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1. Introduction

In recent years, some researchers have used generating functions to study these com-
binatorial numbers and polynomials to obtain the various identities associated with those
numbers and polynomials. There is a study of degenerate versions of special numbers
and polynomials with the degenerate Bernoulli and Euler polynomials by Carlitz [1,2].
The examination of numerous degenerate versions of special numbers and polynomials
is to apply to differential equations, identification of symmetry, and possibility principle,
in addition to a few mathematics and combinatorial components [3,4]. Catalan numbers
and polynomials [5] were derived by utilizing umbral calculus strategies. The own fam-
ily of linear differential equations springing up from the generating feature of Catalan
numbers had been considered in [6] to be able to derive a few express identities involving
Catalan numbers. In [4], w-Catalan polynomials had been introduced as a generalization
of Catalan polynomials and plenty of symmetric identities in three variables associated
with the w-Catalan polynomials and analogues of alternating strength sums have been
received by p-adic fermionic integrals. In [7], the authors constructed producing features
for new instructions of Catalan-type numbers and polynomials. Using those capabilities
and their purposeful equations, they gave diverse new identities and polynomials, and
different classes of special numbers, polynomials, and features. In [8], authors studied
the q-analogues of the Catalan numbers and polynomials with the assist of fermionic
p-adic q-integrals on Zp and derived explicit expressions and a few identities for the ones
numbers. Moreover, they deduced specific expressions of Cn, q, as a rational characteristic
in terms of q-Euler numbers and Stirling numbers of the primary type, as a fermionic
p-adic q-integrals on Zp, and regarding (q, λ)-Changhee numbers. Indeed, the authors
constructed polynomial extension of the q-analogues of Catalan numbers, particularly the
q-analogues of Catalan polynomials Cn,q(x) and derived explicit expressions in phrases of
Catalan numbers and Stirling numbers of the primary kind and of q-Euler polynomials and
Stirling numbers of the first kind.

Let p be a fixed odd prime number and Zp, the ring of p-adic integers, Qp and Cp,
the field of p-adic rational numbers and the completion of the algebraic closure of Qp,
respectively. The | . |p is p-adic norm and | p |p= 1

p . Let q be an indeterminate in Cp
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with | 1− q |p< p−
1

p−1 . The q-analogue of ξ is defined through [ξ]q = 1−qξ

1−q . Note that
limq→1[ξ]q = ξ. Let f be a uniformly differentiable function on Zp. The fermionic p-adic
q-integral on Zp is defined by (see [9–11])

I−q( f ) =
∫
Zp

f (ξ)dµ−q(ξ) = lim
N→∞

pN−1

∑
ξ=0

f (ξ)µ−q(ξ + pNZp),

= lim
N→∞

1
[pN ]−q

pN−1

∑
ξ=0

f (ξ)(−q)ξ . (1)

Let f1(ξ) = f (ξ + 1). By (1), we acquire

qI−q( f1) + I−q( f ) = [2]q f (0). (2)

The Euler numbers are defined by

2
ez + 1

=
∞

∑
j=0

Ej
zj

j!
. (3)

From (2), the q-analogues of Euler numbers are given by (see [12])

∫
Zp

ξ jdµ−q(ξ) =
[2]q

qez + 1
=

∞

∑
j=0

Ej,q
zj

j!
. (4)

Note that limq→1 Ej,q = Ej, (j ≥ 0).
The q-Changhee numbers are given by (see [8])

[2]q
[2]q + z

=
∞

∑
j=0

Chj,q
zj

j!
. (5)

Let λ ∈ Zp, the λ-Changhee polynomials are defined by (see [5,8])

2
(1 + z)λ + 1

(1 + z)λξ =
∞

∑
j=0

Chj,λ(ξ)
zj

j!
, (6)

At the point ξ = 0, Chj,λ = Chj,λ(0) are called the λ-Changhee numbers.
For j ≥ 0, the Stirling numbers of the first kind are given by

(ξ)j =
j

∑
l=0

S1(j, l)ξ l , (7)

where (ξ)0 = 1, and (ξ)j = ξ(ξ − 1) · · · (ξ − j + 1), (j ≥ 1). From (7), we get (see [13,14])

1
r!
(log(1 + z))r =

∞

∑
j=r

S1(j, r)
zj

j!
, (r ≥ 0). (8)

For j ≥ 0, the Stirling numbers of the second kind are given by

ξ j =
j

∑
l=0

S2(j, l)(ξ)l . (9)
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From (9), we get (see [8,14])

1
r!
(ez − 1)r =

∞

∑
j=r

S2(j, r)
zj

j!
. (10)

The Catalan polynomials are defined by (see [5,6])∫
Zp
(1− 4z)

ξ+η
2 dµ−1(η) =

2
1 +
√

1− 4z
(1− 4z)

ξ
2

=
∞

∑
j=0

Cj(ξ)zj. (11)

At the point ξ = 0, Cj = Cj(0) are called the Catalan numbers.
Thus, by (11), we have

Cj(ξ) =
j

∑
l=0

l

∑
j=0

(
ξ

2

)j
S1(l, j)(−4)l Cj−l

l!
.

The 1
2 -Changhee polynomials are given by (see [5])∫

Zp
(1 + z)

ξ+η
2 dµ−1(η) =

2
1 +
√

1 + z

√
(1 + z)ξ

=
∞

∑
j=0

Chj, 1
2
(ξ)

zj

j!
. (12)

In the case ξ = 0, Chj, 1
2
= Chj, 1

2
(0) are called the 1

2 -Changhee numbers.
We note that

Cj(ξ) =
(−1)j

j!
Chj, 1

2
(ξ)22j.

The q-analogues of Catalan polynomials which are given by (see [8])

∫
Zp
(1− 4z)

ξ+η
2 dµ−q(η) =

[2]q
1 + q

√
1− 4z

(1− 4z)
ξ
2

=
∞

∑
j=0

Cj,q(ξ)zj. (13)

When ξ = 0, Cj,q = Cj,q(0) are called the q-Catalan numbers.
The degenerate q-Daehee polynomials are defined by (see [15])

∫
Zp
(1+ log(1+λz)

1
λ )ξ+ηdµq(η) =

q− 1 + q−1
log q log(1 + log(1 + λz)

1
λ )

q− 1 + q log(1 + λz)
1
λ

(1+ log(1+λz)
1
λ )ξ

=
∞

∑
j=0

Dj,q(ξ|λ)
zj

j!
. (14)

In the case when ξ = 0, Dj,q(λ) = Dj,q(0|λ) are called the degenerate q-Daehee
numbers.

Note that
lim
λ→0

Dj,q(ξ|λ) = Dj,q(ξ), (j ≥ 0).

Motivated by the works of Kim and Kim et al. [8,16], we introduce the q-analogues
of degenerate Catalan numbers Cj,q,λ with the help of a fermionic p-adic q-integrals on
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Zp and obtain several explicit expressions and some identities for those numbers. Also,
we express the q-analogues of degenerate Catalan numbers Cj,q,λ, in terms of the q-Euler
numbers, q-analogues of degenerate Catalan numbers, and Stirling numbers of the first
and second kinds. Furthermore, we obtain the explicit expression of the q-analogues of
degenerate Catalan polynomials Cj,q,λ(ξ), which involves the q-analogue of 1

2 -Changhee
polynomials Chj, 1

2 ,q(ξ).

2. q-analogues of Degenerate Catalan Numbers Associated with p-adic Integral on Zp

In this section, we consider q-analogues of degenerate Catalan numbers by using the
fermionic p-adic q-integrals on Zp. Here, the function log(1 + λz)

1
λ is called the degenerate

function of z. Let us start the following definition as.

For λ, z, q ∈ Cp with | 1 − q |p< 1 and | λz |< p−
1

p−1 . Let us take

f (ξ) = (1− 4 log(1 + λz)
1
λ )

ξ
2 in (2). Then, we have

∫
Zp
(1− 4 log(1 + λz)

1
λ )

ξ
2 dµ−q(ξ) =

[2]q

q
√

1− 4 log(1 + λz)
1
λ + 1

=
[2]q

1− q2 + 4q2 log(1 + λz)
1
λ

(1− q
√

1− 4 log(1 + λz)
1
λ ). (15)

Now, we define the q-analogues of degenerate Catalan numbers which are given by
the generating function

[2]q

1− q2 + 4q2 log(1 + λz)
1
λ

(1− q
√

1− 4 log(1 + λz)
1
λ ) =

∞

∑
j=0

Cj,λ,qzj. (16)

From (13) and (16), we note that

∞

∑
j=0

lim
λ→0

Cj,λ,qzj =
[2]q

q
√

1− 4z + 1
=

∞

∑
j=0

Cj,qzj. (17)

Thus, by (17), we get
lim
λ→0

Cj,λ,q = Cj,q, (j ≥ 0).

Theorem 1. For j ≥ 0, we have

Cj,λ,q =
j

∑
s=0

Es,q2sλj−sS1(j, s)
(−1)s

j!
.

Proof. From (4) and (16), we have∫
Zp
(1− 4 log(1 + λz)

1
λ )

ξ
2 dµ−q(ξ) =

∞

∑
s=0

∫
Zp

ξsdµ−q(ξ)
1
2s

1
s!
(−4 log(1 + λz)

1
λ )s

=
∞

∑
s=0

Es,q(−2)sλj−s
∞

∑
j=s

S1(j, s)
zj

j!

=
∞

∑
j=0

(
j

∑
s=0

Es,q2s(−1)sλj−sS1(j, s)

)
zj

j!
. (18)

By (16) and (18), we obtain the result.
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Theorem 2. For j ≥ 0, we have

Cj,q =
j

∑
s=0

Cs,λ,qλj−ss!S2(j, s)
s!
j!

.

Proof. By replacing z by 1
λ (e

λz − 1) in (16), we have

∫
Zp
(1− 4z)

ξ
2 dµ−q(ξ) =

∞

∑
s=0

Cs,λ,qs!
( 1

λ (e
λz − 1))s

s!

=
∞

∑
s=0

Cs,λ,qλ−ss!
∞

∑
j=s

S2(j, s)λj zj

j!

=
∞

∑
j=0

(
j

∑
s=0

Cs,λ,qλj−ss!S2(j, s)

)
zj

j!
. (19)

On the other hand,∫
Zp
(1− 4z)

ξ
2 dµ−q(ξ) =

[2]q
q
√

1− 4z + 1
=

∞

∑
j=0

Cj,qzj. (20)

Therefore, by (19) and (20), we get the result.

Theorem 3. For j ≥ 0, we have

Cj,λ,q =
j

∑
s=0

Cs,q22sλj−sS1(j, s)
(−1)s

s!
.

Proof. From (16), we observe that

∫
Zp
(1− 4 log(1 + λz)

1
λ )

ξ
2 dµ−q(ξ) =

∞

∑
s=0

(−1)s4s
∫
Zp

( ξ
2
s

)
dµ−q(ξ)

[log(1 + λz)
1
λ ]s

s!

=
∞

∑
s=0

Cs,q(−1)s4sλj−s
∞

∑
j=s

S1(j, s)
zj

j!

=
∞

∑
j=0

(
j

∑
s=0

Cs,q(−1)s4sλj−sS1(j, s)

)
zj

j!
. (21)

In (16) and (21), we obtain the result.

Theorem 4. For j ≥ 0, we have

Cj,λ,q + q
j

∑
k=0

k

∑
s=0

λk−s2sS1(k, s)Cj−k,λ,q
(−1)s

k!
=


[2]q, if j = 0

0, if j > 0.

Proof. First, we note that

(1− 4 log(1 + λz)
1
λ )

1
2 =

∞

∑
s=0

(
1
2

)s
(−1)s4s [log(1 + λz)

1
λ ]s

s!

=
∞

∑
s=0

(
1
2

)s
λ−s(−1)s4s

∞

∑
j=s

S1(j, s)
λjzj

j!
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=
∞

∑
j=0

(
j

∑
s=0

(
1
2

)
s
λj−s(−1)s4sS1(j, s)

)
zj

j!
. (22)

By (16) and (22), we get

[2]q =

(
∞

∑
j=0

Cj,λ,qzj

)(
q(1− 4 log(1 + λz)

1
λ )

1
2 + 1

)

=
∞

∑
j=0

Cj,λ,qzj + q

(
∞

∑
j=0

Cj,λ,qzj

)(
∞

∑
k=0

(
k

∑
s=0

(
1
2

)
s
λk−s(−1)s4sS1(k, s)

)
zk

k!

)

=
∞

∑
j=0

Cj,λ,qzj + q
∞

∑
j=0

(
j

∑
k=0

k

∑
s=0

λk−s(−1)s2sS1(k, s)Cj−k,λ,q
1
k!

)
zj. (23)

In view of (23), we obtain the result.

Theorem 5. For j ≥ 0, we have

Cj,λ,q =
j

∑
s=0

Cs,qλj−ss!S1(j, s)
s!
j!

.

Proof. By replacing z by log(1 + λz)
1
λ in (13), we get

[2]q

q
√

1− 4 log(1 + λz)
1
λ + 1

=
∞

∑
s=0

Cs,qs!
[log(1 + λz)

1
λ ]s

s!

=
∞

∑
s=0

Cs,qλ−ss!
(log(1 + λz))s

s!

=
∞

∑
s=0

Cs,qλ−ss!
∞

∑
j=s

S1(j, s)
λjzj

j!

=
∞

∑
j=0

(
j

∑
s=0

Cs,qλj−ss!S1(j, s)

)
zj

j!
. (24)

Therefore, by way of (16) and (24), we get the result.

Now, we observe that

(1− 4 log(1 + λz)
1
λ )

ξ
2 =

∞

∑
s=0

(
ξ

2

)
s
(−1)s4s [log(1 + λz)

1
λ ]s

s!

=
∞

∑
s=0

(
ξ

2

)
s
λ−s(−1)s4s

∞

∑
j=s

S1(j, s)
λjzj

j!

=
∞

∑
j=0

(
j

∑
s=0

(
ξ

2

)
s
λj−s(−1)s4sS1(j, s)

)
zj

j!
. (25)

Now, we consider the q-analogues of degenerate Catalan polynomials which are given
by the generating function to be

∫
Zp
(1− 4 log(1 + λz)

1
λ )

ξ+η
2 dµ−q(η) =

[2]q

q
√

1− 4 log(1 + λz)
1
λ + 1

(1− 4 log(1 + λz)
1
λ )

ξ
2
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=
∞

∑
j=0

Cj,λ,q(ξ)zj. (26)

When ξ = 0, Cj,λ,q = Cj,λ,q(0) are called the q-analogues of degenerate Catalan numbers.

Theorem 6. For j ≥ 0, we have

Cj,λ,q(x) =
j

∑
l=0

l

∑
s=0

( ξ
2
s

)
(−1)s22sλl−sS1(l, s)Cj−l,λ,q

s!
l!

.

Proof. From (26), we note that

[2]q

q
√

1− 4 log(1 + λz)
1
λ + 1

(1− 4 log(1 + λz)
1
λ )

ξ
2

=
∞

∑
j=0

Cj,λ,qzj
∞

∑
s=0

( ξ
2
s

)
(−1)s22ss!

(log(1 + λz)
1
λ )s

s!

=
∞

∑
j=0

Cj,λ,qzj
∞

∑
s=0

( ξ
2
s

)
(−1)s22sλ−ss!

∞

∑
l=s

S1(l, s)
λlzl

l!

=
∞

∑
j=0

Cj,λ,qzj
∞

∑
l=0

l

∑
s=0

( ξ
2
s

)
(−1)s22sλl−ss!S1(l, s)

zl

l!

=
∞

∑
j=0

(
j

∑
l=0

l

∑
m=0

( ξ
2
s

)
(−1)s22sλl−sS1(l, s)Cj−l,λ,q

s!
l!

)
zj. (27)

By (26) and (27), we get the result.

Theorem 7. For j ≥ 0, we have

Cj,λ,q(ξ) =
j

∑
k=0

k

∑
s=0

(
ξ

2

)
s
λk−s(−1)s4sS1(k, s)Cj−k,λ,q

1
k!

.

Proof. From (26), we see that

∞

∑
j=0

Cj,λ,q(ξ)zj =
[2]q

q
√

1− 4 log(1 + λz)
1
λ + 1

(1− 4 log(1 + λz)
1
λ )

ξ
2

=

(
∞

∑
j=0

Cj,λ,qzj

)(
∞

∑
k=0

(
k

∑
s=0

(
ξ

2

)
s
λk−s(−1)s4sS1(k, s)

)
zk

k!

)

=
∞

∑
j=0

(
j

∑
k=0

k

∑
s=0

(
ξ

2

)
s
λk−sS1(k, s)(−1)s4sCj−k,λ,q

1
k!

)
. (28)

By (28), we obtain the result.

Theorem 8. For j ≥ 0, we have

Cj,q(ξ) =
j

∑
s=0

Cs,λ,q(ξ)λ
j−sS1(j, s)

s!
j!

.



Symmetry 2022, 14, 1119 8 of 10

Proof. By replacing z by 1
λ eλz − 1 in (26), we have

∫
Zp
(1− 4z)

ξ+η
2 dµ−q(η) =

[2]q
q
√

1− 4z + 1

√
(1− 4z)ξ =

∞

∑
j=0

Cj,q(ξ)zj. (29)

On the other hand,

∞

∑
s=0

Cs,λ,q(ξ)s!
( 1

λ eλz − 1)s

s!
=

∞

∑
s=0

Cs,λ,q(ξ)s!λ−s
∞

∑
j=s

S1(j, s)
λjzj

j!

=
∞

∑
j=0

(
j

∑
s=0

Cs,λ,q(ξ)λ
j−sS1(j, s)s!

)
zj

j!
. (30)

In (29) and (30), we get the result.

Theorem 9. For j ≥ 0, we have

Chj, 1
2 ,q(ξ) = (−1)j

j

∑
s=0

Cs,λ,q(ξ)s!λj−ss!4jS2(j, s).

Proof. On replacing z by e−
λz
4 −1
λ in (16), we have

∫
Zp
(1 + z)

ξ+η
2 dµ−q(η) =

[2]q
q
√

1 + z + 1

√
(1 + z)ξ =

∞

∑
j=0

Chj, 1
2 ,q(ξ)

zj

j!
. (31)

On the other hand,

∞

∑
s=0

Cs,λ,q(ξ)s!
( e−

λz
4 −1
λ )s

s!
=

∞

∑
s=0

Cs,λ,q(ξ)s!λ−s
∞

∑
j=s

S2(j, s)
(−4)jλjzj

j!

=
∞

∑
j=0

j

∑
s=0

Cs,λ,q(ξ)s!λj−s(−1)j4jS2(j, s)
zj

j!
. (32)

In (31) and (32), we obtain the result.

From (2), we note that (see [12])

∞

∑
j=0

∫
Zp
(ξ + η)jdµ−q(η)

zj

j!
=
∫
Zp

e(ξ+η)zdµ−q(η) =
[2]q

qez + 1
eξz =

∞

∑
j=0

Ej,q(ξ)
zj

j!
, (33)

where

Ej,q(ξ) =
k

∑
j=0

(
j
k

)
Ek,qξ j−k =

∫
Zp
(ξ + η)jdµ−q(η)

are the q-Euler polynomials.

Theorem 10. For j ≥ 0, we have

Cj,λ,q(ξ) =
j

∑
s=0

2s(−1)sEs,q(ξ)λ
j−sS1(j, s)

1
j!

.

Proof. From (26) and (33), we have
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[2]q

q
√

1− 4 log(1 + λz)
1
λ + 1

(1− 4 log(1 + λz)
1
λ )

ξ
2 =

∫
Zp
(1− 4 log(1 + λz)

1
λ )

ξ+η
2 dµ−q(η)

=
∞

∑
s=0

2−s 1
s!
(−4 log(1 + λz)

1
λ )s

∫
Zp
(ξ + η)sdµ−q(η)

=
∞

∑
s=0

2s(−1)sEs,q(ξ)λ
−s

∞

∑
j=s

S1(j, s)
λjzj

j!

=
∞

∑
j=0

(
j

∑
s=0

2s(−1)sEs,q(ξ)λ
j−sS1(j, s)

1
j!

)
zj. (34)

By (26) and (34), we get the result.

3. Conclusions

In this paper, we introduced the q-analogues of degenerate Catalan numbers Cj,q,λ with
the help of a p-adic q-integrals on Zp and obtained several explicit expressions and some
identities for those numbers. In more detail, we expressed the q-analogues of degenerate
Catalan numbers Cj,q,λ, in terms of the Euler numbers, q-analogues of degenerate Catalan
numbers, and Stirling numbers of the first and second kinds. After that, we obtained
the explicit expression of the q-analogues of degenerate Catalan polynomials Cj,q,λ(ξ)

which involves the q-analogue of 1
2 -Changhee polynomials Chj, 1

2 ,q(ξ). It is one of future
projects to continue to study the degenerate twisted Catalan numbers and q-analogues
of degenerate twisted Catalan numbers along the the line of the direction of degenerate
Catalan-type paper.
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