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Abstract

:

The study on fractional integrals of confluent hypergeometric functions provides interesting subordination and superordination results and inspired the idea of using this operator to introduce a new class of analytic functions. Given the class of functions    A n  =  f ∈ H  U  : f  z  = z +      a  n + 1    z  n + 1   + … ,  z ∈ U   written simply  A  when   n = 1  , the newly introduced class involves functions   f ∈ A   considered in the study due to their special properties. The aim of this paper is to present the outcomes of the study performed on the new class, which include a coefficient inequality, a distortion theorem and extreme points of the class. The starlikeness and convexity properties of this class are also discussed, and partial sums of functions from the class are evaluated in order to obtain class boundary properties.
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1. Introduction


The study presented in this paper is done in the general, well-known space on Geometric Function Theory. The main notions and notations are recalled. The unit disc of the complex plane is denoted by   U = { z ∈ C : | z | < 1 }  .   H ( U )   refers to the class of analytic functions in the unit disc, and one of its remarkable subclasses is denoted by    A n  =  { f ∈ H  ( U )  ,  f  ( z )  = z +  a  n + 1    z  n + 1   + … ,  z ∈ U }  ,    a ∈ C   and   n ∈ N ,   with   A 1   written simply   A .  



The special class of starlike functions of order  α  is defined as


   S *   α  =  f ∈ A : Re   z  f ′   z    f  z    > α ,  0 < α < 1  ,  








and the class of convex functions of order  α  is defined as


  K  α  =  f ∈ A : Re    z  f  ″    z     f ′   z    + 1  > α ,  0 < α < 1  .  











For n as a positive integer and a as a complex number,


  H  a , n  =  f ∈ H  U  : f  z  = a +  a n   z n  +  z  n + 1    z  n + 1   + … ,  z ∈ U  ,  








with    H 0  = H  0 , 1  .  



Operators have been used from the beginning of the study of complex-valued functions because they make it possible to elegantly obtain new and remarkable outcomes and to give easier proofs for known results. Recently, many new operators [1,2] were defined with the help of the fractional integral of order  λ  previously used by Owa and Srivastava [3,4].



Definition 1

([3,4]). The fractional integral of order λ (  λ > 0  ) is defined for a function f by


   D  z   − λ   f  z  =  1  Γ  λ     ∫  0  z    f  t     z − t   1 − λ    d t ,  








where f is an analytic function in a simply-connected region of the z-plane containing the origin, and the multiplicity of    z − t   λ − 1    is removed by requiring   log  z − t    to be real, when    z − t  > 0 .  





Inspired by earlier work done by applying this function on different hypergeometric functions seen in papers, such as [5,6], a new operator was defined combining confluent hypergeometric function with the remarkable fractional integral in [7]. The new operator was introduced with inspiration from the numerous studies conducted on confluent hypergeometric functions from different perspectives, such as using it together with other remarkable functions (for example in [8,9]) or studying its univalence properties as seen in [10,11].



The definition of the confluent (Kummer) hypergeometric function was found, for example, in [12].



Definition 2

([12] (p. 5)). Let a and c be complex numbers with   c ≠ 0 , − 1 , − 2 , …   and consider


  ϕ  a , c ; z   = 1   F 1   a , c ; z  = 1 +  a c   z  1 !   +   a  a + 1    c  c + 1      z 2   2 !   + … ,  z ∈ U .  



(1)







This function is called a confluent (Kummer) hypergeometric function, is analytic in  C  and satisfies Kummer’s differential equation


   z  w  ″    z  +  c − z   w ′   z  − a w  z  = 0 .   













Considering


    d  k  =   Γ  d + k    Γ  d    = d  d + 1   d + 2  …  d + k − 1   and    d  0  = 1 ,  








the confluent (Kummer) hypergeometric function has the following form


  ϕ  a , c ; z  =  ∑  k = 0  ∞     a  k    c  k     z k   k !   =   Γ  c    Γ  a     ∑  k = 0  ∞    Γ  a + k    Γ  c + k      z k   k !   .  



(2)







The definition of the operator used for obtaining the original results presented in this paper, defined in [7] as previously mentioned, is shown in the next definition.



Definition 3

([7]). Let a and c be complex numbers with   c ≠ 0 , − 1 , − 2 , …   and   λ > 0 .   We define the fractional integral of the confluent hypergeometric function


   D  z   − λ   ϕ  a , c ; z  =  1  Γ  λ     ∫  0  z    ϕ  a , c ; t     z − t   1 − λ    d t  



(3)






  =  1  Γ  λ      Γ  c    Γ  a     ∑  k = 0  ∞    Γ  a + k    Γ  c + k  Γ  k + 1     ∫  0  z    t k    z − t   1 − λ    d t .  













The fractional integral of confluent hypergeometric function can be written


   D  z   − λ   ϕ  a , c ; z  =   Γ  c    Γ  a     ∑  k = 0  ∞    Γ  a + k    Γ  c + k  Γ  λ + k + 1     z  k + λ   ,   



(4)




after a simple calculation. Evidently,    D  z   − λ   ϕ  a , c ; z  ∈ H  0 , λ  .  



We next introduce a new operator defined by convolution of the operator seen in Definition 3 and a function   f ∈ A .  



Definition 4.

Denote by    D  z   − λ   Φ  a , c    the operator given by the convolution of the operator    D  z   − λ   ϕ  a , c ; z    given by (4) and the analytic function   f ∈ A  ,    D  z   − λ   Φ  a , c  : A → A  ,


    D  z   − λ   Φ  a , c   z  =  D  z   − λ   ϕ  a , c ; z  ∗ f  z  .   













Remark 1.

For   f ∈ A  ,   f  ( z )  = z +  ∑  k = 2  ∞   a k   z k  ,   we find


    D  z   − λ   Φ  a , c   z  = z +   Γ  c    Γ  a     ∑  k = 2  ∞    Γ  a + k    Γ  c + k  Γ  λ + k + 1     a  k + λ    z  k + λ   .   













Inspired by the paper published by A.R. Juma and H. Ziraz [13], the new class of analytic functions is defined as:



Definition 5.

Denote by   D ⊕ ( d , α , β , a , c , λ )   the class consisting of functions   f ∈ A   that satisfy the inequality:


     1 d     z   (  D  z   − λ   Φ  a , c   z  )  ′  + α  z 2    (  D  z   − λ   Φ  a , c   z  )   ″      ( 1 − α )   D  z   − λ   Φ  a , c   z  + α z   (  D  z   − λ   Φ  a , c   z  )  ′    − 1   < β ,   



(5)




where   z ∈ U ,    d ∈ C − { 0 } ,    0 < β ≤ 1 ,    0 ≤ α ≤ 1 ,    a , c ∈ C ,    c ≠ 0 , − 1 , − 2 , … ,    λ > 0  .





For the study done on this class, we also considered recently published results, such as the geometric properties proved by the authors related to classes of p-valent functions [14], q-starlike functions involving Janowski functions [15] or harmonic p-valent functions based on hypergeometric functions [16].



The first original results related to the class   D ⊕ ( d , α , β , a , c , λ )   are presented in the next section regarding conditions that are necessary and sufficient such that function   f ∈ A   belongs to the class. Furthermore, coefficient-related studies establish certain relevant inequalities in Section 2, and distortion properties for functions from class   D ⊕ ( d , α , β , a , c , λ )   and for their derivatives are presented in Section 3. Partial sums of functions from class   D ⊕ ( d , α , β , a , c , λ )   are considered in Section 4, and the extreme points are found for the class. In Section 5, certain inclusion properties are proven for class   D ⊕ ( d , α , β , a , c , λ )  , and finally, aspects regarding the starlikeness and convexity properties of the class are discussed in Section 6 of the paper.




2. Study Regarding Function Class Coefficients


Conditions that must be complied by functions in order to belong to class   D ⊕ ( d , α ,    β , a , c , λ )   are first established.



Theorem 1.

A certain function   f ∈ A   is part of class   D ⊕ ( d , α , β , a , c , λ )   if and only if the next inequality holds:


    ∑  k = 2  ∞    Γ  a + k    Γ  c + k  Γ  λ + k + 1     k + λ − 1 + β | d |   1 + α  k + λ − 1    a  k + λ   ≤ β  | d |    Γ  a    Γ  c    ,   



(6)




where   z ∈ U ,    d ∈ C − { 0 } ,    0 < β ≤ 1 ,    0 ≤ α ≤ 1 ,    a , c ∈ C ,    c ≠ 0 , − 1 , − 2 , … ,    λ > 0  .





Proof. 

Suppose that function   f ∈ A   and that inequality (6) holds. Then, we obtain


     z   (  D  z   − λ   Φ  a , c   z  )  ′  + α  z 2    (  D  z   − λ   Φ  a , c   z  )   ″      ( 1 − α )   D  z   − λ   Φ  a , c   z  + α z   (  D  z   − λ   Φ  a , c   z  )  ′    − 1  =  










      z +   Γ  c    Γ  a      ∑  k = 2  ∞     Γ  a + k    Γ  c + k  Γ  λ + k + 1     k + λ   a  k + λ    z  k + λ   + α   Γ  c    Γ  a      ∑  k = 2  ∞     Γ  a + k    Γ  c + k  Γ  λ + k + 1     k + λ   k + λ − 1   a  k + λ    z  k + λ      1 − α  z +  1 − α    Γ  c    Γ  a      ∑  k = 2  ∞     Γ  a + k    Γ  c + k  Γ  λ + k + 1     a  k + λ    z  k + λ   + α z + α   Γ  c    Γ  a      ∑  k = 2  ∞     Γ  a + k    Γ  c + k  Γ  λ + k + 1     k + λ   a  k + λ    z  k + λ      − 1  =  










      ∑  k = 2  ∞     Γ  a + k    Γ  c + k  Γ  λ + k + 1     k + λ − 1   1 + α  k + λ − 1    a  k + λ    z  k + λ       Γ  a    Γ  c    z +  ∑  k = 2  ∞    Γ  a + k    Γ  c + k  Γ  λ + k + 1     1 + α  k + λ − 1    a  k + λ    z  k + λ      










  ≤     ∑  k = 2  ∞     Γ  a + k    Γ  c + k  Γ  λ + k + 1     k + λ − 1   1 + α  k + λ − 1    a  k + λ     z   k + λ − 1       Γ  a    Γ  c    −   ∑  k = 2  ∞     Γ  a + k    Γ  c + k  Γ  λ + k + 1     1 + α  k + λ − 1    a  k + λ     z   k + λ − 1     < β  | d |  .  











Considering for z values on the real axis and putting   z →  1 −   , we have


   ∑  k = 2  ∞    Γ  a + k    Γ  c + k  Γ  λ + k + 1     k + λ − 1 + β | d |   1 + α  k + λ − 1    a  k + λ   ≤ β  | d |    Γ  a    Γ  c    .  











Conversely, supposing   f ( z ) ∈ D ⊕ ( d , α , β , a , c , λ )  , we obtain the following inequality


  R e     z   (  D  z   − λ   Φ  a , c   z  )  ′  + α  z 2    (  D  z   − λ   Φ  a , c   z  )   ″      ( 1 − α )   D  z   − λ   Φ  a , c   z  + α z   (  D  z   − λ   Φ  a , c   z  )  ′    − 1   > − β  | d |   










  R e    z +   Γ  c    Γ  a      ∑  k = 2  ∞     Γ  a + k    Γ  c + k  Γ  λ + k + 1     k + λ   1 + α  k + λ − 1    a  k + λ    z  k + λ     z +   Γ  c    Γ  a      ∑  k = 2  ∞     Γ  a + k    Γ  c + k  Γ  λ + k + 1     1 + α  k + λ − 1    a  k + λ    z  k + λ     − 1 + β  | d |   > 0  










  R e    β | d | z  +   Γ  c    Γ  a      ∑  k = 2  ∞     Γ  a + k    Γ  c + k  Γ  λ + k + 1     k + λ − 1 + β  d    1 + α  k + λ − 1    a  k + λ    z  k + λ     z +   Γ  c    Γ  a      ∑  k = 2  ∞     Γ  a + k    Γ  c + k  Γ  λ + k + 1     1 + α  k + λ − 1    a  k + λ    z  k + λ     > 0 .  











The inequality can be written in the following form considering   R e  ( −  e  i θ   )  ≥ −  |  e  i θ   |  = − 1  ,


     β | d | r  −   Γ  c    Γ  a      ∑  k = 2  ∞     Γ  a + k    Γ  c + k  Γ  λ + k + 1     k + λ − 1 + β  d    1 + α  k + λ − 1    a  k + λ    r  k + λ     r −   Γ  c    Γ  a      ∑  k = 2  ∞     Γ  a + k    Γ  c + k  Γ  λ + k + 1     1 + α  k + λ − 1    a  k + λ    r  k + λ     > 0 .  











Applying the mean value theorem for   r →  1 −   , we find the inequality (6).



The proof of Theorem 1 is complete. □





Corollary 1.

Considering   f ∈ D ⊕ ( d , α , β , a , c , λ )  , the following inequalities can be written:


    a  k + λ   ≤    β | d | Γ   a  Γ  c + k  Γ  λ + k + 1    Γ  c  Γ  a + k   k + λ − 1 + β | d |   1 + α  k + λ − 1     ,    k ≥ 2 .   














3. Distortion Results for Class   D ⊕ ( d , α , β , a , c , λ )  


Theorem 2.

The following inequalities are satisfied by any function   f ∈ D ⊕ ( d , α , β , a , c , λ )   for   | z | = r < 1  :


   r −   c  c + 1  β  | d |  Γ  λ + 3    a  a + 1   λ + 1 + β | d |   1 + α  λ + 1      r 2  ≤  | f  ( z )  |    










   ≤ r +   c  c + 1  β  | d |  Γ  λ + 3    a  a + 1   λ + 1 + β | d |   1 + α  λ + 1      r 2  .   











The equality is true for


   f  ( z )  = z +   c  c + 1  β  | d |  Γ  λ + 3    a  a + 1   λ + 1 + β | d |   1 + α  λ + 1      z 2  .   













Proof. 

Given that   f ∈ D ⊕ ( d , α , β , a , c , λ )   from Equation (6) and since


    Γ  a + k    Γ  c + k  Γ  λ + k + 1     k + λ − 1 + β | d |   1 + α  k + λ − 1    








is increasing and positive for   j ≥ 2  , then we have


    a  a + 1   λ + 1 + β | d |   1 + α  λ + 1     c  c + 1  β  | d |  Γ  λ + 3     ∑  k = 2  ∞   a  k + λ   ≤  










   ∑  k = 2  ∞    Γ  a + k    Γ  c + k  Γ  λ + k + 1     k + λ − 1 + β | d |   1 + α  k + λ − 1    a  k + λ   ≤ β  | d |    Γ  a    Γ  c    ,  








which is equivalent to,


   ∑  k = 2  ∞   a  k + λ   ≤   c  c + 1  β  | d |  Γ  λ + 3    a  a + 1   λ + 1 + β | d |   1 + α  λ + 1     .  



(7)







We obtain this using the properties of modulus function for


  f  ( z )  = z +  ∑  k = 2  ∞   a k   z k   










  r −  r 2   ∑  k = 2  ∞   a k  ≤ r −  ∑  k = 2  ∞   a k   r k  ≤  | z |  −  ∑  k = 2  ∞   a k    | z |  k  ≤  | f  ( z )  |   










  ≤  | z |  +  ∑  k = 2  ∞   a k    | z |  k  ≤ r +  ∑  k = 2  ∞   a k   r k  ≤ r +  r 2   ∑  k = 2  ∞   a k  ,  








and by (7), we find


  r −   c  c + 1  β  | d |  Γ  λ + 3    a  a + 1   λ + 1 + β | d |   1 + α  λ + 1      r 2  ≤ f  ( z )   










  ≤ r +   c  c + 1  β  | d |  Γ  λ + 3    a  a + 1   λ + 1 + β | d |   1 + α  λ + 1      r 2  .  











The proof of Theorem 2 is complete. □





Theorem 3.

The following inequalities are satisfied by the derivative of any function   f ∈ D ⊕    ( d , α , β , a , c , λ )   for   | z | = r < 1  :


   −   2 c  c + 1  β  | d |  Γ  λ + 3    a  a + 1   λ + 1 + β | d |   1 + α  λ + 1     r ≤  |  f ′   ( z )  |    










   ≤   2 c  c + 1  β  | d |  Γ  λ + 3    a  a + 1   λ + 1 + β | d |   1 + α  λ + 1     r .   











For


   f  ( z )  = z +   c  c + 1  β  | d |  Γ  λ + 3    a  a + 1   λ + 1 + β | d |   1 + α  λ + 1      z 2  ,   








we have the equality.





Proof. 

The following result is obtained by applying the properties of the modulus function:


   f ′   ( z )  = 1 +  ∑  k = 2  ∞  k  a k   z  k − 1    










  1 −  ∑  k = 2  ∞  k  a k   | z |  ≤ 1 −  ∑  k = 2  ∞  k  a k    | z |   k − 1    ≤ |   f ′    ( z )  | ≤ 1 +   ∑  k = 2  ∞  k  a k    | z |   k − 1   ≤ 1 +  ∑  k = 2  ∞  k  a k   | z |  .  











Now, using relation (7), we obtain:


  1 −   2 c  c + 1  β  | d |  Γ  λ + 3    a  a + 1   λ + 1 + β | d |   1 + α  λ + 1     r ≤  |  f ′   ( z )  |   










  ≤ 1 +   2 c  c + 1  β  | d |  Γ  λ + 3    a  a + 1   λ + 1 + β | d |   1 + α  λ + 1     r .  











Hence, the proof is complete. □






4. Properties of Partial Sums of Functions from Class   D ⊕ ( d , α , β , a , c , λ )  


Theorem 4.

Consider a function h,


   h  ( z )  =  ∑  i = 1  m   μ i   f i   ( z )  ,     μ i  ≥ 0 ,   ∑  i = 1  m   μ i  = 1 ,   








defined by using functions   f i  ,   i = 1 , 2 , … , m ,   where


    f i   ( z )  = z +  ∑  k = 2  ∞   a  k , i    z k  ,     a  k , i   ≥ 0 ,   



(8)




with    f i  ∈ D ⊕  ( d , α , β , a , c , λ )  ,    i = 1 , 2 , … , m  . Then, such a function   h ∈ D ⊕ ( d , α , β , a , c , λ )  .





Proof. 

Function h has the following form:


  h  ( z )  =  ∑  i = 1  m   μ m  z +  ∑  i = 1  m   ∑  k = 2  ∞   μ i   a  k , i    z k  = z +  ∑  k = 2  ∞   ∑  i = 1  m   μ i   a  k , i    z k  .  











Applying Theorem 1 for the functions    f i   ( z )   ,   i = 1 , 2 , … , m ,   from the class   D ⊕ ( d , α ,    β , a , c , λ )  , we obtain


   ∑  k = 2  ∞    Γ  a + k    Γ  c + k  Γ  λ + k + 1     k + λ − 1 + β | d |   1 + α  k + λ − 1    a  k + λ , i   ≤ β  | d |    Γ  a    Γ  c    .  











Thus, it is sufficient to prove that:


    Γ  c    Γ  a     ∑  k = 2  ∞    Γ  a + k    Γ  c + k  Γ  λ + k + 1     k + λ − 1 + β | d |   1 + α  k + λ − 1     ∑  i = 1  m   μ i   a  k + λ , i    =  










    Γ  c    Γ  a     ∑  i = 1  m   μ i   ∑  k = 2  ∞    Γ  a + k    Γ  c + k  Γ  λ + k + 1     k + λ − 1 + β | d |   1 + α  k + λ − 1    a  k + λ , i    










  ≤  ∑  i = 1  m   μ i   β | d |  =  β | d | ,   








which completes the proof. □





Corollary 2.

A function h defined as


   h  ( z )  =  ( 1 − ξ )   f 1   ( z )  + ξ  f 2   ( z )  ,    0 ≤ ζ ≤ 1 ,   








with    f i  ∈ D ⊕  ( d , α , β , a , c , λ )   , and   i = 1 , 2 ,   belongs to class   D ⊕ ( d , α , β , a , c , λ ) .  





Theorem 5.

Let


    f 1   ( z )  = z ,   








and


    f k   ( z )  = z +    β | d | Γ   a  Γ  c + k  Γ  λ + k + 1    Γ  c  Γ  a + k   k + λ − 1 + β | d |   1 + α  k + λ − 1      z  k + λ   ,    k ≥ 2 .   











The function f belongs to the class   D ⊕ ( d , α , β , a , c , λ )   if and only if it can be written in the following form:


   f  ( z )  =  μ 1   f 1   ( z )  +  ∑  k = 2  ∞   μ k   f k   ( z )  ,   








where    μ 1  ≥ 0 ,     μ k  ≥ 0 ,    k ≥ 2   and    μ 1  +  ∑  k = 2  ∞   μ k  = 1 .  





Proof. 

Suppose that f can be written as


  f  ( z )  =  μ 1   f 1   ( z )  +  ∑  k = 2  ∞   μ k   f k   ( z )  ,  










  = z +  ∑  k = 2  ∞     β | d | Γ   a  Γ  c + k  Γ  λ + k + 1    Γ  c  Γ  a + k   k + λ − 1 + β | d |   1 + α  k + λ − 1      μ k   z  k + λ   .  











Thus,


   ∑  k = 2  ∞    Γ  c  Γ  a + k   k + λ − 1 + β | d |   1 + α  k + λ − 1      β | d | Γ   a  Γ  c + k  Γ  λ + k + 1    ·  










     β | d | Γ   a  Γ  c + k  Γ  λ + k + 1    Γ  c  Γ  a + k   k + λ − 1 + β | d |   1 + α  k + λ − 1      μ k  =  ∑  k = 2  ∞   μ k  = 1 −  μ 1  ≤ 1 .  











Hence,   f ( z ) ∈ D ⊕ ( d , α , β , a , c , λ )  .



Conversely, suppose that   f ∈ D ⊕ ( d , α , β , a , c , λ )  .



Considering


   μ k  =   Γ  c  Γ  a + k   k + λ − 1 + β | d |   1 + α  k + λ − 1      β | d | Γ   a  Γ  c + k  Γ  λ + k + 1     a k  ,  








and


   μ 1  = 1 −  ∑  k = 2  ∞   μ k  ,  








we obtain that


  f  ( z )  =  μ 1   f 1   ( z )  +  ∑  k = 2  ∞   μ k   f k   ( z )  ,  








which completes the proof. □





Corollary 3.

The extreme points of the class   D ⊕ ( d , α , β , a , c , λ )   are the functions


    f 1   ( z )  = z ,   








and


    f j   ( z )  = z +    β | d | Γ   a  Γ  c + k  Γ  λ + k + 1    Γ  c  Γ  a + k   k + λ − 1 + β | d |   1 + α  k + λ − 1      z k  ,    k ≥ 2 .   














5. Relations of Inclusion Involving Class   D ⊕ ( d , α , β , a , c , λ )   and Neighborhoods


We define the  δ - neighborhood of a function   f ( z ) ∈ A   by


   N δ    ( f )  = { g ∈ A : g  ( z )  = z +   ∑  k = 2  ∞   b k   z k    and    ∑  k = 2  ∞   k |   a k  −  b k   | ≤ δ }  .  



(9)







A particular case when   e ( z ) = z  


   N δ    ( e )  = { g ∈ A : g  ( z )  = z +   ∑  k = 2  ∞   b k   z k    and   ∑  k = 2  ∞   k |   b k   | ≤ δ }  .  



(10)







A function   f ∈ A   belongs to the class   D  ⊕ ζ   ( d , α , β , a , c , λ )    if there exists a function   h ∈ D Φ ( d , α , β , a , c , λ )   such that


     f ( z )   h ( z )   − 1  < 1 − ζ ,   z ∈ U ,   0 ≤ ζ < 1 .  



(11)







Theorem 6.

If


     Γ  a + k    Γ  c + k  Γ  λ + k + 1     1 + α  λ + k − 1   ≥   Γ  a + 2    Γ  c + 2  Γ  λ + 3     1 + α  λ + 1   ,   k ≥ 2   








and


   δ =    2 β | d | c   c + 1  Γ  λ + 3    a  a + 1   λ + 1 + β | d |   1 + α  λ + 1     ,   








then


   D ⊕  ( d , α , β , a , c , λ )  ⊂  N δ   ( e )  .   













Proof. 

Consider   f ∈ D ⊕ ( d , α , β , a , c , λ )  . Using relation (6) of Theorem 1 and the condition



    Γ  a + k    Γ  c + k  Γ  λ + k + 1     1 + α  λ + k − 1   ≥   Γ  a + 2    Γ  c + 2  Γ  λ + 3     1 + α  λ + 1     for   k ≥ 2  , we find


    Γ  a + 2    Γ  c + 2  Γ  λ + 3     λ + 1 + β | d |   1 + α  λ + 1    ∑  k = 2  ∞   a  k + λ   ≤  










   ∑  k = 2  ∞    Γ  a + k    Γ  c + k  Γ  λ + k + 1     k + λ − 1 + β | d |   1 + α  k + λ − 1    a  k + λ   ≤ β  | d |    Γ  a    Γ  c    ,  








which implies


   ∑  k = 2  ∞   a  k + λ   ≤    β | d | c   c + 1  Γ  λ + 3    a  a + 1   λ + 1 + β | d |   1 + α  λ + 1     .  



(12)







Using relation (6) of Theorem 1 and relation (12), we obtain


     β | d | c   c + 1  Γ  λ + 3    a  a + 1   λ + 1 + β | d |   1 + α  λ + 1      ∑  k = 2  ∞   a  k + λ   ≤ β  | d |  ,  










     2 β | d | c   c + 1  Γ  λ + 3    a  a + 1   λ + 1 + β | d |   1 + α  λ + 1      ∑  k = 2  ∞   a  k + λ   ≤ 2 β  | d |   










   ∑  k = 2  ∞  k  a  k + λ   ≤    2 β | d | c   c + 1  Γ  λ + 3    a  a + 1   λ + 1 + β | d |   1 + α  λ + 1     = δ ,  








and applying (9), we find   f ∈  N δ   ( e )   .



The proof of Theorem 6 is complete. □





Theorem 7.

For   h ∈ D ⊕ ( d , α , β , a , c , λ )   and


   ζ = 1 −  δ 2    a  a + 1   λ + 1 + β | d |   1 + α  λ + 1     a  a + 1   λ + 1 + β | d |   1 + α  λ + 1   − β  | d |  c  c + 1  Γ  λ + 3    ,   



(13)




then


    N δ   ( h )  ⊂ D  ⊕ ζ   ( d , α , β , a , c , λ )  .   













Proof. 

Assume that   f ∈  N δ   ( h )   , using (9), we find


   ∑  k = 2  ∞  k  |  a k  −  b k  |  ≤ δ ,  








which gives the coefficient inequality


   ∑  k = 2  ∞   |  a k  −  b k  |  ≤  δ 2  .  



(14)







Applying relation (12) and considering that   h ∈ D ⊕ ( d , α , β , a , c , λ )  , we obtain


   ∑  k = 2  ∞   b k  ≤    β | d | c   c + 1  Γ  λ + 3    a  a + 1   λ + 1 + β | d |   1 + α  λ + 1     .  



(15)







Using (14) and (15), we find


     f ( z )   h ( z )   − 1  ≤    ∑  k = 2  ∞   |  a k  −  b k  |    1 −  ∑  k = 2  ∞   b k    ≤  δ  2  1 −    β | d | c   c + 1  Γ  λ + 3    a  a + 1   λ + 1 + β | d |   1 + α  λ + 1         










  ≤  δ 2    a  a + 1   λ + 1 + β | d |   1 + α  λ + 1     a  a + 1   λ + 1 + β | d |   1 + α  λ + 1   − β  | d |  c  c + 1  Γ  λ + 3    = 1 − ζ .  











Using condition (11), we obtain that   f ∈ D  ⊕ ζ   ( d , α , β , a , c , λ )   , where  ζ  is given by (13). □






6. Starlikeness and Convexity Properties


Theorem 8.

Consider the function   f ∈ A   from the class   D ⊕ ( d , α , β , a , c , λ )  . The function f is univalent starlike of order δ,   0 ≤ δ < 1 ,   in    | z | <   r 1   , where


    r 1  =  inf k       ( 1 − δ )  Γ  a + k  Γ  c   k + λ − 1 + β | d |   1 + α  k + λ − 1     Γ  a  Γ  c + k  Γ  λ + k + 1  β  | d |   ( 2 − δ )      1  k − 1    .   











When function f has the form given by


    f k   ( z )  = z +   Γ  a  Γ  c + k  Γ  λ + k + 1  β  | d |    Γ  a + k  Γ  c   k + λ − 1 + β | d |   1 + α  k + λ − 1      z k  ,   k ≥ 2 ,   








and the result is sharp.





Proof. 

We show that


     z  f ′   ( z )    f ( z )   − 1  ≤ 1 − δ ,     | z |  <  r 1  .  











Considering that


     z  f ′   ( z )    f ( z )   − 1  =     ∑  k = 2  ∞   ( k − 1 )   a k   z  k − 1     1 +  ∑  k = 2  ∞   a k   z  k − 1      ≤    ∑  k = 2  ∞   ( k − 1 )   a k    | z |   k − 1     1 −  ∑  k = 2  ∞   a k    | z |   k − 1     ,  








to prove the theorem, we must show that


     ∑  k = 2  ∞   ( k − 1 )   a k    | z |   k − 1     1 −  ∑  k = 2  ∞   a k    | z |   k − 1     ≤ 1 − δ ,  








which is equivalent to


   ∑  k = 2  ∞   ( k − δ )   a k    | z |   k − 1   ≤ 1 − δ ,  








and applying Theorem 1, we have


   | z |  ≤      ( 1 − δ )  Γ  a + k  Γ  c   k + λ − 1 + β | d |   1 + α  k + λ − 1     Γ  a  Γ  c + k  Γ  λ + k + 1  β  | d |   ( 2 − δ )      1  k − 1    .  











Hence, the proof is complete. □





Theorem 9.

Consider the function   f ∈ A   from the class   D ⊕ ( d , α , β , a , c , λ )  . The function f is univalent convex of order   δ ,    0 ≤ δ ≤ 1 ,   in    | z | <   r 2   , where


    r 2  =  inf k       ( 1 − δ )  Γ  a + k  Γ  c   k + λ − 1 + β | d |   1 + α  k + λ − 1     2  ( k − δ )  Γ  a  Γ  c + k  Γ  λ + k + 1  β  | d |   ( 2 − δ )      1  k − 1    .   











When function f has the form given by


    f k   ( z )  = z +   Γ  a  Γ  c + k  Γ  λ + k + 1  β  | d |    Γ  a + k  Γ  c   k + λ − 1 + β | d |   1 + α  k + λ − 1      z k  ,   k ≥ 2 ,   



(16)




and the result is sharp.





Proof. 

It is sufficient to prove that


     z  f  ″    ( z )     f ′    ( z )  )     ≤ 1 − δ ,      | z |  <  r 2  .  











Considering that


     z  f  ″    ( z )     f ′   ( z )     =     ∑  k = 2  ∞  k  ( k − 1 )   a k   z  k − 1     1 +  ∑  k = 2  ∞  k  a k   z  k − 1      ≤    ∑  k = 2  ∞  k  ( k − 1 )   a k    | z |   k − 1     1 −  ∑  k = 2  ∞  k  a k    | z |   k − 1     ,  








to prove the theorem, we must show that


     ∑  k = 2  ∞  k  ( k − 1 )   a k    | z |   k − 1     1 −  ∑  k = 2  ∞  k  a k    | z |   k − 1     ≤ 1 − δ ,  










   ∑  k = 2  ∞  k  ( k − δ )   a k    | z |   k − 1   ≤ 1 − δ ,  








and applying Theorem 1, we find


    | z |   k − 1   ≤    ( 1 − δ )  Γ  a + k  Γ  c   k + λ − 1 + β | d |   1 + α  k + λ − 1     2  ( k − δ )  Γ  a  Γ  c + k  Γ  λ + k + 1  β  | d |    ,  








or


   | z |  ≤      ( 1 − δ )  Γ  a + k  Γ  c   k + λ − 1 + β | d |   1 + α  k + λ − 1     2  ( k − δ )  Γ  a  Γ  c + k  Γ  λ + k + 1  β  | d |      1  k − 1    .  











Hence, the proof is complete. □





Theorem 10.

Consider the function   f ∈ A   from the class   D ⊕ ( d , α , β , a , c , λ )  . The function f is univalent close-to-convex of order   δ ,    0 ≤ δ < 1 ,   in    | z | <   r 3   , where


    r 3  =  inf k       ( 1 − δ )  Γ  a + k  Γ  c   k + λ − 1 + β | d |   1 + α  k + λ − 1     k Γ  a  Γ  c + k  Γ  λ + k + 1  β  | d |      1  k − 1    .   











The result is sharp for the function f given by (16).





Proof. 

It is sufficient to prove that


   |   f ′    ( z )  − 1 | ≤ 1 − δ ,    | z | <   r 3  .  











We obtain


   |   f ′    ( z )  − 1 | =    ∑  k = 2  ∞  k  a k   z  k − 1    ≤  ∑  k = 2  ∞  k  a k    | z |   k − 1   ,  








and thus    |   f ′    ( z )  − 1 | ≤ 1 − δ    if    ∑  k = 2  ∞    k  a k    1 − δ     | z |   k − 1   ≤ 1  . Using Theorem 1, the inequality holds when


    | z |   k − 1   ≤    ( 1 − δ )  Γ  a + k  Γ  c   k + λ − 1 + β | d |   1 + α  k + λ − 1     k Γ  a  Γ  c + k  Γ  λ + k + 1  β  | d |     








or


   | z |  ≤      ( 1 − δ )  Γ  a + k  Γ  c   k + λ − 1 + β | d |   1 + α  k + λ − 1     k Γ  a  Γ  c + k  Γ  λ + k + 1  β  | d |      1  k − 1    .  











Hence, the proof is complete. □






7. Conclusions


A new operator    D  z   − λ   Φ  a , c    is introduced by convolution of the fractional integral of confluent hypergeometric function and an analytic function from class  A . The other original aspect of the paper is Definition 5, where a new class of analytic functions   D ⊕ ( d , α , β , a , c , λ )   is defined using the operator    D  z   − λ   Φ  a , c   . The next five sections of the paper contain the original results proved for the functions belonging to the newly defined class   D ⊕ ( d , α , β , a , c , λ )  . Necessary and sufficient conditions for class membership are presented, coefficient estimates are given for the functions in the class, and distortion theorems are proven for those functions. Closure theorems are proven regarding class   D ⊕ ( d , α , β , a , c , λ )   and also that it is starlike, convex and close-to-convex for certain radii.



Further investigations are necessary for presenting examples of functions belonging to the new class introduced in this paper. As already explained in the Abstract, a new class of functions is introduced in this paper considering functions   f ∈ A  . In further studies, functions   f ∈  A n   ,   n > 1  , might be investigated for defining new potentially interesting subclasses of analytic functions. As further directions of study on this class, subordination and superordination properties could be investigated involving functions from the class. The results could be adapted in view of quantum calculus aspects as seen in many recent papers, of which we only mention [17,18].



The symmetry properties of the functions used in defining an equation or inequality could be studied to determine solutions with particular properties. Regarding the differential subordinations, some of which are inequalities, the study of special functions could provide interesting results given their symmetry properties. Studies on the symmetry properties of different types of functions associated with the concept of quantum computing could also be investigated in a future paper.
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