Γ k   (  ϑ 2  +  μ 2  + k )    +    ( ψ  (  Ξ 2  )  − ψ  ( a )  )    ϑ 2  k     Γ k   (  ϑ 2  + k )     ≈ 0.69703560     



(50)




then,  max  {  Δ 1    Y  B 1    ( ς )   ,  Δ 2    Y  B 2    ( ς )   }  = max  { 0.356723562 , 0.13940712 }  = 0.13940712 < 1 .  This shows that all requirements of Theorem 2 are satisfied,   ( W , S )  ∈ C  (  [ a , T ]  ,  S 0  )  × C  (  [ a , T ]  ,  S 0  )   .






6. Conclusions


We studied a system of Hilfer (k,  ψ )-fractional differential equations, with nonlocal boundary conditions and (k,  ψ )-Hilfer derivatives and integrals. We used Mönch’s fixed point theorem, Carathéaodory’s conditions, and Kuratowski’s measure of noncompactness to introduce the results in this work. In addition, the stability of solutions to the system (1) was verified via the Ulam–Hyers stability technique. Adding to this, the following conclusions are drawn from this study:



	1

	
According to [27], if   k = 1  , the Hilfer (   k , ψ  )-fractional operator becomes a Hilfer  ψ -fractional operator.




	2

	
According to [31], if   ψ ( ς ) = ς   and   k = 1  , the Hilfer (  k , ψ  )-fractional operator becomes a Hilfer fractional operator.




	3

	
For   ψ ( ς ) = ς   and    φ i  = 0 , i = 1 , 2 ,   the Hilfer (  k , ψ  )-fractional system becomes a Riemann–Liouville   ( k , ψ  )-fractional system.




	4

	
For   ψ ( ς ) = ς   and    φ i  = 1 , i = 1 , 2 ,   the Hilfer (  k , ψ  )-fractional system becomes a Caputo (  k , ψ  )-fractional system. Furthermore, the solution form in the types of systems mentioned above can be used to study the positive solution and its asymmetry in greater depth. We conclude that our results are novel and can be viewed as an expansion of the qualitative analysis of fractional differential equations. For those interested in this subject, this system can be studied using different fractional derivatives such as Katugampula or  ψ -Caputo and these results can be used in practical applications in various subjects such as the predator–prey model.
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