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1. Introduction

In recent years, some researchers have used generating functions to study these com-
binatorial numbers and polynomials to obtain the various identities associated with those
numbers and polynomials. There is a study of degenerate versions of special numbers
and polynomials with the degenerate Bernoulli and Euler polynomials by Carlitz [1,2].
The examination of numerous degenerate versions of special numbers and polynomials
is to apply to differential equations, identification of symmetry, and possibility principle,
in addition to a few mathematics and combinatorial components [3,4]. Catalan numbers
and polynomials [5] were derived by utilizing umbral calculus strategies. The own fam-
ily of linear differential equations springing up from the generating feature of Catalan
numbers had been considered in [6] to be able to derive a few express identities involving
Catalan numbers. In [4], w-Catalan polynomials had been introduced as a generalization
of Catalan polynomials and plenty of symmetric identities in three variables associated
with the w-Catalan polynomials and analogues of alternating strength sums have been
received by p-adic fermionic integrals. In [7], the authors constructed producing features
for new instructions of Catalan-type numbers and polynomials. Using those capabilities
and their purposeful equations, they gave diverse new identities and polynomials, and
different classes of special numbers, polynomials, and features. In [8], authors studied
the g-analogues of the Catalan numbers and polynomials with the assist of fermionic
p-adic g-integrals on Z, and derived explicit expressions and a few identities for the ones
numbers. Moreover, they deduced specific expressions of Cy, g, as a rational characteristic
in terms of g-Euler numbers and Stirling numbers of the primary type, as a fermionic
p-adic g-integrals on Z, and regarding (g, A)-Changhee numbers. Indeed, the authors
constructed polynomial extension of the g-analogues of Catalan numbers, particularly the
g-analogues of Catalan polynomials C;, 4(x) and derived explicit expressions in phrases of
Catalan numbers and Stirling numbers of the primary kind and of g-Euler polynomials and
Stirling numbers of the first kind.

Let p be a fixed odd prime number and Z,, the ring of p-adic integers, Q, and C,,
the field of p-adic rational numbers and the completion of the algebraic closure of Q,
respectively. The | . |, is p-adic norm and | p |,= %. Let g be an indeterminate in C,
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1
with | 1—¢ [,< p 7. The g-analogue of ¢ is defined through [¢]; = % Note that
lim, ,1[¢]; = ¢. Let f be a uniformly differentiable function on Z,. The fermionic p-adic
g-integral on Z,, is defined by (see [9-11])

I4(f) = f( )dp—q(8) *hm Zf P’qC+PZ)

I B : .
—nglom ;)f@)(—fl) : (1)
Let f1(&) = f(§+1). By (1), we acquire
ql-q(f1) + I-q(f) = [2]4f(0). (2)
The Euler numbers are defined by
2 N
sk iy 3)

From (2), the g-analogues of Euler numbers are given by (see [12])

. 2
J, Fnea© = 2 iy (4)

Note that lim, ;1 E;; = Ej, (j > 0).
The g-Changhee numbers are given by (see [8])

2], ZOO 2
Rlh+z 5 I (5)
Let A € Zj, the A-Changhee polynomials are defined by (see [5,8])

Z/

2 A d

(142 =Y Cn 6

T = D@ (©
At the point § = 0, Chj,, = Ch;,(0) are called the A-Changhee numbers.
For j > 0, the Stirling numbers of the first kind are given by

j o
=) Si(.Dg, (7)
1=0

where (¢)o =1,and (§); =&(§—1)---(§ —j+1),(j > 1). From (7), we get (see [13,14])
(log (1+2)) 251 j,r)=, (r>0). (8)

For j > 0, the Stirling numbers of the second kind are given by

]
= Z;)Sz(j/l)(é)z‘ 9)
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From (9), we get (see [8,14])
1 e — 1 52 ], o (10)
7l
The Catalan polynomials are defined by (see [5,6])
[ a-a) %) = ————(1- 42}
Zy 1++v1—-4z
=) G (11)
j=0
At the point § = 0, C; = C;(0) are called the Catalan numbers.
Thus, by (11), we have
1Cie
j—l1
Z Z( ) S1(1j)( ) T
1=0j=0 ’
The %—Changhee polynomials are given by (see [5])
S 2
14+2) 2 du1(n) = ———=y/(142)8
/Zp< ) dpa(n) = ==y 42)
(=) Zj
=y ch,y @5 (12)
j=0 A
In the case ¢ =0, Ch il = Ch i (0) are called the %—Changhee numbers.
We note that )
ci(e) = S eny @2
T i3 :
The g-analogues of Catalan polynomials which are given by (see [8])
[/} [2],1 14
1—4z) 7 du_ = "1 (1—-4z)3
J, (=45 g) = o A (- 42)
=) Ciy(©)7 (13)
j=0
When ¢ =0, Cj; = C;;(0) are called the g-Catalan numbers.
The degenerate g-Daehee polynomials are defined by (see [15])
1
g—1+4 2 log(1+log(1+ Az)%)
[ (1 tog(1-+12) k) gy = T s OB (1-+10g(1+ 1) )¢
Zp q—l+qlog(1+/\z)X
-%p, (14)

i
i= ]
In the case when § = 0, D;,(A) = D;;(0[)) are called the degenerate g-Daehee

numbers.
Note that

lim D (1) = Dj4(2), (j 2 0)

Motivated by the works of Kim and Kim et al. [8,16], we introduce the g-analogues
of degenerate Catalan numbers C;, » with the help of a fermionic p-adic g-integrals on
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Zp and obtain several explicit expressions and some identities for those numbers. Also,
we express the g-analogues of degenerate Catalan numbers C;; 5, in terms of the g-Euler
numbers, g-analogues of degenerate Catalan numbers, and Stirling numbers of the first
and second kinds. Furthermore, we obtain the explicit expression of the g- analogues of
degenerate Catalan polynomials C;, 1 (¢), which involves the g-analogue of J-Changhee
polynomials Ch; 14 ().

2. g-analogues of Degenerate Catalan Numbers Associated with p-adic Integral on Z,,
In this section, we consider g-analogues of degenerate Catalan numbers by using the

fermionic p-adic g-integrals on Z,. Here, the function log(1 + Az)% is called the degenerate
function of z. Let us start the following definition as.

For A,z,g € Cp, with | 1—-¢g [p,< 1l and | Az < p_ﬁ. Let us take
f@)=(@1 —4log(1—|—/\z)/\)2 in (2). Then, we have
2]g
q\/1—4log(1+Az)%+1

/Z (1—4log(1+Az)h)sdp_o (&) =

B 2,
1— g% +44°%log(1+ Az)%
Now, we define the g-analogues of degenerate Catalan numbers which are given by
the generating function

(1—q\/1—410g(1+)xz)%). (15)

[Z}q 1 i
1—4log(1+ Az)» iAgZ - (16)
1 —q2—|—4qzlog(1-|—)\z)1 \/ Z !
From (13) and (16), we note that
i lim C; 5,2 = [2] Z (17)
N N e =

Thus, by (17), we get
hm C]Aq Cigr (j>0).

Theorem 1. For j > 0, we have

j—s (- 1)5
Cing = ZESqZA 51(j,5) :
Proof. From (4) and (16), we have
/ (1—4log(1+Az)4)sdu_y(¢ Z Edp_y(E 21 1(—4log(1+)\z)%)s
Zy s=0"Zp
Zf

= Y B (-2 Y 51(7)
s=0

] S

= 2 <Z Egq2° (1)’ 584 (j, s )) ']Z: (18)

By (16) and (18), we obtain the result. [
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Theorem 2. For j > 0, we have

I i N
Cig = ZO CS,A,q)‘]_SS!Sz(],S)],—!.
S=

Proof. By replacing z by }(¢*? — 1) in (16), we have
M ) )s

/ (1—42 2d‘ll q ZCS)\qS' sl

>\'—‘
—

:ZCS,/\Q S'ZSZ ], )\]7

s=0 j=s
o) ] Z]
= Z Z s)\q/\] S'Sz(], ) . (19)
j=0 \s=0 ]‘
On the other hand,
[ a-amian @)= 2 —%c (20)
—4z 2.
Z b =1 & Cin
Therefore, by (19) and (20), we get the result. O
Theorem 3. For j > 0, we have
j , _1)s
g =Y Ce2BN7°8 (j,s)( D
5=0
Proof. From (16), we observe that
. 0 . g Lag
[ = stog1 422 b g(@) = -1 [ (2 )iy BT 2EL
Zp 5=0 Ly s
o j
:ZC ( S4SA]5251]/ Z
5s=0 j=s
Z

- Z(Z Cog(—1)"4°N 58, (j, 5 )>] : (21)

In (16) and (21), we obtain the result. [

Theorem 4. For j > 0, we have

k- (=1)° 2l
C]/\q'i_qZ;,)Z;,)A szssl(k S)C] kAg 7y k! = 0
s

Proof. First, we note that

2

-1

s=0

Nl—=

(1—4log(1+ Az)7)

=5 (3) e Sty
j=s

ifj=0

ifj > 0.

s!

1

oo <1)S(_1)S4s[10g(1+w
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[} ] 7z
= Z(Z( ) NS (=145, (jps >> ].]- (22)
iz

0 \s=0

By (16) and (22), we get

(2 qu]> ( (1—4log(1+ Az)*

> . o [ k r
; ”"Z]”(Z MZ]> (Z(SZO(;)SM‘S(—D%Ssl(k,s)) ‘i,)

k=0

=

)24+ 1)

(23)

oo . o0 1\ .
= EJC]',)\#Z] +4 Z(](Z Z /\k S 2551(k S) i k’/\’qIC!)Z]
j= j=

In view of (23), we obtain the result. [

Theorem 5. For j > 0, we have

/ ; s!
C]‘,/\,q - Z Cs,q)\]_sS!51 (],S)],T.
5=0 ’

Proof. By replacing z by log(1 + /\z)% in (13), we get
2] & [10g(1+/\2)x]

:chq

q\/l —4log(1 +Az)% +1 =0

oo S
-y Cs,q)rss!—(log(l; A2))
s=0 :

/\] Z]

—_

_ i}(i CopVislS, (j,s)> 7? (24)
e

Therefore, by way of (16) and (24), we get the result. O

Now, we observe that

—_
Nk

-5 (5) copelestialy

(1—4log(1+ Az)x)
s=0

A] Z]

R (9 e Esos

(e ] Z‘
Z(Z( R >S4Ssl<j,s>> 2 25)

Now, we consider the g-analogues of degenerate Catalan polynomials which are given
by the generating function to be
i+ [Z]q 1
(1—4log(1+Az)1)

(] 4
2 dp—q(17) = T :
q\/1—4log(1+)\z)9x +1

/ (1— 4log(1 + Az)*)

Zyp
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C]/\q(g) 2. (26)

it

When ¢ =0,Cj, 4 = Cj4(0) are called the g-analogues of degenerate Catalan numbers

Theorem 6. For j > 0, we have

jo1 |
2 l S.
]/\q I;OS;O ( > 52 s/\ Ssl(l S)Cj—l,?\,qﬂ‘
Proof. From (26), we note that
2
2] (1— 4log(1 + Az)1)?

q\/l — 4log(1+ Az)T +1
14 Az)7)s

s <§><_1>52253!<log< -

j=0 5s=0
- R g 59254 —s = Alzl

oo ] g 7
(2> (—1)3225;U*Ss!sl(l,s)lT

2 (d ¢ sty .
= Z(Z )y <2>(_1)5225/\lSSl(lrS>le,/\,ql!>Z]- (27)

By (26) and (27), we get the result. O

Theorem 7. For j > 0, we have

ik
Cing(8) = kz Y. <g

1
) Ak*S(—1)54Ssl(k,s)cj,m,m.

—_

Proof. From (26), we see that

[Sliat]

icj,m(é)zf = 2lg ——— (1 —4log(1 +Az)7)
j=0 q\/l—4log(1+/\z)X+1
Z

_ <chj’A’qzj> <i <i(§>f“< 1)4°S, (k, s)) kf)

k=0 \s=0

o) ik
Z(Z Z(i) A58y (k) (— )S4scjk,A,ql{1!>.

By (28), we obtain the result. [

Theorem 8. For j > 0, we have

j .
0 =2 Cs,A,q(é)?\fssl(j,S>;'!'
s=0 .
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Proof. By replacing z by %e)‘z —11in (26), we have
[0 au g = Ja-amf =Y @7 @)
'Zp q 1—4Z+1 j:O i
On the other hand,
00 le/\z —1)s 00 )L]Z]
Z Cs,)\,q(g)S! G : ) = Z Cs,A,q g)sIA™ 251 j,) i
s=0 s s=0 j=s
© i s . zj
= Z Z Cs,/\,q(é))\] Sl(]/S)S! o (30)
j=0 \s=0 J:
In (29) and (30), we get the result. [J
Theorem 9. For j > 0, we have
o J . .
Chy 1, (8) = (~1)) Y- Copg ()5 *514/55(,5).
/\
Proof. On replacing z by =1 in (16), we have
[ aenFan =2 Jarai=Fon, @3 @
Zp i gvV1+z+1 pr R
On the other hand,
Sk o
0 e 4 —-1\s ) L= ) —4INZ
Z Cs,)\q )SIM = Z Cs,/\,q((:)su\ ° ZSZ(]/S)%
5=0 § s=0 j=s J:
. - Z
= Z Z Csrq(C s')\]*s(—l)]4152(j,s),—‘. (32)
j=0s= J:
In (31) and (32), we obtain the result. [
From (2), we note that (see [12])
;} Zp(é””?) Heg(n) = [, ¢ nq(n) = et =3 Eun(@)5,  (33)
j=

Z, ge* +1 = i’

where

O=X (,i) Eigl ™ = /ZP (&+m)du—q(n)

j=0

are the g-Euler polynomials.

Theorem 10. For j > 0, we have

. . 1
Cing(S 225 1)°Esq(S)NV 551(115)]-7-

Proof. From (26) and (33), we have
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2
2] 1 (1_410g(1+Az)%)%:/ (1—4log(1+Az)%) 2 du_,(y)
q\/1—4log(1+/\z)x+1 Zy
o) B 1 1
= Y2 (—log(1+ A2 )" [ (@) y(n)
s=0 : Zyp
=Y 2°(—1)°Es4(&)A~ 251],
5=0

B 2(225 )'Esg 5)”551(]',5)]'1!>Zj' (34)
b=

By (26) and (34), we get the result. O

3. Conclusions

In this paper, we introduced the g-analogues of degenerate Catalan numbers C; ; y with
the help of a p-adic g-integrals on Z, and obtained several explicit expressions and some
identities for those numbers. In more detail, we expressed the g-analogues of degenerate
Catalan numbers C; ; ), in terms of the Euler numbers, g-analogues of degenerate Catalan
numbers, and Stirling numbers of the first and second kinds. After that, we obtained
the explicit expression of the g-analogues of degenerate Catalan polynomials C;,(¢)
which involves the g-analogue of %-Changhee polynomials Ch ila (&). It is one of future

projects to continue to study the degenerate twisted Catalan numbers and g-analogues
of degenerate twisted Catalan numbers along the the line of the direction of degenerate
Catalan-type paper.
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