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Abstract: This article first studies the stability conditions of a Chua system depending on six parame-
ters. After, using the averaging method, as well as the methods of the Gröbner basis and real solution
classification, we provide sufficient conditions for the existence of three limit cycles bifurcating from
a zero-Hopf equilibrium of the Chua system. As we know, this last phenomena is first found. Some
examples are presented to verify the established results.

Keywords: averaging method; limit cycle; symbolic computation; zero-Hopf bifurcation

1. Introduction and Main Results

The Chua system is a simple electronic circuit that exhibits classic chaotic behavior.
It was presented in 1986 by Chua, Komuro and Matsumoto [1] and exhibits a rich range
of dynamical behavior. Since then, the research on dynamical behaviors of Chua’s system
and its generalizations has attracted the extensive interest of scholars; see [2–4] for instance.
In particular, the authors in [5] found a coexistence limit cycle and symmetric hidden
attractors in the Chua system. It was shown in [6] that a modified Chua system can display
complex dynamics behaviors of symmetric and asymmetric coexisting attractors. In this
paper, we study the following Chua system described by the differential equations

ẋ = a(z− bx− α2x2 − α1x3),

ẏ = −z,

ż = −β1x + y + β2z,

(1)

where a, b, α1, α2, β1 and β2 are real parameters.
A few dynamics results for the Chua system are summarized as follows. The existence

of local and global analytic first integrals in the Chua system was investigated in [7]. In [8],
the authors obtained an analytical expression of the slow manifold equation of the Chua
system by using techniques of differential geometry. The dynamics at infinity of system (1)
was studied in [9] for the particular case where β1 and β2 are both one. Some aspects about
the Hopf bifurcation can be found in [10,11].

The goal of this paper is to study how many limit cycles can bifurcate from a zero-
Hopf equilibrium of the Chua system (1) by using the second averaging method. We
recall that a zero-Hopf equilibrium of a 3D differential system is an isolated equilibrium
point p0 such that the Jacobian matrix of the system at p0 has a zero and a pair of purely
imaginary eigenvalues. There are many studies of zero-Hopf bifurcations in 3D differential
systems; see [12–17] and the references therein. We remark that some results on the zero-
Hopf bifurcation of system (1) were already obtained by Euzébio and Llibre in [18]. Our
objective here is to further study analytically such a bifurcation using the averaging method
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together with the local stability of the system. Unlike the usual analysis of zero-Hopf
bifurcation, by means of symbolic computation, we would like to compute a partition of
the parametric space of the involved parameters such that, inside every open cell of the
partition, the system can have the maximum number of limit cycles that bifurcate from a
zero-Hopf equilibrium.

On the number of equilibria of the Chua system, we recall from [18] that system (1)
can have three equilibria, including the origin and the two equilibria

p± =

−α2 ±
√

α2
2 − 4α1b

2α1
,−α2β1

2α1
±

β1

√
α2

2 − 4α1b

2α1
, 0

 (2)

if α2
2 − 4α1b > 0 and α1 6= 0, and has only two equilibria, including the origin and the

equilibrium

p =

(
− α2

2α1
,−α2β1

2α1
, 0
)

when α2
2 − 4α1b = 0 and α1α2 6= 0. Otherwise, the origin is the unique equilibrium of

the system.
Motivated by the above results, our first goal of this paper is to study conditions on the

parameters under which the Chua system (1) has a prescribed number of stable equilibrium
points. Our result on this question is the following, and its proof can be found in Section 3.

Proposition 1. The Chua system (1) cannot have three stable equilibrium points; it has two stable
equilibrium points if the following condition

C1 = [T1 < 0, T2 ≤ 0, 0 ≤ T3, T4 < 0] ∧ C0 (3)

holds; and it has one stable equilibrium point if one of the following three conditions

C2 = [T1 < 0, T3 ≤ 0] ∧ C0,

C3 = [T1 < 0, 0 ≤ T3, 0 < T4] ∧ C0,

C4 = [0 < T1, T2 ≤ 0, 0 ≤ T3, T4 < 0] ∧ C0

(4)

holds. Here, C0 = [β2 = 1, ab− 1 > 0, α1 > 0], and

T1 = a2b2 − a2bβ1 − ab + aβ1 + 1,

T2 = 4a2b2α2
1 + 2a2bα2

1β1 − 5a2bα1α2
2 − a2α1α2

2β1 + a2α4
2 + 2abα2

1

+ aα2
1β1 − aα1α2

2 + α2
1,

T3 = 16a3b3α3
1 + 8a3b2α3

1β1 − 24a3b2α2
1α2

2 − 6a3bα2
1α2

2β1 + 9a3bα1α4
2 + a3α1α4

2β1

− a3α6
2 + 16a2b2α3

1 + 8a2bα3
1β1 − 12a2bα2

1α2
2 − 2a2α2

1α2
2β1 + 2a2α1α4

2 + 8abα3
1

+ 2aα3
1β1 − 2aα2

1α2
2 + 2α3

1,

T4 = 16a4b4α2
1 + 16a4b3α2

1β1 − 8a4b3α1α2
2 + 4a4b2α2

1β2
1 − 8a4b2α1α2

2β1 + a4b2α4
2

− a4bα1α2
2β2

1 + a4bα4
2β1 + 16a3b3α2

1 + 16a3b2α2
1β1 − 8a3b2α1α2

2 + 4a3bα2
1β2

1

− 8a3bα1α2
2β1 + a3bα4

2 − a3α1α2
2β2

1 + a3α4
2β1 + 12a2b2α2

1 + 8a2bα2
1β1 − 7a2bα1α2

2

+ a2α2
1β2

1 − 2a2α1α2
2β1 + a2α4

2 + 4abα2
1 + 2aα2

1β1 − aα1α2
2 + α2

1.

(5)

Remark 1. We remark that the condition C0 is used to facilitate the computation of the resulting
semi-algebraic system (see Section 3) since the algebraic analysis usually involves heavy computation;
see [19,20].
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Example 1. Let

(a, b, α1, α2, β1, β2) =
(

1, 2, 1, 4, 4, 1
)
∈ C2.

Then the Chua system (1) becomes

ẋ = z− 2x− 4x2 − x3,

ẏ = −z,

ż = −4x + y + z.

(6)

Its three equilibria are: p = (0, 0, 0), p± = (−2±
√

2, 4(−2±
√

2), 0). System (6) has only
one stable equilibrium point p; see Figure 1 (left).

Example 2. Let

(a, b, α1, α2, β1, β2) =
(

4,
1
2

, 1,
3
2

, 1, 1
)
∈ C1.

Then the Chua system (1) becomes

ẋ = 4z− 2x− 6x2 − 4x3,

ẏ = −z,

ż = −x + y + z.

(7)

It has three equilibria: p = (0, 0, 0), p+ = (− 1
2 ,− 1

2 , 0) and p− = (−1,−1, 0). Two of them
(p and p−) are stable; see Figure 1 (right).

Figure 1. Numerical simulations of local asymptotically stability of the Chua system. (letf) Stability
of system (6). (right) Stability of system (7).

It is shown by Euzébio and Llibre in [18] that there are three 4-parameter families of
Chua systems exhibiting a zero-Hopf equilibrium (see Proposition 1 in [18]). In particular,
the origin is a zero-Hopf equilibrium when b = β2 = 0 and aβ1 + 1 = ω2 > 0. In this case,
the linear part of the Chua system at the origin has the eigenvalues 0 and ±iω with ω 6= 0.
Euzébio and Llibre proved that for the first order averaging, 1 limit cycle can bifurcate
from the origin and up to the second order averaging, 1, 2 or 3 limit cycles can bifurcate
simultaneously from the other two families. The goal of this paper is to obtain further
results on the bifurcation limit cycles from the origin of the Chua system (1). The main
techniques are based on the second order averaging method and some algebraic methods,



Symmetry 2022, 14, 1036 4 of 16

such as the Gröbner basis [21] and real root classifications [22]. The techniques used here for
studying the zero-Hopf bifurcation can be applied to other high dimensional polynomial
differential systems.

We consider the vector (a, b, α1, α2, β1, β2) given by

a = γ0 + εα1,0 + ε2α2,0, b = εβ1,0 + ε2β2,0,

α1 = γ1 + εα1,1 + ε2α2,1, α2 = γ2 + εα1,2 + ε2α2,2,

β1 =
ω2 − 1

a
+ εβ1,1 + ε2β2,1, β2 = εβ1,2 + ε2β2,2,

(8)

where ε 6= 0 is a sufficiently small parameter, the constants γi, αi,j and βi,j are all real
parameters. The main result on the number of limit cycles of the Chua system is stated
as follows.

Theorem 2. The following statements are for ε 6= 0 that is sufficiently small and the vector given
by (8).

(i) System (1) has, up to the first order averaging, at most 1 limit cycle bifurcates from the origin,
and this number can be reached if one of the following two conditions holds:

C5 = [R1 < 0, R2 < 0] ∧ C̄, C6 = [0 < R1, 0 < R2] ∧ C̄, (9)

where

R1 = (ω2 − 1)β1,0γ0 + ω2β1,2,

R2 = (ω2 − 1)β1,0γ0 −ω2β1,2,

C̄ = [ω /∈ {−1, 0, 1}, γ0 6= 0, γ2 6= 0].

(ii) System (1) has, up to the second order averaging, at most 3 limit cycles that bifurcate from the
origin, and this number can be reached if the following condition holds:

C7 = [R̄1 < 0, R̄2 < 0, R̄3 ≤ 0, 0 < R̄4] ∧ C∗, (10)

where C∗ = [ω = β2,0 = α1,2 = 2, γ0 > 0], and the explicit expressions of R̄i for i = 1, . . . , 4
are as follows:

R̄1 = 2 β2,2 − 3 γ0,

R̄2 = 2 β2
2,2γ1 + 12 β2,2γ0γ1 + 18 γ2

0γ1 − 6 β2,2γ0 − 9 γ2
0,

R̄3 = 16 β3
2,2γ3

1 − 36 β2
2,2γ0γ3

1 − 198 β2,2γ2
0γ3

1 + 162 γ3
0γ3

1 + 24 β2
2,2γ0γ2

1 + 264 β2,2γ2
0γ2

1

+ 81 γ3
0γ2

1 − 88 β2,2γ2
0γ1 − 144 γ3

0γ1 + 32 γ3
0,

R̄4 = 128 β3
2,2γ3

1 − 288 β2
2,2γ0γ3

1 + 216 β2,2γ2
0γ3

1 − 54 γ3
0γ3

1 + 192 β2
2,2γ0γ2

1 − 288 β2,2γ2
0γ2

1

− 297 γ3
0γ2

1 + 96 β2,2γ2
0γ1 + 288 γ3

0γ1 − 64 γ3
0.

Theorem 2 shows that the Chua system (1) can have exactly 3 limit cycles bifurcating
from the origin if the condition in (10) holds. In the following, we provide a concrete
example of the Chua system (1) to verify this established result.

Corollary 3. Consider the special family of the Chua system

ẋ = 2z− 4ε2x− 4εx2 + 4x3,

ẏ = −z,

ż = −3
2

x + y− ε2z,

(11)
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where ε 6= 0 is a sufficiently small parameter. Then system (11), up to the second order averaging,
has exactly 3 limit cycles (xi(t, ε), yi(t, ε), zi(t, ε)) bifurcating from the origin, namely,

xi(t, ε) = ε

(
1
2

Wi + Ri sin(2t)
)
+O(ε3),

yi(t, ε) = ε

(
3
4

Wi −
1
2

Ri sin(2t)
)
+O(ε3),

zi(t, ε) = εRi cos(2t) +O(ε3), i = 1, 2, 3,

where (Ri, Wi) are solutions of a semi-algebraic system; see Section 5. Moreover, two of the three
limit cycles are semistable, and the other one is unstable.

The rest of this paper is organized as follows. In Section 2, we recall the second order
averaging method that we shall use for proving the main results. Section 3 is devoted to
prove Proposition 1. The proofs of Theorem 2 and Corollary 3 are given in Sections 4 and 5,
respectively. The paper is concluded with a few remarks.

2. Preliminary Results

The averaging method for studying periodic orbits of nonlinear differential systems
up to the second order in ε was developed in [23]. Recently, this theory was extended
to an arbitrary order in ε for arbitrary dimensional differential systems, see [24]. More
discussions on the averaging method, including some applications, can be found in [25,26].

We deal with differential systems in the form

ẋ = εF1(t, x) + ε2F2(t, x) + ε3R(t, x, ε), (12)

where F1, F2 : R× D → Rn, R : R× D × (−ε f , ε f ) → Rn are continuous functions, T-
periodic in the variable t, and D is a bounded open subset of Rn.

Define the averaged functions f1, f2 : D → Rn as

f1(z) =
1
T

∫ T

0
F1(s, z)ds,

f2(z) =
1
T

∫ T

0
[DzF1(s, z) ·

∫ s

0
F1(t, z)dt + F2(s, z)]ds.

(13)

Theorem 4. For the differential system (12), we assume the following conditions hold.

(i) F1(t, ·) ∈ C1(D) for all t ∈ R, F1, F2, R, DxF1 are locally Lipschitz in the variable x, and R
is differentiable with respect to ε.

(ii) Assume that fi = 0 for i = 1, 2, . . . , j− 1 and f j 6= 0 with j ∈ {1, 2} (here f0 = 0). Suppose
that for some z∗ ∈ D with f j(z∗) = 0, there exists a bounded open set V ⊂ D of z∗ such that
f j(z) 6= 0 for all z ∈ V̄ \ {z∗}, and that dB( f j(z), V, 0) 6= 0, where dB( f j(z), V, 0) 6= 0 is
the Brouwer degree of f j at 0 in the set V.

Then, for |ε| > 0 that is sufficiently small, there exists a T-periodic solution ϕ(·, ε) of system
(12) such that ϕ(0, ε)→ z∗ when ε→ 0.

The proof of Theorem 4 can be found in [26]. Remark that the Brouwer degree of f j at
0 is given by

dB( f j(z), V, 0) = ∑
z∈Z f j

sign
(

J f j
(z)
)

,

where Z f j
= {z ∈ V : f j(z) = 0}. In this case, J f j

(z∗) 6= 0 implies dB( f j(z), V, 0) 6= 0. For
more properties of the Brouwer degree, we refer to [27].

Remark that one can control the stability of the limit cycles associated to the simple
zero z∗ by using the eigenvalues of the Jacobian of f j evaluated at z∗. It follows from
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Lemma 1 of [24] that the expression of the limit cycle associated to the zero z∗ of f2(z)
when f1(z) = 0 can be described by

x(t, z∗, ε) = z∗ + ε
∫ t

0
F1(s, z∗)ds +O(ε2). (14)

3. Stability Conditions of the Chua System

The goal of this section is to prove Proposition 1. Let (x̄, ȳ, z̄) be the equilibrium point
of the Chua system (1). Namely, we have the algebraic system

Ψ = {z̄− bx̄− α2 x̄2 − α1 x̄3 = 0, z̄ = 0, −β1 x̄ + ȳ + β2z̄ = 0}. (15)

The Jacobian matrix of the Chua system evaluated at (x̄, ȳ, z̄) is given by a(−3α1 x̄2 − 2α2 x̄− b) 0 a
0 0 −1
−β1 1 β2

,

and the characteristic polynomial of this matrix can be written as

P(λ) = c0λ3 + c1λ2 + c2λ + c3,

where

c0 = 1, c1 = 3aα1 x̄2 + 2aα2 x̄ + ab− β2,

c2 = −3aα1β2 x̄2 − 2aα2β2 x̄− abβ2 + aβ1 + 1, c3 = 3aα1 x̄2 + 2aα2 x̄ + ab.

By Routh–Hurwitz’s stability criterion (e.g., [28]), (x̄, ȳ, z̄) is a stable equilibrium point
if the following algebraic system is satisfied

D1 = c1 = 3aα1 x̄2 + 2aα2 x̄ + ab− β2 > 0,

D2 = det
(

c1 c3
c0 c2

)
= −9a2α2

1β2 x̄4 − 12a2α1α2β2 x̄3 − 6a2bα1β2 x̄2 − 4a2α2
2β2 x̄2

− 4a2bα2β2 x̄ + 3a2α1β1 x̄2 + 3aα1β2
2 x̄2 − a2b2β2 + 2a2α2β1 x̄ + 2aα2β2

2 x̄

+ a2bβ1 + abβ2
2 − aβ1β2 − β2 > 0,

D3 = det

 c1 c3 0
c0 c2 0
0 c1 c3

 =
(

3aα1 x̄2 + 2aα2 x̄ + ab
)
· D2 > 0.

(16)

Combining (15) and (16), we see that the Chua system has a prescribed number (say k)
of stable equilibrium points if the following semi-algebraic system{

z̄− bx̄− α2 x̄2 − α1 x̄3 = 0, z̄ = 0, −β1 x̄ + ȳ + β2z̄ = 0,
D1 > 0, D2 > 0, D3/D2 > 0,

(17)

has k distinct real solutions with respective to the variables x̄, ȳ, z̄. The above semi-algebraic
system may be solved by the method of discriminant varieties of Lazard and Rouillier [29]
(implemented as a Maple package by Moroz and Rouillier), or the method of Yang and
Xia [22] for real solution classification (implemented as a Maple package DISCOVERER
by Xia [30]; see also the recent improvements in [31] as well as the Maple package Regu-
larChains[SemiAlgebraicSetTools]). However, in the presence of several parameters, the
Yang–Xia method may be more efficient than that of Lazard–Rouillier, see [19].

Note that system (17) contains six free parameters a, b, α1, α2, β1, β2, and the polyno-
mial expressions involved in the analysis are huge, which makes the computation very
difficult. In order to obtain simple sufficient conditions for system (17) to have a pre-
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scribed number of stable equilibrium points, the computation is done under the constraint
C0 = [β2 = 1, ab− 1 > 0, α1 > 0]. By using DISCOVERER or RegularChains, we obtain
that system (17) has exactly two distinct real solutions with respect to the variables x̄, ȳ, z̄
if the condition C1 in (4) holds, and it has only one real solution if one of the conditions
in (5) holds; system (17) cannot have three distinct real solutions. This ends the proof of
Proposition 1.

4. Bifurcation of Limit Cycles of the Chua System

This section is devoted to the proof of Theorem 2. Consider the vector defined by (8),
then the Chua system becomes

ẋ = (γ0 + εα1,0 + ε2α2,0)
(

z− (εβ1,0 + ε2β2,0)x

− (γ2 + εα1,2 + ε2α2,2)x2 − (γ1 + εα1,1 + ε2α2,1)x3
)

,

ẏ = −z,

ż = y + (εβ1,2 + ε2β2,2)z−
( ω2 − 1

γ0 + εα1,0 + ε2α2,0
+ εβ1,1 + ε2β2,1

)
x.

(18)

We need to write the linear part of system (18) at the origin in its real Jordan nor-
mal form  0 −ω 0

ω 0 0
0 0 0

, (19)

when ε = 0. For doing that, we perform the linear change of variables (x, y, z)→ (u, v, w)
given by

x =
γ0

ω2 w +
γ0

ω
v,

y = w− w
ω2 −

v
ω

,

z = u.

(20)

In these new variables (u, v, w), system (18) becomes a new system which can be
written as (u̇, v̇, ẇ). By computing the third order Taylor expansion of expressions in this
new system, with respect to ε, about the point ε = 0, we obtain

u̇ = −ωv + εF1,1(u, v, w) + ε2F2,1(u, v, w),

v̇ = ωu + F0,2(u, v, w) + εF1,2(u, v, w) + ε2F2,2(u, v, w),

ẇ = F0,3(u, v, w) + εF1,3(u, v, w) + ε2F2,3(u, v, w),

(21)

where
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F1,1 =
1

ω2γ0

(
β1,2ω2γ0u + (ω3α1,0 −ωβ1,1γ2

0 −ω α1,0)v + (ω2α1,0 − β1,1γ2
0 − α1,0)w

)
,

F2,1 = ω2β2,2γ2
0u + (−ω3α2

1,0 + ω3α2,0γ0 −ω β2,1γ3
0 + ω α2

1,0 −ω α2,0γ0)v

+ (−ω2α2
1,0 + ω2α2,0γ0 − β2,1γ3

0 + α2
1,0 − α2,0γ0)w,

F0,2 =
1

ω7

(
γ2

0(1−ω2)(ωv + w)2(γ0γ1(ωv + w) + ω2γ2)
)

,

F1,2 = −1−ω2

ω7γ0

(
− γ2

0β1,0ω5v + (−γ3
0γ1α1,0ω3 − γ4

0α1,1ω3)v3 + (−γ3
0γ1α1,0 − γ4

0α1,1)w3

+ (−γ2
0γ2α1,0ω2 − γ3

0α1,2ω2)w2 + (−γ2
0γ2α1,0ω4 − γ3

0α1,2ω4)v2 + (−2 γ2
0γ2α1,0ω3

− 2 γ3
0α1,2ω3)wv + (−3 γ3

0γ1α1,0ω2 − 3 γ4
0α1,1ω2)wv2 + (−3 γ3

0γ1α1,0ω

− 3 γ4
0α1,1ω)w2v + uα1,0ω6 − γ2

0wβ1,0ω4
)

,

F2,2 = −1−ω2

ω7γ0

(
(−β1,0α1,0ω5γ0 − γ2

0β2,0ω5)v + (−3 γ3
0α1,1α1,0ω− 3 γ3

0γ1α2,0ω

− 3 γ4
0α2,1ω)w2v + (−3 γ3

0α1,1α1,0ω2 − 3 γ3
0γ1α2,0ω2 − 3 γ4

0α2,1ω2)wv2 + (−2 γ2
0α1,2α1,0ω3

− 2 γ2
0γ2α2,0ω3 − 2 γ3

0α2,2ω3)wv + (−γ3
0α1,1α1,0ω3 − γ3

0γ1α2,0ω3 − γ4
0α2,1ω3)v3

+ (−γ2
0α1,2α1,0ω2 − γ2

0γ2α2,0ω2 − γ3
0α2,2ω2)w2 + uα2,0ω6 + (−β1,0α1,0ω4γ0 − γ2

0β2,0ω4)w

+ (−γ2
0α1,2α1,0ω4 − γ2

0γ2α2,0ω4 − γ3
0α2,2ω4)v2 + (−γ3

0α1,1α1,0 − γ3
0γ1α2,0 − γ4

0α2,1)w3
)

,

F0,3 = − 1
ω6

(
γ2

0(ωv + w)2(γ0γ1(ωv + w) + ω2γ2)
)

,

F1,3 =
1

ω6γ0

(
− γ2

0β1,0ω5v + (−2 γ2
0γ2α1,0ω3 − 2 γ3

0α1,2ω3)wv + (−3 γ3
0γ1α1,0ω2

− 3 γ4
0α1,1ω2)wv2 + (−3 γ3

0γ1α1,0ω− 3 γ4
0α1,1ω)w2v + (−γ3

0γ1α1,0 − γ4
0α1,1)w3

+ (−γ2
0γ2α1,0ω2 − γ3

0α1,2ω2)w2 + (−γ3
0γ1α1,0ω3 − γ4

0α1,1ω3)v3

+ (−γ2
0γ2α1,0ω4 − γ3

0α1,2ω4)v2 + α1,0ω6u− γ2
0β1,0ω4w

)
,

F2,3 =
1

ω6γ0

(
(−β1,0α1,0ω5γ0 − γ2

0β2,0ω5)v + (−3 γ3
0α1,1α1,0ω− 3 γ3

0γ1α2,0ω

− 3 γ4
0α2,1ω)w2v− (3 γ3

0α1,1α1,0ω2 + 3 γ3
0γ1α2,0ω2 + 3 γ4

0α2,1ω2)wv2

+ (−2 γ2
0α1,2α1,0ω3 − 2 γ2

0γ2α2,0ω3 − 2 γ3
0α2,2ω3)wv + (−γ2

0α1,2α1,0ω4 − γ2
0γ2α2,0ω4

− γ3
0α2,2ω4)v2 + α2,0ω6u + (−β1,0α1,0ω4γ0 − γ2

0β2,0ω4)w + (−γ3
0α1,1α1,0 − γ3

0γ1α2,0

− γ4
0α2,1)w3 + (−γ2

0α1,2α1,0ω2 − γ2
0γ2α2,0ω2 − γ3

0α2,2ω2)w2 + (−γ3
0α1,1α1,0ω3

− γ3
0γ1α2,0ω3 − γ4

0α2,1ω3)v3
)

.

By the rescaling of variables (u, v, w) = (εU, εV, εW), system (21) becomes

U̇ = −ωV + εL1,1(U, V, W) + ε2L2,1(U, V, W),

V̇ = ωU + εL1,2(U, V, W) + ε2L2,2(U, V, W) +O(ε3),

Ẇ = εL1,3(U, V, W) + ε2L2,3(U, V, W) +O(ε3),

(22)

where
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L1,1 =
1

ω2γ0

(
β1,2ω2γ0U + (ω3α1,0 −ω β1,1γ2

0 −ω α1,0)V + (ω2α1,0 − β1,1γ2
0 − α1,0)W

)
,

L2,1 =
1

ω2γ2
0

(
β2,2ω2γ2

0U + (−ω3α2
1,0 + ω3α2,0γ0 −ω β2,1γ3

0 + ω α2
1,0 −ω α2,0γ0)V

+ (−ω2α2
1,0 + ω2α2,0γ0 − β2,1γ3

0 + α2
1,0 − α2,0γ0)W

)
,

L1,2 =
ω2 − 1
ω5γ0

(
α1,0ω4U − γ2

0β1,0ω3V − γ3
0γ2ω2V2 − γ2

0β1,0ω2W − 2 γ3
0γ2ωVW − γ3

0γ2W2
)

,

L2,2 =
ω2 − 1
ω7γ0

(
(−γ2

0γ2α1,0ω4 − γ3
0α1,2ω4)V2 + (−γ2

0γ2α1,0ω2 − γ3
0α1,2ω2)W2 − γ4

0γ1ω3V3

− γ4
0γ1W3 + (−2 γ2

0γ2α1,0ω3 − 2 γ3
0α1,2ω3)WV − 3 γ4

0γ1ω2V2W − 3 γ4
0γ1ωVW2

+ α2,0ω6U + (−β1,0α1,0ω4γ0 − γ2
0β2,0ω4)W + (−β1,0α1,0ω5γ0 − γ2

0β2,0ω5)V
)

,

L1,3 =
1

ω4γ0

(
α1,0ω4U − γ2

0β1,0ω3V − γ3
0γ2ω2V2 − γ2

0β1,0ω2W − 2 γ3
0γ2ωVW − γ3

0γ2W2
)

,

L2,3 =
1

ω6γ0

(
(−2 γ2

0γ2α1,0ω3 − 2 γ3
0α1,2ω3)WV − 3 γ4

0γ1ω2V2W − 3 γ4
0γ1ωVW2

+ (−γ2
0γ2α1,0ω4 − γ3

0α1,2ω4)V2 − γ4
0γ1ω3V3 + (−γ2

0γ2α1,0ω2 − γ3
0α1,2ω2)W2

− γ4
0γ1W3 + α2,0ω6U + (−β1,0α1,0ω4γ0 − γ2

0β2,0ω4)W + (−β1,0α1,0ω5γ0 − γ2
0β2,0ω5)V

)
.

Writing the differential system (22) in cylindrical coordinates (R, θ, W) by U = R cos θ,
V = R sin θ and W = W, we have

Ṙ = εM1,1(θ, R, W) + ε2M2,1(θ, R, W),

θ̇ = ω + εM1,2(θ, R, W) + ε2M2,2(θ, R, W),

Ẇ = εM1,3(θ, R, W) + ε2M2,3(θ, R, W),

(23)

where

M1,1 =
1

ω5γ0

(
(−γ3

0γ2 sin θω2 + γ3
0 sin θγ2)W2 + (γ3

0 sin θγ2 cos2 θω4 − γ3
0 sin θγ2 cos2 θω2

− γ3
0γ2 sin θω4 + γ3

0γ2 sin θω2)R2 + (−γ2
0 sin θβ1,0ω4 + cos θα1,0ω5 − γ2

0 cos θβ1,1ω3

+ γ2
0 sin θβ1,0ω2 − cos θα1,0ω3)W + (2 γ3

0γ2 cos2 θω3 − 2 γ3
0γ2 cos2 θω− 2 γ3

0γ2ω3

+ 2 γ3
0γ2ω)WR + (−γ2

0β1,0ω5 − 2 cos θα1,0 sin θω4 + cos2 θβ1,2ω5γ0 + γ2
0β1,0 cos2 θω5

− γ2
0β1,0 cos2 θω3 + γ2

0β1,0ω3 + 2 ω6 cos θα1,0 sin θ − γ2
0 cos θ sin θβ1,1ω4)R

)
,

M1,2 =
1

Rω5γ0

(
(−2 γ3

0 cos θ sin θγ2ω3 + 2 γ3
0 cos θ sin θγ2ω)RW + (−γ3

0 cos θγ2ω2

+ γ3
0 cos θγ2)W2 + (−γ2

0 cos θβ1,0ω4 − sin θα1,0ω5 + γ2
0 sin θβ1,1ω3 + γ2

0 cos θβ1,0ω2

+ sin θα1,0ω3)W + (γ3
0 cos3 θγ2ω4 − γ3

0 cos3 θγ2ω2 − γ3
0 cos θγ2ω4 + γ3

0 cos θγ2ω2)R2

+ (−γ2
0 cos θ sin θβ1,0ω5 − 2 cos2 θα1,0ω4 + γ2

0 cos θ sin θβ1,0ω3 − sin θ cos θβ1,2ω5γ0

− γ2
0β1,1 cos2 θω4 + α1,0ω4 + 2 ω6 cos2 θα1,0 −ω6α1,0 + γ2

0β1,1ω4)R
)

,

M1,3 =
1

ω4γ0

(
− 2 γ3

0 sin θγ2ωRW − γ3
0γ2W2 − γ3

0 sin2 θγ2ω2R2 − γ2
0β1,0ω2W

+ (−γ2
0 sin θβ1,0ω3 + cos θα1,0ω4)R

)
,
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M2,1 = − 1
ω7γ2

0

(
(γ5

0 sin θγ1ω2 − γ5
0 sin θγ1)W3 + (−γ3

0 sin θγ2α1,0 cos2 θω6

− γ4
0 sin θα1,2 cos2 θω6 + γ3

0 sin θγ2α1,0 cos2 θω4 + γ4
0 sin θα1,2 cos2 θω4

+ γ3
0γ2α1,0 sin θω6 + γ4

0α1,2 sin θω6 − γ3
0 sin θγ2α1,0ω4 − γ4

0α1,2 sin θω4)R2

+ (γ5
0γ1 cos4 θω5 − γ5

0γ1 cos4 θω3 − 2 γ5
0γ1 cos2 θω5 + 2 γ5

0γ1 cos2 θω3 + γ5
0γ1ω5

− γ5
0γ1ω3)R3 + (−2 γ3

0γ2α1,0 cos2 θω5 − 2 γ4
0α1,2 cos2 θω5 + 2 γ3

0γ2α1,0 cos2 θω3

+ 2 γ4
0α1,2 cos2 θω3 + 2 γ3

0γ2α1,0ω5 + 2 γ4
0α1,2ω5 − 2 γ3

0γ2α1,0ω3 − 2 γ4
0α1,2ω3)WR

+ (−3 γ5
0γ1 cos2 θω3 + 3 γ5

0γ1 cos2 θω + 3 γ5
0γ1ω3 − 3 γ5

0γ1ω)W2R

+ (−3 γ5
0 sin θγ1 cos2 θω4 + 3 γ5

0 sin θγ1 cos2 θω2 + 3 γ5
0γ1 sin θω4

− 3 γ5
0 sin θγ1ω2)WR2 + (γ3

0 sin θγ2α1,0ω4 + γ4
0α1,2 sin θω4 − γ3

0 sin θγ2α1,0ω2

− γ4
0 sin θα1,2ω2)W2 + (− sin θβ1,0α1,0ω4γ2

0 + γ3
0 cos θβ2,1ω5 − γ3

0 sin θβ2,0ω4

+ γ3
0 sin θβ2,0ω6 + cos θα2

1,0ω7 + cos θα2,0ω5γ0 + sin θβ1,0α1,0ω6γ2
0

− cos θα2
1,0ω5 − cos θα2,0ω7γ0)W + (γ3

0β2,0 cos2 θω5 − β1,0α1,0ω5γ2
0

+ 2 cos θ sin θα2,0ω6γ0 − γ3
0β2,0ω5 − 2 ω8 cos θ sin θα2,0γ0 − cos θ sin θα2

1,0ω6

− β1,0α1,0 cos2 θω7γ2
0 + β1,0α1,0 cos2 θω5γ2

0 + ω8 cos θ sin θα2
1,0 + γ3

0 cos θ sin θβ2,1ω6

− cos2 θβ2,2ω7γ2
0 − γ3

0β2,0 cos2 θω7 + β1,0α1,0ω7γ2
0 + γ3

0β2,0ω7)R
)

,

M2,2 =
1

Rω7γ2
0

(
(γ5

0 sin θ cos3 θγ1ω5 − γ5
0 sin θ cos3 θγ1ω3 − γ5

0 sin θ cos θγ1ω5

+ γ5
0 sin θ cos θγ1ω3)R3 + (−γ5

0 cos θγ1ω2 + γ5
0 cos θγ1)W3 + (−γ3

0 cos θγ2α1,0ω4

− γ4
0 cos θα1,2ω4 + γ3

0 cos θγ2α1,0ω2 + γ4
0 cos θα1,2ω2)W2 + (γ3

0 cos3 θγ2α1,0ω6

+ γ4
0 cos3 θα1,2ω6 − γ3

0 cos3 θγ2α1,0ω4 − γ4
0 cos3 θα1,2ω4 − γ3

0 cos θγ2α1,0ω6

− γ4
0 cos θα1,2ω6 + γ3

0 cos θγ2α1,0ω4 + γ4
0 cos θα1,2ω4)R2 + (3 γ5

0 cos3 θγ1ω4

− 3 γ5
0 cos3 θγ1ω2 − 3 γ5

0 cos θγ1ω4 + 3 γ5
0 cos θγ1ω2)WR2 + (−3 γ5

0 sin θ cos θγ1ω3

+ 3 γ5
0 cos θ sin θγ1ω)RW2 + (−2 γ3

0 cos θ sin θγ2α1,0ω5 − 2 γ4
0 cos θ sin θα1,2ω5

+ 2 γ3
0 cos θ sin θγ2α1,0ω3 + 2 γ4

0 cos θ sin θα1,2ω3)RW + (− sin θα2
1,0ω5 + cos θβ1,0α1,0ω4γ2

0

− cos θβ1,0α1,0ω6γ2
0 + sin θα2,0ω5γ0 − γ3

0 cos θβ2,0ω6 + γ3
0 sin θβ2,1ω5 + sin θα1,0

2ω7

+ γ3
0 cos θβ2,0ω4 − sin θα2,0ω7γ0)W + (−ω8α2,0γ0 + ω8α2

1,0 + γ3
0β2,1ω6 − α2

1,0ω6

−ω8α2
1,0 cos2 θ + α2

1,0 cos2 θω6 + α2,0ω6γ0 + cos θ sin θβ1,0α1,0ω5γ2
0

− cos θ sin θβ1,0α1,0ω7γ2
0 + γ3

0 cos θ sin θβ2,0ω5 − 2 cos2 θα2,0ω6γ0 − γ3
0 cos θ sin θβ2,0ω7

+ 2 ω8 cos2 θα2,0γ0 − γ3
0β2,1 cos2 θω6 − sin θ cos θβ2,2ω7γ2

0)R
)

,

M2,3 = − 1
ω6γ0

(
γ4

0γ1W3 + γ4
0 sin3 θγ1ω3R3 + (γ2

0γ2α1,0ω2 + γ3
0α1,2ω2)W2

+ (γ2
0 sin2 θγ2α1,0ω4 + γ3

0 sin2 θα1,2ω4)R2 + (β1,0α1,0ω4γ0 + γ2
0β2,0ω4)W

+ 3γ4
0 sin θγ1ωRW2 + 3 γ4

0 sin2 θγ1ω2R2W + (2 γ2
0 sin θγ2α1,0ω3 + 2 γ3

0 sin θα1,2ω3)WR

+ (sin θβ1,0α1,0ω5γ0 − cos θα2,0ω6 + γ2
0 sin θβ2,0ω5)R

)
.
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One can easily verify that in some neighborhood of (R, W) = (0, 0) with R > 0, we
have θ̇ 6= 0 since ω 6= 0. Taking θ as the new independent variable, in the neighborhood of
(R, W) = (0, 0) with R > 0, system (22) becomes

dR
dθ

= ε
M1,1

ω
+ ε2 ωM2,1 −M1,1M1,2

ω2 +O(ε3),

dW
dθ

= ε
M1,3

ω
+ ε2 ωM2,3 −M1,2M1,3

ω2 +O(ε3),
(24)

where Mi,j are expressions given in (23). It is immediate to check that system (24) satisfies
all the assumptions of Theorem 4, where we identify t = θ, T = 2π, x = (R, W)T . So we
apply it to system (24).

Computing the integral in (13), we obtain the first order averaged functions:

f1,1(R, W) = − R
2ω5 f̄1,1(R, W), f1,2(R, W) = − γ0

2ω5 f̄1,2(R, W), (25)

where

f̄1,1(R, W) = (2 ω2γ2
0γ2 − 2 γ2

0γ2)W + ω4β1,0γ0 −ω4β1,2 −ω2β1,0γ0,

f̄1,2(R, W) = ω2γ0γ2R2 + 2 ω2β1,0W + 2 γ0γ2W2.

It obvious that system (22) can have at most one real solution with R > 0. Hence,
system (18) can have at most one limit cycle bifurcate from the origin. Moreover, the
determinant of the Jacobian of ( f1,1(R, W), f1,2(R, W)) is

D1(R, W) = det

(
∂ f1,1
∂R

∂ f1,1
∂W

∂ f1,2
∂R

∂ f1,2
∂W

)
= − γ0

2ω10 · D̄1(R, W),

It follows from the averaging theorem that system (18) can have one limit cycle
bifurcate from the origin if the following semi-algebraic system{

f̄1,1(R, W) = f̄1,2(R, W) = 0,
R > 0, D̄1(R, W) 6= 0, ω 6= 0

(26)

has exactly one real solution with respective to the variables R, W.
Using DISCOVERER (or the package RegularChains[SemiAlgebraicSetTools] in Maple),

we obtain that system (24) has only one real solution if and only if the condition C5 or the
condition C6 holds (see (9)).

To consider the second order bifurcation of system (24), we must verify that the
fist order averaged function ( f1,1(R, W), f1,2(R, W)) is identically zero. For this, we take
β1,0 = 0, γ2 = 0, β1,2 = 0. Now update the normal form of averaging (24) by using the
conditions and compute the second order averaged functions, we have

f2,1(R, W) = − R
8ω7 f̄2,1(R, W),

f2,2(R, W) = − γ0

2ω7 f̄2,2(R, W),
(27)

where

f̄2,1(R, W) = 4 γ0β2,0ω6 − 4 ω6β2,2 − 4 γ0β2,0ω4 + (12 γ3
0γ1ω2 − 12 γ3

0γ1)W2

+ (8 γ2
0α1,2ω4 − 8 γ2

0α1,2ω2)W + (3 γ3
0γ1ω4 − 3 γ3

0γ1ω2)ρ,

f̄2,2(R, W) = ω4α1,2γ0ρ + 3ω2γ2
0γ1Wρ + 2 ω4β2,0W + 2 ω2α1,2γ0W2 + 2 γ2

0γ1W3,

with ρ = R2.
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To analyze the zeros of { f2,1(R, W) = 0, f2,2(R, W) = 0}, we compute the Gröbner
basis of the polynomial set { f̄2,1(R, W), f̄2,2(R, W)} with respect to the lexicographic term
ordering determined by R � W. One finds that a Gröbner basis is given by G1 = [ḡ1, ḡ2],
where

ḡ1 = 15 γ4
0γ2

1(ω
2 − 1)W3 + 15 ω2α1,2γ3

0γ1(ω
2 − 1)W2 + ω4γ0(4 ω2α2

1,2γ0 + 3 ω2β2,0γ0γ1

− 6 ω2β2,2γ1 − 4 α2
1,2γ0 − 3 β2,0γ0γ1)W + 2 ω6α1,2(ω

2β2,0γ0 −ω2β2,2 − γ0β2,0),

ḡ2 = 4 ω4(ω2β2,0γ0 −ω2β2,2 − γ0β2,0) + 3 ω2γ3
0γ1(ω

2 − 1)ρ + 12 γ3
0γ1(ω

2 − 1)W2

+ 8 ω2α1,2γ2
0(ω

2 − 1)W,

with ρ = R2. So system (25) can have at most three real solutions with ρ > 0. As a result,
system (18) can have at most three limit cycles bifurcate from the origin. In the following,
we show that this number can be reached.

The determinant of the Jacobian of ( f2,1(R, W), f2,2(R, W)) is

D2(R, W) = det

(
∂ f2,1
∂R

∂ f2,1
∂W

∂ f2,2
∂R

∂ f2,2
∂W

)
=

γ0

16ω14 · D̄2(R, W),

where

D̄2(R, W) = 8 γ0β2
2,0ω10 − 8 ω10β2,2β2,0 − 8 γ0β2

2,0ω8 + (27 ω6γ5
0γ2

1 − 27 ω4γ5
0γ2

1)ρ
2

+ (32 ω8α1,2β2,0γ2
0 − 16 ω8α1,2β2,2γ0 − 32 ω6α1,2β2,0γ2

0)W + (−16 ω8α2
1,2γ3

0

+ 30 ω8β2,0γ3
0γ1 − 12 ω8β2,2γ2

0γ1 + 16 ω6α2
1,2γ3

0 − 30 ω6β2,0γ3
0γ1)ρ

+ (96 ω4α1,2γ4
0γ1 − 96 ω2α1,2γ4

0γ1)W3 + (32 ω6α2
1,2γ3

0 + 48 ω6β2,0γ3
0γ1

− 24 ω6β2,2γ2
0γ1 − 32 ω4α2

1,2γ3
0 − 48 ω4β2,0γ3

0γ1)W2 + (−54 ω4γ5
0γ2

1

+ 54 ω2γ5
0γ2

1)W
2ρ + (72 ω2γ5

0γ2
1 − 72 γ5

0γ2
1)W

4 + (−36 ω6α1,2γ4
0γ1

+ 36 ω4α1,2γ4
0γ1)Wρ,

with ρ = R2.
By Theorem 4, we know that system (18) can have three limit cycles bifurcate from the

origin if the following semi-algebraic system{
f̄2,1(R, W) = f̄2,2(R, W) = 0,
ρ > 0, D̄2(R, W) 6= 0, ω 6= 0

(28)

has exactly three real solutions with respect to the variables R, W. In order to obtain simple
conditions for system (28) to have three real solutions, we restrict the parameter condition:
C∗ = [ω = β2,0 = α1,2 = 2, γ0 > 0]. Using the Maple package RegularChains, we obtain
that system (28) under condition C∗ has exactly three real solutions if and only if the
condition C7 in (10) holds.

This completes the proof of Theorem 2.

5. Zero-Hopf Bifurcation in a Special Chua System

Since the proof of Corollary 3 is very similar to that of Theorem 2, we omit some steps
in order to avoid some long expressions.

The corresponding system (23) associated to system (11) now becomes
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Ṙ = ε2
(3

2
(cos(2θ)− 1)RW +

9
8
(3 sin θ − sin(3θ))R2W +

9
8
(1− cos(2θ))RW2

+
3
8

sin θW3 − 3
4

sin θW2 +
3
4
(sin(3θ)− 3 sin θ)R2 +

3
8
(cos(4θ) + 3− 4 cos(2θ))R3

− 3
2

sin θW + (cos(2θ)− 2)R
)

,

θ̇ = 2 + ε2
(3

8
(2 sin(2θ)− 3 sin(4θ))R2 +

3
4
(cos(3θ)− cos θ)R +

9
8
(cos θ − cos(3θ))RW

+
9
8

sin(2θ)W2 − 3
2

sin(2θ)W − sin(2θ) +
2 cos θW3

8R
− 3 cos θW2

4R
− 3 cos θW

2R

)
,

Ẇ = ε2
(
− 2 sin θRW +

3
2
(1− cos(2θ))R2W +

3
2

sin θRW2 +
1
4

W3 − 1
2

W2

+ (cos(2θ)− 1)R2 +
1
2
(− sin(3θ) + 3 sin θ)R3 −W − 2 sin θR

)
.

(29)

Hence, we have

dR
dθ

= ε2
[3

4
(cos(2θ)− 1)RW +

9
16

(3 sin θ − sin(3θ))R2W +
9

16
(1− cos(2θ))RW2

+
3

16
sin θW3 − 3

8
sin θW2 +

3
8
(sin(3θ)− 3 sin θ)R2 − 3

4
sin θW +

3
16

(−4 cos(2θ)

+ 3 + cos(4θ))R3 +
1
2
(cos(2θ)− 2)R

]
+O(ε3),

dW
dθ

= ε2
[3

4
(1− cos(2θ))R2W − sin θRW +

3
4

sin θRW2 +
1
8

W3 − 1
4

W2

+
1
2
(cos(2θ)− 1)R2 − 1

2
W +

1
4
(− sin(3θ) + 3 sin θ)R3 − sin θR

]
+O(ε3),

(30)

In order to find the limit cycles of system (11), we must study the real roots of the
second order averaged functions

f2,1(R, W) =
R
16

(
9R2 + 9X2

3 − 12X3 − 16
)

,

f2,2(R, W) =
1
8

(
6R2X3 + X3

3 − 4R2 − 2X2
3 − 4X3

)
.

(31)

Moreover, the determinant of the Jacobian of ( f2,1(R, W), f2,2(R, W)) is

D2(R, W) =
1

128

(
162R4 − 81R2X2

3 + 27X4
3 + 108R2X3 − 72X3

3

− 300R2 − 36X2
3 + 112X3 + 64

)
.

(32)

Using the built in Maple command RealRootIsolate (with the option ‘abserr’= 1/1010)
to the semi-algebraic system

9R2 + 9X2
3 − 12X3 − 16 = 0,

6R2X3 + X3
3 − 4R2 − 2X2

3 − 4X3 = 0,
R > 0, D2(R, W) 6= 0,

(33)
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we obtain a list of three real solutions:[
R1 ≈ 0.4092375008 ∈

[ 7, 030, 646, 729
17, 179, 869, 184

,
3, 515, 323, 365
8, 589, 934, 592

]
,

W1 ≈ −0.7667721671 ∈
[
− 3, 372, 299, 654, 303

4, 398, 046, 511, 104
,−1, 686, 149, 827, 151

2, 199, 023, 255, 552

]]
,[

R2 ≈ 1.140873422 ∈
[4, 900, 014, 037

4, 294, 967, 296
,

19, 600, 056, 149
17, 179, 869, 184

]
,

W2 ≈ 1.626161355 ∈
[893, 991, 659, 197

549, 755, 813, 888
,

28, 607, 733, 094, 305
17, 592, 186, 044, 416

]]
,[

R3 ≈ 1.413364486 ∈
[6, 070, 354, 243

4, 294, 967, 296
,

24, 281, 416, 973
17, 179, 869, 184

]
,

W3 ≈ 1.140610812 ∈
[39, 191, 089, 085

34, 359, 738, 368
,

78, 382, 178, 171
68, 719, 476, 736

]]
.

This verifies that system (11) has exactly three limit cycles bifurcating from the origin.
Now we shall present the expressions of these three limit cycles. The limit cycles Λi for
i = 1, 2, 3 of system (30) associated to system (11) and corresponding to the zeros (Ri, Wi)
given by (33) can be written as {(Ri(θ, ε), Wi(θ, ε)), θ ∈ [0, 2π]}, where from (14) we have

Λi :=
(

Ri(θ, ε)
Wi(θ, ε)

)
=

(
Ri
Wi

)
+O(ε2), i = 1, 2, 3. (34)

Moreover, the eigenvalues of the Jacobian matrix

(
∂ f2,1
∂R

∂ f2,1
∂W

∂ f2,2
∂R

∂ f2,2
∂W

)
at the points (R1, W1),

(R2, W2), (R3, W3) are respectively about

(−0.553374408, 0.971254073), (2.538019727,−0.418964814), (2.677177547, 0.485887875).

We have the corresponding limit cycles Λ1 and Λ2 are semistable, and Λ3 is unstable.
Further, in system (29), the limit cycles Λi (i = 1, 2, 3) write asRi(t, ε)

θ(t, ε)
Wi(t, ε)

 =

Ri
2t
Wi

+O(ε2), i = 1, 2, 3. (35)

Finally, going back through the changes of variables, (U, V, W) 7→ (R cos θ, R sin θ, W),

(u, v, w) 7→ (εU, εV, εW), and (x, y, z) 7→
(

γ0
ω2 w + γ0

ω v, w− w
ω2 − v

ω , u
)

with ω = γ0 = 2,
we have for the differential system (11) the three limit cycles:

xi(t, ε) = ε

(
1
2

Wi + Ri sin(2t)
)
+O(ε3),

yi(t, ε) = ε

(
3
4

Wi −
1
2

Ri sin(2t)
)
+O(ε3),

zi(t, ε) = εRi cos(2t) +O(ε3),

(36)

for i = 1, 2, 3. This completes the proof of Corollary 3.

6. Conclusions

In this paper, using symbolic computation, we analyzed the conditions on the pa-
rameters under which the Chua differential system has a prescribed number of (stable)
equilibrium points. Sufficient conditions for the existence of three limit cycles bifurcating
from the origin of the Chua system are derived by making use of the averaging method, as
well as the methods of the Gröbner basis and real solution classification. The special family
of the Chua system (11) was provided as a concrete example to verify our established result.
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The algebraic analysis used in this paper is relatively general and can be applied to other
n-dimensional differential systems.
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